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S1 Expanding observation window

This section states a few results on the asymptotic behavior of the edge
correction e, (h) (defined in (4.9) in the main document) and related ratios.
For each n > 1 and h, hq, hy € RY,

T2, 2na; — k) || < 2na,i=1,....d
|an (Wn)h’ =

0 otherwise

and

Vn(hl, hg) max{\hu|, |h2’i|, |h12 — h21|} < 2%(11',2' = 17 ce

‘an(Wn)mﬂ(Wn)hQ‘ =

0 otherwise
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where V,,(hy, ho) = T[], (2na; —max{0, hy;, ho; } +min{0, ks, hoi}). There-

fore, for any fixed h, hy, ho € R%, as n — o0,

d

en(h) = o 0 (W )| %j/”)h‘ =11 (1 — %) — 1. (S1.1)

1=

If n > R/minj<;<qa; or equivalently Bfnin C W, then 1/2¢ < e,(h) < 1
for any h € BE

Tmin

Further,

‘Wn N (Wn)m N (Wn)hz} _ f[ 1— maX{O, has, th’} - min{O, hi, hZi} 1
|[W,| 2na;

=1

(S1.2)

Similarly, it can be shown that for any fixed hq, ho, hs € R?,

|Wn N (Wn)m N (Wn)hs N (WN)h2+h3‘/|Wn| — 1.

S2 Proofs

S2.1 Proof of Lemma 1

For n large enough, I(h € BE ) > 0 implies [W, N (W,),| > 0. Then, by

the second order Campbell formula (see Mgller and Waagepetersen, 2003,
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Section C.2.1),

B - L [l =l = ) = ] = )
Wl S o= ull*Ten(v — u)

I(v—u€ BE g(|lv—ul)dudv
:/ g(1]Nor(IA] = rmi)w(| A = Tmin)
Rd

sall Al

e B ([, M ) an

Tmin+R
:/ 9(r)or(r — Tmin)w(r — ryin)dr = 6.

Let fi.(h) = or(||h]] — mmm)w(||h]] = 7min)/||R||*%. Then, by the second to

fourth order Campbell formulae (omitting the details),

Var (i) = o [2 [ oo man

Tmln

4 / / D (s ho) fio (1)) £ (1] G (B, o)y d g
BR

"min

/BR / eIl (R )G (a, ha)dha dhz‘], (52.3)

Tmln

where
@y L 1 HutheWs],
G = 3 Lvm e p<u>p<u+h>d}
(3) _ 1 1 Hu € Wa)n 0 (Wana]
G he) = o) [|Wn| v () d ]

GW(hy, hy) = ! /2 [9(4)(111, u, hy +u) — g(hl)g(%)}

enlh)en(hz) Js
W 0 (W) N (W) 0 (W)

du.
(Wl
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For n > R/ min;<;<4a; and any h, hy, hy € Bf,?nin, by V1 and Section ,

1 1 1u+heW,) 1 24
GA(h) = du| < <
w1 =G0 Lwnr v, plwp(a+h) 1 S ) S

1 1 1u € W)n, N (W)l

(3) — 1 2
G, he) = o Senti) [|Wn| " o) du

1 2d
<

<
o pminen(h) - Pmin

and by V3,

9 (a1, + ) = g(h)g(h)

W 0 (Wa)u 0 (W) 0 (Wi
Wl

) 1
G (s hy)| < m/ﬂx

: en(lhl) /R2

< Qd/ 9(4)(h1, u, hy 4 u) — g(h1)g(hs)
RQ

Thus, using V2, for all £ > 1 and n > R/ minj<;<4a;,

du

99 (1, . ha + ) = g(1)g(he)|du

du < 2¢C,.

. 1 2d+1
Var(Op,) < —— | —
A

9d+2 2
bo—Cq( [ |fellnl)|an
Pmin BE

"min

2, ( /. |fk<||h||>»dh> ]

Tmin

/BR Fe(IRI)g(|R])dA
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But for all £ > 1,

I,

"min

Pt w? (1 — T'min
smaCaan = [ 6 = gt 2oy

Tmin
w?(r)

— 7 d
(r + Tmin )41 "

R
_ / ()0 + 7o)
R
< C2/0 (bi(r)w('r)dr = (Y,

and by Holder’s inequality,

w({|A]l = 7imin)

dh
(]

[ ttimblan= [ fouinl - )

"min "min

Tmin+R
= / |¢k(r - Tmin)}w(r - Tmin>dr

Tmin

<( ’ Rl ) " (/ Rw(r)dr)
_ (/ORw(r)dr> .

