
Nonparametrics homework problem
Assume we have iid data {(xi, yi)}n

i=1, where yi = g(xi)+ εi. Suppose that g(x) is approximated
locally by a linear polynomial with kernel weight function Kh(x − xi).

• fitting criterion: in a small region around x0, g(x) ≈ a0 + b0(x − x0),

(â0, b̂0) = arg min
a0,b0

n∑

i=1

(yi − a0 − b0(xi − x0))2wi

• Kernel weights: wi = Kh(x0 − xi)/
∑n

i=1 Kh(x0 − xi).

Derive the local linear estimator ĝ(x).

Solution: Let L =
∑n

i=1(yi − a0 − b0(xi − x0))2wi.

Set ∂L/∂a0 = 2
n∑

i=1

(yi − a0 − b0(xi − x0))wi = 0.

Then a0 =
n∑

i=1

(yiwi − b0wi(xi − x0)) =
n∑

i=1

yiwi − b0Sn1, (1)

where Sn1 =
∑n

i=1 wi(xi − x0).

Set ∂L/∂b0 = 2
n∑

i=1

(yi − a0 − b0(xi − x0))wi(xi − x0) = 0.

Then
n∑

i=1

yiwi(xi − x0) − a0Sn1 − b0Sn2 = 0, (2)

where Sn2 =
∑n

i=1 wi(xi − x0)2. Plug a0 in (1) into (2) and solve for b0. We get
n∑

i=1

yiwi(xi − x0) − (
n∑

i=1

yiwi − b0Sn1)Sn1 − b0Sn2 = 0

n∑

i=1

yiwi(xi − x0) −
n∑

i=1

yiwiSn1 = b0(Sn2 − S2
n1)

b0 =
∑n

i=1 yiwi(xi − x0) −
∑n

i=1 yiwiSn1

Sn2 − S2
n1

. (3)

Plug b0 in (3) back into (1) and get

â0 =
∑n

i=1 yiwi(Sn2 − S2
n1) −

∑n
i=1 yiwi(xi − x0)Sn1 +

∑n
i=1 yiwiS

2
n1

Sn2 − S2
n1

=
∑n

i=1 yiwiSn2 −
∑n

i=1 yiwi(xi − x0)Sn1

Sn2 − S2
n1

=
∑n

i=1 yi(Sn2 − (xi − x0)Sn1)wi

Sn2 − S2
n1

. (4)

Since g(x) ≈ a0 + b0(x − x0) in a small region around x0, we use (4) for ĝ(x0). For a general ĝ(x),
replace x0 by a general point x in all the above expressions, and we get

ĝ(x) =
∑n

i=1 yi(Sn2 − (xi − x)Sn1)wi

Sn2 − S2
n1

(5)

with Sn1 =
∑n

i=1 wi(xi − x), Sn2 =
∑n

i=1 wi(xi − x)2 and wi = Kh(x − xi)/
∑n

i=1 Kh(x − xi). �
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