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Recall that C P p0,8q denote a generic constant (not depending on

n). Write IA (and also I(A)) for the indicator function of a set A. Let

tXt : t P Zu be defined on a probability space pΩ,F , P q and let tDj : j P Zu

be a collection of sub σ-fields of F (cf. Götze and Hipp (1983)) as detailed

in the Appendix. Set Dq
p “ σxtDj : j P Z, p ď j ď quy, ´8 ď p ă q ď 8.

We now show that the regularity conditions hold for the linear process (2.1),

with the natural choice Dj “ σxεjy.

Proof of Proposition 1. The discussion given in the Appendix shows that

conditions (C.1)-(C.5) holds with Dj “ σxεjy, j P Z. Hence, we concentrate

on verification of (C.6). The tapered DFT djpλq for the set of observations

in the j-th block Xj,l is

djpλq “
ÿ

mPZ

εm

˜

l
ÿ

r“1

hr exppιλrqar`j´m´1

¸

. (S6.1)
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For j,m P Z, let cjm “
řl

r“1 hrpcosλrqaj´m`r´1

r2π
řl

r“1 h
2
rs

1{2
and sjm “

řl
r“1 hrpsinλrqaj´m`r´1

r2π
řl

r“1 h
2
rs

1{2
.

Then, by (S6.1), for any k P Z and j P t1, . . . , Nu, we can write

Yjn “
´

2π
l
ÿ

r“1

h2r

¯´1ˇ
ˇ

ˇ
djpλq

ˇ

ˇ

ˇ

2

“ ε2kpc
2
jk ` s

2
jkq ` An,j,´k ` 2εkBn,j,´k, (S6.2)

where, An,j,´k ”
´

ř

m‰k εmcjm

¯2

`

´

ř

m‰k εmsjm

¯2

andBn,j,´k ” cjk
ř

m‰k εmcjm`

sjk
ř

m‰k εmsjm are independent of εk. Now setting k “ j0l in (S6.2), the

sum in (S7.1) is

j0`m
ÿ

j“j0´m

Wjn “
1

l

pj0`mql
ÿ

j“pj0´m´1ql`1

Yjn “
1

l

pj0`mql
ÿ

j“pj0´m´1ql`1

“

ε2kpc
2
jk ` s

2
jkq ` 2εkBn,j,´k ` An,j,´k

‰

“ ε2k

„

1

l

pj0`mql
ÿ

j“pj0´m´1ql`1

pc2jk ` s
2
jkq



` 2εk

„

1

l

pj0`mql
ÿ

j“pj0´m´1ql`1

Bn,j,´k



`

„

1

l

pj0`mql
ÿ

j“pj0´m´1ql`1

An,j,´k



” en,kε
2
k ` 2Bn,´kεk ` An,´k. (say),

where en,k ” en is a constant (that does not depend on j0 and hence, on k)

and where An,´k and Bn,´k are random variables that are measurable with

respect to (w.r.t) the σ-field Dp´kq ” σxεj : j ‰ ky. Next we consider the

asymptotic behavior of en,k. Note that

en,k ” en “
´

2πl
l
ÿ

r“1

h2r

¯´1 ml
ÿ

j“´pm`1ql`1

l
ÿ

r“1

l
ÿ

s“1

hrhse
ιλpr´sqaj`r´1aj`s´1

“

´

2πl
l
ÿ

r“1

h2r

¯´1 l´1
ÿ

p“´pl´1q

eιλp
l^pl´pq
ÿ

s“1_p1´pq

hshs`p

«

ÿ

jPZ

ajaj`p `Rnps, pq

ff

,

where, Rnps, pq is defined by :
řml
j“´pm`1ql`1 aj`s´1aj`p`s´1 “

ř

jPZ ajaj`p`

Rnps, pq. Using the geometric rate of decay of the aj’s for large |j| and
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Cauchy-Schwarz inequality, we get

sup
s“1,...,l

|p|ďpl´1q

|Rnps, pq| ď sup
s“1,...,l

|p|ďpl´1q

»

–

ÿ

jď´pm`1ql`s

|ajaj`p| `
ÿ

jąml`s

|ajaj`p|

fi

fl

ď sup
s“1,...,l

|p|ďpl´1q

«

ÿ

jď´ml

|aj||aj`p| `
ÿ

jěml`1

|aj||aj`p|

ff

ď 2
ÿ

|j|ąpm´1ql

a2j “ O
´

c
2pm´1ql
1

¯

as nÑ 8.

