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S1 The proofs of Proposition 1 and Proposition 2

Proof of Proposition 1. Since VQ[M(0)|6] = 0, it is easy to show that

M () is continuously differentiable with differential
AM(8) = —dQ(M(8)16] 4" Q[M(8)]6). (SL.1)

Furthermore, V{(0) — VQ[M(0)|0] = 0. Taking differential on both sides

and set @ = 0, we have

d20(0) — d*Q(8°|6%) — d“Q(6°6) = 0. (S1.2)

Substituting (S1.2) into (S1.1)), we have dM (0*°) = I—d*Q(0>°|0>)~'1d?((6°).

By Lange’s Lemma, it is then sufficient to show that all the eigenvalues of
the differential dM (6°) belong to [0, 1). Here we determine the eigenvalues
of dM(0%) by the stationary values of the Rayleigh quotient

Rlv) — v'd*Q(0°°10%) — d*(0%)]v v d* ()
(v) = TTdPQ(07]0%)v T Q07107

At the optimal point 8, both d?/(6*°) and Q(0°°|0>) are negative definite
and R(v) < 1 for any unit vector v. The maximum of R(v) is strictly less
than 1. Note also that d?°Q(0°°|0°°) — d*((0) is negative semidefinite. Tt
follows that R(v) > 0 and the minimum of R(v) is not less than 0.

Proof of Proposition 2. Let I' be the set of cluster points generated

by the sequence 81 = M (B(t)) starting from the initial value ). By the
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Liapunov’s theorem in |Lange, (2010), I is contained in the set A of station-
ary points of £(8). On the other hand, T" is a closed subset of the compact
set {0 € Q:0(0) > £(0'")} and this implies I is also compact. According
to Proposition 8.2.1 in [Lange| (2010), I" is connected. The condition that
all stationary points of (@) are isolated easily implies that the number of
stationary points in the compact set {8 € Q : £(8) > £(0'”)} can only be
finite. Since the cluster set I' is a connected subset of finite set A, I' reduces

to a singleton.

S2 The EM algorithm for the CZIGP example

If the random variable y ~ CZIGP,,(¢o,¢,A,7), we have the following

stochastic representation (SR):
Y £ Zo(H X 2 X)),

where {Zk}ZLD nd Bernoulli(1 — ¢y), {Xf}ml nd GP(\;, m;) and {Zk}zlzo

i=

and {Xi*}zl are mutually independent. For each y,;= (y1;,- -, Ym;)" with
j € {1,---,n}, based on the above SR, we introduce independent latent
variables

Zojiri\(JiBernoulli(l — o), Zi e Bernoulli(1 — ¢;), X;;-i%iGP()\i, i),
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fori =1,---,m. We denote the missing data by Yinis = { Zoj, { Zij, X}; } %1}y

and the complete data by Yeom = {Yobs; Yimis}, where zo;, 25, x; are the

realizations of Zo;, Z;; and X[, respectively. Thus, the complete-data like-

lihood function is given by

L(0| Yeom)
. M+ ) e Petmet)
1—=z z 1 Zij zi; L\ 1V
H{ 0] Qbo 0j H |: J Z) J o :| }’
7=1 =1 1"

and the complete-data log-likelihood function /¢ (9}Ycom) is proportional to

> (1 = 205) log ¢ + 205 log(1 — do)] + D> > [(1 = 2;;) log ¢
j=1 j=1 i=1

+ 25 log(1 — ¢;) +log A + (a}; — 1) log(\; + mx};) — A — ]

The M-step is to calculate the complete-data MLEs, which are given by

( n—>."_ 2
— Jj=1""
¢0 n )
b = T2 (52.3)
n
1—7'('1' n_ l’:

)\i - ( )E]_l ],izl,"',m,

\ n

while the complete-data MLE of 7; is the root of the equation:

H,(m:|\) Z/\ !j” —Za:” =0, i=1,...,m. (S2.4)

$>f2 T n
The E-step is to replace {z0;}7—;, {2i}}=1, {7};}}=; and {)\::L—m;} B

by their conditional expectations which are given by



AN ASSEMBLY AND DECOMPOSITION (AD) APPROACH 5

E(ZOj‘}/obsae):<1 - %)I<yj =0)+I(y; #0),
E (25| Yobs, 0) = [ + u_%;lwim]f(yj =0) +vil(y; # 0)I(y;; = 0)

+1(y; # 0)I(y;i # 0),

(| Vanes 0) = 22 [L s+ 220] I(y, = 0) + UL 1y 2 0)1 (yﬁ—oz $5)

+y5il (y; # 0)1(y;: # 0),

E(HZ Yops, 0) = 124 (1 — i+ %) I(y; = 0)
+ U Ty, £ 0)1(y;s = 0)
\ +)\y]2+7:yyjj‘[<y] # 0)1(y;; # 0),
where 1); = (L—g)e 2

Git+(1—gs)e A"

S3 The derivation of the rate matrix

Poisson model for transmission tomography: The rate matrix of PET

via MM algorithm is given by

(93.6)

EldMup (6%)] =1 E[dZQMM(ef”wmq _1E{d2£(0°°)1’

n n

where

ol - (sl

1 o 1 « sirie~ 4T a,
1E _ 2 . T 4 ST GiGa
{n {87@(‘%1] } - > { si0ijaj exp(—a;m) + P

i=1
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j=1...,¢:l=1,...,q.

