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We introduce two additional lemmas that are frequently used in the proofs.

Lemma S.1. Assume that the conditions in Theorem 1 hold. Let f be
a continuously differentiable function on [0, 1]. Then, for 1 < 57 < p and

1 < k < d, it holds that

max
1<i<n

/[om(X; —1;(2)) f(21) K} (2, 27) dz| = O, (| flloo - 977 (n® + g77)) ,
(S.1)

for any arbitrarily small a > 0.

Proof. For an additive function ¢ € ‘H and a univariate function v, define

Tor(z,u;0,7) = / (z — 0(z))v(2) K} (2, u) dz.

[0,1)¢

From 7;(z) = Y0, m;0(2) and the normalization property of K that
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fol K (z0,u)dzg = 1 for all u € [0, 1], we get

Tow(X;,wsm;, f :Xj/ f(zk)K;(zk,uk)dzk—/ ik (20) [ (20) K (2, Uk ) d2i
0

(S.2)
—Z/ N5.0(20) K (2, ug) dzg - / f(z1) K (21, ug) dzy..
£k
For the first term on the right hand side of (S.2]) we observe that
1
cit(a—u) | PK(9DOR(gE 2) o
/ S 27?/ ‘ ov, (1) *
itu ¢K<gt>
e === (—t) dt (S.3)
o o 1Y
1 > it k¢K<gt> / —itzg
— ik L 2 e t; t dzy, dt
+ 5 e o) ). (0K (gt; zi) — O (gt)) f(2k) dz,

0

=: Spa(ug; f) + Sna(ug; f),

where Iy = [29,1 — 2¢g] and I§ denotes its complement in [0, 1]. Since f
is continuously differentiable, integration by parts entails that |¢f(¢)| <

col| flloo(1 + [¢])~F for some ¢q > 0. Moreover,

/C e (dr (gt; z1) — O (gt)) f(z) dzi| < 19l f]lso

0
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for some constant ¢; > 0. It can be shown that

1 o] 2
g a1 < 5 [ [ Gren-o]a
< (const.)|| f o /00(1 + |t|)5—1¢K(gt)2 dt
—o0 (S.4)

< (const) | flloe - g~° / (g -+ 1) o (t)? dt

< (const.)|| flloc - 97",
Similarly, we get

sup e [, )] < (const)| - [~ |20

uek 1<i<n
< (const) [l -5~ [ (g0 6xlgn) i (59
0

i

< (const.)|| flloc - g7,

The second term on the right hand side of equals Sy, 1 (ug; e f) +
Sn2(ug, njxkf). The third term is a sum of the products of S, 4(uy; f) and
Sn.g(ug;nje) for A, B = 1,2. Thus, we may get similar bounds for these
terms as in ([S.4)) and , and conclude that there exists a constant ¢ > 0

such that

sup | Tz, wsny, )| < el flloo - 977 (J2| + 977) . (S.6)

ueRd
Since X are sub-Gaussian, by applying Markov inequality we may also get
maxi<i<, | Xj| = Op(n®) for any arbitrarily small a > 0. This with (S.6)

completes the proof of Lemma O
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Lemma S.2. Under the conditions of Lemma [S.T] there exists a constant
C > 0 such that, forall 1 < j<pand 1 <k <d,

2

(X = mi(2)f (21) K5 (2, Z7) dz| < C|IflI5, 7(g: 8)* (1 +7(g:8)%) -

L

Proof. Letting py denote the density of W for a random variable W, we

get
2
E|Sn1(Z; f)IP < HPZ HOO ‘/ Ztu¢;;vgt f(—t)dt| du
B ||pZ;; o0 ox(gt)? ’
= o /_oo on(® 0]
< Comst)|f% [~ L+ Pontotar (5D

< (const ) [g™* [ g+ )P 26ule) a
0

= O(|I 1% 7(9: B)*)-
The first equality in (S.7) follows from the Plancherel identity. Similarly,

we obtain

2

dt

(e 9]

b (gt)
gka (t)

