Chapter 3 Disequilibrium

Testing hypothesis
Hardy-Weinberg disequilibrium
Linkage disequilibrium
Disequilibrium coefficient
Tests for disequilibrium: goodness-of-fit tests,exact tests,

permutation tests.

Hardy-Weinberg disequilibrium
In a large random-mating popultion with no selection,
mutation, or migration, the gene(allele) frequencies and the
genotype frequencies are constant from generation to
generation; and, further, there is a simple relationship

between the gene frequencies and the genotype frequecies.



Proof of Hardy-Weinberg law: (homework)
The Hardy-Weinberg law for Multiple alleles:

Applications of the Hardy-Weinberg law:

Over a 3-year period detected 5 cases in 55715 babies. The

frequency of homozygotes in the sample is 90x10™° or about

1/11000. The Hardy-Weinberg frequency of homozygotes is ¢~,

so the gene frequency is ¢ =+90x107° =9.5x107 = 0.0095

The frequency of carriers is 2g /(1 _¢g)=0.019

Under H-W equilibrium,
P, = P’ forhomozygotes 4,4,

uu u

P, = 2P P  forhomozygotes 4 A,

uyv

When there is a disequilibrium,

P, = B +P(1-P)f

uu

P =2PP(-f),u=#v

uyv

Where O0<P <P
0<P, <min(2P 2P)
—-P /(1-P)< f<1,forallu

By introducing indicator variables x, for the jth allele of a random individual:

X, =

{1 if alleleis A

0 otherwise



Var(xj):pA (1-py)

Var(xj):pA (1-p,)

It emerges that f can be regarded as the correlation of x; and

x ;. Foralocus with k alleles, there are k allele frequencies

and k(k—1)/2 heterozygotes, suggesting that the k(k+1)/2

genotypic frequencies can be expressed in terms of the p, ’s and

asetof k(k—1)/2 fixation indices

P, =P +D,

uu

P, = 2PP —2D._ ,u#v

uy

1., » one for each hetrozygote.

Disequilibrium coefficient D:

In a two-allele case,

P, =pj -D,
P,=2p,p,—2D,
Paa :pj +DA

Max[— p5,—p.1< D, < p,p,

Estimating disequilibrium D, :

MLE: D, = P,, -7’



A 1
eDy) = D, _%(PA +P,, _21951)

1
= D,——I[p,d-p,)+D,]
2n

A 1
Var(D,) = ;[pi(l—pA)z +(1_2pA)2DA _Dj]

Testing for Hardg-Weinberg with D,
Not a real test for H-W equilibrium.

For large samples, the MLE D 4 18 approximately normally
distributed

D,~N[E(D,),Var(D,)]
b,-E®D,)

\/Var(lﬁ ) )
So that a standard normal variate, Z, can be constructed

7 =

Under H,: D,=0,

N2
> = % for n large.

P-(1-P)

Goodness-of-fit chi-square test
2
X2 = ¥ (Obs. - Exp.) _
Exp.

Exact test for HWE

Exact tests are generally used for small sample sizes.
However, if there are rare alleles at a locus, expected
numbers can be small even in moderate large sample, and

exact tests are desirable.



Under HWE hypothesis,

Pr(nAAﬂnAaﬂnaa) = ' '(pfl) A4 (2pApa) Aa (pj) aa
nAA.nAa.naa.
(2n)! n n
Pr(nA’na) = ' '(pA)A(pa)a
nA.na.

Pr(n,,,n,,,n,, andn, n,)
Pr(nA’na)

Pr(nAA > nAa > naa )
Pr(nA s na )

Pr(nAA s nAa s naa -

nln !n 12"

ngn,n '(2n)!
Example - mosquito Pgm data (Table 2.4)

n, =9,n57=1,n;7 =30; n, =19,n; =61

Table 3.1 Exact test for HWE at Pgm locus for mosquito data of Table 13':I

Possible samples Cumulative Disequi—

11 11 1 Probability Probability librium  Chi — square
9 1 30" 0.0000  0.0000t 0.1686 34.67t
&8 3 29 0.0000 0.0000! 0.1436 25.151
7 5 28 0.0001 0.00011 0.1186 17.16F
6 T 2 0.0023 0.00241 0.0936 10.69f
5 9 26 0.0205 0.0220t 0.0686 5.747
0 19 21 0.0594 0.0823 ~0.0564 - 3.88!
4 11 25 0.0970 0.1793 0.0436 2.32
1 17 2 0.2308 0.4101 -0.0314 -~ 1.20
3 13 24 0.2488 0.6589 0.0186 0.42
2 15 23 0.3411 1.0000 —0.0064 0.05

*Observed sample.
Causes rejection of HWE at 5% significance level.