E [%dQQMM(eﬂew)} _
0 R [

1 _[o? 5N
lg [ QMM] =~ [~y exp(—aj)]

n 87rj2- 4

=1

J=1-q

Left-truncated normal distribution: The rate matrices of LTN via MM

and EM algorithms are given by

Plab(0) = 1- 5[ FAWETOD) T [E1OT))

set § = 02, we have

1 924 1 %0
RB 5] 2E[35)

1 93¢ 1 9%¢
2 E [auaa] EE [W]

E [%d%(@ﬂ} =
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g [%] _ g, 07— wo]
no Lop? {1 = ®[(a— p)s—z]}2
L 079Ma— wdm ] + 362 6l(a — p)d2]
= (a0}
1 { 0t ] _ 020lle—mii] | (e — )i ?¢((a— p)o7]
w' L9u35) T T el ot 21— bl o P
N e A (e D L s 6—§¢>[<a — )92
2{1 — ®[(a — p)o~2]}
(e w5l — 34+ 35-Eel(a — )oY
2{1 — ®[(a — p)d~2]}
1 [0% Ly (a—p)d3¢[(a—p)oz]
n” {W] B T

(a — p1)26~2¢*(a — p)o—2
4{1 - ®[(a — p)d2])2
(a — p)2072¢[(a — ()0~ 2] + 3(a — p)d~ 3 ¢[(a — p)d2]

4{1 — ®[(a — p)o 2]}
1 (a—= P ¢?(a — )62
202 4{1 = [(a—p)o2]}2
(a = p)*073¢'[(a — p)5~2] — (a — )63 [(a — p)d~2]

1 92QmuMm 1 92Qmm
1 S8 [T ] e ]
E |:_d2QMM<900|‘900):| _ ou? Ouds ’
n 1 1
2 2

lE 0*Qnimt 145

n ou? )

1 {az@MM] siga; p, 6,—00,a)  02¢[(a — p)d~ 3]
n oo 0 1— ®[(a— M)é—%]’
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lE 82QMM o _1 + 51 + Sl(a_u)g(a;/“l’757_ooaa>
n 002 B 202 92

1

(a — p)336l(a — n)3 4]
L= ®[(a—p)s ¥

)

1 8%QrMm 1 9?QuMm
1 Bl R
E [ngQEMwmwm)} = {aa“ [;“8‘5] ,

1 2QrM 1 2QeM
ﬁE[agaa} EE[ (’%2 ]

lE [0*Qrm | _ _1’

no | o |

1 _[0*°Qem|

—F =0

n | Opdd | ’

L [PQe] 1 1=l wih)

n | 0§ | 242 o3 ’

Multivariate compound zero-inflated generalized Poisson distri-

bution: First provide some notations below

m

Y=o+ (1= o) [[[6: + (1= g)e ],
=1

ao = [1i + (1 = g™,

=1
a; = H[¢k + (1= gp)e ™),

ki
aq = [ lox + (1= dp)e™],

kil

(1 — qﬁi)e"\i

vi= ¢i + (1 — ¢y)e’

= (1= —e ™)1 —m),

ni =71 — N + Yigo + di(1 —m) + 75
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The rate matrices of CZIGP via MM and EM algorithms are given by

