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Abstract: The Buckley-James estimator (BJE) is the most appropriate extension of
the least squares estimator (LSE) to the right-censored linear regression model. Lai
and Ying (1991) established asymptotic normality of the BJE under a set of regu-
larity conditions. The BJE makes use of the product-limit estimator (PLE). Both
the LSE and the PLE are asymptotically normally distributed when underlying
distributions are either continuous or discontinuous. It is an interesting question
whether the BJE is still asymptotic normal when the underlying distributions are
discontinuous. In this paper, we show that the BJE has at least four types of
asymptotic distributions under various discontinuity assumptions. In particular,
we establish certain conditions under which the BJE does (or does not) have an
asymptotic normal distribution.
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1. Introduction

We investigate the asymptotic distributions of the [Buckley and .James (1979)
estimator (BJE) under the linear regression problem with right-censored data,
when underlying distributions are discontinuous.

Regression analysis is one of the most widely used statistical techniques. Its
applications occur in almost every field, including engineering, economics, physi-
cal sciences, management, life and biological sciences, and the social sciences. In
particular, one desires to estimate the relationship between a variable Y and one
or more independent variables, say a vector X. One relationship is Y = 3'X +¢,
where (3 is the transpose of a regression coefficient vector 8 and € is a random
variable with an unknown cdf F,. E(e) may or may not be zero, which is not
important, as in general E(e€) is not identifiable under right censoring.

This is a semi-parametric set up, as 3 is a parameter with finite dimension
and F, is arbitrary (continuous or discontinuous). The BJE is an estimator of
(B under this set-up. The counterpart of the BJE in the uncensored case is the
least squares estimator (LSE).
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With complete data, the LSE is the common approach. Under right cen-
soring, there are several extensions of the LSE, including the BJE. Miller and
Halpern (1982) compared the performance of the BJE with extensions of the least
squares method to censored data by IMillen (1976) and by Koul, Susarla and Van
Ryzin (1981), and with the ICox (1972) regression analysis that assumes a pro-
portional hazards model instead of the linear regression model. From the results
of these different methods applied to the Standford heart transplant data, Miller
and Halpern concluded that the Cox and the Buckley-James estimators are the
“two most reliable regression estimates to use with censored data” and that “the
choice between them should depend on the appropriateness of the proportional
hazards model or the linear model for the data.”

Buckley and James proposed an algorithm to find a solution by an iterative
algorithm. The algorithm may not converge to a BJE even when the BJE exists
(see Yn_and Wong (2002)). When the BJE based on the original definition of
Buckley and James does not exist, LJames and Smith (1984) proposed a modifi-
cation of the BJE. [Yn_and Wong (2002) provided the explicit expression for this
BJE by proposing a non-iterative algorithm for finding all possible solutions to
the BJE.

Under certain smooth assumptions on the underlying distributions, James
and Smith (1984) presented a consistency result on the BJE, and [Lai_and Ying
(1991) showed that a modified BJE is asymptotically efficient if F, is a normal
distribution and is asymptotically normally distributed.

It is possible that F, is not normal and is not even continuous. Since there are
studies on the asymptotic properties of the BJE under the assumption that F, is
normal or is continuous, it is of interest to investigate the asymptotic properties
of the BJE when F, is discontinuous. This problem has not been addressed in
the literature.

Under certain regularity conditions, it is well known that the LSE without
censoring is asymptotically normally distributed when F, is either continuous
or discontinuous, and the product-limit-estimator (PLE) with right censoring is
also asymptotically normally distributed when the underlying distributions are
either continuous or discontinuous. Since the BJE is an extension of the LSE and
the BJE makes use of the PLE, one would think that when F, is discontinuous
or, in particular, when F, takes on finitely many values, the BJE would also be
asymptotically normally distributed. However, this is not true.

Our results show that the BJE 3, has the following asymptotic properties.

1. Under certain assumptions, with probability 0.5, the BJE does not exist. If
it exists, it does not converge to 3 (see Examples 1 and 2).

2. Under certain assumptions, Bn — ([ a.s. and \/E(Bn— B) converges in distribu-
tion to Z, where Z has a normal distribution with mean zero (Z ~ N(0,0?))
(see Theorem 2).
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3. Under certain assumptions, ﬁn — (3 a.s. and \/ﬁ(ﬁn — [3) converges in distri-
bution to min{Z, 0} or max{Z,0} (see Theorem 3).

4. Under certain assumptions, P{3, = 3 for all large enough n} =1 (see Theo-
rem 4).

It is worth mentioning that in the last two cases, the BJE does not have an asymp-
totic normal distribution and, unlike the modified PLE proposed by [Lai_and Ying|
(1991)), we do not make any modification to the BJE.

We first study the asymptotic properties of the BJE assumed discreteness.
Discrete assumptions are common in the literature (see, for example, the classical
textbooks on survival analysis by [Cox and Oakes (1984, p.101) and by Miller
(1981, p.61)). Nelson (1973) provided a discrete data set that fits the linear
regression model quite well.

Here, for simplicity, most of our proofs are for the discrete case. It is possible
that the asymptotic properties of the BJE under discreteness remain if F, is
discontinuous, given certain regularity conditions.

Since the main purpose of the paper is to find possible asymptotic distribu-
tions of the BJE, we take b to be a scalar, for simplicity. It is possible that similar
results as 1—4 hold in the multiple linear regression setting under discontinuous
assumptions.