Likelihood ratio test for HWE

Likelihood ratio tests for multinomial proportions have been

called G tests
Where
2 L,
G = -2InA = -2In(—)
L,
And
L _ n' (nAA )”AA (nAa )”Aa (naa )”aa
l nAA!nAa!naa! nn
I n! (n,)"(n,)'e2"a
: ny'n,'n,! (2n)2"
Consequently,
G2 — _21n (n)n(nA)nA(na)na ZnAa

(2n)2n (1) " (n4,) " (n,,)"

Log-linear models

Multiple alleles

When there are # codominant alleles, the k(k+1)/2 genotypic
frequencies provide [k(k+1)/2]-1 degrees of freedom and allow
k-1 allele frequencies to be estimated and 4(k+1)/2
disequilibrium coefficients to be estimated and tested for

departures from zero.



DAL{V = ﬁuﬁv __])uV

InL, = Constant+ > n ln(nﬂ) +>>n, ln(h)
. n

U V£U n

2nVar(D,)) = p,p,[(1-p,)1-p)+p,p,]
-[-p,-p,) -2(p,-p,)1D,,

+ > (p.D,,+p.D,,)-D,,

WHU,V

Exact tests with multiple alleles
n2"Tn,!

Pr({n,}{n = -
(7§ A1, 5) m I

a2 "12134723) ()1 (n, ), )!

T T TC TN TE I TE N

Prmutation version of exact test for HWE

Power of tests for HWE
X?~ y whenH, true
X? ~ ;((ZM) when H,, false
nD?
V=" 5 2
P4 (1- pA)

Sex-linked genes: If the gene frequencies among males and
among females are different, the population is not in




HW equilibrium. The difference is halved each generation.

2 1 1
p = —-p,+-p,= -@p,+
P =3P +3Py 3( Pr+Dy)
= %(2P+H+R)
p;n = Py
: 1
Pr = E(pm—i_pf)

' ' 1 1
pf_pm — E(pm—i_pf)_pf: _E(pf_pm)
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Fig. 1.2. Approach to equilibrium under random mating for a sex-linked gene, showing the gene
frequency among females, among males, and in the two sexes combined. The population starts

with females all of one sort (gr = 1), and males all of the other sort (g, = 0).



Linkage disequilibrium

The associations between the frequencies for alleles at different
loci will be referred to generally as linkage disequilibrium even
though they may have nothing to do with linkage. Linkage
disequilibrium is needed in several contexts.

Let us consider only the A, B, gametic type. The 4,8, gamete

can be produced as a non-recombinant from the genotype
A B,/ A B, . Or, it can be produced as a recombinant from the

genotype A4,B./A.B,.

!

r'= r(lo)+ p,p,
D" = r-p,pg
= r(l-¢)p,py(l-c)
= (r-p,ps)(l-c)
= D(l-¢)
D" = D'(1-c) = D(l-c¢)
D, = Dy1-¢)
1.0 .
o 0.2

Generation

Fig. 1.3. Approach to equilibrium under random mating of two loci, considered jointly. The
graphs show the amount of disequilibrium, D, relative to the disequilibrium in generation 0. The
five graphs refer to different degrees of linkage between the two loci, as indicated by the recom-
bination frequency shown alongside each graph. The graph marked 0.5 refers to unlinked loci.



Gametic disequilibrium at two loci
D g = Py —PF
The MLE of D, is D,;, = P,,—P,P,

A 2n—1
E(DAB) - TDAB

The large-sample variance is
A 1
Var(D ,5) :%[PAO_PA)PB(I_PB)+(1_2PA)(1_2PB)DAB _DjB]

A chi-square statistic for H,:D , =0 1s

A2
AB

ﬁA(l_ﬁA)}N)B(l_ﬁB)

Exact test for gametic disequilibrium
Under the hypothesis of no linkage disequilibrium, the
probability of Pr(n,;) is

Pr(n,z) = Pr(ngz,n,gz,n,n55)

_ Cm)p,ps)"* (Paps)"* (Parp)" " (PiPs)" "

'n “In- Ip__1|
Mg Mg My "4p"

The probabilities of the two allel arrays are

2n)! " ng
PrCnom) = o (p ) ()
A. Z.
PrCnponz) = o (py)" ()"
B*"'B*

The conditional probability is



n ln;lng!ng!