2 oo ooy 1 —1 2 0o
EldMyn(07)] = T— E{d Qum(0716 >1 E{d G >],
n n
2 oco|pooy T —1 9 o0
EldMpm(07)] = T-— E{d Qe (0716 )} E{d 46 )},
n n
(S3.8)
where
wBlogl  2Elssag] wBlasax) 7 Elgman]
1 924 1 924 1 92¢ 1 924
e
n ) ) ) , )
wEloxom) wElorag] wEloex] = Elzaee]
2Elorss] 2Elsmar] #Elzmsr]  wElseear)
EE[(?_”] ~ (1—a)® 1-ap
n[0d5] " 1— ¢
1 {ﬂ] _ (=g em e} (1-m)d—e)
n|0¢; g ¢i+ (1 — ¢;)e N
(=) =m)
1 — ¢ ’
L[ g (= (0= g
ZEl=—| =(1 = 1 — o Ay ) i
n {a)\?} ( ¢0>( ¢z)€ Q; -
-+ Ti L _ i + ¢z(1 — gzsi)e*Ai(]_ - 71)’
)\i -+ 27Ti >\z (bz + (]. — 9251‘)6_)‘1
1 0% 2\ i
o] = )
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1 { ¢ 1 (- e )a;
n aﬁboa@'_ B gl ’
1 0?0 ] - V. (1 — gbo)(l — qﬁi)e”‘i(l — CLQ)CLZ'
EE{acboaAi_ = (1= g)eait " ’
1 0% B O W
v G| = (= w1 = = e
B (1= ¢0)2(1 — e ) (1 — e M)
g ’
1 o ] N (1—¢0)?(1 —e )1 — ¢)e Ma?

(I—mp)e ™
¢i + (1 — gi)e’
EE{ oL ] ~ (=901 — e M)ai(1 = g)e Nay
n | 0iONi M

+

— (1= ¢o)(1—e ) (1 — ¢r)e May,

1 024 .
EE{G/\ia/\#j = (1= ¢o)(1 = ¢)(1 = dr)e Me May
(1= 60)*(1 — ¢:)(1 — dre e Majay

Y

st
lE 82£ _ Ti>\i ’
2 2 2 2
lE 0/ :lE 0/ :lE o0/ :lE 0/ _o
n | ONOmL n | 0¢o0m; n | 0¢;0m n | Om0m;

E[%dQQMM(OOO | em)}

(1 [PQum] 1 [0*Qu 1 [0°Qum] 1
- (e[S 2 e ] e

1 82QMM 1 82QMM 1 826\?MM
e e e )

9*Quu
N2

i

|
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lE |:62QMM:| 11
n OP; bo 11— ¢y’
lE |:62QMM:| _ M — Po _ (71 — ¢o)e
n 03 Gildi + (1 — ¢i)e™ 2] (1 — )i + (1 — ¢y)e=]
B IL—m B I—m
®i 1—¢;
1 Q] _ (1—¢)(1—e )1 —m)
1 _[0?Qum Ti\; ,
n [ on? ] 7ri(1—7ri)’Z e
17 [02Qem | 1 7 [92Qen | 170 [02Qun | 1 7 [ 02Qi |
W | 6¢>3M_ W _8¢08q1;4r W a¢oa)l\\4r} Wl _8¢0671;4F_
1 [02QpM | 1 [02QuMm | 1 8%QruMm | 1 [02Quu |
d2QEM(9°°|9°O)1: g | 9900 | n b | 0¢0¢" 2 _a¢a>ﬁ} n b | 0ponT |
n _62QEM— _62QEM _62QEM —aQQEM_
%E | OAddo | %E _aAaqu_ %E _axaﬂ} %E _8)\67TT_
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no | 0¢3 b0 1=
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1 [0*°Qrm 1 1 1
EE _ 8@2 } ——¢—?+ Lb—?—m] '[711/%-1-(1—(152'—?/%)%
+(1 = gi)e (1 — )],
lE mﬂ :lE 0*Qrm :lE 0*Qrm =0,
n [ 00;0¢i; n o | 00N n [ 0¢;0m
1 [0°Qen| _ mi i)
no | 0N A N+ 2w
lE [ 9°Qen _ lE 9*Qum _ lE 0*Qum _9,
n _a)\la)\l# n 8)\187%@ n 87ri87rl#

11
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lE |:82QEM:| _ A

n o\ 0T; i + 2w

lE {aQQEM:| _ Ailli _ 2m;
n on? 1—m N+2m

S4 The proof that the supporting hyperplane inequal-

ity can be implied by the Jensen’s inequality

Statement: The Jensen’s inequality implies the supporting hyper-
plane inequality.
Assume that ¢(+) is a convex function, according to the following Jensen’s

inequality,

n n

T/J(Z a;z;) < Z a;)(x;),

i=1 i=1

where a; > 0 and Y | a; = 1. Simply taking n = 2, we have ¢az; + (1 —

a)za] < at(z1) + (1 — a)p(xs), and we can rewrite as

Ylrs + a(zr — 32)] — (22)

a

< Y(r1) — P(x2),

where a € (0,1). Without loss of generality, let 21 # x5 and let a — 0, we

have

(71 — 22) lim Ylrs + a(zr = 5)] = Y(2s)
1 20250 a(iEl — :Ug)

< Y(w1) — P(x2),

which is equivalent to (x; — 22)9(22) < ¥(x1) — ¥(x2).
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S5 Some applications of Section 4 in the old version

Generalized Poisson distribution

In this part, we develop an AD-MM algorithm for calculating the MLEs
for the generalized Poisson (GP) distribution, where the explicit solutions
to the MLEs are not available and the EM algorithm does not yet exist due
to the absence of latent variables.

