
Statistica Sinica: Supplement

1

Applications of Peter Hall’s martingale limit theory to

estimating and testing high dimensional covariance matrices

Danning Li, Lingzhou Xue and Hui Zou

Jilin University, Pennsylvania State University and University of Minnesota

Supplementary Material

This supplementary file contains the proofs of the main article.

S1. Proofs

S1.1 Proof of Theorem 1.

The martingale central limit theorem in Hall and Heyde (1980) is the

key technical tool to prove Theorems 1. Following Theorems 1, 6 and 7 of

Li and Zou (2016), we only need to show that

logn∑
h=1

P(SURE(k0 + h)− SURE(k0) < 0) < n−(1+ε).

For all 1 ≤ h ≤ log n, we know

SURE(k0 + h)− SURE(k0) =
h∑
l=1

∑
|i−j|=k0+l−1

{(2an −
n+ 1

n− 1
)σ̃2

ij + 2bnσ̃iiσ̃jj}.
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Define kl = k0 + l − 1 then

P(SURE(k0 + h)− SURE(k0) < 0)

≤
h∑
l=1

P(
∑
|i−j|=kl

{(2an −
n+ 1

n− 1
)σ̃2

ij + 2bnσ̃iiσ̃jj} < 0)

=
h∑
l=1

P(

p−kl∑
i=1

{(2an −
n+ 1

n− 1
)σ̃2

i(i+kl)
+ 2bnσ̃iiσ̃(i+kl)(i+kl)} < 0).

To simplify our proof, assumeM l
n = (p−kl)/(2 log n) and 2 log n as integrate

numbers without loss of generality. Let is,t = s+ 2(t− 1) log n. Then,

P(

p−kl∑
i=1

{(2an −
n+ 1

n− 1
)σ̃2

i(i+kl)
+ 2bnσ̃iiσ̃(i+kl)(i+kl)} < 0)

≤
2 logn∑
s=1

P(

M l
n∑

t=1

{(2an −
n+ 1

n− 1
)σ̃2

is,t(is,t+kl)
+ 2bnσ̃is,tis,tσ̃(is,t+kl)(is,t+kl)} < 0)

=

2 logn∑
s=1

P(

M l
n∑

t=1

{(2an −
n+ 1

n− 1
)σ̃2

is,t(is,t+kl)
+ 2bnσ̃is,tis,tσ̃(is,t+kl)(is,t+kl)} < 0).

For any fixed l and s, Yt = (2an− n+1
n−1

)σ̃2
is,t(is,t+kl)

+ 2bnσ̃is,tis,tσ̃(is,t+kl)(is,t+kl)

are i.i.d. with mean n−1
n2 and variance 2(2an−n+1

n−1
)2 (n+1)(n−1)

n4 +4b2
n

(n−1)2(2n+1)
n4 +

4(2an − n+1
n−1

)bn
(2+3n)(n−1)

n4 = O( 1
n2 ). Let Hn = 7 log p

n
. Define Zt = YtI(|Yt| <

Hn) and Vt = YtI(|Yt| ≥ Hn). So

P(

M l
n∑

t=1

{(2an −
n+ 1

n− 1
)σ̃2

is,t(is,t+kl)
+ 2bnσ̃is,tis,tσ̃(is,t+kl)(is,t+kl)} < 0)

≤ P
( M l

n∑
t=1

(Zt − EZt) < −M l
nEYt/2

)
+P
( M l

n∑
t=1

(Vt − EVt) < −M l
nEYt/2

)
. (1)
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Then by Bernstein inequality, we have

P
( M l

n∑
t=1

(Zt − EZt) < −M l
nEYt/2

)
≤ exp

(
−

1
8
(M l

nEYt)
2∑

var(Yt) + 2
3
HnM l

nEYt

)
≤ exp(−M l

n/(C log p)).

Now we bound the second term in (1).