The BJE is a special case of an M-estimator. Our results suggest that the
other M-estimators may have the similar properties under discontinuity assump-
tions, so our findings contribute to the understanding of asymptotic properties of
M-estimators. Even more, note that the BJE under right censoring has been ex-
tended to the case of interval censoring. [Rabinowitz, Tsiatis and Aragon (1997)
proposed a class of score statistics to estimate 3. Their approach parallels the
construction of the BJE for right-censored data. [Liand Pu (1999) considered a
generalization of the BJE for interval-censored data that contains exact obser-
vations. [Zhang and Ti (1996) and [Liand Zhang (1998), among others, studied
M-estimators with doubly-censored data and Case 1 interval-censored data. Our
findings should also provide hints to properties of these M-estimators and exten-
sions of the BJE under interval censoring.

The paper is organized as follows. In Section 2, we set the notation and
introduce the algorithm for obtaining the BJE. In Section 3 we present the main
results. Some detailed proofs are relegated to Section 4.

2. Notations

Consider the model ¥ = (X + ¢, where (§ is a scalar and ¢ and X are
random variables. Let C' be a censoring variable, M = min{Y,C}, § = 1y<c)
(the indicator function of the event {Y < C}), W = C—(X,U = min{W,e}, T =
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T(b) = M—bX, p, = E(X) and let Z be the observable random interval, i.e., 7 =
[YY]if 6 =1, and Z = (C,0) otherwise. Let (M;,d;, X;, Ci, €, Wy, U, T;, T;),
i=1,...,n,beiid. copiesof (M, X,C,e, W,U,T,T). Given a random variable
or random vector, say U, let Fyy (Sy) be its distribution (survival) function, fi
its density function, and let U = Y U;/n. In a similar manner, let U? and
UX, etc. The BJE is a zero crossing of H(-), where

H(b) =Y T7(b)(X; — X), (2.1)
i=1
(Ti(b), 1) if T;(b) = max; Tj(b) or &; = 1,
(T7(0):00) =\ /Sim th® (2.2)
( 5o (Ts(0) ,5z> otherwise.

Here S, is the PLE of the survival function S, (= 1 — F,) based on (Tj(b)*,6?)s,
and fy is defined by f(t) = Sy(t—) — Sy(t), which is the PLE of f,, the den-
sity of F,. Thus T;(b) can be viewed as an estimate of E(¢;|Y; € Z;)). The
motivation for using T7* is as follows. If the largest T;(b) is right censored,
(Xt>10) tfu(£))/Sy(Ty(b)) in (2.2) is not defined and is treated as an exact ob-

servation in H(b). Hence Sy, is modified so that it moves the tail probability to
the largest observation among the T;(b)’s.
Throughout the paper, we make use of the following assumptions.

A1l. e and (X, C) are independent.
A2. (¢, C, X) takes on finitely many values.

Under A2, by the Strong Law of Large Numbers (SLLN), we have

e if e<m,
— E(E((X — E(X))€*|Z)) a.s., where €* = { (2.3)

T if e>rT,

H(p)

n

and 7 = sup{t : P{U > t} > 0}. The foregoing discussion establishes the
following lemma.

Lemma 1. Under Al and A2, H(3)/n — 0 a.s., as n — oc.
Details of the proof of the lemma are given in [Kong (20057).

Remark 2.1. Note that if F.« = F,, then
inf{t: Fy(t) =1} > inf{s: F,(s) =1}, (2.4)

and T7*(5) = T;(5) for all 4, at least when n is large enough. Thus, (2.4) is the
justification for the modification at (2.2). Without loss of generality (WLOG),
we can assume that (2.4) holds. Otherwise, hereafter replace e by €* (see (2.3)).
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Let e; < -+ < ep, be the possible values of e such that e, < 7 (see
(2.3)), r1 < -+ < Xy, be the possible values of X | ¢; < -+ < ¢, be the
possible values of C', and u; < --- < u,y,, be the possible values of U. For

all possible j and k, let tljk(b) = ¢ej + (B — b)xy, tayk(b) = ¢j — bay, dj =

2h=1 Yen=e;on=1) 75 = L=t 1@ 3)2ep)> d1jk(b) = 2201 L(@i)=ta,0 (0) 6:=1)s

rin(b) = D 1(Tl(b)2tljk(b)) n16(0) = D211 L1 (b)=t1,0 (0) Xi=ap.5:=1): N2jk(b) =

> it 1(Ti(b):t2jk(b),Xi:xk,éi:O)y Pijk = iMoo nijp/n as. and pojp = lim, oo

nagjk/n a.s.. Abusing notation, we write dij = dy;5(b) and 715, = 711(b), etc.
In order to derive all solutions to the BJE, Y and Wong (2002) made use

of the following notation. Let b;; be the solution to an equation T3(b) = Tj(b),

where X; # X;. Let by < -+ < by, be all the distinct values of the b;;’s. Let

By = {b1,...,bmy}. Let by = —o00 and by,;11 = 0o. Let B be the subset of B,

such that each element of B is the solution to an equation T;(b) = T}j(b), where

X; # X; and 6; - 6; = 0. Let B={q1,...,qm, }- Let go = —o0 and gy, +1 = 00

Lemma 2.(Yu and Wong (2002, Remark 3.1)) If 3 is a scalar then, given j,

1. for each i, the rank (or order) of T;(b) remains the same if b € (bj,bj11);

2. for each i, Sy(T;(b)) is constant in b on (bj,bj+1);

3. H(-) is linear (inb) on (bj,bj11).

Remark 2.2. Statement (3) in Lemma 2 can be modified as follows: H(-) is

linear in b on the interval (g;, ¢;+1) for each i (see [Kong (20047)).