A non-negative integer valued random variable Y is said to have the
GP distribution with parameters A > 0 and 7, denoted by Y ~ GP(\, ),
if its pmf is given by

A+ Wy;?"_le_k_“y’ Y= 0.1 o0,

ply|A, ) = (55.9)
0, for y > r, when 7 < 0,

where max(—1,—A/r) < 7 < 1 and r (> 4) is the largest positive integer
for which A + 7r > 0 when 7 < 0. The GP(A,7) distribution reduces
to the usual Poisson(\) when 7 = 0, and it has the twin properties of
over-dispersion when 7 > 0 and under-dispersion when 7 < 0. The most
frequently used version of the GP distribution assumes A > 0 and 7 € [0, 1).

Let Yi,...,Y, < GP(\,7) and Yous = {vi}; denote the observed

counts. Let [y = {i:y; =0, 1 <i<n}, I, ={i:y, =1, 1 <i < n},

Ip = {i: y; > 2, 1 < i < n}, and my denote the number of elements in I
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for £k = 0,1,2. Clearly, we have my + m; + my = n. The observed-data

likelihood function is given by

LA, 7[Yops) = H e H Ne AT H AN+ Wyi)yi—le—k—ﬂyi'

A
i€l i€l i€ly Yi:

Since ) oy, ¥i = ny —my, the log-likelihood function can be decomposed as

(A T|Yor) = e+ (my+my)log(A) +n(—A) + ng(—n)

—l—Z ; — 1) log(A + 7y;)

i€l

= Lo\ 7)+ ) li(ale), (S5.10)

i€lly

where ¢ is a constant not involving (A, 7);

o ly(\,m) = Lo(N\) + Lo(m) is completely additively separable, fo(\) =
¢+ (my + mg)log(X) + n(—=A) € LG(N) contains two complemental
assemblies {log A, —A}, and {y(7) = ny(—mn) includes one assembly

e (;(-) = (y; — 1) log(+) is a concave function defined in R, , a; = (1,y;)",

and @ = (\, )"

In other words, (S5.10)) is a special case of (3.2]) with p; = 2, h;(8) = 6 for
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all 7, and ny = 0. Therefore, from (3.3) and (3.5), we have

A0 Oy, )
Qi(6160") =c” + (3 - 1) [E log(X) + Tgf log<w>] LB A0 47Oy,

i

Q(010) =to(A\, 7) + Y Qi(010Y) = ¢* + Qy(A0Y) + Qu(w]6™),

i€l
where {cgt),c*} are constants not depending on 0, Q(:|8") is completely

additively separable,

)
yi —
Qm(A6Y) = <m1+m2+A ) o >log()\)—n)\

1€l 7

X = (n—I—)\t)ZyZ >10g M) —n) € LG()),

Qu(r|o¥) = =@

> (yﬁ_—(t)l)] log(m) — nym € LG(m).

\ i=1 )

In the derivation of Q[I]()\|0(t)), we used the following identity:

gy;;) = (Z+Z+Z> -l

3 i€ly i€l i€lls

- ZM*O*Z% - Zyl :

i€lp i€la i i€ly z

Therefore, we have the following MM iteration:

ey _ AT = D/B0) ey _ 7O = Dui/BY)
n ’ ny

(S5.11)
Zero-truncated binomial distribution

A discrete random variable Y is said to follow a zero-truncated binomial
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(ZTB) distribution, denoted by Y ~ ZTB(m, x), if its pmf is

1
Pr(Y =y) = T— (= (Z)Wy(l -m)"Y, y=1,2,...,m.

Let Y7,...,Y, S ZTB(m,m), Yops = {y:}1~, denote the observed data and

g =(1/n)>", yi;- The observed-data log-likelihood function of 7 is
€(7T|Y;bs) = go(ﬂ') + Eg(ﬂ'), (8512)

where (y(m) = nylog(m) + n(m — y)log(l — 7) € LB(w) and f3(7) =
—nlog[l — (1 —m)™].
The first MM algorithm based on the LB function family

Note that fo(m) € LB(w), which guides us to yield an assembly log(m)
or log(1 — 7) from a minorizing function of ¢3(m). Obviously, ¢(7|Y,ps) in
is a special case of with b; = n, alh;(0) = (1—7)™ and n3 = 1.
From , we obtain

nm(1 — x®)m

Qrlr) = c+Lo(m) + 1 —(1—na®)m log(1 — )
nm
= c+nylog(m) + T (1= A0y ny| log(l —m) € LB(m),

minorizing the log-likelihood function ¢(7|Yops). The first MM iteration is

ill — (1 — 7 ym

The second MM algorithm based on the LEB function family
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If we could find an assembly —7 from a minorizing function of ¢3(r),

then the global surrogate function belongs to the LEB function family,

resulting in an explicit solution. Let v = g(m) = 1 — 7 and l3(u) =
—nlog(l — u™). Since

nmu nm(m — Du™?  npm?u®"?