< (const.) | f|%, & / T )P (gt dt

BIS,2(Z5: )P < (const.)| f]12 o2 /

—00

< (Const-)HfHZog‘l‘”/ (g+1)2°(1 +t)~28-2 g (8:8)
0
< (const.)|| f|[5 9"

= O(|If1%.7(g; 8)*).
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Since 7;, are bounded, it also holds that, for A, B =1, 2,
B[S, a(Z7515,0)Sn,8(Z5; F)IP = O fl1% 7(g; 8)") (5.9)

for all 1 < ¢ +# k < d. This with (S.7) and (S.8)) entails

E|T k(X5 2555, )PP < Cr - B [XF(1901(Z55 HF + S0 2(Z55 )]
(S.10)
+Cy - || f1% 7(g; 8) (1 + 7(g; 8)%)
for some C1, Cy > 0. On the other hand, since E(X?|Z) = -) is bounded

on [0, 1],
E (X71501(Z5; D))

e’} e’} 1
— [ 10t D, o e 20) d dud
Too el (S.11)

00 1
< ozl / / B(X2|Z, = 2) - |Sua (s f)[ dz du
—o0 J O

< (const.)||f|I2, 7(g; B)*.

Similarly, we get E (X?|S,2(Z;; f)|*) < (const.)||f||2 7(g; 8)>. This with

(S-10) and (S.11)) establishes Lemma[S.2] O

S.1 Proof of Lemma 1

We consider a class A, = A, (k1, k2) of differentiable functions f on [0, 1]

for absolute constants x; and sy > 0 such that

sup |f(u)] < kih,  sup [f'(u)] < ka. (5.12)
0<u<1 0<u<1
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From the results of Han and Park (2017) we get

. B /| logn .
Oililﬁ)l |77k,£(u) - nk,f(u)l - OP (h + nhi+28 T(ha 6)) )
logn
/ (n) g . X
S [0 (1) = (1) = - afl) (u)] = (\/—nhgm T(hﬁ))

for deterministic sequences of bounded functions {oc,inﬁ) }n>1. Thus, for given
1<k<pandl<{<d, ipe— ke belongs to A, with probability tending
to 1, provided that nh3+28 /(7(h; 3)?logn) is bounded away from zero as

n — 00. Below, we prove that, for all 1 < j <pand 1</ <d,

sup |n- ZTM X?,Z*i;nj,f)' =0 <92h+ n~V2hg=% logn) , (S.13)
feAn

which establishes Lemma 1.

Recall that Kj(z,u) = Ku(z,-) * Ku(u) and Ku(z,u) = Ku(z1,u1) X

x K n(za,uq). We note that the unbiased scoring property, the second
identity at (3.4), and the independence of Vj for 1 < j < d conditional on
Z, implies E(K(z,Z*)|Z) = K,(z,Z). From this with the additivity of n;

and the normalization property of K}, we have
ET,x(X;,Z%; 5, f)

:/ flu 77]k (Z1) = mjar(u)) Ky (u, Zi) | du

5y o T OB (20— mia )Ry 2R (v, 20| dud
ok 7 [0,1]2

=: (I) + (II).



Estimation of Errors-in-Variables Partially Linear Additive Models

Here we have used the property that X;—n;(Z) is perpendicular to any addi-
tive function of Z in the sense that E(X;—n;(Z)) (¢1(Z1) + - - -+ qa(Zq)) =0
for all square integrable univariate functions ¢;. By the standard theory of

kernel smoothing we get that, for 1 < k # ¢ <d,

| S

E [(le,e(Ze) — 050 (0) Ky (v, Zo) Kg(u, Z)

— 4”2(773',@(@) —0.0(0) Ky (0, C) Ky (w, G )2y 20 (Cis Co) A A
— /0 (g . n},é(v)ﬂl,é(v) + 0(92>> . f(g(u, Ck) . (thZe (Ck; U) + 0(1)) dc,

