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Multipoint Genetic Association Studies

e Single-Marker (Single-Point) Analysis
- Analyzing one mark at a time
- May lose power to detect gene-disease association when
Mmultiple genes cause the disease

- May not capture the interaction between multiple genes
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e Multiple-Marker (Multipoint) Analysis

- Analyzing multiple markers simultaneously
- May gain power to detect gene-disease association

- May capture the gene-gene interactions
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e [ wo types of Mutilpoint Analysis

- Treating multiple markers as 'longitudinal observations’

on the chromosomes and applying statistical methods for
longitudinal data such as 'GEE’'( Generalized Estimating
Equation )

- Treating multiple markers (when tightly linked) on each
of the chromosome as a genetic unit, termed "haplotype’,

then analyzing the association between disease and hap-
lotypes



Multipoint Genetic Association Studies Yi-Hau Chen

e Generalized T2 Test

- coding for J binary markers:

2
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- X’L — (Xilv"'7XiJ)/v sz — (Y;;l?“')Y:L'J)/v where X de-

notes case samples, and Y denotes control samples

- XZ(X]_, 7XJ)/7 Y=(Y17 ”73_/:])/
- pooled-sample variance matrix
1 X Y v \/ 4 X X/ /-
S = S (X - X)X - X))+ Y (-7 - T)
nx +ny —2 ;=1 i—1 |
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- Hotelling's T2 statistic

-under Hp: no LD exists between any marker being tested

and a disease locus, T2 ~ x2(df = J)
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e GEE approach for multipoint association analysis:
Case-Parent Trio Design

- M markers at 0 <t <t <tz < ... <ty <T cM
- the transmission statistic Y (¢) at location ¢:

Y(t) =Y1(t) — Yo(t), where

1 the transmitted paternal allele at t is H(t)

Y1(t) =
1(6) {O the transmitted paternal allele at t is h(t)
7
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1 the non-transmitted paternal allele at ¢t is H(t)
O the non-transmitted paternal allele at t is h(t)

Yo(t) = {

H(t): the target allele at marker t, h(t): the non-target

allele
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- Define X(t) = X1(t) — Xo(t) similarly for the maternal

transmission statistic.

Transmitted

Y (X) H h
Nontransmitted H | O -1
h| 1 0

*Note: Sum of Y (t) + X (t) across trios =

numerator of TDT

b — c, the
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-E{Y (t)} = 0 where marker t is either unlinked to or in
linkage equilibrium with the disease gene.

-Let

$ be the event that the offspring is affected;

T be the location of disease gene.

10
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E[Y(t)|P] = E[Y1(t) — Yo () |P]
= Pr[Y;(t) = 1|®] — Pr[Ya(t) = 1|P]
— gl%Q{Pr [Y1(t) = 1|Y1(7) = 1,91, 92, P]b(91,92)
+ Pry1(t) = 1|Y1(7) = 0,91, 92, ®] [1 — b (91, 92)]
— PrYa(t) = 1|Y1(7) = 1, 91,92, P] b (91, 92)
— Pr{Ya(t) = 1|Y1(7) = 0, 91,92, P] [1 — b(91,92)]}

X Pr (g1, g2|P)

where b(g1,92) = Pr[Y1(7) = 1|91, g2, P],
11
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(g1,9>) are haplotypes for the father at loci t and r.

12
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Except for
g*=[H@)h(r),h(t)H(7)] and g** = [H(¢)H(T), h(t)h(T)],

the terms within the bracket cancel each other out.

13
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Let 6; , be the recombination rate between loci ¢t and .