1/2

Therefore
R 1 9d+1 9d+2 R Cl
Var(Opn) < ———— | 5—C2 + C+2d0)(/wrd7") = ,
( " ) §d2|Wn| pilin ? (pmin ’ ! 0 ( ) |Wn‘
where
1 | 9d+1 9d+2 R
Cl = ) 2—02 + ( 03 + 2d04) (/ w(r)dr) > 0.
Sd” | Pmin Pmin 0

S2.2 Proof of Lemma 2

Consider a real function f on R? x R? where f(hi, hy) # 0 implies |W,, N

(W) [|IWe (W3 )| > 0. Then, referring to the set-up in Section 4 in the
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main document, by the fourth order Campbell formula,

E i flo—u,v" —u)
p(w)p(0)p(u) p(0")[Wo O (W) o—u| W 0 (Wi )|

u,v,u’ v € Xy,

_/ flo—u,v —u)
wh ‘Wn N (Wn)v—uHWn N (Wn)v’—u’l
g (v — u,u’ — u, v — u)dudvdu/dv’

= &) f(h17h2)9(4)(hlaul—U,h2+u/—u)
R 4

]I{u eW,n (Wn>h17 u e W, N (Wn>h2}
’Wn N (Wn)mHWn N (Wn)hz‘

- / F(ha, o)
R4 JRE

anm(Wn)hl anﬂ(Wn)hQ 9(4) (h’17 u' — u, h2 +u — U)dudu’
’Wn ﬂ (Wn>h1HWn ﬂ (Wn)h2|

dudh;du’dhg

} dhidhs.

This expectation is the sum of

Jwonowin. Jwoomwa,, 9(h1)g(hs)
A:/ hy.h P Wty TWaD(Wo)y dudd’ b dhydh
o Jua T 2){ AN RN 1dha

= / f(h1, ha)g(hi)g(ha)dhidhy
R4 JRdA
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and

Bo= [ [ stmn)
Rd JRA
[anﬁ(Wn)hl anﬁ(Wn)hQ {9(4) (hh u' — u, ho + u — u) - g(hl)g(hZ)}dUdul

|Wn N (Wn)h1HWn N (Wn>h2|

:/ Flhashg)| [ VD o O (Wodhs 0 (Wa)ny |
Rd JRd 7 g W (W )n W 0 (W), |

] dhidhs

{9 (h1, hs, ha + hs) — g(hl)g(hg)}dhg,] dhydhs.
We now specialize to f(hq, hy) = fr(h1) fe(h2), where

Fi(h) = du(1Pll = ranin)w(IRl] = 7o) I(h € By )/ (<all ]I *).

Then, by V3,
|Wn N (Wn)fu N (Wn)h N (Wn)h +hs |
Bn S h h 3 2 3
5l /B g [T [ P AU AT AN
’9(4) (h17 h37 h2 + h3> - 9(h1)g(h2)}dh3 dhldhg
fi(h1) fr(ha)
<C dhidhs.
- \/Bﬁmin B{fnin |Wn m <Wn)h1‘ 1 i

Thus B, tends to zero as n — oco. Regarding A, we have

A= /R , | el fthadgbr)gha)amua

= { y ﬁc(h)g(h)dh}2 - {/r:mwg(?”)%(r — Tmin )W (1 — rmin)dr}Q =602
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S2.3 Proof of Theorem 1

We verify that the mean integrated squared error of g, ,, tends to zero as n —

00. By (3.7), MISE(§o.n, w) /sa = Sopey [08(¥00)? Var(Ox.) +03{br(vn) — 1}2].
By Lemma 1 and condition S1 the right hand side is bounded by

m

BCY W™ " |bi(tn)| +1r§r}€8£>;19,32(bk(wn)—1)2+(BQ+1) > 6

k=1 k=1 k=m+1
By Parseval’s identity, > .- 67 < oo. The last term can thus be made
arbitrarily small by choosing m large enough. It also follows that 62 tends
to zero as k — oco. Hence, by S2, the middle term can be made arbitrarily
small by choosing n large enough for any choice of m. Finally, the first term

can be made arbitrarily small by S3 and by choosing n large enough.