Based on Remark 2.2, the original algorithm proposed by [Yu and Wong
(2002) for finding all BJEs can be improved as follows.

The algorithm for the BJE.

1. For each g € B, compute the PLE Sy fora b e (qn, qn+1)- For example, let b
be the midpoint of the interval (qp,qp+1) f 0 < h <mp, b=q¢ —1if h =0,
and let b = ¢, + 1 if h = my. Denote such b by a; and compute

Y - XM (@)

S (2.5)
o1 (X — X)X (an)’
where (M (-), X7 (-)) is an estimate of E((M;, X;)|Y; € I;), or
M;(b) = M;6; + (1 — 9;) Z f( t) Z?:l Mjl(Tj(b):t,ajzl)
T (b) Sy(Ti(D))  >h=1 (. (b)=t,6,=1) .
f 2.6
X1

X7 (b) = Xi6; + (1—6;) Z t) Eja Xilaw—s=y

( ( )) Zk 1 Tk(b =t,6,=1)

t>T; (b

2. If by, € (gn, qn+1) then by, is a solution to equation H(b) =0 and is a BJE of
3.
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3. Compute H(q;—), H(g;) and H(¢;+), i =1, ..., myp, where H(¢;+) and H(g;—)
are the right- and left-hand limits of H, respectively. By (2.1), (2.2) and (2.6)
we have

(Xj — X) (M (q;) = bX (@) if b=q;, 1 <i<my,

(X = X)(Mj(a;) = bX(ai)) if b€ (giqi1), 0 < i < my.

(2.7)
If H(q;—)H (q;+) <0, or H(q;—)H (q;) <0, or H(q;)H(g;+) <0, then g; is a
BJE.

3. Main Results

We investigate the asymptotic properties of the BJE in this section. The
proofs of the lemmas are given in Section 4. Some detailed and tedious proofs of
the statements in examples, and certain statements in the proofs of lemmas and
theorems, are given in more detail in [Kong (2005).

The identifiability assumption made under the uncensored case is P{X; #
X2} > 0. In order to understand a modification of the identifiability condition
to right censoring, we first look at the following example.

Example 1. Let § = 1. Suppose that € and X ~ bin(1,1/2) and C = 0.5. Then
it can be shown (see [Kong (2005)) that

with probability (w.p.) approximately 1/2 there is no BJE
and w.p. approximately 1/2 (3, = 0.5 is a BJE. (3.1)

Thus, the BJE, if it exists, is not consistent and is not normally distributed.

In Example 1, we have the naive extension of assumption P{X; # X5} >
0 to the censoring case. Example 1 indicates that it is not the identifiability
condition in the censored regression. The main feature in this example is that
P{6; = 02 = 1 and X; # Xy} = 0. This justifies the following identifiability
condition for the simple linear regression model.

A3. P{51 =0y =1 and X3 #XQ} > 0.

Note that in Example 1, the random variables are all discrete. The same
phenomenon will occur under continuous cases. The following is such an example.

Example 2. Suppose that 8 = 1, C ~ U(0,0.5), e ~ U((—0.1,0) U (1,1.1)),
X ~ bin(1,1/2), and C' and X are independent. Then (3.1) still holds. Thus
there is no consistent BJE. The proof is similar to that for (3.1) in Example
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1. Here A3 does not hold, and therefore has nothing to do with the continuity
assumption on e.

If one assumes that € and (C, X) are continuous and independent, and as-
sumes that P{6 = 1} > 0, then P{X; # Xz} > 0 implies A3. Thus A3 is not
even mentioned in [Lai and Ying (1991) or in lames and Smith (1984).

Under Al and A2, the LSE in the case of complete data and the PLE are both
asymptotically normally distributed. Consequently, one would expect that the
BJE would also be asymptotically normally distributed. However the following
is a counterexample.

Example 3. Let 8 = 1. Suppose that € and X ~ bin(1,1/2) and C = 1. It can
be shown (see Kond (2007)) that the BJE (3, is consistent and

V(Bn — 3) converges in distribution to min{Z, 0},
where Z ~ N(0,0?) and o > 0. (3.2)

The main feature in Example 3 is that C — X = € if (C, X,¢) = (1,1,0).
That is,

A4. P{C — X =e< 71} >0, where 7 is given in (2.3).

A4 says that the cdfs of C'— X and F,, share a common discontinuity point. We
establish a theorem that if A4 does not hold then the BJE may still be asymptotic
normal if F, is not continuous.

Before we present the theorem, we need to establish some preliminary results.

Remark 3.1. Since we consider the regression model, WLOG, we can assume
that 8 # 0. Furthermore, we can assume § = 1. Otherwise, replace X by X/g.
Moreover, we can assume that X > 0. The reason is as follows. A2 implies that X
is bounded. By subtracting a lower bound d of X from X, Y and C, respectively,
resulting in X, Y and €™ the model becomes (Y —d) = (X — d) + ¢
(Y(”) = XM 4 €), where § = 1 and the observable random vector becomes
(M—d,8) (= (M™,6§)) with M—d = min{Y —d,C—d} (M™ = min{Y ), C()})
and § = 1v—a)<(c-ay (= 1(Y(")§C'(”)))' Now X(™ =X —d > 0.