P(|Yt| ≥ Hn)

≤ P(|2an −
n+ 1

n− 1
|σ̃2
is,t(is,t+kl)

> Hn − 2bnσ̃is,tis,tσ̃(is,t+kl)(is,t+kl))

≤ P(|σ̃is,t(is,t+kl)| ≥
√

6 log p/n) + P(|σ̃is,tis,t −
n− 1

n
| ≥

√
6 log p/n)

= O(p−4).

So EVt = O( 1
n2p4

) and

P
( M l

n∑
t=1

(Vt − EVt) < −M l
nEYt/2

)
≤ P( max

1≤t≤M l
n

|Yt| ≥ Hn) = O(p−3)

Now we can conclude that

P(SURE(k0+h)−SURE(k0) < 0) ≤ C(log n)2(exp(−M l
n/(C log p))+p−3) ≤ Cn−2.

So we show that SURE is consistent.

S1.2 Proof of Theorem 2.

Since Ym = 0, we use Theorem 1 of Hall (1984) to derive the central

limit theorem. For ease of notation, we follow the similar notation as in
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Hall (1984). Define

Gn(x, y) = EHn(Z1, x)Hn(Z1, y). (2)

Then

EGn(Z1, Z2)2 =
1

n8

∑
1≤i1,i2,i3,i4,i5,i6,i7,i8≤p

24ω
(k0)
i1i2

ω
(k0)
i3i4

ω
(k0)
i5i6

ω
(k0)
i7i8

(σi1i3σi2i4 + σi1i4σi2i3)(σi5i7σi6i8 + σi5i8σi6i7)

(σi1i5σi2i6 + σi1i6σi2i5)(σi3i7σi4i8 + σi3i8σi4i7)

≤ C
tr(Σ8)

n8

By the definition of Hn(Z1, Z2), it is easy to see that,

EHn(Z1, Z2)4 ≤ C
(tr(Σ2))4

n8

and

EHn(Z1, Z2)2 =
1

n4

∑
1≤i1,i2,i3,i4≤p

4ω
(k0)
i1i2

ω
(k0)
i3i4

(σi1i3σi2i4 + σi1i4σi2i3)
2.

So we have

Varn(k0)

= E
n(n− 1)

2
Hn(Z1, Z2)2

=
2(n− 1)

n3

∑
1≤i1,i2,i3,i4≤p

ω
(k0)
i1i2

ω
(k0)
i3i4

(σi1i3σi2i4 + σi1i4σi2i3)
2

≥ 2(n− 1)

n3
tr(Σ2)(p− 2k0).
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It is easy to see the conditions in Hall (1984) are satisfied as follow:

EGn(Z1, Z2)2 + EHn(Z1,Z2)4

n

(EHn(Z1, Z2)2)2
→ 0.

Then (Varn(k0))−1/2(S2
n(k0)−ES2

n(k0))→ N(0, 1). By the convergence rate

of the martingale central limit theorem from Haeusler (1988) and the detail

proofs in Hall (1984), we have

sup
t
|P (

S2
n(k0)− ES2

n(k0)√
Varn(k0)

≤ t)− Φ(t)|

≤ C

(
EGn(Z1, Z2)2

(EHn(Z1, Z2)2)2

)2/5

+C

(
Hn(Z1, Z2)4

n(EHn(Z1, Z2)2)2

)1/5

≤ Cn−1/5.

S1.3 Proof of Theorem 3.

Under null hypothesis, we have that S2 =
∑

1≤l<m≤nH
2(Zm, Zl). Then

ES2 = Varn(k0) and we have

P (| S2

Varn(k0)
− 1| > ε) ≤ Var(S2)/(Varn(k0))2 → 0.