Pr(np,n g, 05,055 | nypnp) =

(2n)np'n z\np,nz!

Example : Drosophila restriction site data

Xhol
Counts + — Total
Bam HI + 5 6 11
— 6 0 6
Total 11 6 17

Table 3.4 Linkage disequilibria for restriction sites in Drosophilz data of Table 1.6,

Gamete* Cumulative
+4+ +— =+ -~ — Probability Probability Dap  Chi-square
11 0 0 6 0.0001 0.0001F 0.2284 17.00f
10 1 1 il 0.0053 0.00541 0.1696 9.37f
5 6 6 O 0.0373  0.04271 —0.1246 5.06"
9 2 2 4 0.0667 0.1094 0.1107 4.00f
6 ] ] 1 0.2240 0.3334 —0.0657 1.41
8 3 3 3 0.2666 0.6000 0.0519 0.88
T 4 4 2 0.4000 1.0000 —0.0069 0.02

* First symbol is for ﬁamH_L second is for Xhol.
I Causes rejection of hypothesis of no disequilibrium at 5% level.
t Observed data.

Gametic disequilibrium with multiple alleles

£ L (2n)D



Exact tests with multiple alleles

[17,01n,!
\4

Pr({n,,} [{n,}{n,}) = (;n)!Hnuv!

Variances and covariances of gametic linkage disequilibrium

Gametic disequilibrium at three or four loci

Dsc = Pupc =PaDpc = PsDic —PcDup —PaPsPc

Dygep = Pascp = PaLpep = PsDacp = PcDapp = PpDase =
Zn=p(=py), 7,=0-2p,)

Var(Dyg) = L2,y + 7,75 - D3]

A 1
Var(D 430) = ;[”A”B”c +6D 3 DpeD g +7,(T37Dpe _Dzzzc) +-

Normalized gametic disequilibria b,,,,D,,,.D .. D% (Figure 3.1)

AAB >

‘Table 3.5 Partitioning of the 9 d.f. available from the 10 genotypes at 2 loci.

Description d.f.
Allele frequencies p4, pg 2
One-locus disequilibria D4, Dg 2
Gametic disequilibrium D g 1
Nongametic disequilibrium Dg4;p 1
Trigenic disequilibria Daag, Dage 2
Quadrigenic disequilibrium Daapp 1
Total 9

Genotypic disequilibrium at two loci

Dy = Pup—PiPs



The trigenic and quadrigenic variance expressions quickly
becomes unmanageable.
Composite genotypic disequilibra

When genotypes are scored, it is often not possible to

distinguish between the two double heterozygotes

AB/AB and AB/AB

Ay = Pup+Pup—2PPs=Dyp+Dyp

AAABB = ng - 2DABDA/B

Exact tests

Log-linear tests for linkage disequilibrium

Example: MNS blood group data

Locus B
SS Ss SS Total
MM =91 ny=147 n7=85 323
LocusA MN ns=32 ns=78 ne=715 185
NN n7=5 ng=17 ng=7 29

Total 128 242 167 537



Estimate SD(Est.) Test Statistic

P,=0.7737

Py =0.4637

D, =0.0028 0.0077 X%=0.14
Dy =0.0234 0.0107 X3 =474

A 5 =0.0273 0.0090 X2z =821
D 55 =0.0063 0.0026 X255 =5.00
D 5 =0.0022 0.0032 X7 5 =0.46
A 11pp =-0.0034 0.0020 X2 g5 =3.00

Multiple tests

Bonferroni procedure

'

o' = Pr(atleast one test causes rejection | H, true)

= 1—Pr(all test do not cause rejection | H, true)

= 1—[Pr(one test does not cause rejection | H,, true)]”
= 1-(l-a)"

La

Q

Tests for homogeneity
Often data will be available from several samples, and it is
generally desirable to combine such data to perform a

goodness-of-fit test on all the information available.

Summary