T hen

E[Y ()|P] = {0:,:6(g") + (1 — 0 ) [1 — b(g")]
— (1 = 0¢7)b(g") — O 7[1 — b(g™)]} Pr(g”|P)
{(1 = 0:7)b(g™") + 0 7[1 — b(g™)]
— 01,76(g") — (1 = 0 ) [(L = b(g™ )]} Pr(g™|®)
= (1 —20,){2Pr[Y1(7) = 1|H(7), h(7), P] — 1}

x [Pr(g™|®) — Pr(g"|®)]
14
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where we have used the assumption: There is only one

disease |locus, so that

b(g™) = Pr{Y1(7) = 1{H(@)h(7), h()H(7), P]
= Pr{Y1(r) = 1|n(7), H(7),®] = b(g™)

Using the same assumption we have

Pr(®lg™) = Pr(®|g™) = Pr[®[H(7), h(7)]

15
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and
Pr(®|H (), h(T)]
Pr(®d)
x {PrH)H(7), h(t)h(T)]

— Pr{H()h(7), h(t)H(T)]}

Pr(g™|®) — Pr(g*|®) =

16
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By Hardy-Weinberg Equilibrium,

PrH(t)H(r), h(t)h(7)] — Pr[H(t)h(7), h(¢)H(7)]
= Pr[H(t)H(r)] — Pr[H(t)] Pr[H(7)]

and Pr(g™|®) — Pr(g*|®P) = Pr[H(7),h(T)|P]d(t)

where

PriH()H(T)] — Pr{H(t)] Pr[H(7)]
PriH(r)] Pr{h(T)]
= Pr{H(¢)|H(7)] — Pr{H(¢)|h(T)]

d(t) =

17
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Consequently,

E[Y (£)|®] = (1 — 20, /) E [Y (7)|®] d(t)

-E[Y(t)|P] =0
it 0+ :% (the marker t is unlinked to the disease locus)
or d(t) = 0 (the marker t is in linkage equilibrium with

the disease locus)

18
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_E[Y (t)|®] 1 E[Y (7)|®] when ¢ — 7

-Under initial complete LD, random mating, and con-
stant Pr[H(7)] over time,

d(t) = (1 — 0,.,)N Pria(t)|h(r)], s0

ElY ()|®] = (1 — 20, -)E[Y (7)|®](1 — 6,-)" Pri(t)|h(7)]

19
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E[Y;(t;)|P] = E[X;(t;)|P]
= (1—20;,/)C(1 — 0, 1) "7
= u(tj, 7,C,N,7;)
i=1,...n(trios), j = 1, ..., M(markers)

where

C = E[Y(7)|®] = E[X(7)|P]
m; = Pr[h(t;)|h(T)]

20
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0y, is a function of t; — 7| using Haldane map function.

21
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> i1 [(1-Y50(85))+(1—Xi2(%5))]

Note that 7; €an be estimated by o
assuming dominant mode of inheritence and the disease
IS rare.

-the parameters § = (C, 7, N) are estimated by solving

5(9) = 3 (20 Con 1) (Y - (6 m)
- O o (X)) (X3 — (5, )

=0

22
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where
[ vi(ty) |

Y, = Y:i(tQ) X, =
\ Yi(tar) )

[ X,(t1) |
X;(t2)

\ X;(tar) )

, (6, T) =

[ u(ty:6,71)
u(ts; 6, 7o)

\ (a6, Tar) )

-Cov(Y;) is the covariance matrix of Y;, which can be

naively set as a diagonal matrix (as if the components

of Y, are independent)

23
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-This approach is essentially an application of generalized
estimating equation (GEE).

For details, see Liang and Zeger (1986 Biometrika);
Liang et al. (2001 Am J Hum Genet).

24
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e Haplotype Analysis

— Haplotype:
the combination of closely linked alleles on a single

chromosome

— Haplotype Association Analysis:
using haplotypes as a basic genetic unit for dissecting

the genetic basis of the disease

x haplotype composed of closely linked markers can

have more of a biological role
25
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x haplotypes can sometimes provide greater power than
single-marker analysis for genetic disease association,
because haplotypes can capture ancestral structure
and gene-gene interactions. Besides, using haplo-
types instead of multiple markers usually reduce the
number of variables since the number of haplotypes
within candidate genes is much smaller than the
number of all possible haplotypes.

