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S1 Proofs of Theorems 1-5

S1.1 Regularity Conditions for Measurement Error Models

(A1) For any population size N, the covariates (X;, Z;),i=1,..., N, rep-
resent independent observations from a common underlying distribu-

tion (Section 4, [Huggins, 1989)).

(A2) E{®;(0)®](0)} is positive definite in a neighborhood for the true 6.
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(A3) The first derivative of U.(@) with respect to @ exists almost surely in
a neighborhood for the true 8. Further, in such a neighborhood, the
first derivative is bounded above by a function of (Y, W, Z), whose

expectation exists.

S1.2 Proof of Theorem 1

and

Hc(a):E{ o 1) }

96 F;(6)
which is a row vector of the length of 6.

~

Theorem 1. Under the reqularity conditions A1-A3, 0. is a consistent

estimator as N — oo. Moreover, \/N(éC — 0) converges in distribution to

the normal distribution N'(0,3,) where ¥, = G;1(0)M.(6)G.7(8).

C

Proof: First, recall that

]

Ay :
®;(0) = E; (Zz) Vi —EQi | Ay, Z:,Ci)},i=1,2,..., D.
where Aij = yZBO'i—l—W”, fOI'j = 1,2,...,mi, 1= 1,2,...,D.

Now, U.(0) = SV, 1(C;)®;(8) is an unbiased estimating function since E {I(C;)®;(8)} =

E[E{I(C;)®:(0) | C;}] = 0 for all i. Using regularity conditions (A1l)-(A3)
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and the inverse function theorem as in Foutz (1977)), we can obtain 6., which
is the unique solution for U,(@) = 0 in a neighborhood for the true @, and 6,
is a consistent estimator for 8 as N — oo.

To see the limiting distribution of éc, we note that 90 is the solution
to U,(8) = 0. Consider the first-order Taylor expansion of U,(6.) at 6, then

we have

Hence, we obtain that

W(éc—e):—{a%a } {ﬁ;l }+op(1)

Using the same arguments as in Section 4 of Huggins (1989), we regard I(C;)®;(0),

fori =1,..., N as i.i.d. random variables, thus the law of large numbers
. oU.(0) . -
implies that “NOG — G.(0) in probability, and
1 N
0 — — -1 R . .
VN (95 0) GH0) {21 I(CQ(I),(G)} to,(1).  (SL1)

It then follows (via the central limit theorem) that
VN (6.-8) 5 N (0, %),

where . = G_1H(0)M.(0)G.T(0).
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S1.3 Proof of Theorem 2

Theorem 2. Under reqularity conditions A1-AS3, NC/N converges to one in
probability as N — oo. Moreover, the limiting distribution ofol/Q(Nc—N)

is N'(0,v,.) where v, is the variance of PIEC(%) + H,(0)G,1(0)I(C)D;(0).
N

Proof: We consider the first-order Taylor expansion of N,(8,) around 6,

such that
TN R ON.(6) 2
N(8) = N.(8) + —=(8. ~ 0) + O, ( 0. —0)).
By the law of large numbers we have H.(0) = E 0 1(c) which
’ ° T 00 PL0)

1 ON,()
N 96

by (S1.1]), we have

is the limit of — as N — oo. Since (8, — 6)% is O, (1/N) and

SN (&)
2 {Rz<e> H

Therefore, we have

Ne - N — —Z{P* }+H 1%1 6) + 0,(1).

Once again, the law of large numbers implies that both the first two terms

on the right hand side of the above equation converges to 0 and thus (NC —
N)/N — 0 in probability.

By (S1.2)), it follows that

NO)-N 1 & B
VN VN Z {P[Z H.(0)G. (6)1(C))®:(6) — 1} + 0,(1).

=1
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Again, the central limit theorem yields

—— (W) - N} BN v,

where v, is the variance of PI*(C(Z;) + H.(0)G.'(0)1(C;)®;(0). Note that,
iA

the covariance of 1(C;) and I1(C;)®;(0) is 0.

S1.4 Additional Regularity Conditions for Measurement Error

and Missing Data Models

(B1) Let supp(Z) denote the support of Z. For any y =1,2,...,7 and z €

supp(Z), the selection probability 7(y, z) is bounded away from zero.

D;(0)P/(0)
(B2) { . 2)

} is positive definite in a neighbourhood for the true 6.
(B3) The first derivative of U,..(0, 7) with respect to 0 exists almost surely
in a neighbourhood for the true 8. Further, in such a neighbourhood,

the first derivative is bounded above by a function of (¥, W, Z), whose

expectation exists.

S1.5 Proof of Theorem 3.

Denote ®:(0) = {®;(0) | Vi, Z:}, g7 (0) = é@-(e)—éi — T

Uy Uy

$7(0), and M,,.(0,7) =
E{1(Ci)g; (0)®}.

A

Theorem 3. Under reqularity conditions A1-A2 and B1-B3, 0. is a con-
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sistent estimator as N — co. Moreover, \/N(éwc—e) converges in distribu-

tion to the normal distribution N'(0, 2,,.) where X, = G (0)M,,.(0, )G, (0).