Under Al and A3, we can assume that 3 € B,. Denote b;, = 3. Under A2,
by letting n be large enough, we can further assume that both B and B, do not
depend on n. Notice that the PLE is

Sy(t) = I1 (1 - d”’f(b)) and S5(t) = [] (- 4y 33

r1,k(b Ty
(.k):t1 (b)<t 14() i e;<t ’
over all distinct tq;5(b)s
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Take
Fom = M fio - where fi = fo(tinm (b)), i b € (biy—1.5);
. . . 1 en S X o=y
fhm: lim fhm, where fhm = ﬁ(eh)zj ! (T( ) h’6] 17X] ); (34)
n—00 > i1 LT (8)=en 6u=1)

Frn = JI_)H;OJC;TW where f;' = fy(tinm (b)), if b € (B,bi,41).

Remark 3.2. By 2 of Lemma 2, for b € (b;,bit1), fo(tipm(b)) is constant in
b, so f., f;'m and fp,;, do not depend on b and neither do f, ., fnm and f;'m
Moreover, verify that for b ~ 8 and b # (3, d1;,(b) is constant in b.

Lemma 3. Suppose that A2 holds.

1. If for each triple (i,j, k), ¢; — Bxy # e;, except perhaps for one triple (i,j, k)
with k = my, then f,:m = fg(eh)dlhm/dh and f, = P{X = xp,le, <
W}fo(eh)'

2. If for each triple (z 7, k), — Bxy, # e, except perhaps for one triple (i, j, k)
with k = 1, then fhm = fg(eh)dlhm/dh and fhm = P{X =xznlen < W}fo(en).

3. If B & B, then fhm = fhm = fhm fﬁ(eh)dlhm/dh and fhm = frm = fhm =
P{X = zplen < Whfo(en).

Mimicking the expression of H(b) in (2.7), define

H(b) = (X; — X)(M] —bX}), where M? = M*(8) and X} = X*(53) (3.5)
j=1

(see (2.6)). In general, H(b) = H(b) may not be true.

E?:l(Xj _X)M;‘ (3.6)

Let b be the solution to H(b) = 0, that is, b = =2 ——
> k=1 (Xk — X)Xk

Theorem 1. If A1, A2 and A3 hold, then
H(B)/v/n -2 N(0,0%), where 0% = Var (T), T = g1(e, X)5 + g2(C, X)(1 —
J),

giles, m)=(zi—pa)est D pok(Th—pa)Tsjp— (T —Tm, ) E(€) (see (2.3))
(j,k):tgjk<es
g2(cs, ) =—(xt — Tpny ) E(€7) + (4 — Tyny Vst

€h Zk, p1hk'Hm;t2jk<em<eh(1— 2 i/ Pk )

D6k )i m Prin o @ R )ity 1 Zem Doyl k!

Vi =
J . . )
hiep>toj Z(ivk')iizhphk/ + Z(J'7k’)it2j’k'26h p2j'k!
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- Z enfolen) [SU(eh—) Z folem) _ 1]

h:t2jk<eh§es SU(eh_)SO(t2]k) m:t2jk<em<eh SO(Em)SU(em—)

€s + ehfo(eh) Z fo(em)

TS (e ) Soltasn) Solta) Solem)Su(em—)’

h:h>s itojr<em<es

2. (b — f) L, N(O,a%), where cr% = 02, /03 and oy = lim, o (XX* — X -
X*) >0 a.s..
Let pex = E(e*). Sincee =M —-gX ifd=1land W=M-pXif6=0,7 is
a function of (M, 0, X, piy, ptex, 3), say T =T (M, 0, X, piy, fier, 3). Consequently,
an estimate of 0% is 6% = T2 — (’j')2, where 7; = T(Mi,éi,Xi,ﬂx,/le*,Bn), fiz
and [i.~ are empirical estimates of p, and p«, respectively, and (3, is the BJE.

Proof of Theorem 1. The main idea of the proof is under A2, both H and
b are algebraic functions of the sample mean of a random vector with finite
dimension. Thus by the Central Limit Theorem (CLT) and the delta method,
we can establish the asymptotic normality of H(3)/n and b.

We first prove Statement 1. For simplicity, write o, = t9;x(8), etc. By
(2.6), (2.7) and (3.3),

o - - Z(Xz -X) ((51'61' + (1 - 5i)z(h’m): ehg;v(";{ﬁ(eh) T’hm)

n n

=1
=3 " (g, — Xy
i,k

n

T L TEAS S ST § N CERORRNEL)
7.k

r T
h: ep>tajk h m: tojp<em<ep m

(as_fa(en) = Sglen—)dn/ry). Details of the proof of (3.7) are given in [Kong
(2007). By the SLLN, pyjr = P{e =e; < W, X = 2} and poj, = P{e > W,C =
cj, X = xi}. Let pp = lim, oo dp/n a.s.. The existence of these (almost sure)
limits is guaranteed by the SLLN. Verify that lim,,_,o 7,/n = Sy(ep—) a.s.. The
(almost sure) limit of H(3)/n is

H,= Zplik(l‘k — )€
ik
EnPh DPm
+Zp2jk(:ck — [iz) Z 7&](%_) H (1— 7SU(em_))
Jsk hiep>taj mitg i <em<ep