l3(u) = ——— >0 and /(5(u) = T =)

>0,

l3(u) is strictly convex. By applying (3.4]), we obtain

nm(1 — g®)m=1

O — -
QQ(WM— ) = C2 1 — (1 _ ,n-(t))m

-7T7

minorizing ¢3(m) so that

nm(1 — x®)m=-1

Qi) = ea - bo(m) + T oy

- (—m) € LEB(m),

minorizing the log-likelihood function ¢(7|Y,s). The second MM iteration

18

) 4 p®) — ®) 4+ pN2 — 475D p®)
ﬂ_(t-‘rl) — a + \/(a 2—;(t) ) ya /m (8514)

where a®) = (1 — 7)™ and b =1 — (1 — 7)™,
Multivariate Poisson distribution

Let X; =Wy + W, fori=1,...,m and {W;}, % Poisson (N\;). Then,
the discrete random vector x = (Xi,...,X,,)" is said to follow an m-

dimensional Poisson distribution with parameters \g > 0 and A = (A, ...,

Am)" € R, denoted by x ~ MP(Xg, A1, ..., Ap) or x ~ MP,,(Ag, A), ac-
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cordingly. The joint pmf of x is

@) Neg=o T ATi—ko=X;

Prix=x)= »_ Ok! lléi_k)!,

where £ = (x1,...,2,,)", {z;}7, are the corresponding realizations of
{X;},, and min(x) = min(zy, ..., Ty).

Let {x;}}_, i MP (Ao, A1, - Am) and Yo = {z;}}_; denote the ob-
served data, where &; = (21, ...,2m;)" is the realization of x; = (X1;,..., X,;)".
For convenience’s sake, we define @ = (Ao, A1, ..., Ay)', p; = min(x;),

_ —k —k
M=o ATV T Fem A AT T e Am

ha(0) = . d
#(6) K @y =k (= k)
(M
by — T}LLO)@), j=1,....n, k=0,1,....p;.
1Pj+1hj(9 )

The observed-data log-likelihood function of 0 is

U(0]Yops) = Zlog j0(6) 4+ 1j1(60) + - + hyp, ( Zlog py1h(0)],
(S5.15)
where h;(0) = [h;o(6),h;1(0),. .., h;, (0)]". Clearly, (S5.15)) is a special

case of (3.2)) with £4(@) = 0 and ny = 0. Hence, from (3.3 and (3.5)), we
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have

P (M TH (O
Q;0100) — S0 [—1 hf(‘ft))-hjkw)]
o 1'h;(6") hjx(6™)

pj
_ s (z kb;zz) 1og0e) — o

k=0

m pj
+ Z{ [Z(% — k)b [log(Ai) — A}
=1 k=0
QO16Y) = > Q;(016") => " + Qu(Xl0™) + > Qu(rleY),
j=1 j=1 i=1

where {cg-t)} are constants not involving 6, Q(~]0(t)) is completely additively

separable, (3.2]) with ¢y(6) = 0 and ny = 0. Hence, from (3.3)) and (3.5,

we have
n Dpj
Qu(M[6") = kbgzz) log(Ao) — 1o € LG(Xo),
j=1 k=0
[ n pj
Qu(nle®) = (35 — k;)bg.ij] log(A\:) — nA; € LG(\).
Lj=1 k=0

Therefore, the MM iterations are given by

T 10 nox w
/\ét+1) — ijl Z:O kbjkj )\gt+1) _ Zj:l 220(%‘]' _ k)bjk, (S5.16)

n n

fori=1,...,m.
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S6 Some simulation results of Section 5 in the old

version
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Figure 1: The MM iteration points (marked with “x”) on the contour plots of the log-likelihood
functions for the generalized Poisson (GP) distribution (the left one) and for the left-truncated normal

(LTN) distribution (the right one) converged to their stationary points marked with “e”, respectively.

S7 Section 6 in the old version: Further extensions

When the objective function is of the form of {g,(a'0)}]_,

In Subsection 3.1, we have introduced seven one-dimensional functions
{g:(0)}]_, and the g-dimensional function gg(@), where each function g;(6)
is a linear combination of some assemblies and complemental assemblies. In
this subsection, we extend {g;(0)}/_, to {g:(a'8)}]_, by replacing § with a0

since a'@ is usually appeared in regression models. Let @ = (ay,...,a,)"
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and 0 = (0y,...,0,)". We assume that
a; >0, ;20 for j=1,...,q (S7.17)

When the conditions in (S7.17) are violated, we will give a discussion
at the end of Subsection 7.2. Under (S7.17)), seven separable functions

{Q:(816V)}7_, can be constructed such that
Qu(016") < gi(a'0), V0,09 O and Q070" = g(a'0").