Since the bound on Rnps, pq holds uniformly over all ps, pq, by Cauchy-

Schwarz inequality, we get

´

2πl
l
ÿ

r“1

h2r

¯´1
ˇ

ˇ

ˇ

ˇ

l´1
ÿ

p“´pl´1q

eιλp
l^pl´pq
ÿ

s“1_p1´pq

hshs`p Rnps, pq

ˇ

ˇ

ˇ

ˇ

ď

´

2πl
l
ÿ

r“1

h2r

¯´1 l´1
ÿ

p“´pl´1q

´

l
ÿ

s“1

h2s

¯
ˇ

ˇ

ˇ
Rnps, pq

ˇ

ˇ

ˇ

ď
2l ` 1

2πl
max
|p|ďl´1

ˇ

ˇ

ˇ
Rnps, pq

ˇ

ˇ

ˇ
“ O

´

c
2pm´1ql
1

¯

.

Thus, for m ě 2,

en “
´

2πl
l
ÿ

r“1

h2r

¯´1 l´1
ÿ

p“´pl´1q

$

&

%

´

l^pl´pq
ÿ

s“1_p1´pq

hshs`p

¯

eιλp
ÿ

jPZ

ajaj`p

,

.

-

`Opcl1q.

(S6.3)

Next let ωpδq “ supt|hpxq ´ hpyq| : |x ´ y| ď δ, x, y P r0, 1su, δ ą 0. By

uniform continuity of hp¨q on r0, 1s, limδÓ0 ωpδq “ 0. Hence, for hs ” h ps{lq,
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by the bounded convergence theorem,

sup
|p|2ď4l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l´1
l^pl´pq
ÿ

s“1_p1´pq

hshs`p ´

ż 1

0

h2pxq dx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
|p|2ď4l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l´1
l^pl´pq
ÿ

s“1_p1´pq

hshs`p ´ l
´1

l
ÿ

s“1

h2s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

l´1
l
ÿ

s“1

h2s ´

ż 1

0

h2pxq dx

ˇ

ˇ

ˇ

ˇ

ˇ

ď ω

˜

2
?
l

l

¸

¨
1

l

l
ÿ

s“1

ˇ

ˇ

ˇ
h
´s

l

¯ˇ

ˇ

ˇ
`

4
?
l

l

ˆ

max
xPr0,1s

hpxq2
˙

`

ˇ

ˇ

ˇ

ˇ

ˇ

1

l

l
ÿ

s“1

´s

l

¯2

´

ż 1

0

h2pxq dx

ˇ

ˇ

ˇ

ˇ

ˇ

“ op1q, as nÑ 8.

Next, for any sequence tamumPZ, define pa ˚ aqpjq ”
ř

pPZ apap`j, j P Z and

âpλq “
ř

jPZ e
ιλjaj, λ P p´π, πs. Then the Fourier transform of a ˚ a at

frequency λ is given by za ˚ apλq “ |âpλq|2 and

ÿ

|p|2ď4l

eιλp
ÿ

jPZ

ajaj`p “
ÿ

pPZ

ÿ

jPZ

ajaj`pe
ιλp
´

ÿ

|p|2ą4l

ÿ

jPZ

ajaj`pe
ιλp
“ |âpλq|2 `O

´

c
?
l

1

¯

.