It is easy to see that

S2 − Varn(k0) =
∑

1≤l<m≤n

(H2
n(Zm, Zl)− EH2

n(Zm, Zl))

is a U statistic. The dominate term of the variance of S2 is n(n−1)2

2
Eg(X1)2,

where

g(X1) =
1

n4

∑
1≤i1,i2,i3,i4≤p

4ω
(k0)
i1i2

ω
(k0)
i3i4
{(z1i1z1i2 − σi1i2)(z1i3z1i4 − σi3i4)−

(σi1i3σi2i4 + σi1i4σi2i3)}(σi1i3σi2i4 + σi1i4σi2i3).
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Then

Eg(X1)2 =
1

n8

∑
1≤i1,...,i4≤p

16ω
(k0)
i1i2

ω
(k0)
i3i4

ω
(k0)
i5i6

ω
(k0)
i7i8
{(z1i1z1i2 − σi1i2)(z1i3z1i4 − σi3i4)−

(σi1i3σi2i4 + σi1i4σi2i3)}{(z1i5z1i6 − σi5i6)(z1i7z1i8 − σi7i8)−

(σi5i7σi6i8 + σi5i8σi6i7)}(σi1i3σi2i4 + σi1i4σi2i3)(σi5i7σi6i8 + σi5i8σi6i7).

So we have Var(S2) ≤ C n(n−1)2

n8 [tr(Σ2)]4, and combine with (Varn(k0))2 ≥

1
Cn4p

4, then S2/Varn(k0)→ 1 in probability.

S1.4 Proof of Theorem 5.

Define Mn(k0) = max|i−j|≥h n|σ̃ij|2. Also define the marginal distribu-

tion functions of S2
n(k0) and Mn(k0) as PSn(z) = P

(S2
n(k0)−ES2

n(k0)√
Varn(k0)

≤ z
)
, and

PMn(y) = P
(
Mn(k0)− 4 log p+ log log p ≤ y

)
. Moreover, we introduce their

joint distribution function as

PSn,Mn(z, y) = P
(
{S

2
n(k0)− ES2

n(k0)√
Varn(k0)

≤ z}∩{Mn(k0)−4 log p+log log p ≥ y}
)
.

Lemma 1 is useful to prove Theorem 5, and its proof is given in the next

subsection.

Lemma 1. Assume the same conditions of Theorem 5. Under H0, for any

z and y

PSn,Mn(z, y)→ Φ(z)

(
1− e

−1√
8π
e
−y
2

)
. (3)

Now, given Lemma 1, from the proof of Theorem 4 in Cai and Jiang

(2010) and the definition of Zi’s, we know that |nL2
n − Mn(k0)| → 0 in
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probability. Combining Theorem 2 and 3, we know Q2
n − S2

n(k0) → 0 in

probability too. Therefore, as long as Lemma 1 is proved, we complete the

proof of Theorem 5. �

S1.5 Proof of Lemma 1.

Define yn = 4 log p− log(log p)+y, W0 = {(i, j) : 1 ≤ i < j ≤ p, |i−j| ≥

k0} and W1 = {(i, j) : i ∈ Γp,δ, |i− j| ≥ k0} ∪ {(i, j) : j ∈ Γp,δ, |i− j| ≥ k0}.

For easy of notation, we rearrange the distinct indices in any ordering such

that W = {(il, jl) : 1 ≤ l ≤ q = card(W0 \W1), (il, jl) ∈ W0 \W1} and W ′ =

{(il, jl) : q < l ≤ card(W0), (il, jl) ∈ W1}. Define Vl = (Varn(k0))−1/2{σ̂2
iljl
−∑n−1

m=1

(zmilzmjl )
2

n2 }, q1 = card(W1) and M ′
n(k0) = max1≤l≤q |V̂l|2, where V̂l =

1√
n

∑n−1
m=1 Yml and

Yml = zmikzmjkI(|zmikzmjk | ≤ τn)− EzmikzmjkI(|zmikzmjk | ≤ τn)

with τn = 8 log(p). Then, we have

S2
n(k0) =

q+q1∑
l=1

Vl

and

|M ′
n(k0)−Mn(k0)| → 0
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in probability. Equivalently, we define the joint distribution as

PSn,M ′n(z, y) = P
(
{ max
l=1,··· ,q

|V̂l| >
√
yn} ∩ {

q+q1∑
l=1

Vl ≤ z}
)