— Drawback of Haplotypes: Ambiguity
Haplotype information can usually be obtained indi-

rectly from unphased genotype data; that is, at each
26
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locus, we can only observe the two alleles appear on
the two chromosomes but cannot observe which allele

appear at each of the two chromosomes.

ex.
unphased genotype: AaBDb

phased genotype (diplotype) can be (AB,ab) or (Ab,aB)
where "AB’,'ab’,’Ab’,’aB’ are haplotypes respectively.

— Statistical Methods are required to reconstruct haplo-

types from observed unphased genotype data.
27
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— Testing for association between traits and haplotypes
*x Generalized Linear Models (GLMs)
-y trait

- Xg: a vector of numerical codes for genotype g

eX.
(1 ifg= AA
O if g=aa

\

= dominant model
28
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ex.
1
\O
= recessive model
ex.
D
Xg=11
0

\

if g=AA
if g = Aa
if g = aa
if g = AA
if g = Aa
if g =aa

— additive (codominant) model

29
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1 if Aa
X, —
1 O oO.w.
1 if AA
X, =
92 O o.w

= general model

. Xe: environmental variables (age, gender, race, ...),

including intercept.

30
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- linear predictor
n = Xea+ X0

o regression coefficients for the intercept and en-
vironmental variables

B: regression coefficients for the genotype (the ef-
fect of genotype on the trait)

- testing for gene-trait association, adjusting for en-

vironmental factors:

HO:[?:O
31
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- GLM for exponential family data:
likelihood:

yn —b(n) |
a(¢) | C(%QS)

L(y|Xe, Xg) = exp

E()=f"1t(n =t
Var(y) = b (n)a(¢)

n= Xla+ X3

32
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Distribution E(y) a(e) b (n)
Normal n o2 1
) . n
Binomial %5 1 E(y[l-E(y)]
Poisson el 1 E(y)

x Score Tests for gene-trait association

. Score function:

33
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N 0In L(y;| Xein Xgi)

V= igl 8(04, ﬁ)
_ X X\ vi — E(y)
B z';l ( Xgi ) a(e)

N: number of subjects

- Score statistic for testing Hy: 3 =0

N v, — E(y;)
Uy = Xi
P 2 K )

34
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where a is the solution to

N v — E(y;)
Ua = Xei
PR Te)

Var(Ug) under Hgy:

p=0 =10

Vﬁ — Vﬁﬁ - Vﬁavoz_alvozmﬁ:O,a:&

where V;; are corresponding submatrices of

N b//
Var(V) = S 2D gt
1=1 CL(Qb)
o Xei
where Z; = (ng'>
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Under Hg: B8 =0,
S = UgVy "Ug ~ x*(p)

where p = dim(3) if Vg is full rank; when Vg is not

full rank. we use

S = UV, Ug
where Vﬁ_ is the generalized inverse of Vﬁ and S ~
x?(p'), where p’ = rank(Vjp)

36



Multipoint Genetic Association Studies Yi-Hau Chen

x Score test for Ambiguous Haplotypes
When haplotype information is derived from unphased
genotype data, X, is incompletely observed. We can
apply the EM algorithm to obtain the score statistic.

- likelihood:

L = Pr(y,m|Xe)

= > Pr(y|Xe, Xg) Pr(g)
geG
where m is the unphased genotype data, Pr(g) is

the marginal haplotype distribution, G is the set
37
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of haplotype pairs that are consistent with the ob-
served genotype data m.

eg. When m = AaBb

then G = {(AB, ab), (Ab,aB), (ab, AB), (aB, Ab)}

*Note: we usually assume Hardy-Weinberg Equilib-

rium for Pr(g), i.e. Pr(g) = Pr(g1,92) = Pr(g1) Pr(g2),
so that the parameters for Pr(g) can be reduced

from L2 —1 to L — 1, where L = # of haplotypes.