(S6.4)

Thus combining equations (S6.3)-(S6.4), we can write

ˇ

ˇ

ˇ

ˇ

ÿ

|p|ďpl´1q

eιλp
ÿ

jPZ

ajaj`p

ˆ

1

l

l^pl´pq
ÿ

s“1_p1´pq

hshs`p

˙

´ |âpλq|2
ż 1

0

h2pxq dx

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ÿ

|p|2ď4l

eιλp
ÿ

jPZ

ajaj`p

ˆ

1

l

l^pl´pq
ÿ

s“1_p1´pq

hshs`p

˙

´ |âpλq|2
ż 1

0

hpxq2dx

ˇ

ˇ

ˇ

ˇ

`
ÿ

|p|2ą4l

ÿ

jPZ

|ajaj`p| ¨

˜

1

l

l
ÿ

s“1

h2s

¸

“ op1q as nÑ 8.
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Consequently, it follows that

lim
nÑ8

l ¨ en “
|âpλq|2

2π
‰ 0 (as fpλq ‰ 0q. (S6.5)

Now set dn “ l, mn “ plog nq2, n ě 2. It is easy to verify that the require-

ments of condition (C.6) on these sequences of constants hold, provided

a ě 1{2. Now, by (S6.5), the stationarity of tXtu and the Cramér’s condi-

tion on pε21, ε1q, there exists a κ P p0, 1q such that

sup
j0PJn

sup
tPAn

E

ˇ

ˇ

ˇ

ˇ

ˇ

E

˜

exp
´

ιt
j0`m
ÿ

j“j0´m

Wjn

¯

| D̃p´j0lq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
j0PJn

sup
tPAn

E

ˇ

ˇ

ˇ

ˇ

ˇ

E

˜

exp
´

ιt
j0`m
ÿ

j“j0´m

Wjn

¯

| Dp´j0lq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
j0PJn

sup
těl

E
ˇ

ˇ

ˇ
E
´

exp
`

ιtren,kε
2
k ` 2Bn,´kεk ` An,´ks

˘

| tεj : j ‰ ku
¯
ˇ

ˇ

ˇ

ď sup
těl,uPR

ˇ

ˇ

ˇ
E exp

´

ιrtenε
2
1 ` uε1s

¯ˇ

ˇ

ˇ
ď sup

tě|âpλq|2,uPR

ˇ

ˇ

ˇ
E
´

exp
´

ιrtε21 ` uε1s
¯ˇ

ˇ

ˇ
ď p1´ κq,

for n large. Hence, condition (C.6) holds for all a ě 1{2.

Proof of Theorem 1. For proving Theorem 1, we shall use Theorem 2.1 of

Lahiri (2007), which gives conditions for valid EEs for the sum of block

variables of the form n´1
řn
j“1 Ỹjn for zero mean variables Ỹjn “ fjnpXj,lq,

j “ 1, . . . , n, where fjn’s are Borel measurable functions from Rl Ñ R.

To this end, we set Ỹjn “ Yj,n ´ EpYj,nq for j “ 1, . . . , N and Ỹjn “

0 for j “ N ` 1, . . . , n, where recall that N “ n ´ l ` 1 and where



Arindam Chatterjee and Soumendra N. Lahiri

Yj,n “ |dj,npλq|
2 (cf. (1.1)). Then, it is easy to see that all the condi-

tions in Theorem 2.1 of Lahiri (2007) are satisfied, provided we show that:

(i) limnÑ8
Varpřn

j“1 Ỹjnq

nl
exists and is nonzero, and (ii) E|Ỹjn ´ Ỹ :jn,m| ď

κ´1l expp´κmq for all m ą κ´1, for some κ P p0, 1q, where Ỹ :jn,m is a ran-

dom variable that is measurable w.r.t. σxDi : j ´ m ď i ď j ` m ` ly.