= P
(
∪ql=1 [{|V̂l| >

√
yn} ∩ {

q+q1∑
l=1

Vl ≤ z}]
)
,

where we used the fact that {maxl=1,··· ,q |V̂l| >
√
yn} = {∪ql=1[|V̂l| >

√
yn]}

in the second equality. Let Bl = {|V̂l| >
√
yn} ∩ {

∑q+q1
l=1 Vl ≤ z}. Then,

we have PSn,M ′n(z, y) = P (∪ql=1Bl). By using Bonferroni inequality, for any

fixed even number d < [q/2], we know that

d∑
s=1

(−1)s−1
∑

1≤l1<...<ls≤q

P (∩st=1Blt) ≤ PSn,M ′n(z, y) ≤
d−1∑
s=1

(−1)s−1
∑

1≤l1<...<ls≤q

P (∩st=1Blt)

(4)

and also that

Hd ≤ P
(
∪ql=1 {|V̂l| >

√
yn}
)
≤ Hd−1 (5)

where Hd =
∑d

s=1(−1)s−1
∑

1≤l1<...<ls≤q P (∩st=1{|V̂l| >
√
yn}). Let Υn =

n−1/5. We define two index sets I = {(ilt , jlt), 1 ≤ t ≤ d)} and WI =

{(i, j), |i − s| < k0 or |j − t| < k0 or |i − s| < k0 or |j − t| < k0 , (s, t) ∈

I and (i, j) ∈ W}. The cardinality ofWI is no greater than 2d(p(2k0 − 1)− (2k0 − 1)2k0).

By construction, {|V̂l|, (il, jl) ∈ I} and {Vl′ , (il′ , jl′) ∈ (W ∪W ′)/WI} are

independent. Using the fact that
∑q+q1

l=1 Vl =
∑

(il,jl)∈WI
Vl +

∑
(il,jl)∈WI

Vl,

we have
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P
(
∩dt=1Blt

)
≤ P

(
∩dt=1{|V̂l| >

√
yn}
)
P
( ∑

(il,jl)∈(W∪W ′)\WI

Vl ≤ z+Υn

)
+P
(∣∣ ∑

(il,jl)∈WI

Vl
∣∣ ≥ Υn

)
and

P
(
∩dt=1Blt

)
≥ P

(
∩dt=1{|V̂l| >

√
yn}
)
P
( ∑

(il,jl)∈(W∪W ′)\WI

Vl ≤ z−Υn

)
−P
(∣∣ ∑

(il,jl)∈WI

Vl
∣∣ ≥ Υn

)
.

From Thereorem 3, we obtain that

|P
( ∑

(il,jl)∈(W∪W ′)\WI

Vl ≤ z ±Υn

)
− P

( q+q1∑
l=1

Vl ≤ z
)
| ≤ CΥn.

Combining (5) and the above inequalities, we have

P
(
∪ql=1 Blt

)
≤ Hd−1P

( q+q1∑
l=1

Vl ≤ z
)

+ CHd−1Υn + qd max
I∈W

P
(∣∣ ∑

(il,jl)∈WI

Vl
∣∣ ≥ Υn

)
≤ P

(
∪ql=1 [{V̂l >

√
yn}
)
P
(
{
q+q1∑
l=1

Vl ≤ z}]
)

+ |Hd −Hd−1|

+CΥn + qd max
I∈W

P
(∣∣ ∑

(il,jl)∈WI

Vl
∣∣ ≥ Υn

)
,

while we used the triangle inequality and Bonferroni inequality in the second

inequality. Following the same idea in Cai et. al. (2013), we define |a|min =

min1≤i≤d |ai| for any vector a ∈ Rd. For any d, we have

|Hd−1 −Hd| =
∑

1≤l1<...<ld≤q

P (∩ds=1{|V̂ls| ≥
√
yn})

≤
∑

1≤l1<...<ld≤q

P (|
∑n−1

m=1(Ymls , 1 ≤ s ≤ d)√
n

|min ≥
√
yn)
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For any 1 ≤ l1 < . . . < ld ≤ q, by Theorem 1 in Zaitsev (1987),

P (|
∑n−1

m=1(Ymls , 1 ≤ s ≤ d)√
n

|min ≥
√
yn) ≤ P (|Nd|min ≥

√
yn − εn(log p)−1/2)

+C1d
5/2 exp

(
− n1/2εn
C2d3τn(log(p))1/2

)
where Nd = (Nl1 , . . . , Nld) is a normal vector with ENd = 0 and cov(Nd) =

cov((Y1ls , 1 ≤ s ≤ d)). By Lemma 5 in Cai et al (2013), we have

∑
1≤l1<...<ld≤q

P (|Nd|min ≥
√
yn − εn(log p)−1/2) ≤ 1

d!