(by (3.7)). Verify that for each t, Sy(t) is a function of p;j;, and
Ph =Y Pk, Me = Y DrkTk + Y pojetk and Y pijp = 1. (3.8)
k ik gk

ihj)k
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Hence, we can write H, = H,(v), where v is a finite-dimensional (say m, X 1
dimensional) vector whose components are p;ji, for all possible (i, j, k), except
for one pyji, 838y P2am.m,, provided that for this particular (j, k), we have

P{1(6>W,C=Cj,X=Z‘k) = 1} € (07 1) (39)
WLOG, we can assume that (3.9) holds for (j,k) = (mc,my). Let 0 be the
estimator of v that estimates the components of v by p;jx = njr/n. Since

ﬁljk = (1/n) Z?El l(si:eJ-SWi,Xi::ck)’ ]523'16 = (1/n) Z?:l l(Ci:cJ-,Wi<5i,Xi::ck)7 one
can write © = V, where V is a random vector of finite dimension with com-
ponents 1(—c,<w,x=z,) L(e>W,C=c;,X=ay): J = L,--sMo, © = 1,....me¢, k =
L,...,my, except for the term 1(~w,c—c,. X=2m,)- By Lemma 1, H,(v)
lim,, oo H(B)/n = 0 as., thus, H(S)/n = Hy(0) = H,(0) — Hy(v). Since v
is a sample mean of m, x 1 dimensional random vector, m,, is a finite integer
independent of n, and H, has continuous partial derivatives, the CLT yields the
asymptotic normality of H(3)/n. The derivation of 0% is based on the delta
method, thus it is a trivial but tedious calculation. Its proof can be found in
Kong (2005). It completes the proof of Statement 1.

We now prove Statement 2. Recall that H(b) = 0 and H(3) = H(B). It
follows that

sl

\/ﬁHy(f) _ ﬁH(ﬁ) ; H(b) _ Vb — B)(XX* — X - X*) (by (3.5)).  (3.10)

It can be shown (see [Kong (2003)) that oy = lim, oo (X X*— X - X*) > 0 a.s.. As
a consequence of (3.10), v/n(b—3) = H(B)/((XX* — X - X)\/n). By Statement

1 and Slutsky’s Theorem, /n(b — 3) 2, N(0, O'%), where cr% = 02, /03.

Theorem 2. If Al, A2 and A3 hold and P{C — X = €} = 0, then B, = b

given by (3.6) is a BJE if n is large enough, B, is consistent and \/ﬁ(ﬁn -0) L,

N(0, a%).

It is worth mentioning that a% (see Theorem 1) derived under the discontin-
uous assumptions is not the same as the expression for the variance of the BJE
under the smoothness assumptions given in [Lai_ and Ying (1991, (4.4)). Notice
that both the limiting variance in Lai and Ying and that in Theorems 1 and
2 involve the error density f,. Lai and Ying made strong assumptions on f,,
while under A2 in our set-up, f, is essentially a finite-dimensional parameter. Of
course, it is also a very strong assumption on f,.

Proof of Theorem 2. Our notation has b;, = . It is known (see [Kong (20053))
that

it P{C — X = ¢} =0 then H(b) = H(b) for each b € (b;,—1,bi,+1). (3.11)
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Let b be a root of H(b) given by (3.6). By (3.11) and the definition of the BJE,
bis a BJEif b € (b, _1,bi,+1). Under the assumptions of Theorem 2, by taking
a large sample size and by (3.11), we can assume that b € (b;,_1,b;i,+1) and
thus ﬁn — b is a BJE. The asymptotic normality follows from Theorem 1. The
consistency follows from the equation 3, — 8 = (XX* — X - X*)" H(8)/n — 0
a.s. (see (3.10)) and from Theorem 1 and Lemma 1. This completes the proof of
Theorem 2.

In the proof of (3.2) (see [Kong (2004)), it is proved that, w.p.1, H(f—) =
H(3) but lim,, oo H(B+)/n < 0. In fact, we can establish the following lemma.

Lemma 4. Assume that Al, A2, A3 and A4 hold.

1. If for each (i,j,k), ¢i — Bxy # ej, except for only one triple (i,j,k) with
k = mg, then w.p.1, lim, o H(G+)/n <0 but H(5—) = H(S).

2. If for each (i, j,k), c; — Pxi, # ej, except for only one triple (i, j, k) with k =1,
then w.p.1, lim,_,oc H(B—)/n > 0 but H(G+) = H(B).

Theorem 3. Suppose that A1, A2, A3 and A4 hold.

1. If the condition in Statement 1 of Lemma 4 holds, then there is a BJE Bn
which is consistent and /n(3, — () converges in distribution to min{0, Z},
where Z ~ N(0,03).

2. If the condition in Statement 2 of Lemma 4 holds, then there is a BJE 3, that
is consistent and \/n(f, — () converges in distribution to max{0, Z}.