Proof: The IPWCS estimator 8., solves the following estimating equa-

tion:
D
i
=2 7 %(0
=1 i
where m; = 7();, Z;) and 7 is the vector of 7; for i = 1,...,D. Using a
Taylor expansion on U,.(0,7) around 7 = (m,...,7p), we have

:]>

zﬂ- —|—O { _7Tz }:| 5zq)z(0)

i (2

1 D D 6 _7Tz ys yza s = Z) 1
Uwe ~ N ZZ{ POY = V.. Z = Z)n? }5¢<I>¢(9)+Op <\/_N)

i=1 s=1

1
VN
D
1 1
- U,
R0 73
1
VN
Using the equality (65 — m;)d; = (05 — m;)(0; — m;) + 7(ds — 7;), we have

1
Uwc(a,fl‘) = —Uwc<0,ﬂ') — AlN — AQN + Op (ﬁ) y

5
-

where

D

1 o (51 ) (ys — yw Zs = Zi)
Ay = N2 ZZ { PO = Vi 7 = Z)n? } ®;(6),

=1 s=1

and

1 7T'L s (ys yuZ :Zz)
Azv = N3/2 ZZ{ 2P(y ViiZ = Z,) }@i(g)_

i=1 s=1
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Rearranging the summation and noting that m; = 7, whenever 1(); =

ysa Z’L - Zs) — 1, we haVe

Ol 0w [ LU=V Zi=2) 1
Ao = \/NZ . {NZ PY=..72=2,) q)’(e)}*()p(m)

((51‘ - 7T@')(55 - Ws)I(yi = y57 Zi = ZS>(I)1'<0)

Next define f;; = . There-
ext, we define f, PP = Z = 7)) ere
fore, Ajny can be expressed as the following:
| LD
Ay = N3z Z Z Jis-
i=1 s=1
Note that
0 ifi1#£ s,
E[E{fis W, Vs =V, 2, = Zi}] = o M= m)ROIY =V, Z = 2]\
ifi=s
PV =Y,,Z =7)

Furthermore, we can simplify the expression of E(f;;) as

A T R Il b e

Hence we obtain

Bldw) = gipB{ O o ().

In addition, using the definition of f;s, we have

Cov( fin, fa) = E{ (1 —m;)°®:(0)27 () }

W?P(y:yiaz:Zi>
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at (i,k) = (s,b) and Cov(fix, fs) = 0 otherwise. Hence, we obtain

1
V&I’(AlN N3 ZV&I‘ fzk (N> .

Based on E(A;y) = O(1/v/N) and Var(A,y) = O(1/N), we have Ay =
0,1V

As a consequence, we obtain

1

R TR T 1
o Un(0.7) m;uc@)gxewop( m)'

Since 8, is the solution to Uwe(0,7) = 0, the Taylor expansion around 6

yields
1 S 1 X OU(0,7) -
0 = = UnelBues 7) = Z=Uel0,7) + { e } VN (Buc - 6) + 0,(1)
Note that G.(0) = E { -I(C 0) } is the limit of %a%ﬂ') There-

fore, we have

VN <éwc — 9) i ) +0p(1).

ﬂ\H

As the estimating functions 1(C;)gf (@) are zero unbiased, the central limit

theorem implies that
\/N (éwc - 0) i> N (Ov EwC) )

where X, = G;1(0)M,,.(0,7)G.T(6).

Cc
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S1.6 Proof of Theorem 4.

Theorem 4. Under regularity conditions A1-A2 and B1-B3, NwC/N con-
verges to one in probability as N — oo. Moreover, let /1;(9) be the expecta-

tion of

1(C))
R0

conditional on (V;, Z;), such that the limiting distribution of N~/?(Ny. —

N) is N(0, V) where vy, is the variance of 1(C;) {%%@ + H.(0)G-1(8)g:(0) — 0; ; Uy /{f(e)} :
2 iA 2

Proof: The IPWCS population size estimator is

N
N 5.1(C;)
NoelOues®) = 2o ooy
=1 v+ 1A

Now, the first-order Taylor expansion of N, around (0, 7) yields
s _ 9N, (0.7) ) o)
ch(ewca 7T) ch (07 ﬂ-) - 0 ( > + O ( we 0)
i ) (5, )+ 0, {(7— )]
2 1
=1 ; 1

Since both (#; — m;)? and (9 —0> are O, (1/N), thus

Nue (éwc,fr> —ch(e,ﬂ):%( ) Z{ AT )} (7 — ) + O, (1).

i=1

Replacing 7; —m; with in the second

S €6 — m)L (Y = Vi, Z; = Z;)
N NCI V=i, Zs = Z))
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term, we obtain

=1

N L (1(C)6:(8; — mUCHLY, = Vi, Z; = Z) 1

Next, we rearrange the summation and note that m; = m; and F:A(H) =

F}L(O) since 1(V; = Y}, Zi = Z;) = 1, then

j=1 i=1 )Zs 1I(C ) Vs =), Zs = Z;)

Now, by the law of large numbers we have

= >{zs (e ozs:yj,zszzj)} a(0)
A further calculation yields aN?VC—g:’ﬂ which converges to H.(8) in prob-
ability. It follows that
N *
ch(éwca ﬁ') o ch (0, 71') o Z (51 - 7TZ)1<Cz)’£z (0> + Op(l)
i=1

As a consequence, N, <0wc, 7 ) equates to

Do) {2 106 O)0i(0) - T

By the weak law of large number, it is easy to obtain that ch( we, ®) /N —

(6)} + 0,00

1 in probability as N — oo. Once again, when applying the central limit

theorem this gives

{ RO, 7) = N} =5 N (0,000).

Sl-
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1 T
where v, is the variance of [(C;) {QF*—@ + H.(0)G.'(0)g;(0) — % = mf(@)}
Uy iA Uy

S1.7 Proof of Theorem 5

Theorem 5. Under reqularity conditions A1-A2 and B1-B3, we have \/N(éwc—

émc) which converges to 0 in probability as both N and M are increased

A

without bound. Similarly, N’l/Q(]\Afwc — Npe) converges to 0 in probability

as N, M — oo.

Proof: First, we show that v N (éwc—émc) converges to 0 in probability.

