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This supplementary file contains the proofs of the main article.

S1. Proofs
S1.1 Proof of Theorem 1.

The martingale central limit theorem in Hall and Heyde (1980) is the
key technical tool to prove Theorems 1. Following Theorems 1, 6 and 7 of

Li and Zou (2016), we only need to show that

logn

> P(SURE(ky + h) — SURE(ky) < 0) < n~(*.

h=1

For all 1 < h < logn, we know

h
1
SURE(ko + h) — SURE(k)) =Y . Y {(2a, — Z—J_rl)&fj + 20,6715}
I1=1 |i—j|=ko+l—1
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Define k; = kg + 1 — 1 then

n+1, _ - -
P( Z {(261,n — m)gfj -+ 2bnaii0jj} < O)

E

h p,kl
n+1,_ U
= Z P(Z{(Qan — m)al?(i+kl) -+ 2bngiia(i+kl)(i+kl)} < 0)
=1 1=1

To simplify our proof, assume M! = (p—k;)/(21logn) and 2log n as integrate

numbers without loss of generality. Let is; = s+ 2(t — 1) logn. Then,

p—k;

n+1, . .
Z{ 2a, — — )0?(@-+kl> + 260,630 (k) i+k0) } < 0)

2logn M}

n+1
< Z Z{ 2an n — 1) 125 t(is,e+kp) + 2b UZS tis tg(ls t+k1)(is t+kl)} < O)
s=1 t=1
2logn
n+1
Z Z{ 2(1n _ ) 125,5(13 t+kp) +2b UZS tis,t (ls t+ki) (is, t+’€z)} < 0)
s=1 t=1

For any fixed [ and S, Y, = (2an - L%)O—zs t(is e 4ky) + 20 Uzs tis,t (15 t+k) (is,e+kp)

are 4.7.d. with mean "n—}l and variance 2(2a, —

4(2a, — 1)y, EE0TD — O( Ly Let H, = T2, Define Z, = V;I(|V;] <

n—1 n

H,) and V; = Y;I(|Y;| > H,,). So

n+1
Z{ 2an _ ) ’023 t('Ls t+k‘l) + 2b O-Za tis,t (ls t+k‘l)(ls t+kl } < 0)

< P(i(Zt — EZ;) < —M}EY,/2)
(B(S OV - BV) < —MEY,2). 1)

t=1
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Then by Bernstein inequality, we have

P( i(zt — EZ;) < —MLEY,/2)

t=1

1(MLEY;)? >
> var(V;) + 2H,MLEY,
< exp(—M,/(Clogp)).

< o

Now we bound the second term in (1).

P(|Y:| > H,,)
n+1, . - -

S ]P)<|2an - n — 1 0-7:2s,t(is,t+kl) > Hn - 2bno-is,tis,tO(is,t+kl)(is,t+kl))

- ————— N n—1 —_—
S ]P)(|O-is,t(is,t+kl)| 2 6 logp/n) + P(’Uis,tis,t - n | Z 6 logp/n>
= O(p™).

So EV; = O(;z5x) and
M},
P() (V.- EV)) < —~M\EY;/2) <P( max |V}| > H,)=O0(p™")

1<t< M}
t=1 -

Now we can conclude that
P(SURE(ko+h)—SURE(ko) < 0) < C(logn)*(exp(—M./(Clogp))+p~?) < Cn~2.

So we show that SURE is consistent.
S1.2 Proof of Theorem 2.
Since Y,, = 0, we use Theorem 1 of Hall (1984) to derive the central

limit theorem. For ease of notation, we follow the similar notation as in
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Hall (1984). Define
Gn(xa y) - EHn<Zla x)Hn(Zh y)
Then

1 ko) (ko) (ko) .(k
EGn(Zl7 22)2 - ﬁ Z 24(’01(12'02)wl'(g’f)4)w7,(5i06)wl(7fs)

(Uilisa-izu + 0i1i4012i3)(ai5i70i618 + Ui5i80iﬁi7)

(Uilisgizis + 0i1i60i2i5)(0i3i70i4i8 + Ui3isai4i7)

8
n

By the definition of H,(Z;, Z5), it is easy to see that,

(tr(x?))*
EH,(Zy,Zy)* < CT
and
1 ko) (k
EHn(Zl’ZQ)Q - E Z 4“);1;)2)“1'(3?4)(0-2'12'302'2%'4+0i1i40i2i3)2'
1<dy,22,i3,i4<p
So we have