= g+ 15 0 (0) 1,6 (V) o 1 (W) P2z, 7, (0, ) + O(g?)
uniformly for u and v in [0,1]. Here, p;,(v) = g~° fol(@ — ) K, (v, ¢) d¢

for ¢ > 0. Since py(v) = 0 for v € Iy and is bounded elsewhere in [0, 1],

from ([S.12)) we obtain
d

(I =) - () pro g (w)-g-175 (V) p1,0(V)p 2z, 2, (w0, v) du dv+0(g?h) = O(g*h)
ek 710,

uniformly for f € A,,. Similarly, we also get (I) = O(gh).
NOW, let Tn,ﬁ(Xja Z*Za Ui f) = Tn,f(X]Z:7 Z*lv Ui f) - ETn,kﬁ(Xja Z*a N, f)
We claim

n Y Tu(X;, 25, f)| > 0T Phg logn> =0,
=1

(S.14)

lim sup P < sup

n—00 feA,

which completes the proof of Lemma 1.

To prove (S.14), we consider §-covering sets of A,,, denoted by A, (9),
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such that for any f € A, there exists g € A, (0) satisfying || f — gl < 9.
Specifically, we take § = k1h - 27" for N > 1. Note that the entropy of
Ay (k1h - 27N) equals Cp2" for some constant Cy > 0. For a given f € A,
and N > 1, we choose fx € A, (k1h-27V) such that || f — fx|le < k1h-27N

and set fo = 0. Then, using the bound at (S.6) we get
’Tn,E(Xja Z*v 77j7 f) _Tn,f(Xja Z*a nja fN)l S Cl 27Nh‘giﬁ(‘Xj|+gi/B) (Sl5>

for some constants C; > 0. Set ¢, = n~2hg=?\/logn and define

J,=mind N>1:27V < n
mm{ - _201-h9/3(n“+9/3)}’

where a > 0 is arbitrarily small. Note that limsup,, ., P(max;<j<, | X}| >

n®) = 0 for any arbitrarily small . From ([S.15) it holds that

P | sup
feA,

as n — oo. This basically enables us to restrict the supremum over f € A,

n_l Z (Tn,e(X;7 Z*Za N, f) - Tn,@(X]Z:7 Z*Za Ny, fJn))

=1

< en/2> —1

in ((S.14) to the one over f € A, (kih-277").
Now, let {vny} be a sequence of positive numbers such that Y % _, vy <

1. An application of the chaining technique gives

P sup > €,/2
FEAN (r1h-2—Tn)

n”! Z <T"75(XJZ:7 z" Nis IN) — Tn,Z(X;a Z*ii N, fN—l))

=1

n_l ZTn,E(Xja Z*;nja f)
i=1

> VNEn/2> ,
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where sup* runs over all fy € A, (k1h-27N) and fx 1 € A, (kh - 27N
satisfying || fy — fv—1leec < £1h-27V T Moreover, since there exist constants

K; and o; > 0 satistying

max KJ2 -E (e'XW/K? — 1) < g2

1<i<n 77
we may find an absolute constant Cy > 0 such that, for all f € A,,,

max ij(f)Q E <6|T"’£(X;7Z*imj’f)|2/KTQL,J‘ _ 1) < sz . C%Hf”io . g_%(Kj + 9—6)2

1<i<n
< CollflI - 97",
where K, ;(f) = ¢l flloo - 9°(K; + g77). For the above inequalities we

have used

sup |Tn,f(13>u§77ja f)l < call floo 'g_ﬁ (‘x| + g_ﬁ)
werd K (f) 7 ellflle - 97K+ 97F)

< kd +g‘57
Kj + 97'3

which follows from (S.6). We take vy = 27¥/2y/N/C; for sufficiently large
C5 so that > %_, v~ < 1. Then, by applying an exponential inequality
for sums of independent sub-Gaussian random variables we may prove that
each summand on the right hand side of is bounded by

n - e2v3 /2
2.0y -272Np2g=48

exp (CO2N - > <exp(—Cy- N -logn)

for sufficiently large n for some constant Cy > 0. This proves

P sup
fEAn(th-Q_J”)

as n — oo and completes the proof of Lemma 1.

nil ZTn,Z(Xja Z*; 77j7 f)
=1

> en/2> < 2exp(—Cy-logn) — 0
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S.2 Proofs of Lemma 2 and Lemma 3