Let m; = E(m; | s, Z;) and define

D

~ 5smsl(ys = yia Zs = Z’L)
m’:ZZD oAy = Wi, 2o = 72)
s=1 r=1 9r r iy L %

For completeness, we recall the following notation used in the main text. We
denote ®;(8) = (1/m;) 3 7", ¢4;(8), where ¢3;(0) = (Aij, Z1)T{Vi = E(Vi | Ay, Zi,Ci) }-

For the generated imputation data, m,, and W  with J=1,2,...,m,,

17,V

we denote ¢!, (8) = (AL, ZN™{¥; —E(V: | AL,.Z;.C;)}, where Al =

15,09 15,0

Bo2Y; + Wi

iJ,0°

Finally, we denote (IMDT

Next, note that

_ 5 D 5 05 (OIVs = Vi, Zs = Z;)
Eﬁ{ zyv( ) |y27 i /¢11(0)dF(w ‘ yz;Z'L) - SZ:; X:TD:1 mr(srl(yr _ yi7ZT _ ZZ) .
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In addition to the above, we have

£:{810) 1.2} = B {0].(0)19. 7]

i () (7) O T

Thus, we express U,,.(0) as follows:

Une®) = Y- L0(0)+ Y (1 - l) +z -

— Dé . _D(1—53)D 09,0V, = Vs, Z; = Zs) YT
R Z AZ(Dl(g) Z ﬁ.s ; Z?“Dzl I<yr = ys,Zr = Zs) +;(1 52)(I>l(0>

=1
(1-6;) & (ms ) (Y, = Vi, Z, = )
+ — 0| — —1] D0 )
izzl: i 52:; m; ( )ZrDzl I(yr = yi) Zr = Zz)
D

, this gives

N :Z 531<ys:yz7Zs:Zz)
ZrDzl I(yr = yi; Zr - Zz)

. Al (5 (Vs =W, Zs = 7))
- ;I[CS] CIY, = Vi, 2, = Z)
-1 D 55 ys yza — 4 —~1/2
= N Z( (3)2(—34,2—21) )+op(N 2.

s=1

For m;, we also have

ms - mz)1<ys - yi) Zs = Zz)
s=1 Zr 15 I( )I(yr yi7 Zr = Zz)

D
B L s(ms —m)I(Vs =i, Zs = Z) ~1/2
— N- ;:1 PO —yioz] e,

3
EL
I
Mz




S1. PROOFS OF THEOREMS 1-5

Using the same algebra as above, we have

D D

Z ( A 61) 253 (TTLS . 1) (I)5<9) D(ys yza s z)

X 1 3 ET.ZII(J}T :yiuzT :Z7,>

m, 1, = V.. 7. = 7)

\/_% {(Upne(8) — Une(8, 7))}
_ M_l/Q\/LN Z(l _ 5@)\/M [(1:)1(0) —Ez {(i)j(e) | Vi, Zz}]

! 3 5 I(ys =V, Zs= Zl-)
+\/_N i=1 (1 B 6i) {N s=1 ﬁ_l (ml N 1) (I)S(H)P(y =V, Z = Zz))} ' Op(l)-

It follows that v/ M [Cﬁ(e) —Ez {@3(0) | Vi, Z,H converges in distri-

bution to a normal random vector as M — oo. This implies that

M—l/Q\/LN zD:a —S)VM [éj(e) ~E; {ci)j(e) |V, Z}] = 0,(M~?).

=1

Next, we show that

1 ISR (m 0, =92 =2) | _
\/—WZG—@){N;?% (m 1) @S(O)P(y:yhzzzi))} = 0,(1).
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and the equality

68 S
= (”f— - 1>
T Ny
Os [ Mg s (Mg My Mg 0s O s O ms Mg
== - ,,,__1 +_ ~ - + ,,,__1 - — =< + - — -~ = 3
v m; 5 m; m; m; 5 T U v m; m;
we obtain

1 N6, [m, WYs =i, Zs = Z;)
FlE ( - 1) ) by =3, 2= 7))

%_ I<ys :yi7Zs :Zl) -1/2
(B 1) a0 g = S O )

1Vs = Vi Zs = Zi)

Mg

Define £,(0) = 2 (— - 1) ,(0)

T \ M

Taking the

expectation of £;(0) yields

E{&i(0)} = E[E{&(0) | Vs =i, Zs = Zi, ms, W}

— Os (1M _ I(ys = Vi, Zs = Zi)
- [E {E (H 1) O ey =y.2=2)

~ B [qbZ(O)E { (% _ 1) s =V, 2, = Zi)

Vs = ym Zs = Zi7m37 Wz}:|

ys - yi7ZS = ZZ}:|

i PY=V,7Z=12)
= ()7
JR
where ¢:<1(0) =E {E Z¢8](0) ys = yiazs - Zz ms} - E{qbsl(e) | ys - yi7Zs = Zz}
s 521

Next, we show that

1 1 &6, [(ms V=Y. Z, = 7;)
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Let & (0) be the kth element of &;(0). Then, by Cauchy-Schwarz

inequality, we have

B D 2 1/2
E)(l—@){J—lN;ssikw)}] < {E{(lmE [%{Zue)}” ,

and
1 ’ 1
[N {Z gszk } ] = NE {Z gszk + Z Z Sszk grzk }
s=1 r#s,1
= %E {; gszk } < Q.
Thus, we have E’ { 7% ZS L Esin (6 } ’ < 00. Consequently, by

the law of large numbers we have

1 D
N 2121:(1 - 61) { E 532 } = )7
and so

\/—{Umc()— we(8,7)} = Op(M™172) + 0,(1).

Let O denote the observed data. In the same manner as above, it can

be shown that

8IJ?’rLc(O) _anc(evﬂ-) -1/2 —1/2 a7—1/2
E{ T )0}_N—ae+op(zv ) + O, (M~V2N-V2),

and

8Uvmc(0> . anc(eaﬁ-) -1/2 —1/2 a7—1/2
E{ B0 }_E{ N0 +o(N"Y2)+ O(M~/2N—/%).
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Since G(0) is the limit of

o V(6. 7)
Noo [’

and let 9%) be the solution to U,,.(6) = 0 where the index M is appended

for by noting that 0., is dependent on M. We now write

(M)
—1/27r(M) (M) _ nr—1/277(M) OUmc"(0) M)
NTUGD,,) = NTPULD() + {—Nag vn{o,. -6}

_ N—l/QUT(nf\éf)<0) — GC(O)\/N{é%) — 0} + Op(l)a

and

~

N7YV2U(Oe, ) = N™YV2UL0(0, %) — Go(0)VN (B, — 6) + 0,(1).
Therefore, we have

VN (0 = 0uc) = GIUONTV2{ULD(O) — Unel, 7)} + 0,(1)

mc

= 0,(M) + 0,(1).

