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Supplementary Material
5. Proof of the Theorem.
Assume, without loss of generality, that the support [a,b] = [—1,1]. The proof includes
several steps.
Step 1: First approzimation to S(a)). The approximation is given at (5.3) below. It follows

from the formula for g in (2.1) that

E{g(X:)|Witfw(Wi) = Za9[1¢j(x)fU(Wi—l’)fX(w)dw

+ el [ @)W o)fx()da, 51)

k=0 j

Define too V' = Vifw (Wi), Aw, = g(Xi){fw (Wi) — fw (W:)}.

Ax; = Zo‘j /71 bi(x) fu (Wi — 2){fx(x) — fx(z)}dz,

m

vy =Y an | (e fo We = ) { (o) — fx (@)},

k=0 j

g(zla, m) = Z ajdi (@) + Y Y agrthn(e).

k=0 j
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Then,

BlaXlam)W =} = =={¥ 0 [ oy@)olw—a)ix()da

XY [ wp@fw-ns@n)  62)

k=0 Jj

Since Y; = g(X;) 4+ V; then, in view of the definition of S(«), (5.1) and (5.2),

n

S(@) = [9(Xa) fw (W) + Aw, +V{ = B, , = B,

i=1

- Z o /71 65 (@) fu (Wi — ) fx(x)de — > > a /71 Yjk () fu(Wi — m)fX(l’)dl’r

k=0 j

=3 ([9(x0) — E{a(Xalor, m) W] fwr (W) + Aw, +V/ = Ax, , = Axi,w)Q

Therefore, defining

n

Si(a) =" ([Q(Xi) — E{g(Xila, m)|Wi}] fw (Wi) + Aw, + ‘/7.',)27

i=1
Sy(a) = Z A%, Ss(a)= Z A%, s
i=1 i=1

we have:
1S(a) = S1(a)] < 2[251(){S2(a) + Ss()}] % + 2{S:(a) + Ss()}. (5.3)

Note that Assumptions A1(a) and A1(b) together imply that fi is bounded.

Step 2: Second approzimation to S(«). The approximation is given at (5.7). To derive it,
we put sy = sup,cp fu(u), and let 8 = fX — fx and A% = fjl B2. Then note that the support
of B is [—1,1]. Without loss of generality, the supports of ¢ and v are also confined to [—1, 1].

Then, since ¢;(u) = p'/2¢(pu — 5) and ;i (u) = p,lc/QqS(pku — j), the integrals

[ (@) (w = a)Bla)da, [ (@) fo(w = 2)B@)de
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vanish, regardless of the value of w, unless, for some u € [-1,1],-1 4+ pu < j < 1+ pu or

—1+ pru < j < 1+ pru, respectively. In particular, if it is not true that |[j| < p+ 1 or

|7] < pr + 1 then the respective integral vanishes. Let v and v, denote the integer parts of p+1

and px + 1, respectively. Since ¢; and v; are orthonormal then, writing x for either ¢; or ¢y,

and using the Cauchy-Schwarz inequality for integrals, we obtain:

wp{/dxhihﬁv—xW@mm}2§85A§

weR 1

Employing (5.4) and the Cauchy-Schwartz inequality for series we see that

Safa) = Z( > o 1¢j(x)fu(Wi—rc){fx(rc)—fx(x)}dx>

j=—o0

< Z <Z a?) <Z sup [[1 ;@) fu(Wi — 2){ fx () — fX(l’)}dl‘} >
< n(2v+1)s; A% Za? = S21(a),

J

say. Similarly,

2
n m Vi

S) = S an / k(@) fu (Wi = 2) (Fx (@) = (o)}

i=1 \ k=0j=—uvy

< Y X X ) (XX sw| [ ol atic - s
i=1 \ k=0j=—vy k=0 j=—u,, W L/ -1
< ns%A%{ Z(ka + 1)} <Z Za§k>
k=0 k=0 j
= 5'31(0().

Combining (5.3)-(5.6) we deduce that

1S () — S1(a)] < 2[281 (@) {S21 () + Sa1(c) }]"/? + 2{S21 () + S31(a)}.