In other words, when the log-likelihood function ¢(8|Y,,s) = gi(a'6) for
l=1,...,7, we can obtain explicit MM iterations for calculating the MLE

of @ based on the proposed AD technique in Section 3.

1)  Let £(0|Yons) = g1(a’8) = ¢y + ¢y log(a'@) — c3(a’@)*. The goal is to
find the MLEs of € via an MM algorithm. Since both log(z) and —x*
(k € {1,2,...,00}) are concave for x > 0, according to the discrete
version of Jensen’s inequality , we obtain

k
q
a'9' a.e,
D(@0) > o+ el og (—> (—)

Jj=1 J

>

q
a;0;
0+ G (%
j=1 Wi

0@> = Qi(0]6"),

where
9(15)

a0
WJ('t) = % = Oa j: 17"'7Q7 (8718)
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and
G1j(510") = c10i” log(¢)) + eal (—¢F) € LGGy(0;).

In other words, at @ = Y, g;(a’8) majorizes Q1(8]0"), which is a
sum of ¢q separable log-generalized-gamma functions. The explicit MM

iterations for calculating the MLEs of {f;}]_, are given by

t t
i Wi (L R j=1,...,q
j kCQ aj kCQ a,Te(t) ) ey (g,

or in the form of vectors

1/k B(t)
g+ — (L . §7.19
kCQ aTO(t) ( )

Let £(0]Yons) = g2(a’0) = co + ¢ log(a'@) + ¢y log(1 — a'@). The goal
is to find the MLEs of 8 via an MM algorithm. Since both log(z)

and log(1 — z) are concave for z € (0,1), we can obtain the following

9@) 7

Gaj(510") = c10i log(¢)) + ea0l log(1 — ;) € LB(g5)).

separable minorizing function

q
a;0;
Q2(010") = co+ Y Gy (wj(t)]
J

j=1

where {wj(-t)} are defined by (S7.18) and

The explicit MM iteration for calculating the MLE of 6 is given by

(t)
t+1) _ G 0
(7] = o agd (S7.20)
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Let £(0|Yops) = g3(a'0) = co + c11log(a'@) + colog(1 — a'@) — c3(a'd).
Since both log(z) and log(1 — z) are concave for z € (0,1), we can

obtain the following separable minorizing function

q
a;b;
Qa(010V) = co+ ) Gy (F 90)) ’
J

j=1

where {w}t)} are defined by (S7.18) and

Gaj(5107) = c10i log(¢)) + cawl log(1 — ;) — cswl”d; € LEB(¢).

The explicit MM iteration for calculating the MLE of @ is given by

g+ — & tegtes—+/(er teatc3)?—dees QY
o 2c3 a gt

(S7.21)

Let £(0|Yons) = ga(a'0) = cy+c1log(a'@) — (¢ +c2) log(1+a'@). Since
log(z) is concave for z > 0 and —log(1 + x) is convex for z > 0, from

(2.3) and the supporting hyperplane inequality (2.4), we can obtain

g(t)> 7

(Cl + Cg)w(t)
1+a—T0(tj - ¢ € LG(o;).

the following separable minorizing function

q
a;0;
Qu(016") = c; + 3 G, ( g}
J

J
w

Jj=1

where {wj(t)} are defined by (S7.18) and

Gaj(0;10") = 10 log(e;) —

Note that LG(:) = LGG;(-) and we can immediately obtain the MM

iteration

g(tJrl) . Cl(]. + a/Te(t)) O(t)
B c1+C a0’

(S7.22)
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Let £(0|Yons) = g5(a'8) = co + c1 log(a'0) — ca(a’0) + c3log(1 + a'0).
Since both log(z) and log(1 + x) are concave for z > 0, we obtain the

following separable minorizing function

where {w](-t)} are defined by (S7.18) and

G5j(¢j|0(t)) = clw( ) log(¢;) — 02w ¢j + ng( ) log(1+ ¢;) € LEG(¢;).