S2.4 Proof of Theorem 2
Let for t = (t1,...,ty) € Z4,
A(t) = x{y (s(t; — 1/2), s(t; + 1/2)]

be the hyper-square with side length s and centered at st. Then, {A(t) : t €
7} is a partition of R%; i.e., A(t1) N A(ty) = 0) for ¢ # ty and Uz A(t) =

R?, and |A,(t) ® R| = (s + 2R)?, where

At)® R = xL, (s(t; —1/2) — R,s(t; +1/2) + R].
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Let 7, = {t € Z* : A(t) N W,, # 0} and define

fulv —w)I(u € W, v € W,)

Y, (t) = '
( ) uE)%:A(t) ’Ueg\:{u} p(u)p(v)en(v o U)

v—ucBl

"min

Then, since X = {J,cz0 (X NA(2)),

g 1 i fulv —u)
GWal 2= plu)p(v)en(v —u)
v_ueBTRmin
1 fo(v —w)l(u e W,,v e W,,)
Wil 2 2 2 pu)p(v)en(v — u)
" ezd ueXnA(t)  veX\{u} "
v—u€BL i
“ X N0 g L)
gd’Wn| rezd " §d|Wn‘ teTn " ‘
AW 20

Due to V1, N4 and since e, (h) > 1/2¢ for n large enough and h € BEI]W

2+[n]

B <e| Yy L2

2
uEXNA() veX\{u} Pnin
v—u€BR

The moments E(]Y,,(¢)|>*/") are thus bounded by sums of integrals involv-
ing g™ (uy, ..., up_1) times (Ly2?/p2, )2 1" for k = 2,...,2(2+[n]). These

integrals are bounded uniformly in ¢t and n due to assumption N2. Thus,

sup sup E(|Y,,(4)[**") < sup sup E(|Y,,()[*7) < oo
n>1teT, n>1teT,

and hence {|Y,(t)|*™ : ¢t € T,,n > 1} is a uniformly integrable family

(triangular array) of random variables. Invoking finally N1 and N3 and
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letting o = Var{}_, ., Y,(t)}, it follows directly from Theorem 3.1 in

Biscio and Waagepetersen (2016|) that

o1 [Yalt) — E{Yu()}] -2 N(0,1),

teTn

which is equivalent to Theorem 2.

S3 Order of sum of products of Bessel basis functions

In this section we consider the Fourier-Bessel basis in the case rp;, = 0. It

is known (see |Watson, (1995, p. 199) that as r — oo,

which implies that
v 1 1
o, = (k+ 5 Z_L)W +O(k™), ask— oo, (S3.4)

and a,  — 00, as k — oo. We can argue that for large £,

2 1/2 T v+ 1D)m
Jyi1(ay ) ~ ( ) cos (ozl,,k —1~ %)

Ty

_ ( 2 >1/2 cos ((k — 1)x + O(k™)),

Ty |

and consequently

| Jus1(awg)| %( & )1/2‘ (53.5)

7TO¢V7k

On the other hand, for » > 0 and r > 0 (Landau, 2000)),

c
|7, (r)] < I
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where ¢ = 0.7857468704 . . ., and hence

} VT 1/3\/2

R2Oé & 1/3‘Ju+1 O@k)‘

Using ((S3.4]) and - for large k,

CT—V—1/3\/2 7,,—1/—1/3 16 roVT 1/3 1/6
SEOVaix o), & 7T k+——— )
(RzOéu,k)l/g ’ JI/+1 (Oéu,k)’ \/ R2/3 vk \/ R2/3 { }

|pn(r r>0,k> 1.

Since lim, o J,(r)r™" = {T(v + 1)2"}!, we also obtain for large k and
0 <Al <R,

V+1/2

R+1

ol < comst () V2 consty e = 00,
v,k

RJV+1 (Cku,k>

Thus, for fixed r and 0 < ||h]] < R,

|¢k(r)¢k(HhH)| _ O(k,l/6+max(1/6,u+1/2)) _ O(l{?l/6+max(1/6’d/2_1/2)).