( 1√
8π

exp(−y
2

)
)d

(1 + o(1)).

So we have

|Hd −Hd−1| ≤
1

d!

( 1√
8π

exp(−y
2

)
)d

(1 + o(1)),+C1q
dd5/2 exp

(
− n1/2εn
C2d3τn(log(p))1/2

)
.

We will show the following claim

P
(∣∣ ∑

(il,jl)∈WI

Vl
∣∣ ≥ Υn

)
≤ Ce−cn

1/5

. (6)

Take εn = (log p)−1/2 and with claim(6), we have

P
(
∪ql=1Blt

)
≤ P

(
∪ql=1[{V̂l > yn}

)
P
(
{
q+q1∑
l=1

Vl ≤ z}]
)
+CΥn+C

1

d!

( 1√
8π

exp(−y
2

)
)d

Similarly, we also have

P
(
∪ql=1Blt

)
≥ P

(
∪ql=1[{V̂l > yn}

)
P
(
{bn(

q+q1∑
l=1

Vl−an) ≤ z}]
)
−CΥn−C

1

d!

( 1√
8π

exp(−y
2

)
)d
.

Then let d→∞, for fixed y and z, we have

PSn,M ′n(z, y)→ Φ(z)

(
1− e

−1√
8π
e
−y
2

)
.
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Since |M ′
n(k0) −Mn(k0)| → 0 in probability, we obtain the desired result.

Now it only remains to prove the claim (6). Let set M contain all the distinct

variables with subindex appear in set I and set Q = {i, |i−M | ≤ k0 − 1},

then L = card(Q) and L ≤ 2d(2k0 − 1). Without loss of generality, we only

consider the first L rows from sample covariance Σ. We can bound

P
( ∑

(il,jl)∈WI

Vl ≥ Υn

)
≤

L∑
i=1

P
( ∑

1≤m≤i−k0+1,i+k0−1≤m≤p

{(
∑n−1

k=1 zkizkm)2

n
−
∑n−1

k=1 z
2
kiz

2
km

n

}
≥ Var1/2

n nΥn

L

)
=

L∑
i=1

EP i
( ∑

1≤m≤i−k0+1,i+k0−1≤m≤p

{(
∑n−1

k=1 zkizkm)2

n
−
∑n−1

k=1 z
2
ki

n

}
≥ Var1/2

n nΥn

L

)
.

Without loss of generality, choose i = 1 and assume (p−k0)/k0 is a integer,

p∑
m=k0

{(
∑n−1

k=1 zk1zkm)2

n
−
∑n−1

k=1 z
2
k1

n

}
can be rewritten as

k0−1∑
l=0

p−k0
k0
−1∑

j=0

{(
∑n−1

k=1 zk1zk(l+k0+jk0))
2

n
−
∑n−1

k=1 z
2
k1

n

}
Since Σ is banded matrix with bandwidth k0,

P 1
( p∑
m=k0

{(
∑n−1

k=1 zk1zkm)2

n
−
∑n−1

k=1 z
2
k1

n

}
≥ Var1/2

n nΥn

L

)

≤
h−1∑
l=0

P 1
( p−k0

k0
−1∑

j=0

{(
∑n−1

k=1 zk1zk(l+k0+jk0))
2

n
−
∑n−1

k=1 z
2
k1

n

}
≥ Var1/2

n nΥn

Lh

)