The explicit MM iteration for calculating the MLE of 6 is given by

g+ _ cL —C+c3+ \/(01 —ca+c3)? +4cic o'
o 2@2 aTH(t) )

(S7.23)
Let £(0|Y,ns) = g6(a’@) = co — c11log(a’) — c(a’@) 1. Since — log(x)

is convex for z > 0 and —1/z is concave for z > 0, we obtain the

following separable minorizing function

()2
t) _ cra;f;  Caw;
Qe(B167) =+ Z ( a,TH(t) a;0; )

j=1 777

with the following MM iteration

o
o+ = [2. . (S7.24)

GERYar:10)

Let £(0]Yqs) = g7(a'@) = ¢y — ¢y exp(—coa'@) — c3(a’'@). Since —e”

is concave for x € R, we obtain the following separable minorizing

9@) 7

function

q
Oy a0
Qr(616") = o+ Y G, (m

Jj=1 J
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where {wj(-t)} are defined by (S7.18) and

Gri(0;100) = 10l exp(—cagpy) — 3wl - ¢; € LGM(;).

The explicit MM iteration for calculating the MLE of 6 is given by

log(0102/03) 0"
t+1)
e+ — . o (S7.25)

When the log-likelihood function is beyond {g;(a'8)}_,
When the log-likelihood function ¢(8|Ys) is beyond {g;(a'0)}I_,, we
may try to construct a separable surrogate function, Q*(H]O(t)) say, satis-

fying that
(i)  Q*(0|6“) minorizes £(8|Yys); and
(i) Q*(8]6") belongs to {g,(a'8)}L_,.

In this way, we can obtain explicit MM iterations for calculating the MLE

of @ based on the proposed AD technique in Section 3.

Example 1. We revisit £(0|Yops) = g4(a'@) = cy + c1log(a’) — (¢ +
co)log(l + a'@) in Part 4) of Subsection 6.1. Alternatively, we could
construct a separable surrogate function Q%(6|6") to minorize g4(a'6)
at @ = 09, where Q%(0|0") is a special case of gi(a'8). In fact, since

—log(1+ x) is convex for x > 0, from the supporting hyperplane inequality
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(2.4), we have

T Tp(t)
_ 0) > _ gy _20-ab”
log(14+a'8) > —log(l+a'6') e
so that
C1 + Co ~ %
94(a'8) > c3 + ¢ log(a'6) — T ae® a'd = Qi(010W),

which is a special case of g;(a'@) with & = 1. From (S7.19)), we immediately
obtain the MM iteration

e (1+ aTg(t)) 710
1+ e a’e’

A (S7.26)

which is identical to (S7.22)).

Example 2. Assume that the log-likelihood function is given by
0(0|Yons) = co + Z {— 10 — log [Z Cij exp(—age)] } ; cij 2 0.
i=1 j=1

Since — log(x) is convex for z > 0, from the supporting hyperplane inequal-

ity (2.4), we have
—log [Z Cij exp(—a?@)] > —log [Z Cij exp(—aye(t))]
J=1 j=1

B Z?:l Cij [eXp(—aJO) — eXp(—a}—H(t))}
>0 cijexp(—aj0)

so that

B >y cijexp(—aj0)
D k1 Cik exp(—aze(t))

((B]Yors) > c1+ Y {—a,ja

=1

} = Q(0)6"),
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which minorizes £(0|Y,ps) at @ = 8. Note that

Q (010Y) = =Y al0-> (>, ;) exp(—alf)
j=1 j=1

n n

= Y [-alo— (T, &) exp(—al0)] = 3 gr(alo),

J Jj=1

which is a linear combination of g7(a;6), where

Cij

C/-- z’,jzl,...,n.

T Y cnexp(~ag0")
Although we cannot immediately obtain the MM iteration from (S7.25)), a
similar method can be used to separate the parameters within the vector 6

and to obtain the MM iteration.

S8 Section 7 in the old version: Illustration and sum-

mary

In this subsection, we show that most of the inequalities in the MM litera-
ture are special cases of Jensen’s inequality. Our AD method distinguishes
itself from solely using these inequalities in the way that as guided by the
A-technique, it decomposes the target function or some intermediate surro-
gate function into different parts to be minorized separately. Our approach
sets a clear goal of constructing a surrogate function as the sum of separable

univariate functions for numerical convenience.
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(1) The following (S8.27)) is the arithmetic-geometric mean inequality,

which is used by [Lange and Zhou| (2014)) (p.341) in the unconstrained
signomial programming for the terms ¢, [[;—, 7" with positive coeffi-

cients cq:

[Tz <> oelel, (98.27)
- lexl,

where {z;}" , and {«a;}"; are non-negative numbers, and the ¢;-norm
||, = >0, |ai]. In fact, the inequality (S8.27)) is from Jensen’s

inequality (2.3]) with ¢(-) = log(+); that is,

1°g<2||a7|1 M) >3 s (A7) = L et

By taking exponential operation on both sides of the above inequal-

ity, we immediately obtain the arithmetic-geometric mean inequality

(53.27).