~ (00 ~ (M
Let 05,10) be the limit of Oinc) as M — oo, hence we have shown
A(c0) 4 . .
that vV N <9mc - 0wc) converges in probability to 0 as N — oo.
Next, we show that N~2(N,, — N,,.) converges in probability to 0.
Consider the multiple imputation estimator for the population size, ch,

where

Nuc(8) = )

1

D

1 1&g
{52?;(0) +(1— 5i)MZ Jgji(a)}

i v=1
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Applying the same algebra used in the derivation of E4(®! (8) | Vi, Z:),

we obtain
N7 Ne(6) = Noc(8.7)}
D 1
2,00 E&(@‘E {PM o) |7 H

=1

\/_Z [NZJ@ >13::(0){113(?)JZJJZ:?:ZZ:)>)}

= 0,(M77?) + 0,(1).

M2

c%‘}a

+ 0p(1)

Hence, we have

N7V [Ne@ne)) = N B, 7)]

= N71/2 [ch(é%)y ﬁ-) - ch<éwca 7?l-):| + Op(Mil/Z) + Op(l)

B 8ch(9,ﬂ') (M) o ~1/2
= {N—ae} \/N (Hmc — 0wc) + Op(M ) + Op(l)

= {H(8) + o)}V (8, = Bu) + O (M%) 1 0,(1),

N,.(0
since 8}”\;—((90’77) — H.(0) in probability.

Since VN {9%) — éwc} converges in probability to 0 as both N — oo

and M — oo, we have established that N—1/2 {ch(é%)) — ch(éwc, fr)}

converges in probability to 0 as both N — oo and M — oo.
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S2 Regression Calibration Estimation

Regression calibration in capture-recapture studies was originally proposed
by [Hwang and Huang (2003)) under the restriction that m; = 1, that is,
surrogate variables consist of homogeneous measurement error variance.
Here, we modify this approach that allows for the general case of m; > 1.
Measurement error analysis involving regression calibration is widely
used in many applications. For linear regression models, parameters are
estimated using least square estimators where the unknown X; is replaced
with E(X; | W;). For logistic regression type models, a similar but better
strategy is used, such that H(8X;+~"Z;) is replaced by E{H (8X;+~"Z;) |
Zi, Wit Let p, = BE(X;) and 02 = Var(X;). Using the approxima-
tion H(z) ~ ®(x/1.7) and a normality assumption on X; (Hwang and

Huang;, |2003), we have

— X ++7Z;
B{H(BX, ++72) | 2. W} ~ H([-DXt]
V1 + 0.3465%57
here X i (W, — ) and &2 %204 The ab
where X, = u, i — Ugy) and 67 = ——————, e above
H m;o2 + o2 " ' m;o2 + o2

method is also commonly referred to as refined regression calibration (RRC,

2

2 are estimated from the ob-

Wang et al.; 2000). In practice, u, and o
served Wi —e.g., fie = S0y Wi/D and 62 = 2 {(W;—f1.)>—62/m;}/ D.

The RRC approach then solves equation (1) by replacing the SW; +~7Z;
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with (8X; 4+ 77 Z:)/+/(1 + 0.3463%52).
Let 6, = (BT, 41T denote the resulting estimate of the regression cali-

bration method, we estimate the population size N by using

Ny = %Z H{3 W, + AT)Z L 32521
S H{BW, + 3T Zi + 5262

Note that NT is an unbiased estimator of N if @T was replaced by the
true 6. Regression calibration usually outperforms the naive method when
measurement error is present. However, in cases where the measurement
error variance is large or there is obvious departure from normality in X;

then severe bias can arise in both the regression parameters and population

size estimates, see Section 4.1.
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S3 An Alternative MICS Algorithm

Algorithm: Multiple imputation with conditional score (MICS) estimation

{Step 1:} First, impute the estimating function for each missing of §; = 0 and ¢ < D, and
then generate a simple random sample (with replacement) of size M from the set {k :
O = L,V = Vi, Zr = Z;} and let A; denote the resulting sample. Define @I(O) =

(1/M) >, c4, ®v(0) where the summation has M terms.

{Step 2:} Solve the estimating equation:
D ~
Une(0) = _{5:%:(8) + (1 - 6:)21(6)} =0,
i=1

where 9mc is the solution.

{Step 3:} For each missing value of §; = 0 and ¢ < D, we define 152;(0) to be the

harmonic average of P, (@), for all v € A;. The MICS population size estimator is
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S4 Web Figures and Tables for Simulation Studies
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Web Figures for Simulation Study 2
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and N (bottom last three panels) with three measurement error variances (by columns)

for three missing data cases (by rows). In this simulation study we used g = 1, N = 1000

and 7 = 5 for scenario (a).
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Web Figure 6: Simulation study 2. Comparative boxplots for B (first top three panels)

and N (bottom last three panels) with three measurement error variances (by columns)

for three missing data cases (by rows). In this simulation study we used f =1, N = 1000

and 7 = 5 for scenario (b).
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Web Tables for Simulation Study 1

Web Table 1: Simulation study 1: Summary of results for a and v (top rows for each panel) and 3 and N
(bottom rows for each panel). We used N = 200, 7 = 5 for scenario (a) with two different measurement error
variances. The true parameter values («a, v, 8) = (—1, —1,1). We fitted the naive conditional likelihood model
of Section 2.1 (labelled here as naive), a naive conditional score (NCS) model, the conditional score 1 (CS1)

model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (a) o2 =0.25

o ¥
Model Mean SD M.SE RMSE CcP Mean SD M.SE RMSE CcP
naive -0.91 0.15 0.15 0.18 0.88 -0.96 0.29 0.27 0.29 0.92
RRC -1.02 0.17 0.16 0.17 0.94 -0.96 0.29 0.27 0.29 0.92
NCS -1.08 0.18 0.18 0.20 0.94 -1.07 0.32 0.30 0.32 0.94
Ccs1 -0.99 0.18 0.17 0.18 0.92 -1.01 0.31 0.29 0.31 0.92
CS-new -0.99 0.17 0.16 0.17 0.92 -1.01 0.30 0.28 0.30 0.94