38
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e the EM algorithm:
the incomplete-data score function Ug can be obtained by
the conditional expectation of the complete-data score
function, conditional on the observed data (y, Xe, m).
Since the score statistic is derived under Hp, the EM al-
gorithm is taken under Hgyg: 8 = 0 and a = &, and the

incomplete-data score function (under Hp) is

_ N vy — E(wy.
Uﬁ _ .Zl Y; (yz)
1=

E(Xg|lm)|3=0,0=a

39
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where
2.geq Xg Pr(g)
>gea Prig)
IS the conditional expectation of X4 given the observed

E(Xg|m> —

genotype m. (Note that this conditional expectation

does not depend on y because it is evaluated under Hp)

The estimate of the genotype distribution is given by
Pr(g) = Pr(g1,92) = Pr(g1)Pr(g2) (assuming HWE),
where Pr(g;), ¢ = 1,2, is the haplotype frequencies that

40
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can be estimated by the EM algorithm:
1 N

Pr(g1 = h) = N ;1 E{I(g1; = h) + 1(g2; = h)|m;}

_ 1 N Sgeq (g1 = h) + I(92 = h)}Pr(g1)Pr(go)
2N ;= Ygeq,; Pr(g1)Pr(g2) ’

where G, is the set of haplotype pairs that are consistent
with the observed genotype m;

41
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*Note: The two sides of the above equation both in-
volve the unknown Pr(g1) hence it must be solved in an
iterative manner: staring from an initial set of values for
{Pr9%g1),91 =1,...,L}, at the (i + 1)th iteration, we ob-
tain the updated values for Pr(gq1) by

42
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PrtD (g = 1) =

1 N Yl =h)+1(g2 = h)}ﬁr(i)(gl)ﬁr(i)(gz)
2N =1 gec Pri(g1) Pri (g2)

where h=1,...L, :=0,1,2,....

43
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e Variance of the incomplete-data score from the EM al-
gorithm:
Let Sg = aﬁln L(C), Sﬁ = 8%In L(O),where C and O de-
notes the complete and incomplete observation, L(-) is

the likelihood function so that

L(O) = /OL(C)dC

By the EM algorithm, we have Sz = E(Sg|O)

44
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HW : Show that
_ H2
Var(S — ——InL O
ar(Sp) = —5z N L(O)

2
E[—;; In L(C)|O] — [E(S3S5|0) — S3S5]

Also recall that when phase is known,
Var(UB) = Vﬁ Vﬁﬁ VpaVaa Vaﬁ

with V;; the appropriate submatrices of the information
matrix E(— 862 In L)

45
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When phase is unknown (ambiguous haplotype informa-
tion), we can use the similar result for Var(ﬁﬁ) except
that Vi; are replaced by the appropriate submatrices of

862 In L(O)],
which in turn can be obtained by the formula given above

the incomplete-data information matrix E[—

for the EM algorithm. In fact, now

Vo = 1)

T X i XL
=1 a(¢>

= b" (1:) |
ozﬁ — 7,21 a,(qb) XezE( |mz)

46
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0" (n:) [y — E(wi)]?
a(®) a($)?

yi — E(y)]?
- a(9)?

where n; = X .&, and Var(ﬁﬁ) = Vg = %5 - ‘N/ﬁava_alvaﬁ

Vag = Z{ YE(X i X gilm;)

E(Xgilmi) E(X gilm;)

gi|

AT
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e the score test for ambiguous haplotype data is then

under Hg, S ~ x2(df = p = dim(B))
x Note: when Vj is not full rank, df = p’ = rank(V3).
*x Note: Vﬁ is not affected by the estimation of Pr(g).

This can be seen from

Uz  y— E(y) %,
g — a,(¢) CO/U[nga—fyln Pl’(g)\m]

and hence E(%—Zﬁ) = 0 where ~ is the parameters deter-

mining Pr(g).
48
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* Note: We have employed the HWE assumption to es-
timate Pr(g). Even if this assumption is violated, the
score test is still valid for testing Hgp : 8 = 0; namely,
the score test statistic S still follows a x2(p) distribution

under Hp : 8 = 0, even if the HWE does not hold.