Since l “ opnq, by (C.2),
Varpřn

j“1 Ỹjnq

nl
“

N2VarpTnq
rn{lsnl

Ñ σ2
8 as nÑ 8. Thus,

(i) holds. As for (ii), define Ỹ :jn,m by replacing Xt’s in the definition of Yj,n

by X:
t,m’s, j “ 1, . . . , N and let Ỹ :jn,m “ 0 for j “ N ` 1, . . . , n. Then it

follows that the Ỹ :jn,m is measurable w.r.t. σxDi : j ´m ď i ď j `m ` ly

for all j “ 1, . . . , n. Further, by condition (C.3) and Cauchy-Schwarz and

Jensen’s inequalities,

sup
j“1,...,N

E|Ỹjn ´ Ỹ
:

jn,m|

“

´

2π
l
ÿ

r“1

h2r

¯´1

E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

r“1

hrXr exppιλrq
ˇ

ˇ

ˇ

2

´

ˇ

ˇ

ˇ

l
ÿ

r“1

hrX
:
r,m exppιλrq

ˇ

ˇ

ˇ

2

ˇ

ˇ

ˇ

ˇ

ˇ

ď

´

2π
l
ÿ

r“1

h2r

¯´1

¨

$

&

%

E

˜

ˇ

ˇ

ˇ

l
ÿ

r“1

hrXr exppιλrq
ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

l
ÿ

r“1

hrX
:
r,m exppιλrq

ˇ

ˇ

ˇ

¸2
,

.

-

1{2

ˆ

#

E
ˇ

ˇ

ˇ

l
ÿ

r“1

hrpXr ´X
:
r,mq

ˇ

ˇ

ˇ

2

+1{2

ď Cl ¨ e´κm,

for m large. Hence, (ii) holds and the result follows from Theorem 2.1 of

Lahiri (2007).
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Proof of Corollary 1. Note that for any x0 P R,

ωpIp´8,x0s : δq “

ż

supt|Ip´8,x0´yspxq ´ Ip´8,x0spxq| : |y| ď δuφσ2
8
pxqdx

ď

ż

|Irx0´δ,x0`δspxqφσ2
8
pxqdx ď 2δ{

?
2π,

so that, supx0PR |ωpIp´8,x0s : δq| “ Opδq as δ Ó 0. Hence the result follows

from Theorem 1 with f “ Ip´8,x0s.

Proof of Corollary 2. Follows from Corollary 1 above, K-th order Taylor’s

expansion and the identity P
`
?
b
`

pfnpλq ´ fpλq
˘

ď x
˘

“ PpTn ď x ´ Bnq

for all x P R. We omit the routine details.

Proof of Theorem 2. Let Zn “ σ´1n b1{2r pfnpλq ´ E pfnpλqs and note that we

can write T1,n “ gn pZnq, where gnpxq “ px`B1,nq r1 ` b´1{2cnx ` B2,ns
´1,

where Bj,n, j “ 1, 2, are as defined in (3.3). We can further expand gnpxq

uniformly over t|x| ď log nu as follows

gnpxq “ px`B1,nq

«

1´

ˆ

xcn
?
b
`B2,n

˙

`

ˆ

xcn
?
b
`B2,n

˙2

`R1,npxq

ff

“ x

«

1´

ˆ

xcn
?
b
`B2,n

˙

`

ˆ

xcn
?
b
`B2,n

˙2
ff

`B1,n

„

1´

ˆ

xcn
?
b
`B2,n

˙

`R2,npxq

“ a0,n ` a1,nx` a2,nx
2
` a3,nx

3
`R2,npxq,

where the aj,n’s are as defined in (3.3), with R2,npxq “ px`B1,nqR1,npxq `
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B1,n

`

b´1{2cnx`B2,n

˘2
and R1,npxq “ op

ˇ

ˇb´1{2cnx`B2,n

ˇ

ˇ

2
q. This implies

g2,npxq ” a´11,n pgnpxq ´ a0,nq “ x` ã2,nx
2
` ã3,nx

3, (S6.6)

with ãj,n, j “ 2, 3 defined as in (3.3). Hence, T1,n “ a0,n ` a1,ng2,n pZnq `

R2,n pZnq.