By generalization of Faulhaber’s formula (McGown and Parks| 2007),

Therefore,

O(K*™*) d=1

e Z ‘¢k )i ( HhH)‘
" kel O(KI*23y g =1

forw>0and 0 < |k <R.
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S4 Simulation study

The results in Figure[S1]are obtained as for the simulation study in the main
document but with W = [0, 2]%. The estimated cut-offs K are summarized
in Table[S1} Simulation mean and 95% envelopes for g, g. and g, with both
Fourier-Bessel and cosine basis and simple smoothing schemes are shown
for W = [0,2]? in Figure Figure shows histograms of orthogonal
series estimates. Comments on these figures and the table are given in the

main document.

Poisson Poisson Thomas Thomas
(rmin, .025] (rmin, R] (rmin, .025] (rmin, R]
P L=
44 e el s |
44 st 1 1
oY 2o 2.0 e | LB
<5 3 37 l-’-’"'" /‘—_—‘
o 164 1.5 Type
3 ] 2+ — simple
8 2 M 1]
F 1.2 ---- refined
o 14 11
< T T T T T T T T T 0.94 T T T == Wahba
'é 0.060 0.085 0.125 0.060 0.085 0.125 0.060 0.085 0.125 0.060 0.085 0.125
2 VarGamma VarGamma DPP DPP )
g Estimator
‘© (rmin, .025] (rmin, R] (rmin, .025] (rmin, R]
& —— kernel d
5]
e 0.5+ —— kernel ¢
>
= 08
< —=— Bessel
® oot ——
0.50 0m S —+ cosine
=) ™.
o 04 . *.,.‘
- 0.25- S -0.5 S
-14 ~ Sy
S~ RN
0.0 0.00 - ~1.04 Ry
\\_. 1.0 ]
0.060 0.085 0.125 0.060 0.085 0.125 0.060 0.085 0.125 0.060 0.085 0.125
R

Figure S1: Plots of log relative efficiencies for small lags (rmin, 0.025] and all lags (7min, R],
R =0.06,0.085,0.125, and W = [0,2]2. Black: kernel estimators. Blue and red: orthog-
onal series estimators with Bessel respectively cosine basis. Lines serve to ease visual

interpretation.
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S5 Data example

shows the data sets and fitted intensity functions considered in
Section 7 of the main document. For the Capparis frondosa species and
the orthogonal series estimator with cosine basis, the function I(K) given
in (5.14) of the main document is shown in Figure . Although I(K) is

decreasing over 1 < K < 49, the rate of decrease slows down after K = 7.

S6 Behavior of the Fourier-Bessel and cosine basis

Figure [S6| shows the Fourier-Bessel and cosine basis functions ¢ (r) in the
planar case (d = 2) for R = 0.125, k = 1,...,8 and r € [0,0.125]. Ob-
viously, the cosine basis functions are uniformly bounded and integrable.

However, the Fourier-Bessel basis functions exhibit damped oscillation be-

havior with ¢,(R) = 0 and

O‘Z,k
C RvHR2T (v 1)y ()

¢ (0)

for all £ > 1, because lim,_,o J,(r)r=" = 1/(I'(v + 1)2¥) for v > 0. Thus,
¢r(0) = 00 as k — oc.
For 0 < v < 1/2 (or equivalently d = 2,3), |J,(r)] < (2/71’7”)1/2 and

hence

Ay k 2 1/2 ay i 2 1/2 v3
[ oz (2)" [ et (2)
0 T 0 7T V+§
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Therefore, as k — oo,

/OR !(bk(r)!w(r)dr V2 ( r )V+2 /anﬁk ‘Jy(r)|7“”+1dr

- R|Jy+1(auk)} Qy

< (£ ) (z)“ ()"
o R‘J,/_H(Oz,,,k)‘ ay K ™ v+ %

2RvT!
a ’Ju-s-l(av,k)‘(ﬂav,k)lm(’/ + %)
2RV V2RV -
~ = oQ,
T e R

which implies uniform integrability of ¢ (r).
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Table S1: Monte Carlo mean and quantiles of the estimated cut-off K obtained from
(5.15) for the orthogonal series estimator with Fourier-Bessel (FB) and cosine (CO) bases
and their ratio (CO/FB) in the case of Poisson (P), Thomas (T), Variance Gamma
(V) and determinantal (D) point processes on observation windows W; = [0,1]? and

W = [0,2]2 with rypi = 0.001.