The following inequality (S8.28)) is used by Lange and Zhoul (2014)
(p.342) in the unconstrained signomial programming for the terms

Co [ [ 2 with cq < 0:

ﬁxf‘ > ﬁxzjj 1+ ZO‘Z log(z;) Zal log(zmi) |,  (S8.28)
i=1

Jj=1

where {z;} and {«;} are positive numbers, and x,,; denotes the m-th
approximation of z;. In fact, the inequality (S8.28)) comes from the

supporting hyperplane inequality (2.4) with ¢ (z) = —log(z) at the
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point zg = 1; that is, —log(z) > —z+1 or z > 1+log(z). In particular,

let z =[]\, (2;/%m;)*", we immediately obtain the inequality (S8.28]).

Let C be a closed convex set in R¥ and d(z, C) = inf{||x —y|: y € C}
denote the Euclidean distance from @ in the closed convex set S C RF
to C. |Chi and Lange| (2014)) (p.98) used the following ([S8.29) and

(1S8.30f) to get an MM algorithm for the heron problem:

d(x,C) <[l — Fe(xnm)]| (58.29)

[ — Pe(@m) ||* = l|2m — Pe(@m) ||
2||m — Pe(xm)|

<||mm - PC(mm)H"’ (88'30)

where @, is the m-th approximation of &, Pc(x,,) = arg mingec ||€,—
y|| denotes the projection of &, onto the set C. In fact, the inequality
follows directly from the definition of the distance function.
The inequality comes from the supporting hyperplane inequal-
ity with ¢ (u) = —y/u at the point uy = u,,; that is, —/u >
—/Um — (U —Up,)/(2\/tm). In particular, let v = ||& — Pc(x,,)||* and

Uy, = ||Tm — Pe(x,,)||?, we immediately obtain the inequality (S8.30)).

Let hy(8) = ||y — X B>+ A||B]|>. The inequality (3.14) in [Yen| (2011)
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can be stated as

p
(1+1 : —1| p(+1)
h1<6 ))+m,k,a27131§0p73210g <1+73 e |>
]:

J=1

|ﬁ](l+1)‘ + 73 _1]
‘5§l)| + 73 ’

which in fact comes from the Taylor expansion of the convex function

—log(z) at the point zp = 1+ 7'3_1|6j(-l)| with z =1+ 73_1|/3](-l+1)|.

The inequality (7) in Zhou and Zhang| (2012), i.e.,

() () ()
o a;’ +k k a;’ +k
log(a; + k) > —2L—log (J—-ozj)~|— ( log< J k:)
o
j

a§-t) + k ozj(-t) 2 + k k

comes from Jensen’s inequality on the concave function log(x).

The inequality (8) in Zhou and Zhang| (2012), i.e.,

jaf — o]

—log(|a| + k) > —log(|aW| + k) — Ta® 1k

comes from the Taylor expansion of the convex function —log(z) at

the point 2y = |a®| + k with z = |a| + k.
The inequality used in [Zhou, et al.| (2011) (p.269), i.e.,

1
(A7 =) < 20 = A = A+ S @h = A - A

N —

is a special case of arithmetic geometric mean inequality when we

rearrange the term

2

J

1 1
=) = 520 = AT = A7) = S = AP =AY
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The basic idea of an MM algorithms is that instead of maximizing
the log-likelihood function, one must find a minorizing/surrogate function,
which is maximized at each iteration. In this paper, we first proposed a
new AD technique to construct separable minorizing functions in a class of
MM algorithms, where in the A-technique, the notions of assemblies and
complemental assemblies are introduced and in the D-technique, the log-
likelihood function is decomposed into the sum of concave and/or convex
functions under the guideline of the A-technique. Second, the applications
of the proposed AD method to diverse applications are presented and new
MM algorithms are developed, which were not previously reported in the
literature. Third, the further extensions of the proposed AD technique were
also considered.

When the conditions a; > 0, §; > 0,7 = 1,...,¢q, in are vi-
olated, i.e., if a; € R and 0; € R, for j = 1,...,¢q, we could employ De
Pierro’s Algorithm (De Pierro (1995)) to calculate the MLE of 6. Take

0(8]Yons) = g1(a'8) = ¢y +cylog(a’@) — co(a'8)F for example, we construct

1 wjilwi a0, — 08 +

weight w; = [a;]/ 379_, |a;| and rewrite a'6 = ;
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aTH(t)], according to Jensen’s inequality, we can obtain

q
a(a'8) > co+ Z {cle log [w; 'a;(6; — GJ(-t)) +a'0"]

J=1

—CoWj [wj_laj(@j — Qj(-t)) + aTO(t)} k}a

q
= o+ Y Gylwita0;—0Y) +a’0V]0"] =@, (6]6").

j=1
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