Varn(ko)
—1
— EMHn(Zla 22)2
2(n—1) ko) (k
- T Z wi(1;)2)w§331)(0i1i30-i2i4 + 0i1i40i2i3)2

1<41,i2,i3,84<p

%w(z?)(p — k).

v
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It is easy to see the conditions in Hall (1984) are satisfied as follow:

EG, (24, Zy)* + 2 22)
i n — 0.
(EHn(21,22))

Then (Var, (ko)) ~Y/2(S2 (ko) — ES?(ko)) — N(0,1). By the convergence rate
of the martingale central limit theorem from Haeusler (1988) and the detail

proofs in Hall (1984), we have

< EG.(Zy,75)* \*°
- (EH.(Zy, Z3)*)?

—|-O Hn(ZhZQ>4
n(EHn(Zl, ZQ)

1o 1/5
2>2) <Cn )

S1.3 Proof of Theorem 3.
Under null hypothesis, we have that S* = >, . H*(Zm, Z;). Then

ES? = Var, (ko) and we have

SQ

Pl ~ 1= < Var(S2)/(Var,(k))? — 0.

It is easy to see that
S* —Vary(ko) = Y (HXZm, Z) — EHY(Zn, Z)))

1<l<m<n

is a U statistic. The dominate term of the variance of S? is TL(”TA)QEQ(Xl)Q,

where

1 ko) (K
9(X1) = >y > 4w (211, 210, — 01yi2) (21ia 104 — Cigiy) —

1<y in,i3,i4<p

<0i1i30i2i4 + Ui1i40i2i3)}(0i1i30i2i4 + Ui1i40-i27l3)'
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Then

1
2 (ko), (ko), (ko) (ko)
Eg(Xy)® = v E 16w, i) Wiy Wigi Wirie 1 (210 21ia — Tiyiz ) (2145 2104 — Tigig) —
1<iq,..,14<p

(Uilz’saz‘m + Ui1i40i2i3)}{<21i521i6 - Uisie)(21i721z's = Oigig) —

(Ui5i7aiﬁis + Oisis Ji6i7)}(0i1i3 Tigig + Oiyiy Ui2i3)<ai5i7ai6i8 + Ui5i80i6i7)'

So we have Var(S?) < C [tr(X%)]*, and combine with (Var,(k))? >

n8

zp*, then S5?/Var, (kg) — 1 in probability.
S1.4 Proof of Theorem 5.

Define M, (ko) = maxy;_j>, n|0;;|*. Also define the marginal distribu-
tion functions of S?(ko) and M, (ko) as Ps, (z) = P(W < z), and

Py, (y) = P(Mn(ko) —4logp+loglogp < y) Moreover, we introduce their

joint distribution function as

Ps, a,(2,y) = p({SrZz(kO) — ESi(k‘O)

< 2}N{ M, (ko)—4log p+loglogp > y}).
Val"n<l{70)

Lemma 1 is useful to prove Theorem 5, and its proof is given in the next

subsection.

Lemma 1. Assume the same conditions of Theorem 5. Under Hy, for any
z and vy

Ps, a1, (2,y) = ®(2) (1 — 6¢8%62y) . (3)

Now, given Lemma 1, from the proof of Theorem 4 in Cai and Jiang

" : 2 '
) - n\ 0
(2010) and the definition of Z;’s, we know that |[nL2 — M, (ko) — 0 in
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probability. Combining Theorem 2 and 3, we know Q2 — S2(ky) — 0 in
probability too. Therefore, as long as Lemma 1 is proved, we complete the
proof of Theorem 5. |

S1.5 Proof of Lemma 1.