12 Danning Li, Lingzhou Xue and Hui Zou

Set qn = n1/3 and µn = E1
(∑n−1

k=1 zk1zk2√
n

)2
I(

(
∑n−1
k=1 zk1zk2)2

n
≤ qn). Define

ym =
(∑n−1

k=1 zk1zkm√
n

)2
I(

(
∑n−1

k=1 zk1zkm)2

n
≤ qn)− µn

zm =
(∑n−1

k=1 zk1zkm√
n

)2
I(

(
∑n−1

k=1 zk1zkm)2

n
> qn) + µn −

∑n−1
k=1 z

2
k1

n

for all m ≥ 1. Define

T in = {|
∑n−1

k=1 z
2
ki

n
−1| ≤ εn−1/3, |

∑n−1
k=1 z

4
ki

n
−EZ4

ki| ≤ εn−1/3, max
1≤k≤n−1

|zki| ≤ n1/6}.

Use the inequality P (U + V ≥ u+ v) ≤ P (U ≥ u) + P (V ≥ v) to obtain

P 1
( p−k0

k0
−1∑

j=0

{(
∑n−1

k=1 zk1zk(k0+jk0))
2

n
−
∑n−1

k=1 z
2
k1

n

}
≥ Var1/2

n nΥn

Lk0

)
IT 1

n

≤ P 1
( p−k0

k0
−1∑

j=0

y(k0+jk0) ≥
Var1/2

n nΥn

2Lk0

)
IT 1

n
+ P 1

( p−k0
k0
−1∑

j=0

z(k0+jk0) ≥
Var1/2

n nΥn

2Lh

)
IT 1

n

:= An +Bn (7)

for any n ≥ 1. Since p > n, then
√

2pn−1/5

2Cd(2k0−1)k0
≤ Var

1/2
n nΥn
Lk0

≤ C
√

2pn−1/5

2d(2k0−1)k0
and

√
2pn−1/5

2d(2k0−1)k0
� p1−εn−1/5 = p4/5−ε, we can bound An as follow

An (8)

≤ 4 · exp
{
−

(
√

2pn−1/5

4Cd(2k0−1)k0
)2

(p− 1)(3
∑n−1

k=1 z
4
k1 +

∑
1≤k 6=l≤n−1 z

2
k1z

2
l1)/n2 + qnC

√
2pn−1/5

12d(2k0−1)k0

}
IT 1

n

≤ 4 · exp
{
− p1−εn−11/15

3C

}
. (9)

Define b2 = zk2I(|zk2| ≤ n1/6) − Ezk2I(|xk2| ≤ n1/6) and b3 = zk2I(|zk2| >
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n1/6)− Ezk2I(|zk2| > n1/6). By Bernstein’s inequality, we have

P 1
((
∑n−1

k=1 zk1zk2)2

n
≥ qn

)
IT 1

n

≤ 2P 1
( n−1∑
k=1

zk1b2 ≥ n2/3/2
)
IT 1

n
+ 2P 1

( n−1∑
k=1

zk1b3 ≥ n2/3/2
)
IT 1

n

≤ 2 exp
{
− n4/3

8
∑n−1

k=1 z
2
k1 + 8/3 max |zk1|n5/6

}
IT 1

n

+2P ( max
1≤k≤n

|xk2| > n1/6) ≤ Ce−n
1/3/C . (10)

Since

|µn −
∑n−1

k=1 z
2
k1

n
|IT 1

n

≤ C

∑n−1
k=1 z

2
k1 +

∑
k1 6=k2 zk11zk21

n
IT 1

n

[P 1
((
∑n−1

k=1 zk1zk2)2

n
≥ qn

)
IT 1

n
]1/2 ≤ Ce−n

1/3/C ,

then we conclude Bn ≤ pP 1
( (

∑n
k=1 xk1xk2)2

n
≥ qn

)
IT 1

n
. We have P ((T in)c) ≤

Ce−n
1/3/C from Li and Xue (2015). By using (7), (8) and (10), we show the

claim. �

S1.6 Proof of Theorem 6.

The first part is a direct conclusion from Theorem 5. It is enough to

prove the second part only. To simplify notation, we let SLn = Q2
n+(nL2

n−
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4 log p+ log log p) ≥ cα. It is obvious that

inf
Σ∈G1∪G2

P (TS = 1)

= inf
Σ∈G1∪G2

P (SLn ≥ cα)

≥ min( inf
Σ∈G1

P (SLn > cα), inf
Σ∈G2

P (SLn > cα)).