(5.4)

(5.5)

2

(5.7)

Step 8: Third approzimation to S(«). The approximation is given at (5.11). To establish

it, define Sg = >_,(Aw, + V/)?, not depending on «, and

n

Sa(0) = 3= ([9(X0) — B{g(Xilam) Wi} e (W),

i=1
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n

Ss(@) =Y ([9(X:) = B{g(Xila, m)[ Wil fuw (W) ) (Aw, + V7).

i=1

Then

S1 (Oé) =5, (Oé) + 2S5 (Oé) + Se. (5.9)

Using a lattice argument it can be proved that, for all € > 0,

sup |Si(a) — ESs(a)| = Op (neﬂpﬂ)m)7 sup |Ss(a)| = Op (n€+(1+r)/2). (5.10)
acAm aEAy,

We shall outline the arguments in the next paragraph. Combining (5.7), (5.9) and (5.10)

we deduce that, uniformly in a € A,,, and for all € > 0,

|S(a) = {ESa() + S} < 2[2{ESa(a) + S6 + Op(nF ) {1 () + S ()}

4+ 2{S21 (@) + Ss1(a)} + Op(nTIF/2), (5.11)

where r is as in Assumption A2.
Finally in this step we derive (5.10). Observe from the definition of A,, (see (4.1) and
(4.2)) that
Yo+ Y Yad = /dg(m m)?de < (d - ¢)B3 = Cr,
; c

k=0 j
say, where ¢ and d are as in (4.1). Note too that v < p+1 and vy, < 2¥p+1. Then, sup;ey |y <
C3/? and SUPkefo,...,m} SUPjen [jk| < C3? for m < mo.

Given a constant C1 > r, let A;, denote the set of all a € A,, for which each a; and
o lies among the points {0, +n= % ancl}, where K is the smallest integer such that
Kn=© > C’;/2. If « € A, with components a; and ajk, let o*, with respective components
aj and ajy, denote an element of A7, that has the property that o is as close as possible to
aj, and ajy is as close as possible to a;i, for each a; and ajx, that is, sup;cy |y — | < n~

and SUPye (o, my SUPjen [k — oy < n~C1. Then, recalling the definitions of v < p + 1 and

v <prp+1,
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max sup sup |E{g(X|a,m)|W =w} — E{g(X|a",m)|W = w}|fw (w)

mImo e Ay, weR

m<mo o€ A,, weR 3

= max sup sup ’ Z(Oéj —aj) /711 @i () fu(w — x) fx (x)dz

+ iZ(ajk —ajy) /;11 Yik(z) fu(w — :C)fx(x)dm‘

k=0 J

v 1
< max sup {jg:ukxj—aﬂzgﬁ}){‘/lqﬁj(:c)fy(w—x)fx(x)dx‘

m<mo oc Ay,

+20 |ajk—a§k|fulé%‘[1¢jk(x)fv(w—x)fX($)d$‘}

k=0j=—vg

<~ sullfxl{@v+ 1)+ 3 @+ 1)}
k=0

mo
<n Csullfxl{(20+3) + > (2 p+3)}
k=0
=n"sullfxl2{(2p+3) + 22" — 1) + 3mo}
< Can™ = (5.12)

for large enough constant 0 < C3 < oo, by Assumption A2.

Therefore, by (5.12),

max sup sup |[E{g(X|a,m)|W =w} — E{g(X|a", m)|W = w}|fw(w) < Can™ 1,

mImo ae Ay, weR

Hence, noting the definition of S4() at (5.8), we see that if C1 > r + 1 then

P{ sup |Sa(a) — Sa(a™)| < C4nr+1fcl} =1, (5.13)
€A,

for some constant 0 < C4 < co. Similarly, for some constant 0 < C5 < oo, Bernstein’s inequality

can be used to prove that for 0 < t < n'/?,

sup P{|S4(c) — ESa(a)| > n'/*t} < 2exp(—Cst?). (5.14)
aEAy,
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The number of elements of A}, equals
O(nCGQmO(n)) = O{exp(Csn" logn)},

where 0 < r < 1 (see Assumption A2(a)) and where we also used Assumption A2(b) to derive

the above identity. Therefore, by (5.14), if %r <u< %7

P{ sup |Si(a) — ESs(a)| > n(1/2)+u} = O{exp(—C5n**) exp(n” logn)} — 0. (5.15)

acAx,

In particular, (5.15) implies that, for all € > 0,

n~' sup |Si(a) — ESs(a)| = Op(n~17"73), (5.16)

aEAy,
Taking C; sufficiently large in (5.13) we deduce the first part of (5.10) from (5.13) and
(5.16). The second part can be derived similarly. (It is here that Assumption A1(f) is used.)