Proof of Theorem 3. The two statements in the theorem are symmetric.
Since Example 3 is a special case of Statement 1, we only prove the second
statement. Now assume that the assumption in Statement 2 holds. By Lemma
4, H(B+) = H(B). Hereafter, unless we mention, otherwise, we assume b €

(B,bi,+1) (bi, = B). By (2.7),

n

H(b) =) (Xi = X)(M; (a1) — bX[(a1)), (3.12)
i=1

where a; = (34 b;,+1)/2. It can be shown (see [Kong (2005)) that

M; (a1) = M (B) (= M) and X[ (a1) = X;(B) (= X{). (3.13)
By (3.5), (3.12) and (3.13),

H(b) = H(b) for each b € [B,b;,+1), (3.14)

where H is given in (3.5). By (3.5) and (3.14), with probability 1,

. HO)-H(B) . HO-HB) .. e V. s ,
A =G e A TG A AKX A XS0, b€ (B b
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The last inequality follows from Statement 2 of Theorem 1. It implies that
limy, o0 H (bs, +1—)/n < lim, oo H(B)/n = 0 a.s. (by Lemma 1). Let b be given
by (3.6). Then by (3.10), (3.12) - (3.14), (b — B)(XX* — X - X*) = H(8)/n.
Hence

H(B) > 0iff b> 8 (as b is the root of H(b)). (3.15)

By Theorem 1, H(8)/v/n — N(0,0%) in distribution. Thus,
P{H(3) >0} — % and P{H(B) < 0} — 3. (3.15)

By Statement 2 of Theorem 1, if n is large enough, we have

be (bio—lybio+1) as ﬁ S (bio—labio—l—l)- (3.16)

It follows that

(a) with approximate probability 1/2, H(3) > 0 (by (3.16)) and there is a root
of H(b) (= H(D)), say b € (8,b;,11) (by (3.17) and (3.15)).

(b) with approximate probability 1/2, H(3) < 0 (by (3.16)) and there is a root
of H(b), say be (bi,_1,0) (by (3.17) and (3.15)).

(c¢) P(v/n(b— B) <t) is approximately the same as the cdf of N(0, a%) for each
t by Statement 2 of Theorem 1, where a% is given in Theorem 1.

As a consequence, in (a), bis a BJE by definition, denoted by Bn Moreover,
by (c), the BJE 3, satisfies that P(y/n(8, — 3) < t) is approximately the same
as the cdf of N(0, U%) for each ¢t > 0. On the other hand in case (b), H(3) <0

(when b < B). Since H(S—) > 0 w.p.1 by Statement 2 of Lemma 4, B, = B is
the BJE of 8 approximately w.p.1/2, as it is a zero crossing of H(-). Consistency
is obvious. In summary, Statement 2 of the theorem holds.

Remark 3.3. In order to simplify the proof of the conclusion, in Theorem 3
we make use of the assumption that there is just one value of (C, X €) satisfying
C — X = e. However, this restriction can be relaxed. For example, assume that
B =1, € takes three values —1, 0 and 1 with equal probability 1/3, X takes three
values —1, 1 and 2 with equal probability 1/3, and C' = 1. Verify that there are
two values of (C, X, ¢€) satisfying C — X = e and statement (3.2) holds. The
proof is given in [Kong (2005).

By the definition of zero crossing, a BJE B, equals § if n is large enough in
the following case:
A5. lim,_.oo(H(B—)/n)(H(B+)/n) <0 w.p.1l.

In the following theorem, we provide a situation under which A5 holds.

Theorem 4. Assume Al, A2 and A3 hold. If for each i,j,k, c; — By, # ej,
except for only two triples, say (io,jo, ko) and (il jo,kl) with k, = 1,k = my,
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and c;, — Bry, = ¢y — Bry = ej, < em,, then A5 holds and P{Bn =0 ifnis
large enough} = 1.

The proof of Theorem 4 is pretty long, see [Kong (2005). Instead, we prove
the theorem in the special case given in Example 4 below.

Example 4. Let § = 1. Suppose that (1) € ~ bin(1,1/2), (2) X and C
take values —2, 1, with equal probability 1/2, respectively, and (3) ¢, X and C
are independent. We show (see Section 4) that (H(8—),H(B),H(8+))/n —
(1/24,0,—1/8) w.p.1. Thus A5 holds and P{3, = 3 if n is large enough} = 1.

Remark 3.4. The assumption A2 can be relaxed. For example, in Example 3,
we can assume that e takes on countably many values: 0, £1, .... Moreover, in
Theorem 2, the assumptions can be reduced to that Al and A3 hold, and A4
holds.

Remark 3.5. It is possible that under multiple linear regression (p > 1) with
discrete assumptions, one can still establish the four theorems with some mod-
ifications on the assumptions. For instance, Theorem 2 is valid if A3 is replace
by A3*.

A3 P{oy=---= p+1 =1, rank(X; — Xpt1s--, Xp —Xp_|_1) =p}>0.

We skip the details.

Appendix

Proofs of most lemmas and some statements in Section 3 are here.
Proof of Lemma 3. It is obvious that either (1) P{C — X = €} = 0, or (2)
P{C — X = ¢} > 0. We give the proof in both cases.

Case (1). We first prove Statement 1. Assume b € (b;,—1,3). We can assume
x; > 0 (see Remark 3.1). It is easy to see that for b € (b;,—1,),

ﬁ(l _ k() _rierisria ri—di _ri—di o di (A1)
o mak®) mare s T, 11 ri

Hereafter, abusing notations, we may suppress (b) in dp;x(b), etc. Then for b in
(bi0—17 6)7
dlhm(b)

7qlhm(b)
My m—1

— (T IO oy Tro - Qe diee g (33))

1 r T
i e;<ep k=1 lik k=1 1hk 1hm

Fo(tinm (b)) = Sp(t1hm (b)) (by (3.3))
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-1

= I1 a-5 10 - Gkt (by (A.1))
i ei<en T Tihk T1hm
N dipm,
= Splen—)—2 (by (3.3))
T1h1
A dp dipm
R dipm,
= fae =y oy (33) (A2)

= folen) P{X = zpmlen < W
By Remark 3.2 and 3.4, taking the limit as b T § yields
Srm = folen) PAX = zplen < W} (A.3)

Thus Statement 1 of Lemma 3 holds in case (1).