Define y,, = 4logp—log(logp)+y, Wo ={(i,j) : 1 <i<j<p,li—j| >
kot and Wi = {(i,5) : i € s, [t — j| = kot U{(d,5) : J € Ips, [t — j| = kot
For easy of notation, we rearrange the distinct indices in any ordering such
that W = {(i1,51) : 1 <1 < q = card(Wo\Wh), (i1, 1) € Wo\W1} and W' =
{(i, 51) : ¢ < 1 < card(Wy), (i1, 5;) € Wi}, Define Vi = (Var, (ko)) ~'/?{52

74l.]l

Zn 1 (znulznbjl) } G = card(Wl) and M’ (k;[)) = maxi<i<q |V| where ‘7l =

m=1

mel ml and

le = Zmiy, ijk[(|zmikzmjk| < Tn) - Ezmikzmjkj(yzmik ijk’ < Tn)

with 7,, = 8log(p). Then, we have

q+aq1

S2(ko) = Z Vi

=1

and

| My, (Ko) — My (ko) = 0
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in probability. Equivalently, we define the joint distribution as

q+q1

P () = P({max Vil > Vi) (Y Vi< )
qu_qi
= P(UL VIl > vk n{d_Vi< =)
=1
where we used the fact that {max,_; .. ,|Vi| > Vin} = (UL, [|Vi] > Vnl}
in the second equality. Let B; = {|Vi| > \/gn} N {2 Vi < z}. Then,
we have Pg, v (2,y) = P(U]_, B;). By using Bonferroni inequality, for any
fixed even number d < [¢/2], we know that
d d—1

(=1t Y P(MLyBy,) < P, (zy) < > P(N_B)

s=1 1<li1<..<ls<q :1 1<li1<..<ls<q

(4)

)

and also that

Hy < P(U_ {IVi| > Vom}) < Has (5)

where Hy = >0, (=1)""! 2 1<i<..<li<q PN {[Vil > Vo)) Let T, =

n~'/°. We define two index sets I = {(iy,,J;,),1 < t < d)} and W; =
{(0,9),1i —s| < koor|j —t| < koor|i —s| < koor|j —t| < ko,(s,t) €
I'and (i, 7) € W}. The cardinality of W is no greater than 2d(p(2ko — 1) — (2ko — 1)2ky).
By construction, {|Vi|, (i1, i) € I} and {Vi, (iv,ju) € (W UW')/W;} are
independent. Using the fact that > "7V, = D tiinews Vit 2 iinews Vi

we have
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P(NLiBu) < POLAVI > Vi) P( Y Vi<z+T)+P(| Y, Vi[ =T,
(i1,J1) E(WUW\W (i1,51)EWT

and

PN B,) = PVl > v ) P( Y. Vi<z=T,)-P(| > Vi|=>T,).

(i,51) E(WUW)\Wy (i1,91)EWT
From Thereorem 3, we obtain that
q+q1
1P( > Vi<zEY,)-P() Vi<z)|<CT,.
(1,3 €(WUW N\W; I=1

Combining (5) and the above inequalities, we have

q+q1
P(UL, B,) < Hle(ZwsZHcHd1Tn+qd%m(\( Y vz

=1 i1,91)EWT

g+q1

< P(UL, {Vi> Vi) P({D_ Vi < 2}]) + |Ha — Haa|

+C ' max P(| Y Vi[ 2 T,).

(1,31 EWT
while we used the triangle inequality and Bonferroni inequality in the second
inequality. Following the same idea in Cai et. al. (2013), we define |a|mpi, =
min; <;<q |a;| for any vector a € R?. For any d, we have

Hia—Hl = Y POV > v

1<hi<...<lg<q

> pEma 2120 >

IN

1<l <...<lg<q
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For any 1 <1l; <...<ly < g, by Theorem 1 in Zaitsev (1987),

P(| Z:ln_:ll(ymlsu 1 <s<d)

\/ﬁ |min 2 \/%) S P(’Nd|min Z \/y_n - €n<10gp>71/2)

nl/2

€n
" G (los )

+Cld5/2 exXp (

where Ng = (N, ..., N;,) is a normal vector with ENy = 0 and cov(Ny) =
cov((Yy,,1 < s <d)). By Lemma 5 in Cai et al (2013), we have

_ 1
Z P(lNd‘min 2 Yn — €n<10gp> 1/2) < (

= dl
1<l <..<lg<q

1

exp(—2))"(1+o(1).