Recall that the threshold cα is the α upper quantile of Φ ? F . On the one

hand, we have the simple probability bound that

inf
Σ∈G1

P (SLn ≥ cα) ≥ inf
Σ∈G1

P (nLn − 4 log p+ log log p ≥ 1

2
log p+ cα)

− sup
Σ∈G1

P (Q2
n ≤ −

1

2
log p).

Let Vn(k0) = var(S2
n(k0)). When relaxing the null hypothesis, using mar-

tingale central limit theorem, we still have that Vn(k0)−
1
2 (S2

n(k0)−ES2
n(k0))

converges to N(0, 1) as n → ∞. While we also know that Vn(k0) =

Varn(k0) + V′n(k0) , where

V′n(k0) =
4(n− 1)(n− 2)2

n4

∑
1≤i,j,s,t≤p

ω
(k0)
ij ω

(k0)
st σijσst(σisσjt + σitσjs).

Since p � n, we can conclude that V′n(k0)/Varn(k0) → 0. So relax null

assumption, we still have Varn(k0)−
1
2 (S2

n(k0) − ES2
n(k0)) converges to the

standard normal distribution as n→∞. In general

ES2 =
n−1∑
m=2

m−1∑
l=1

2(n− 1)

n3

∑
1≤i1,i2,i3,i4≤p

ω
(k0)
i1i2

ω
(k0)
i3i4

(σi1i3σi2i4+σi1i4σi2i3+σi1i2σi3i4)
2,
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It is not hard to show that S2/ES2 → 1 in probability. Further we

have C1 ≤ ES2/Varn(k0) ≤ C2, where C1 and C2 are constants. We

shall show that infΣ∈G1 P (nLn − 4 log p + log log p ≥ 1
2

log p + cα) → 1

and supΣ∈G1 P ( S2
n(k0)√

Varn(k0)
≤ − 1

2
√
C2

log p) → 0 as n diverges to infinity. By

ES2
n(k0) =

∑
|i−j|≥k0 σ

2
ij, we have

P (
S2
n(k0)√

Varn(k0)
≤ − 1

2
√
C2

log p)

≤ P
(S2

n(k0)− ES2
n(k0)√

Varn(k0)
≤ − 1

2
√
C2

log p− ES2
n(k0)√

Varn(k0)

)
→ 0.

In the meantime, we also have

inf
Σ∈G1

P (nL2
n − 4 log p+ log log p ≥ 1

2
log p+ cα)

≥ inf
Σ∈G1

P (max |σij| −max
ij
|σ̂ij − σij| ≥

√
(
9

2
log p− log log p)/n)

≥ 1− sup
Σ∈G1

p(max
ij
|σ̂ij − σij| ≥ (C − 9

2
)
√

log p/n).

Thus, infΣ∈G1 P (nLn− 4 log p+ log log p ≥ 1
2

log p+ cα)→ 1, when n→∞.

We immediately obtain that infΣ∈G1 P (SLn ≥ cα)→ 1.

On the other hand, we use the simple probability bound again to obtain

inf
Σ∈G2

P (SLn > cα)

≥ inf
Σ∈G2

P (Q2
n ≥ 4 log p+ cα)− sup

Σ∈G2
P (nLn − 4 log p+ log log p ≤ −4 log p).

It is obvious that supΣ∈G2 P (nLn−4 log p+log log p ≤ −4 log p) = 0. More-
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over, as n→∞, since ES2
n(k0)√

Varn(k0)
� log p

inf
Σ∈G2

P (
S2
n(k0)√

Varn(k0)
≥ 4 log p+ cα√

C1

)

= P (
S2
n(k0)− ES2

n(k0)√
Varn(k0)

≥ 4 log p√
C1

− ES2
n(k0)√

Varn(k0)
)

→ 1

Thus, we obtain that infΣ∈G2 P (SLn ≥ cα)→ 1. Now we get the conclusion.
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