B N
Model Mean SD M.SE RMSE cP Mean SD M.SE RMSE Ccp
naive 0.81 0.14 0.13 0.24 0.62 196.83 28.53 26.40 28.63 0.85
RRC 0.97 0.17 0.16 0.17 0.93 207.96 36.57 23.52 37.33 0.84
NCS 1.15 0.22 0.21 0.26 0.89 234.52 70.08 55.22 77.97 0.94
Ccs1 0.98 0.19 0.18 0.19 0.94 210.16 44.53 37.42 45.57 0.90
CS-new 0.98 0.18 0.17 0.18 0.92 208.38 39.43 34.19 40.21 0.90
D 128.15 6.48 - - - - - - - -
Y 1.91 0.10 - - - - - - - -

oc® = 0.5

o ¥
Model Mean SD M.SE RMSE cP Mean SD M.SE RMSE CcP
naive -0.85 0.15 0.14 0.21 0.78 -0.93 0.30 0.28 0.30 0.92
RRC -1.03 0.17 0.17 0.18 0.95 -0.93 0.30 0.27 0.30 0.92
NCS -1.16 0.22 0.22 0.27 0.94 -1.13 0.36 0.35 0.39 0.93
Ccs1 -1.00 0.20 0.19 0.20 0.93 -1.01 0.33 0.32 0.33 0.94
CS-new -0.99 0.18 0.17 0.18 0.94 -1.02 0.32 0.30 0.31 0.94

B N
naive 0.68 0.13 0.12 0.35 0.28 189.37 25.33 23.30 27.41 0.76
RRC 0.97 0.19 0.18 0.19 0.94 208.53 40.50 23.95 41.29 0.82
NCS 1.32 0.29 0.28 0.43 0.85 284.97 223.00 124.50 238.12 0.95
Ccs1 0.99 0.23 0.22 0.23 0.92 213.81 57.94 46.65 59.43 0.88
CS-new 0.98 0.20 0.19 0.20 0.94 210.50 47.74 39.45 48.76 0.87
D 128.15 6.48 - - - - - - - -
Y 1.91 0.10 - - - - - - - -
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Web Table 2: Simulation study 1: Summary of results for a and v (top rows for each panel) and 3 and N
(bottom rows for each panel). We used N = 200, 7 = 5 for scenario (b) with two different measurement error
variances. The true parameter values («a, v, 8) = (—1, —1,1). We fitted the naive conditional likelihood model
of Section 2.1 (labelled here as naive), a naive conditional score (NCS) model, the conditional score 1 (CS1)
model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (b) o2 =0.25

a ¥
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive -0.91 0.16 0.15 0.18 0.86 -0.99 0.28 0.27 0.28 0.94
RRC -1.03 0.18 0.17 0.18 0.95 -0.99 0.28 0.27 0.28 0.94
NCS -1.16 0.24 0.22 0.29 0.94 -1.07 0.30 0.29 0.31 0.98
CS1 -1.03 0.21 0.19 0.21 0.93 -1.03 0.29 0.28 0.29 0.96
CS-new -1.02 0.18 0.18 0.18 0.94 -1.02 0.28 0.27 0.28 0.96

B N
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive 0.81 0.14 0.13 0.23 0.63 197.21 27.79 26.87 27.86 0.88
RRC 1.00 0.18 0.17 0.18 0.93 210.77 36.49 24.73 37.95 0.90
NCS 1.23 0.25 0.24 0.34 0.90 252.81 75.07 72.55 91.63 0.99
CS1 1.03 0.21 0.20 0.21 0.94 215.04 40.90 41.65 43.48 0.94
CS-new 1.01 0.18 0.18 0.18 0.96 211.30 35.75 36.31 37.41 0.94
D 127.75 5.77 - - - - - - - -
Y 1.93 0.09 - - - - - - - -

02 =0.5

« vy
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive -0.84 0.15 0.14 0.22 0.74 -0.96 0.28 0.27 0.28 0.94
RRC -1.05 0.20 0.18 0.20 0.93 -0.96 0.28 0.27 0.28 0.94
NCS -1.29 0.32 0.30 0.44 0.96 -1.12 0.35 0.34 0.37 0.98
CS1 -1.04 0.25 0.22 0.25 0.94 -1.03 0.32 0.31 0.32 0.96
CS-new -1.02 0.20 0.19 0.20 0.96 -1.02 0.29 0.28 0.29 0.95

B N
naive 0.68 0.13 0.12 0.34 0.32 188.31 23.89 23.08 26.54 0.82
RRC 1.01 0.21 0.19 0.21 0.92 211.82 40.84 26.04 42.42 0.88
NCS 1.45 0.37 0.35 0.59 0.82 330.47 283.21 229.69 311.17 1.00
CS1 1.04 0.27 0.25 0.27 0.92 219.31 55.92 54.50 59.03 0.94
CS-new 1.01 0.21 0.21 0.21 0.94 211.70 39.76 40.97 41.35 0.91
D 127.75 5.77 - - - - - - - -
Y 1.93 0.09 - - - - - - - -
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Web Table 3: Simulation study 1: Summary of results for a and v (top rows for each panel) and 3 and N
(bottom rows for each panel). We used N = 1000, 7 = 5 for scenario (a) with two different measurement error
variances. The true parameter values («a, v, 8) = (—1, —1,1). We fitted the naive conditional likelihood model
of Section 2.1 (labelled here as naive), a naive conditional score (NCS) model, the conditional score 1 (CS1)
model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (a) o2 =0.25

a v
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive -0.93 0.07 0.07 0.10 0.78 -0.94 0.12 0.12 0.13 0.94
RRC -1.04 0.07 0.07 0.08 0.94 -0.94 0.12 0.12 0.13 0.94
NCS -1.10 0.09 0.08 0.13 0.80 -1.05 0.13 0.13 0.14 0.94
CS1 -1.01 0.08 0.08 0.08 0.96 -0.99 0.13 0.13 0.13 0.97
CS-new -1.01 0.08 0.07 0.08 0.96 -0.99 0.12 0.13 0.12 0.98