Now assume that (1) is true and b € (8,b;,+1). Then e; < t1jm,(b) <
---t151(b) < ej41 and there is no censoring in (ej,e;j11). Statement 2 can be
proved in a similar manner as Statement 1, with minor modifications due to the
fact that § —b < 0 when b > 3. Thus if (1) is true then we have

f;rm = folen)P{X = xplen, < W (A.4)

By (A.3), (A.4) and the definition of f,,, Statement 3 follows. This com-
pletes the proof of the lemma if (1) is true.

Case (2). Suppose that the assumption in Statement 1 holds and ¢; — Bz, = e;.
Then tljl(b) < tljg(b) < - < t1jmz(b) = 12im, (b) for each b € (bio—lybio)a as
tgimx(b) =c¢ —bry, = e; + (ﬂ — b)xmx = tljmx(b) > s> e+ (ﬂ - b):cl =
t1;1(b). By assumption, there is no censoring in (t1;1(b), t1m, (b)). Thus the
proof parallels the arguments after (A.1). We skip the details.

Statement 2 can be proved in a similar manner. We skip the details. State-
ment 3 is not relevant in case (2). This completes the proof of the lemma.

Proof of Lemma 4. By symmetry, it suffices to establish Statement 2 of
Lemma 4. It follows from Statement 2 of Lemma 3 that H(8+) = H () under the
assumption of Statement 2 in Lemma 3. We shall now prove lim,, ... H(3—)/n >
0 a.s.. By the assumption, there is just one value of (C, X, €) such that C — X = ¢
and X = z1. WLOG, assume that ¢; — x1 = e;, where (C, X,€) = (¢, x1,€;).
That is, there is censoring at to;1(b) and P{W = ¢;, X > x1} = 0. We have
ngil(b) +diin (b) + dlig(b) +---+ dlimx (b) =7r;— 7“;_, where 7’;_ = ZZ:I 1(Th(b)>€i)'
Assume b € (b;,—1,3). Then

r131(b) = 73, T12(b) = r151(D) — dis1 (D) — n2i (b), (A.5)
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Tlig(b) = Tlig(b) — dlig(b), 7"11'4(1)) = Tlig(b) — dlig(b), e Furthermore, it can be
shown (see [Kong (20057)) that

_dur(b)y i
gu o) = )% (A.6)

where ¢, = (r; — d;j — n2;1(b))/(ri—d;) (T132(b) +n2i1 (b)) /T1i2(D) < 1 a.s. by (A.5).
Let Ay = {W =¢; <eand X = 21}, Ao = {W > ¢; = € and X > 29} and
As = {e AN\W > ¢;}. Verify that they are mutually exclusive events. Then by the
SLLN we have

a.s.

b S P(A3)P(A3UA;UAy) — P(A3)[P(As) + P(Az) + P(A1)]

= P(A3UA)P(A3UAs) ~ [P(As) + P(AN][P(Ay) + P(As)] ~

Moreover, we can show, by an argument similsr to (A.1) and (A.6), that

H(l _ M) =(1— (:—]) for j #14, if b € (bj,—1, ).

i r15%(b) j

Thus by (3.3)

lim Sb(t) =

{Sg(t) it t<e, (A7)

dnSp(t) if t>e;.

Note that t151 (b) =¢ —bxr1 < tlik(b)a vV k>1, but tlil(ﬁ) =c¢ — fxr1 = tlik(ﬁ)a
Y k > 1. Furthermore, let Sg 1 (e;) = limyrs Sp(t1ix(b)). By (3.3),
: : nil 5 : di
Ssn(en) = Sale—)(1 = ") and Sy(e;) = Sple—)(1 - 2.

T T

It follows from the foregoing equations and (A.7) that

Sp.a(ei) = Spma(e:) _ Splen) S8 — PnSp(es)

Sg1(ei) Sple;) i
¢n(ri - dz) def 7
=1-2 Y (=1-—0¢,). A.
(1) (45)

Recall that top,(b) = ¢ — bxy,. Let wpyy, = topm(5). Then it can be shown (see
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Kong (2004)) that with probability 1,

A~

Zk 1(t=t1jk (0)>tanm (b))tfb(t)

lim =
b18 Sb(tghm(b))
(ei(1— dy) if wpm =e; =e€; (by A4 and (A.8)),
a’n(fjfﬁ(ej) : — o .
7515(62_) it wpm = e <ej,
e;fa(e;) . .
= m A if e < wpm < ej orif wy, <ej <e, (A.9)
€j(Salej—)=dnSa(e;) - L
S5 if  wpm < e =e; (by Ad),

¢ne;fle;) ; . ,
B () it wpm <e <ej,

and with probability 1,

Jim [ H(3-) - ()]
RS 2T tfy(t) 2 tT5(8) tf5(t) -
= lim — 1—4;)(lim - — - X;—X
nmee ]z::l( ) [ o168 Sp(T5(b)) S(T;(8)) ] ( )

(by (2.1) and (2.2))

(z1 — X)