2

So we have
1,1 Yo\d 1 5/9 n'/%e,
Hy— Hy | < = —2) (1 +o(1)), +Crqd® — :
|Hg i1] < d!(\/8_7reXp( 2)) (1+0(1)),+Ciq eXp( ng37n(log(p))1/2)
We will show the following claim
P(| > WlzT)<Ce (6)
(i,51)EWT
Take ¢, = (logp)~'/? and with claim(6), we have
R q+q1 1 1 Yod
P(UL.B,) < P(UL.,[{V, ) P V< cY,+C— —=
(VB) < POLIT > ) PV S AP+t O (= enl=5)
Similarly, we also have
q+aq1 1

P(UABL) > PIUL [T > D) P (Y Vima) < ) =CT,=C (o= exn(=5)"

Then let d — oo, for fixed y and z, we have

Py ap (1) — O(2) (1 - f) .
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Since |M/ (ko) — M, (ko)| — 0 in probability, we obtain the desired result.
Now it only remains to prove the claim (6). Let set M contain all the distinct
variables with subindex appear in set [ and set @ = {1, i — M| < ko — 1},
then L = card(Q) and L < 2d(2ky — 1). Without loss of generality, we only
consider the first L rows from sample covariance . We can bound

P( Y, VizT,)

(i1,51) EWT

L n—1 n—1
< ZP( Z {(Zk:l ZkiZkm) _ 2ak=1 Zizzgm} > Var;}/QnTn>
=1

. : n n - L
1<m<i—ko+1,i+ko—1<m<p

_Sp P S {@;i izen)? Y A var;ﬂnrn>
- i=1 n n a L '

1<m<i—ko+1,i+ko—1<m<p

Without loss of generality, choose ¢ = 1 and assume (p— ko) /ko is a integer,

zp: { (Chmy ze12km)®  hsi % }
n n
m=kg

can be rewritten as

p*ko_l
ko—1 ko n—1 2 n—1 2
Z Z {(Zkzl 211 Zk(I+ko + ko)) _ k=1 Zm}
n n
=0 j=0

Since Y is banded matrix with bandwidth ko,

P1< Zp: {(Zﬁ;i Zzem)? Yo z]?l} . Var)/ znTn>
< n n - L
m=kgo
h—1 B 1 1
1 ( . { (ZL Zklzk(l+ko+jko))2 ZZ; 2131 } Var;/2”Tn)
P Z — >
2 n n - Lh

<

=0 7=0
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n—1 n—1
Set g, = n'/? and p, = El(Zkzi/gﬂzm)%((z’“:lZ“Z“)Q < @n). Define

Sony 2k k2 o (St 2k km)? -

ym:< \/ﬁ )I( n < qn) = pn

n—1 n—1 n—1
L (Zkzl Zklzkm)QI((Zkzl wzen)” ) — 2kt Zin
m \/ﬁ: n n n n

for all m > 1. Define

_ {‘Zk 1% 1) < en=1/3, ‘Zk 1Zkz EZk 13, max ’Zk | <n1/6}

| <en”
1<k<n

Use the inequality P(U +V > u+v) < P(U > u) + P(V > v) to obtain

P1< < {(Zzzi Zklzk(ko+jko))2 Z izm } > Var}/QnTn>I
_ > T
- n n Lko
Jj=0
p;ko_l 1/2 p;ko_l 1/2
0 0
Var,/“n7T,, Var,/“n7T,,
= P 1( 2 Ykt > 2Lkg )IT% o 1( Ahotsho) Z T >]T%
5=0 §=0
= A,+ B, (7)
—1/5 1/2 5
for any n > 1. Since p > n, then 20‘2?5201)% < Varzk”T” < 02&@% 1;160 and

% > pl=n 15 = p*/5=¢ we can bound A, as follow

A, (8)
( V2pn~=1/5 )2
< 4.exp{ 4Cd(2ko—1)ko Ny }[T%
(p— 134T 2k + D i<kti<n_1 Fnch)/m* q"012d(2pk0 Dko
1—¢, —11/15
< 4-exp{—%}. (9)

Define by = zpol(|2r2| < n'/) — Ezod (|zie| < n'/%) and by = zpol (| 21e| >
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n'/%) — Bzl (|2r2| > n'/%). By Bernstein’s inequality, we have

p! ( (Zz;i 21 2k2)’ > Qn)

It
n
n—1 n—1
S 2P1(Z Zklbg Z 712/3/2)[7“"1 + 2P1(Z Zklbg Z n2/3/2)IT%
k=1 k=1
/3
< 2exp{ - n—1 Hr
8> h_, ziy + 8/3max |z [nd/6
+2P(II£]?<X | 24| > n'/%) < Ce 10 (10)
Since
n—1 29
2
‘,un - k;; M |[T,1
n—1 2
< C k=1 %k1 T Zkﬁékg Zkﬂzkglel
n n
n—1 2
[Pl((Zkzl Zklzk2) > qn)ITnl]l/Q < C’e_”l/S/C,

n

then we conclude B, < pPl(M > gn)Ir1. We have P((T7)°) <
Ce™"*/% from Li and Xue (2015). By using (7), (8) and (10), we show the
claim. |
S1.6 Proof of Theorem 6.