B N
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive 0.83 0.06 0.06 0.18 0.20 957.27 54.10 53.80 68.83 0.80
RRC 1.00 0.07 0.07 0.07 0.96 1007.08 66.14 54.33 66.35 0.90
NCS 1.18 0.09 0.09 0.20 0.48 1110.39 102.01 100.46 150.13 0.94
CS1 1.01 0.08 0.08 0.08 0.96 1008.50 72.58 70.44 72.90 0.94
CS-new 1.01 0.07 0.08 0.07 0.97 1007.93 67.71 67.43 68.00 0.94
D 635.66 14.46 - - - - - - - -
Y 1.91 0.04 - - - - - - - -

02 =0.5

a y
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive -0.87 0.06 0.06 0.15 0.48 -0.90 0.12 0.12 0.16 0.88
RRC -1.06 0.08 0.08 0.10 0.90 -0.90 0.12 0.12 0.16 0.88
NCS -1.19 0.11 0.10 0.21 0.56 -1.10 0.15 0.15 0.18 0.90
CS1 -1.02 0.09 0.09 0.09 0.94 -0.99 0.14 0.14 0.14 0.98
CS-new -1.02 0.08 0.08 0.09 0.93 -0.99 0.13 0.13 0.13 0.98

B N
naive 0.70 0.05 0.06 0.30 0.00 921.14 48.29 47.33 92.41 0.52
RRC 1.00 0.08 0.08 0.08 0.95 1007.62 69.20 55.32 69.44 0.88
NCS 1.34 0.12 0.12 0.36 0.14 1243.91 183.83 170.11 305.15 0.94
CS1 1.02 0.10 0.10 0.10 0.96 1011.69 83.90 79.77 84.51 0.94
CS-new 1.02 0.08 0.09 0.08 0.96 1009.77 74.90 73.75 75.35 0.94
D 635.66 14.46 - - - - - - - -
Y 1.91 0.04 - - - - - - - -
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Web Table 4: Simulation study 1: Summary of results for a and v (top rows for each panel) and 3 and N
(bottom rows for each panel). We used N = 1000, 7 = 5 for scenario (b) with two different measurement error
variances. The true parameter values («a, v, 8) = (—1, —1,1). We fitted the naive conditional likelihood model
of Section 2.1 (labelled here as naive), a naive conditional score (NCS) model, the conditional score 1 (CS1)
model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (b) o2 =0.25

a v
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive -0.89 0.06 0.07 0.12 0.60 -0.96 0.11 0.12 0.11 0.94
RRC -1.02 0.07 0.08 0.07 0.96 -0.96 0.11 0.12 0.11 0.94
NCS -1.15 0.09 0.10 0.17 0.73 -1.05 0.11 0.13 0.13 0.97
Cs1 -1.01 0.08 0.09 0.08 0.97 -1.00 0.11 0.13 0.11 0.97
CS-new -1.01 0.07 0.08 0.07 0.96 -1.00 0.11 0.12 0.11 0.96

8 N
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive 0.80 0.06 0.06 0.21 0.13 933.04 48.09 50.63 82.37 0.68
RRC 0.99 0.08 0.08 0.08 0.96 988.14 59.94 54.18 60.95 0.90
NCS 1.22 0.10 0.11 0.24 0.52 1148.58 110.24 121.41 184.85 0.96
CsS1 1.01 0.09 0.09 0.09 0.95 1001.60 69.17 73.23 69.02 0.94
CS-new 1.00 0.08 0.08 0.08 0.96 998.74 63.59 68.89 63.44 0.94
D 633.05 12.41 - - - - - - - -
Y 1.94 0.04 - - - - - - - -

o2 =05

a v
Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP
naive -0.82 0.06 0.06 0.19 0.18 -0.94 0.11 0.12 0.13 0.92
RRC -1.03 0.08 0.08 0.08 0.96 -0.92 0.11 0.12 0.13 0.90
NCS -1.27 0.12 0.13 0.29 0.42 -1.11 0.13 0.15 0.17 0.94
CS1 -1.01 0.09 0.10 0.09 0.96 -1.01 0.12 0.14 0.12 0.96
CS-new -1.01 0.08 0.09 0.08 0.96 -1.00 0.11 0.13 0.11 0.97

B N
naive 0.67 0.06 0.05 0.33 0.00 893.92 42.62 43.31 114.28 0.33
RRC 0.99 0.09 0.08 0.09 0.94 987.57 63.77 55.30 64.81 0.88
NCS 1.43 0.14 0.15 0.45 0.10 1359.08 246.29 239.58 435.08 0.96
Cs1 1.01 0.11 0.11 0.11 0.96 1005.88 84.24 84.40 84.23 0.94
CS-new 1.01 0.09 0.09 0.09 0.97 1000.58 72.61 76.19 72.44 0.93
D 633.05 12.41 - - - - - - - -
Y 1.94 0.04 - - - - - - - -
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Web Tables for Comparisons with Other Simulation Studies

Web Table 5: Comparison simulation study 1: Summary of results for o, 8 and N (top to bottom). We
used N = 500, 7 = 5 with o, = 0.6. The true parameter values (o, ) = (0.2,1).
conditional likelihood model of Section 2.1 (labelled here as naive), a naive conditional score (NCS) model,
the conditional score 1 (CS1) model, a refined regression calibration (RRC) approach (see Web Appendix S3),
and the proposed conditional score approach (CS-new) of Section 2.2. The results for the generalized method
of moments (GMM1) and semiparametric efficient score (Semi-Nor) methods are taken directly from Table 1

of | Xu and Ma/ (2014)). The relative efficiency (RE) is defined as the ratio between the mean square errors of