— lim <7”L2i1 (1- ?Z;n)(eigﬁ(ei) =D i ejfﬁ(ej))
n—oo \ n Ss(es)

n Z Nohm (1—¢n)(€i5€(€i)—zj>i ejfﬁ(ej)(xm—)?)> (by (A.9))
(hym):wpm <e; " Sﬁ (whm)
T R R
+ Z P(W=wpm <€, X =1,)(1—9) eiSO(ei);(§Z>i)ejf0(ej) )
(hym):wpm<e; . ° m
= fW,X(ei7 xl)(l - ¢) (eiSo(ei) - Z ejfo(ej))(xl - Nx)
7>
+ Z P(W = Whm, X = l'm)(l - ¢) (eiso(ei) - Z ejfo(ej))(l‘m - ,Um)
(hm)wpm<e; j>i
— (e o) @)t —s Y P =ty X =) — )] - v
1_¢ (hym):wpm<e;

(v =(1 =) (eiSoles) = Xjsi€ifoles))
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= (fW,X(ehxl)(xl - Nx) A3 UA1 mzz:lp W < 627 = xm)( Tm — Nx))y

1-¢ P(A1)

88 0 = LAY + P(Ay)

)
= (fW,X(ei’ x1) (21 — )

P(TUIAI) mzz:l(fx(wm) — P(W >e;, X =xp))(xm — Mx))l/

= (o m)er — )~ i Ty 30 POV 2 €6 X =) — )

(aS E(X — pz) = 0)
P(A)

mp(w =e;, X =x1)(T1 — la)

= <fW7X(ei,w1)(w1 - ,U:c) -

P 27 — 4m m — Mz
AgUAl Z W>e, X =xm)(x ] ))y
(as P(W =¢;, X > x1) =0)

> <%fw,x(euwl)($l — fiz)

Py iy 2 POV > X = 2o — ) )

(as v = (1~ ) Z(ei —€j)fole;) <0)
(Pl fc(enan)(o1 = 1)~ PV > €)1 — ) )
= (P(
0.

As) fwx (e, x1) — P(A1) P(W > eﬁ)ﬁ”

(the last equality holds by the definitions of A; and As, and independence of €
and (W, X)). It follows from the foregoing inequality that lim, ... H(6—)/n >
limy, oo H(B)/n = 0 a.s (by Lemma 1). This completes the proof of Statement
2 of the lemma.

By symmetry, Statement 1 of the lemma can be proved in a similar manner.

Proof of the statement in Example 4. By the assumptions in the example,
there are 2% possible values of (¢, X, C). Let n; be the number of observations of
type i,i=1,...,8. Verify B={-1/3,0,2/3,1} by the definition of B in Section
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2. In order to show H(8—) # H(+), since § = 1, we only need to consider b in
two intervals : (2/3,1) and (1, 00).

By Lemma 2 and Remark 2.2, in order to evaluate H(3—)/n, consider b €
(2/3,1) and compute T} = T;(1—) by (2.2). The quantities in (2.1) and (2.2)
are computed in the following table, arranged in ascending orders of T;(1—)s.
This arrangement makes the evaluation of Sy, f, and T7(b) easier (see (3.3) and

(2.2)).
ile X3 Y G M; 6 Ti(b) Ti(1) Ti(1-) AH-(Ti(1-)) = T7(1-) =
1f0 1 1-2-20 -2-b -3 -3 0 4/9
21 1 2-2-20 —-2—-b -3 -3 0 4/9
3|10 -2-2-2-21 —2+2b 0 0— 1/3 0
410 —2—-2 1 -2 1 —2+2b O 0— 1/3 0
51 -2—-1-2 -2 0 —242b 0 0— 0 2/3
6/0 1 1 1 11 1-b 0 0+ 2/9 0
7111 2 1 10 1-0b 0 0+ 0 1
81 —2—-1 1 -1 1 —-1+2b 1 1 4/9 1

By (2.1), (2.2) and the foregoing table,

H(f_) = %{(anf +n2T5)(1 — X) + nsT5 (-2 — X)
e TE(1 = X) + ngTy (=2 — X))}

154 4 2 .
“‘?{§+———+1—1} (as X %% —0.5)
1

9 3
ﬁ-

In order to evaluate H((3+), consider b € (1,00) and compute T* = T;*(1+)
by (2.2). The quantities in (2.1) and (2.2) are computed in the following table.

In the table we rearrange the orders of types of observations in ascending orders
of T(1+4)s.

ile Xi Y G M; 6  Ti(b) Ti(1) Ti(1+) fir (Ti(14)) = T (14) =
110 1 1-2-20 —-2—-5b -3 -3 0 5/12
211 1 2-2-20 —-2-5b -3 -3 0 5/12
6(0 1 1 1 11 1-b 0 0-— 1/6 0
i1 12 1 10 1-b 0 0-— 0 1/2
3|10 —2—-2-2 -2 1 —2+2b 0 0+ 5/12 0
410 -2-2 1 -2 1 —242b 0 0+ 5/12 0
51 —2—-1-2 -2 0 —2+2b 0 0+ 0 1
811 —2—-1 1 -1 1 —1+2b 1 1 5/12 1
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It follows from (2.1), (2.2) and the foregoing table that

H(5+)

1 - _ _
- - (T +noT5 +n7T7)(1— X)) +nsTr(2+ X) +ngTg (2+ X))}

{
1
8

le
!

Thus A5 holds and w.p.1, a BJE Bn = B if n is large enough.
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