The first part is a direct conclusion from Theorem 5. It is enough to

prove the second part only. To simplify notation, we let SL, = Q%+ (nL? —
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4logp + loglog p) > ¢,. It is obvious that

inf P(TS=1)
2eG1UGs
= _inf P(SL, >c,)
¥eG1UGa

> min(inf P(SL, > ca),zigé P(SL, > c,)).
2

- Yeb

Recall that the threshold ¢, is the a upper quantile of ® x F'. On the one

hand, we have the simple probability bound that

1
inf P(SL, > > inf P(nL, — 41 loglogp > =1
Jnf P(SLy 2 ca) = inf P(nLy, —4logp+loglogp = 5 logp + ca)

1
— sup P(Q2 < —logp).
Yeby 2

Let V,,(ko) = var(S?(ky)). When relaxing the null hypothesis, using mar-
tingale central limit theorem, we still have that V,, (ko) =2 (S2 (ko) — ES2 (ko))
converges to N(0,1) as n — oo. While we also know that V,(ky) =

Var,, (ko) + V., (ko) , where

4n—1)(n—2 2 k k
V;z(kO) = ( fii ) Z ngo)wgto)gijO'st(O'isO'jt + Jitgjs)-
1<4,7,5,t<p

Since p > n, we can conclude that V! (kq)/Var, (ko) — 0. So relax null
assumption, we still have Var, (ko) =2 (S2(ko) — ES%(ko)) converges to the

standard normal distribution as n — co. In general

n—1 m—1
2(n—1
ESQ - Z ( ) Z w(kO)w(kO)(0i1i30i2i4+0i1i40i2i3+Ui1i20i3i4)27

n3 1112 771314
=2 [=1 1<41,i2,i3,i4<p
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It is not hard to show that S?/ES? — 1 in probability. Further we
have C; < ES?/Var,(ky) < C,, where C; and Cy are constants. We

shall show that infyeg, P(nL, — 4logp + loglogp > %logp +co) — 1

\/L\q/iikiim) < _2\/107 logp) — 0 as n diverges to infinity. By

ES:(ko) = 22 jisk, 01j» We have

and supycg, P(

SZ(kO) 1
P n < — lo
( Var, (ko) ~—  2vCs &)
2 . 2 2
< P(Sn(ko) ESn(k:O)S_ 1 log p — ESZ (ko)
V&I‘n(k}o) 2 V C2 Varn(ko)
— 0

In the meantime, we also have

1
inf P(nL? — 41 log1 | "
Jinf (nL, ogp +loglogp > 0g P+ Ca)

9
> inf P(max |o;;| — max|d;; — oy > \/(—10?;2? —loglogp)/n)
¥ed: tj 2

A 9
> 1— sup p(mi?xm =0yl 2 (€ = 5)Vlogp/n).

YeGy
Thus, infyeg, P(nL, —4logp+loglogp > %logp—l— Co) — 1, when n — oo.
We immediately obtain that infyeg, P(SL,, > ¢,) — 1.

On the other hand, we use the simple probability bound again to obtain

inf P(SL, > c,)
YeGa

> inf P(Q? > 4logp+ cq) — sup P(nL, —4logp +loglogp < —4logp).
DI PN

It is obvious that supyeg, P(nL, —4logp+loglogp < —4logp) = 0. More-
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: ES2 (ko)
over, as n — 00, since —=22 lo
’ ’ v/ Var,, (ko) > logp

2
inf P( Sn(kO) 410gp + Co

>
2€G: \/Var, (k) VCi )
P(Sfb(ko) — ESy(ko) _ 4logp ES3 (ko)

VVar, (k)  — VCi - \/Varn(ko))

—1

Thus, we obtain that infyeg, P(SL,, > ¢,) — 1. Now we get the conclusion.
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