HW: Show that the score test statistic S is valid even if

the distribution Pr(g) is misspecified.

49
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e Empirical P values
When haplotype data is sparse (exist some rare haplo-
types), the X2 distribution may not be accurate and we
may need to compute empirical P values by simulations.
Under Hgp, none of the haplotypes are associated with
the traits, so the empirical P values can be computed
by repeatedly first permuting the trait values among the
subjects and then computing the score statistics. The
empirical distribution of the score statistics from the rep-
etitions can then be used to find the P value of the ob-

served score statistic.
50



Multipoint Genetic Association Studies Yi-Hau Chen

e Contrasting LD patterns between cases and controls
It has been noted that the extent of LD can be different
between cases and controls in a region of genetic asso-
ciation, and the case-control LD comparison can aid the

association analysis.

e LD coefficient
Dap = Pap — PsoPp

needs the use of please information
51
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e composite LD coefficient: requires no phase information

e gametic LD (intragametic) coefficient
Dap = Pap — PaPp

where Py p is the haplotype frequencCy of AB, and Py g =
Pap aAB + 1/2(PaB . Ab+ PaB.aB + PAB.ab)-

e non-gametic (intergametic) coefficient

Dap = Pap— PaPB
52
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where P, g Is non-gametic frequency of AB, and Py =

Pap A+ 1/2(Pap apb+ PaBaB+ PabaB), i-€. Py p is the
probability that A, B are on different haplotypes.

e the composite LD is the sum of the gametic and non-
gametic LD:

Aap = Dap+ Dyp
Pap + Pap —2PAPB

2PAB AB + Pap ap+ PaBaB + 1/2(PaB .ab + PabaB)
_2P,Pp.

53
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Note that A 45 depends on double heterozygous (where
the haplotype phase can not be uniquely determined)

only through their total of Pyp . + Papep- AISO note
that Ayp = D where HWE is assumed.

54
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e MLE of Ayp:
1

A 1
Aap=mn "(2npgapp+naaBy+nA«BBT 5

naaBb) — 2P PR

where Py, Pp are estimates of allele frequencies, n is the

total number of subjects.

e Variance of A 4p

nVar(Aag) = (ma+ Da)(np+ Dp) + 1/27473A 4B

+74D A + TBDAAB -
55

- A AABB



Multipoint Genetic Association Studies Yi-Hau Chen

A = Pa(1— Py)

Dg = Py — P}

TA = 1—2Py, 7, Dp, 7 defined similarly.

Daap = Psap — PAAap — PpDg — P3Pp

Dapp = Papp — PpAap — PADp — PAPj

AaapB = Paapp — 2P4Dapp —2PpD B

—2P,PgDap —A3 5 — 2P3Dg — P3D4 — DADp — P5P#.
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e Testing for Hy: Ay =0

2

2
— _ ~ 1
Gat DoGe+Dgy ~ X W

under Hg , where 74,7, D4, Dp are estimates of

7TA7 7TB7 DA7 DB

e composite correlation

ApRB

~ JGa+ Da) (5 + Dp)
57
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which can be estimated by

YAB = Aas
V(#F4+ Da) (7B + Dp)
HW: Let
(> AA
Xl =1 Aa
\O aa
> BB
Xo=+<¢1 Bb
0 bb
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and r =Pearson correlation coefficient between X7 and

Xo. Show that y4p = .

e Sum-of-squared-differences statistic that measures the

overall difference in pairwise LD:
n— Trace[(Ry — RN)/(RY — RN)]

where Ry =the matrix of the composite LD correlation

for the case group, and Ry is that for the control group.
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The significant level (P value) of the statistic Z can
be assessed via permutation procedure by permuting the

case-control status among the subjects.
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