
Chapter 3  Disequilibrium 

Testing hypothesis 
Hardy-Weinberg disequilibrium 
Linkage disequilibrium 
Disequilibrium coefficient 
Tests for disequilibrium: goodness-of-fit tests,exact tests,   

permutation tests. 
 

Hardy-Weinberg disequilibrium 
In a large random-mating popultion with no selection, 
mutation, or migration, the gene(allele) frequencies and the 
genotype frequencies are constant from generation to 
generation; and, further, there is a simple relationship 
between the gene frequencies and the genotype frequecies. 



Proof of Hardy-Weinberg law: (homework) 
The Hardy-Weinberg law for Multiple alleles: 

  

Applications of the Hardy-Weinberg law: 

Over a 3-year period detected 5 cases in 55715 babies. The 

frequency of homozygotes in the sample is 90× 610−  or about 

1/11000. The Hardy-Weinberg frequency of homozygotes is , 

so the gene frequency is 
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Under H-W equilibrium, 
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When there is a disequilibrium, 
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  By introducing indicator variables  for the jx j th allele of a random individual: 
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It emerges that f  can be regarded as the correlation of  and 

. For a locus with 

jx

'jx k  alleles, there are k  allele frequencies 

and 2/)1( −kk  heterozygotes, suggesting that the 2/)1( +kk  

genotypic frequencies can be expressed in terms of the ’s and 

a set of 
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2/)1( −kk  fixation indices 
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uvf , one for each hetrozygote. 
Disequilibrium coefficient D: 

 

In a two-allele case, 
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Estimating disequilibrium AD  : 

MLE: 
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Testing for Hardg-Weinberg with DA

Not a real test for H-W equilibrium. 
For large samples, the MLE  is approximately normally 
distributed 
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Under H0 : DA = 0 , 
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Goodness-of-fit chi-square test 
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Exact test for HWE 
Exact tests are generally used for small sample sizes. 
However, if there are rare alleles at a locus, expected 
numbers can be small even in moderate large sample, and 
exact tests are desirable. 



Under HWE hypothesis, 
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Example：mosquito Pgm data  (Table 2.4) 

61 , 19  ; 30 , 1 , 9 11111111 ===== nnnnn  

 



Likelihood ratio test for HWE 

Likelihood ratio tests for multinomial proportions have been 

called G tests 
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Log-linear models 
 
Multiple alleles 
When there are  codominant alleles, the k 2/)1( +kk  genotypic 

frequencies provide 1]2/)1([ −+kk  degrees of freedom and allow 

 allele frequencies to be estimated and 1−k 2/)1( +kk  

disequilibrium coefficients to be estimated and tested for 

departures from zero. 
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Exact tests with multiple alleles 
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Prmutation version of exact test for HWE 

 

Power of tests for HWE 
2
1

2 ~ χX  when H  true 0
2

),1(
2 ~ vX χ when H  false 0

22

2

)1( AA

A

pp
nDv
−

=  

Sex-linked genes: If the gene frequencies among males and  
among females are different, the population is not in  



    HW equilibrium. The difference is halved each generation. 
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Linkage disequilibrium 
The associations between the frequencies for alleles at different 

loci will be referred to generally as linkage disequilibrium even 
though they may have nothing to do with linkage. Linkage 
disequilibrium is needed in several contexts.  
 
Let us consider only the gametic type. The  gamete  11BA 11BA

can be produced as a non-recombinant from the genotype  
xxBABA /11 . Or, it can be produced as a recombinant from the 

genotype .  11 / BABA xx
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Gametic disequilibrium at two loci 
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Exact test for gametic disequilibrium 
Under the hypothesis of no linkage disequilibrium, the 

probability of  Pr  is  )( ABn
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The probabilities of the two allel arrays are 
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    The conditional probability is  



!!!!!2
!!!!

      )|,,,Pr(
BABABAAB

BBAA
BABABABAAB nnnnn)(

nnnn
,nnnnnn =  

 

 Example：Drosophila restriction site data 
  Xho I  

Counts  ＋ － Total 

＋ 5 6 11 Bam HI 

－ 6 0 6 

Total  11 6 17 

 
 

 
 

Gametic disequilibrium with multiple alleles 
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Exact tests with multiple alleles 
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Variances and covariances of gametic linkage disequilibrium 
Gametic disequilibrium at three or four loci  
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Normalized gametic disequilibria  (Figure 3.1) ABDDDD ,,, ABABBAABBA /

 

Genotypic disequilibrium at two loci 
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The trigenic and quadrigenic variance expressions quickly 
becomes unmanageable. 

Composite genotypic disequilibra 

When genotypes are scored, it is often not possible to 

distinguish between the two double heterozygotes 

BA/BA and BAAB/  
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Exact tests 

Log-linear tests for linkage disequilibrium 
 

Example: MNS blood group data 
 

Locus  B  
      SS SS SS Total 

 MM n1=91 n2=147 n3=85 323 

Locus A MN n4=32 n5=78 n6=75 185 

 NN n7=5 n8=17 n9=7 29 

Total  128 242 167 537 

 



Estimate SD(Est.) Test Statistic 

0.7737=~
AP    

0.4637=~
BP    

0.0028=ˆ AD  0.0077 0.14=2
AX  

0.0234=ˆ BD  0.0107 *74.4=2
BX  

*21.8=2
ABX  0.0273=Δ̂AB  0.0090 

0.0063=ˆ ABBD  0.0026 *00.5=2
ABBX  

0.0022=ˆ AABD  0.0032 0.46=2
AABX  

3.00=2
AABBX  -0.0034=Δ̂AABB  0.0020 

 

Multiple tests 
Bonferroni procedure 
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Tests for homogeneity 

Often data will be available from several samples, and it is 
generally desirable to combine such data to perform a 
goodness-of-fit test on all the information available. 
 

Summary



 