Recall the definitions of S, ; and S, 2 at (S.3). From the additivity of n;
and the normalization property of K, we have

2

‘/[01]4 z)) K (2z,Z") dz

d
Xj— Z Sna(Zg5mje) + Sn2(Zg5mje))

2

=1
d

< (const.) (EX +Z E|Sn1(Ze777]€>| + E1S2(Z75m50)| ))
=1

= O(7(g; 8)%)-

The last equality follows from (S.7) and (S.8)). This establishes Lemma 2.
We now prove Lemma 3. From the normalization property of K7, w

have

/[OJV(XJ' —0;(2))(Xx — mi(2)) K2 (2, Z°) dz
— (X, — 0y (2) (X — () + (X — 1,(2)) /[ | 6() () (2. )
+ /[O’l]d(m(z) —n;(2)) K} (2, Z*) dz - (Xi — i(Z)) (S.17)
+/[0,1]d(77j(Z) —1;(2)) ((Z) — u(2)) K (2, Z°) dz

= Ajk + Bjk =+ Cjk + Djk-

Clearly EA% = O(1) since E|X;X[* < oo. Also, writing ¢p,,(t;u) =
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fol e (n;e(u) — n;6(v)) dv, we note that

/O (e () — le,e(v))%/ e~ tow) ¢K(g;):bg§gt; v) dt dv

1 > 'tw¢K(gt>2
= —_— v —_— . —1 d
o ) on() Oy (=) dt (S.18)

1 > i Px(gt) —itv .
tor 5 en /18 e " (o (gt;v) — o (gt)) (Mre(uw) — Nre(v)) dv dt

= anl(u, w, 7’]]'7@) + Wn,2 (u7 w; nj,ﬁ)'

Thus,

E|Bji|* = E|Cy;|?
2

IS

=E

X —m2) Y. / (o Ze) — e () K (0, Z5) o

(=1

2>(s.19)

< (const.) Y B (X7 + 1) |Wai(Ze, Zism50) + Wan(Ze, Z5imi0) )

/=1

/O (m36(Z0) — 13(0)) K} (0, Z3) do

< (const.) ZE ((X]2 +1)

Since E(X f\Ze = -) is bounded, following the lines in (S.11)) we may prove

E|Bji|? = E|Ck;|* = O(7.(g; 8)?). Finally, we note that

d
Djy, = Z(Wm(ze, Z5imje) + Wao(Ze, Zi5m50))
=1
d

Y (Wi (Ze, Z8sm50) + Waa(Ze, Z85m50) Waa(Ze, Zismie) + Waa(Ze, Ziinie),
o

where Wn,l(u, w; ;) and Wn;(u, w; ;) are defined as W, 1 (u, w; ;) and
W2(u, w;nj0), respectively, with (n;.(u)—n;.(v))? replacing n; ¢(u) —n;..(v)

in the definition (S.18)). By using similar arguments as those in (S.7)—(S.9)),
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we get

EWoa(Ze, Ziimi0) > = O(1a(g; 8)?)

E\Woa(Ze, 2530500 Was(Ze, Ziinje)| = O(1u(g; 5)*)

for all A, B =1,2. This with (S.19)) completes the proof of Lemma 3.

S.3 Proof of Lemma 4

Proof of Lemma 4 is simpler than that of Lemma 1. In the proof of
Lemma 1, we simply put n; = 0. Note that ET, ,(U;, Z*;0, f) = 0. Thus,

instead of (S.15]) we have
| Te (U, 2750, f) = T (U, 2550, f)| < Cs- 27V hg " |U;|

for some constant Cs > 0. Also, we change e, to &, = n~'/?hg=%/logn and

J, to

~ €
J,=min{ N>1:27V< L
mm{ - - 203-hg»3~na}

for an arbitrarily small @« > 0. Then, following the lines in the proof of

> €n> = 0.

Lemma 1, we get

n

1
lim sup P (sup — ZTn,é(Uj7 Z0,f)

n—00 fea, | i1

This completes the proof of Lemma 4.



	Proof of Lemma 1
	Proofs of Lemma 2 and Lemma 3
	Proof of Lemma 4