Step 4: Fourth approzimation to S(«). Here we prove that

n~' max sup [S(a)— {ESi(a)+ Ss}| = op(1). (5.17)

m<mo(n) a€Ap,

By(5.5) and (5.6):
1 R 1 .
n” 'S () < Cs/ (fx — fx)?, n 'Ssi(a} < Cézm/ (fx — fx)% (5.18)
1 —1

where Cs = 53 (2p + 3)C7 and C§ = (4p + 3)C7s};. The right-hand sides of the two inequalities
in (5.18) do not depend on «, and Assumption 2(a) implies that they equal O,(n~2") and
0,(2™n~?"), respectively. Moreover, Assumption 2(b) asserts that m < mq(n) where 2m0(™ =
o(n"), and therefore the right-hand sides of the inequalities in (5.18) both equal 0, (1), uniformly
in o € A, and m < mo. Hence, n71521(a) and n71531(a) both equal o0,(1), uniformly in

a € Ay and m < mg(n) :

n~' max sup {S21(a)+ Szi(a)} =0, (5.19)

m<mg(n) aEAp,
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where the convergence is in probability. By Assumption 1(a) and Assumption 1(d),
n~'E{Si(a)} < 4B§/fw(w)3dw < o0, (5.20)

where Bs is as in (4.2).(Note that Assumption 1(b) implies that fw is bounded.) It is straight-
forward to show that

n~'Se = Op(1); (5.21)

recall that Sg does not depend on a. Combining (5.11) and (5.19)-(5.21) we deduce that (5.17)
holds.
Step 5: Completion of proof of theorem. First, we note that by Step 4, n™'S(a) =

n ES4(a) + n71Ss 4 0p(1), uniformly in a € Ay, Then

w7 BSi0) = B([o(X) ~ B{g(X|,m)W}] fuw (W)

B([9(X) ~ B{g(X)W} + B{g(X)} ~ B{g(X|o, m)W}] fr (W)

= Su + 2S42(a) 4+ Saz(«@) (5.22)
where
Su = E([g(X)— E{g(X)[W}] fw (W))?
Sia(e) = E([9(X)— E{g(X)|W}H [E{g(X)|W} — E{g(X|a,m)[W}] fw (W)?)
Swz(a) = E([E{g(X)|W} - E{g(X|a,m)|[W}]? fw (W)?). (5.23)

Using the total expectation property E{h(X)} = E [E{h(X)|W}] for any measurable function

h we see that Si2(a) = 0 holds for all @ € A,,. Therefore
n~'ESi(a) = Su1 + Saz(a).

Define the functional x1(h) = E ([E{g(X)|W} — E{h(X)|W}]? fw (W)?) and observe that with

ga,m(z) = g(z|a,m) we have that k1(ga,m) = Siz(a). Since k1 > 0 and k1 = 0 when h = g
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we see that h = ¢ is a minimizer of ;. This minimizer is unique. Indeed, suppose that
k1(h) = E ([E{g(X)IW} = E{h(X)IW}]* fw (W)?) = 0, then E{g(X)|W} = E{h(X)|W} al-
most surely. By Assumption Al e), we have that h(X) = g(X) almost surely. Therefore, k1 is
uniquely minimized at g.

Noting that n7'S(a) = n ' ES4(a) + n"'Ss + 0,(1) = Sa1 + K1(ga,m) + 171 Se + 0p(1)

uniformly in A,,, and that S(a) is minimized at o = &, we have that
k1(ga.m) 2 K1(g) =0 (5.24)

as n — oo.

We will now show that fil{gdym(x) — g(x)}2dz 2 0 by showing that for each subsequence
ng of n there exists a subsubsequence ny) of ny such that fil{g@,m(x) —g(x)}?dz 5 0 as
5 — 00.