Semi-Nor with each model (RE=(MSE of Semi-Nor)/(MSE of model) for each setting.

a=0.2
Model Mean SD M.SE MSE CP RE
naive 0.2067 0.0626 0.0636 0.0040 0.958  1.0335
NCS 0.1428 0.0696 0.0711 0.0081  0.875  0.5047
CS1 0.1961 0.0687 0.0714 0.0047 0.964 0.8651
RRC 0.1420 0.0664 0.0674 0.0078  0.858  0.5270
CS-new 0.1960 0.0649 0.0663 0.0042 0.957 0.9689
GMM1 0.1970 0.0688 0.0690 0.0047  0.950 0.8638
Semi-Nor 0.2006 0.0640 0.0658 0.0041  0.954  1.0000

B=1

Model Mean SD M.SE MSE CP RE
naive 0.9377 0.0487 0.0497 0.0063  0.740  0.4629
NCS 1.0906 0.0601 0.0610 0.0118 0.701  0.2449
Cs1 1.0056 0.0577 0.0607 0.0034 0.965 0.8613
RRC 1.0340 0.0576 0.0584 0.0045 0.933  0.6470
CS-new 1.0047 0.0545 0.0558 0.0030 0.951  0.9673
GMM1 1.0091 0.0591 0.0585 0.0036  0.958  0.8095
Semi-Nor 1.0033 0.0537 0.0546 0.0029 0.951  1.0000

N =500
Model Mean SD M.SE MSE CP RE
naive  503.5307  22.3323  22.7456 511.1975 0.956  1.0366
NCS  525.7275  28.8415  29.2725  1493.7364 0.972  0.3548
CS1  502.7117  22.8782  22.9453 530.7654  0.939  0.9984
RRC  524.1309  26.5265 2.6095  1285.9555 0.116  0.4121
CS-new  502.3458  22.1295  22.2775 495.2175  0.944  1.0700
GMM1  504.4400 23.9600  23.4000 593.7952  0.953  0.8924
Semi-Nor  502.1400 22.9200  22.2800 529.9060 0.933  1.0000
D 416.9180 8.4684 - - - -
Y 3.1780 0.0739 - - - -

We fitted the nailve
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Web Table 6: Comparison simulation study 1: Summary of results for o, 8 and N (top to bottom). We
used N = 500, 7 = 3 with o, = 0.6. The true parameter values (o, ) = (—1,1). We fitted the naive
conditional likelihood model of Section 2.1 (labelled here as naive), a nalve conditional score (NCS) model,
the conditional score 1 (CS1) model, a refined regression calibration (RRC) approach (see Web Appendix S3),
and the proposed conditional score approach (CS-new) of Section 2.2. The results for the generalized method
of moments (GMM1) and semiparametric efficient score (Semi-Nor) methods are taken directly from Table 2
of | Xu and Ma/ (2014)). The relative efficiency (RE) is defined as the ratio between the mean square errors of

Semi-Nor with each model (RE=(MSE of Semi-Nor)/(MSE of model) for each setting).

a=0.2
Model Mean SD M.SE MSE CP RE
naive -0.8570 0.1205 0.1213 0.0350 0.748  0.6438
NCS -1.1440 0.1788 0.1796 0.0527  0.932  0.4271
CS1 -1.0235 0.1608 0.1614 0.0264  0.958  0.8524
RRC -1.0149 0.1434 0.1444 0.0208  0.957  1.0831
CS-new -1.0198 0.1485 0.1500 0.0224 0.957 1.0030
GMM1 -1.0686 0.1782 0.1676 0.0365 0.956 0.6174
Semi-Nor -1.0101 0.1497 0.1465 0.0225  0.957  1.0000

B=1

Model Mean SD M.SE MSE CP RE
naive 0.7313 0.1086 0.1057 0.0840 0.285  0.2951
NCS 1.2027 0.2147 0.2074 0.0872  0.898  0.2843
Cs1 1.0200 0.1774 0.1738 0.0319 0.943  0.7777
RRC 0.9986 0.1553 0.1479 0.0241  0.938  1.0275
CS-new 1.0154 0.1641 0.1597 0.0272  0.948 0.9123
GMM1 1.0692 0.2082 0.1800 0.0481 0.934 0.5149
Semi-Nor 1.0102 0.1571 0.1556 0.0248  0.950  1.0000

N = 500
Model Mean SD M.SE MSE CP RE

naive  469.2274 42.2850 41.3299 2734.9741  0.780  1.7537
NCS  584.6809 135.3284 116.4296  25484.6307  0.981  0.1882
Cs1 518.3482 77.0364 71.8022 6271.2634  0.929  0.7648
RRC  510.1921 62.1588 15.0108 3967.5953  0.414  1.2089
CS-new  514.7939 68.6821 65.2863 4936.0903  0.939  0.9717
GMM1  544.2200 142.2100 94.3400  22179.0925 0.962  0.2163

Semi-Nor  512.2700 68.1600 63.8500 4796.3385  0.933  1.0000

D 298.2930 10.9330 - - - -

Y 1.5241 0.0401 - - - -
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Web Table 7: Comparison simulation study 2: Summary of results for N for o2 = 0.5
and 03 = 1 with no missing data cases Pyeas = 1 and some missing data with Ppeas = 0.9.
Here, we used N = 200, 7 = 5 and the true parameter values were (o, 8) = (—1,0.5).
We fitted the naive conditional likelihood (labelled here as naive CL), naive inverse
probability weighting (IPW), the conditional score (CS) approach with complete case
only inverse probability weighting conditional score (IPWCS), and multiple imputation
conditional score (MICS). The results for the parametric maximum likelihood (ML) are
taken directly from Table 1 of Xi et al.| (2009). The relative efficiency (RE) is defined as
the ratio between the mean square errors of | Xi et al.| (2009) with each model (RE=(MSE

of [Xi et al|(2009))/(MSE of model) for each setting).