R =0.06 R =0.085 R =0.125

B(K) Go.05(K) do.95(K) |E(K) do.0s(K) do.9o5(K) |E(K) do.05(K) do.o5(K)
FB 2.17 2.00 3.00 2.15 2.00 3.00 2.11 2.00 3.00
P CO 2.31 2.00 4.00 2.35 2.00 4.00 2.34 2.00 4.00
CO/FB| 1.08 0.67 1.50 1.10 1.00 1.67 1.12 1.00 2.00
FB 2.24 2.00 3.00 2.24 2.00 3.00 3.23 2.00 4.05
T CO 2.39 2.00 4.00 2.52 2.00 4.00 3.54 3.00 5.00
CO/FB| 1.10 0.67 2.00 1.16 0.67 1.50 1.14 0.75 1.76
" FB 2.77 2.00 4.00 3.50 2.00 6.00 4.85 3.00 8.00
Y CO 3.06 2.00 5.00 4.17 2.00 7.00 5.78 3.00 10.00
CO/FB| 1.14 0.67 2.00 1.26 0.75 2.33 1.27 0.75 2.50
FB 2.21 2.00 3.00 2.18 2.00 3.00 2.38 2.00 3.00
D CcO 2.23 2.00 3.00 2.46 2.00 4.00 3.30 2.00 5.00
CO/FB| 1.04 0.67 1.50 1.15 1.00 1.50 1.45 1.00 2.00
FB 2.17 2.00 3.00 2.12 2.00 3.00 2.09 2.00 3.00
P CO 2.34 2.00 4.00 2.32 2.00 4.00 2.36 2.00 4.00
CO/FB| 1.10 0.67 2.00 1.11 0.67 2.00 1.13 1.00 2.00
FB 2.39 2.00 4.00 2.46 2.00 4.00 3.78 3.00 5.00
T CO 2.43 2.00 5.00 3.17 2.00 5.00 4.19 3.00 6.00
CO/FB| 1.08 0.50 2.50 1.35 1.00 2.00 1.13 0.75 1.67
e FB 3.58 3.00 5.00 5.14 3.00 8.00 7.19 5.00 11.00
Vv CO 4.76 3.00 9.00 6.40 4.00 12.00 9.03 5.00 17.00
CO/FB| 1.38 0.80 2.67 1.30 0.80 2.56 1.30 0.83 2.43
FB 2.22 2.00 4.00 2.17 2.00 3.00 2.79 2.00 4.00
D CO 2.19 2.00 3.00 2.92 2.00 4.00 3.74 3.00 5.00
CO/FB| 1.02 0.67 1.50 1.38 1.00 2.00 1.40 1.00 2.00
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Figure S2: True pair correlation function (solid line), Monte Carlo mean (dashed lines)
and 95% pointwise probability interval (grey area) of estimates based on ngy, = 1000
simulations from the Poisson (first row), Thomas (second row), Variance Gamma (third

row) and determinantal (fourth row) point processes on W = [0, 2]%.
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Figure S3: Histograms of g,(r) at » = 0.025 and r = 0.1 using the Bessel basis with the

simple smoothing scheme in case of the Thomas process on W = [0, 1] (upper panels),

W = [0,2]? (middle panels) and W = [0,3]? (lower panels).
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Acalypha diversifolia Lonchocarpus heptaphyllus Capparis frondosa

“I:I
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Figure S4: Locations of Acalypha diversifolia, Lonchocarpus heptaphyllus and Capparis
frondosa trees in the Barro Colorado Island plot (upper panels) and their fitted para-

metric intensity functions (lower panels).
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Figure S5: Estimate I (K) of the mean integrated squared error for Capparis frondosa

in case of the orthogonal series estimator with cosine basis.
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Figure S6: Fourier-Bessel and cosine basis functions ¢ (r) in the planar case (d

8.

0.125 and k=1,..

R:
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