Let nj be an arbitrary subsequence of n. Let C(Bs) denote the class of functions h that
satisfy (4.1) and (4.2). Then C(Bs) includes ga,» by the definition of &. Functions in C(Bs)
can be approximated uniformly and arbitrarily closely in Lz on [—1,1] by a lattice laid down
in [—1,1]. Specifically, for any € € (0,1) there exists an integer [ = I(e) > 0 such that for each
h € C(Bs) there is a right continuous step function h* defined on (the subintervals created by)
a regular [-point lattice in [—1, 1], and taking values only in [—Bs, B3] (where Bs is as in (4.2)),

such that

[(h—h*)zge.

1

Taking h = ga,m we obtain the step-function approximation g3 ,, :

el (o — i) < =1 (5.25)

-1
In this paragraph we keep € > 0 fixed, and define ¢;, j = 1,...,l(¢), to be the steps of g3 .,

(we suppress the dependency of ¢; on € and n). Define £ = (€1, €2, ... ) to be a positive sequence
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decaying to zero. Then, along a subsequence ny(5) by the Prohorov - Varadajan theorem (see,
e.g., p. 303 in Athreya and Lahiri (2006)), c¢; converges in distribution to some random variable
c;°. By the Kolmogorov extension theorem, there exists a probability space (£2,3,P) such that
Cjngee is defined on (Q,%,P) such that ¢; = cjn,,, + 0p(1), so that Gen, ), Ge are step
functions defined by the values ¢jn,,, and c;° for j = 1,.., l(€) respectively, and they satisfy

(4.1) and (4.2). Then by construction,

1
/ (Ghm — Germpy)? 20 (5.26)

-1
as s — oo for a fixed natural number i. Combining (5.24)-(5.26) we see that we can construct
a SeqUence €; = €ny converging to zero sufficiently slowly enough so that the corresponding

sequence G, , satisfies

k1(Ge;) = k1(g) =0 (5.27)

in probability as ¢ — oco. Here the value of [ = I; will diverge as €; decreases, and without loss
of generality it diverges dyadically: I; = 2° for ¢ > 1. Express Ge, using the Haar wavelet basis
rescaled to [—1,1]. Then, for any § > 0, we can approximate G., to within ¢, in Ly and for all
i, using at most the first N5 terms in a complete sequence of orthonormal functions x1, x2,. - -
representing an enumeration of the Haar basis. Since each G, € C(B3) then neither N5 nor our

ordering of the functions x; need depend on ¢, and so for each value of that index,

Ny 1
P{‘ Ge, — § (/ geixj)xj
j=1 /-1

Take ik, to be a subsequence of i. Define G2, = Zj\r:‘sl (fil Ge; Xj)X;j- Define D = (61,02, ... )

LS 5} =1. (5.28)

5
€ik

to be a sequence decaying to zero. Note that G.X is defined by the uniformly bounded finite

979

eik)l <i<Ng and hence by the Prohorov-Varadajan Theorem, we can con-

dimensional vector (g

struct a further subsequence €y (s) such that gfj,g(s) converges in distribution to a random
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function G3. Then by the continuous mapping theorem,

1 1 1
oK _ D OK .,
/ el X _/ GeinyXi = /1g° X
-1 -1 —

for each fixed K > 1,j < Ns, . Since the left hand side does not depend on dx, we have that
g’“ = Go.

Hence, by (5.27) and by choosing é = (i) to converge slowly to 0, x1(Go) = k1(g) =0
almost surely. Note that Assumption A1 e) implies that if k1 (h) = 0 then h(X) = g(X) almost
surely, and therefore, Go = g almost surely. Hence, Qeik(s) converges weakly to g. Since this
holds for any subsubsequence i (s) of any arbitrary subsequence ix, we have that G., converges
weakly to g. Armed with this result and (5.28), an argument by contradiction can now be used

to prove that as €; = €;(n) — 0, fil(g%nks —9)? % 0. Hence, by (5.25) and (5.26),

[ (ga,m —9)> =0 (5.29)

1

in probability as ny, — oco. Since we have found a subsubsequence nj, for any arbitrary sub-
sequence ng of n such that (5.29) holds, then (5.29) holds as n — co. Since, by construction,
g(z|&, m) and g are bounded then (5.29), which is equivalent to (4.3) in the case ¢ = 2, implies

(4.3) for all ¢ € (0,00).
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