0% = 0.5 and Preas = 1 02 = 0.5 and Preas = 0.9
Model ~ Mean SD  M.SE MSE CP RE | Mean SD M.SE MSE CP RE
naive CL  199.50 13.15 12,51  173.173 0.93 1.155 | 194.90 12.16 11.57 173.876 0.86 1.150
IPW  199.50 13.15 12.51 173.173 0.93 1.155 | 199.36 13.13  14.10 172.806 0.95 1.157
CS 20214 14.35 13.68 210.502 0.95 0.950 | 197.13 13.15 12.93 181.159 0.90 1.104
IPWCS 202.14 14.35 13.53 210.502 0.95 0.950 | 202.23 14.45 13.68 213.775 0.95 0.936
MICS  202.15 14.36 13.69 210.832 0.95 0.949 | 202.20 14.43 13.80 213.065 0.95 0.939
Xi et al.  202.00 14.00  14.00  200.000 0.95 1.000 | 202.00 14.00  14.00  200.000 0.95  1.000
D/N 0.77  0.03 - - - - 0.77 0.03 - - - -
Ds/N 0.00 0.00 - - - - 7.58 2.81 - - - -
Y 1.81 0.07 - - - - 1.81 0.07 - - - -

02 =1 and Ppeas = 1 02 =1 and Ppeas = 0.9
naive CL 195.05 11.75 11.02 162.565 0.87 1.439 | 190.91 10.99  10.25 203.408 0.75 1.303
IPW  195.05 11.75 11.02 162.565 0.87 1.439 | 194.77 11.73  12.22 164.946 0.88 1.607
CS  202.89 16.32 1545 274.694 0.95 0.852 | 197.18 14.39  14.18 215.024 0.89  1.232
IPWCS 202.89 16.32 15.11 274.694 0.94 0.852 | 203.06 16.60 15.57 284.924 0.95 0.930
MICS  202.90 16.34  15.47 275.406 0.95 0.850 | 202.96 16.44  15.93 279.035 0.95  0.950
Xi et al.  203.00 15.00 15.00 234.000 0.95 1.000 | 203.00 16.00 15.00 265.000 0.95 1.000

D/N 0.77  0.03 - - - - 0.77  0.03 - - -
Ds/N 0.00  0.00 - - - - 758  2.81 - - -

Y 1.81 0.07 - - - - 1.81 0.07 - - -
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Web Table 8: Comparison simulation study 2: Summary of results for N for o2 = 0.5
and 03 = 1 with no missing data cases Pyeas = 1 and some missing data with Ppeas = 0.9.
Here, we used N = 200, 7 = 5 and the true parameter values were (o, 8) = (—0.5,1).
We fitted the naive conditional likelihood (labelled here as naive CL), naive inverse
probability weighting (IPW), the conditional score (CS) approach with complete case
only inverse probability weighting conditional score (IPWCS) and multiple imputation
conditional score (MICS) and the Xi et al|(2009) approach. The results for the para-
metric maximum likelihood (ML) are taken directly from Table 1 of [Xi et al| (2009).
The relative efficiency (RE) is defined as the ratio between the mean square errors of Xi

et al.| (2009) with each model (RE=(MSE of Xi et al. (2009)))/(MSE of model) for each

setting).

02 = 0.5 and Ppeas = 1 02 = 0.5 and Pyeas = 0.9
Model Mean SD M.SE MSE CP RE Mean SD M.SE MSE CPp RE
naive CL  197.38 11.12  10.95 130.519 0.89 1.793 | 193.42  10.03 9.81 143.897 0.82 1.842
IPW 197.38 11.12 10.95 130.519 0.89 1.793 | 196.84 10.97 11.77 130.327 0.90  2.033
CS 20151 13.18 1293 175992 0.93 1.330 | 197.04 11.81 11.73 148.238 0.89 1.788
IPWCS  201.51 13.18 12.74 175.992 0.93 1.330 | 201.58 13.34  13.07 180.452 0.93  1.469
MICS 201.51 13.18 1293 175.992 0.93 1.330 | 201.60 13.43  13.25 182.925 0.93  1.449
Xi et al. 203.00 15.00 15.00 234.000 0.92 1.000 | 203.00 16.00 14.00  265.000 0.93  1.000
D/N 0.83 0.03 - - - - 0.83 0.03 - - - -
Ds/N 0.00 0.00 - - - - 5.28 2.29 - - - -
Y 2.39 0.09 - - - - 2.39 0.09 - - - -

a'i =1 and Ppeas = 1 Ui =1 and Ppeas = 0.9
Model ~ Mean SD M.SE MSE CP RE | Mean SD  M.SE MSE CP RE
naive CL.  189.45 9.13 8.41 194.659 0.65 1.361 | 186.24 8.27 7.46 257730 0.48  1.028
IPW  189.45 9.13 8.41 194.659 0.65 1.361 | 188.59 8.89 871  209.220 0.65 1.267
CS  201.81 19.88 17.00 398.490 0.90 0.665 | 196.54 18.06  16.72 338.135 0.82 0.784
IPWCS 201.81 19.88 16.90 398.490 0.90 0.665 | 202.11 21.47 18.17 465.413 0.90  0.569
MICS 201.81 19.88 17.25 398.490 0.90 0.665 | 202.09 21.27 19.04 456.781 0.90  0.580
Xi et al. 203.00 16.00 15.00 265.000 0.93 1.000 | 203.00 16.00 15.00 265.000 0.93  1.000

D/N 0.83 0.03 - - - - 0.83 0.03 - - -
Ds/N 0.00 0.00 - - - - 5.28 2.29 - - -

Y 2.39 0.09 - - - - 2.39 0.09 - - -
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