Next, define r1,nptq “
?
bκ3,n
6

H3ptq and r2,nptq “
bκ4,n
24
H4ptq `

bκ23,n
72
H6ptq,

where κr,n is the rth cumulant of Zn and φptq is the Np0, 1q-density function.

By Corollary 1 and (S6.6),

P
`

g2,n pZnq ď u
˘

“

ż

g2,nptqďu,|t|ďlogn

φptq
“

1` b´1{2r1,nptq ` b
´1r2,nptq

‰

dt` o
`

b´1
˘

“

ż u

´8

φ
`

g´12,npyq
˘ “

1` b´1{2r1,n
`

g´12,npyq
˘

` b´1r2,n
`

g´12,npyq
˘‰ Ip|g´12,npyq| ď log nqdy

ˇ

ˇg
1

2,n

`

g´12,npyq
˘
ˇ

ˇ

` o
`

b´1
˘

.

Check that g´12,npyq “ y´ ã2,ny
2` ã3,ny

3` 2ã22,ny
3, |y| ď C log n. Using this

in the last equation above, one can show that

P
´

g2,n pZnq ď u
¯

“

ż u

´8

φptq r1` s1,nptq ` s2,nptqs dt` o
`

b´1
˘

, (S6.7)

where, sj,nptq are polynomials that can be expressed in terms of rj,nptq as

s1,nptq “ ã2,nt
3 `

`

b´1{2r1,nptq ´ 2ã2,nt
˘

and s2,nptq “
`

ã3,n ´ 2ã22,n
˘

t4 `

ã22,nt
4

2
H2ptq `

”

r1,nptq?
b
´ 2ã2,nt

ı

ã2,nt
3 ´

ã2,nt2

b
r
1

1,nptq `
`

6ã22,n ´ 3ã3,n
˘

t2 ´

2ã2,nt?
b
r1,nptq`

r2,nptq

b
. Next define qj,np.q by using the relation, qj,npuqφpuq “

şu

´8
sj,nptqφptqdt, j “ 1, 2. Then, using the identity

ş

Hjptqφptqdt “ ´Hj´1ptqφptq,
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for all j ě 1, we can rewrite (S6.7) as

P
´

g2,n pZnq ď u
¯

“ Φpuq ` q1,npuqφpuq ` q2,npuqφpuq ` o
`

b´1
˘

. (S6.8)

Note that, R2,n pZnq
P
Ñ 0, and P

`

gn
`

Zn
˘

ď u
˘

“ P
`

g2,n
`

Zn
˘

ď un
˘

, where

un “ a´11,n pu´ a0,nq. Using these facts and using (S6.8), we get (3.4). This

completes the proof of Theorem 2.

For proving the results from Section 4, we need a moderate deviation bound

on pfnpλq. This is stated as a lemma below. Note that it is valid without

the conditional Cramér’s condition (C.6).

Lemma 1. Suppose that conditions (C.1)-(C.5) hold. Then, for any γ P

pσ2
8,8q, there exists a constant C3 P p0,8q (depending only on γ, s, κ,

E|X1|
s`κ) such that for all n ě 2,

P
`

|Tnpλq| ą rps´ 2qγ log ns1{2
˘

ď C3b
´ps´2q{2

plog nq´2.

Proof of Lemma 1. Follows from Theorem 2.4 of Lahiri (2007) and the proof

of Theorem 1 above.

Proof of Theorem 4. From Theorem 2, note that un´u “ ua´11,np1´ a1,nq´
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a´11,na0,n. Using this and Taylor’s expansion, for any fixed u P R, we have

PpT1,n ď uq “ Φpuq ` pun ´ uqrφpuq ` tq
1
1,npuqφpuq ` q1,npuquφpuqus

` q11,npuqφpuq `
pun ´ uq

2

2
uφpuq ` q2,npuqφpuq ` opb

´1
q

`O
`

|1´ a1,n|
3
` |a0,n|

3
˘

`O
`

b´1{2t|1´ a1,n|
2
` |a0,n|

2
u
˘

,

(S6.9)

This implies P
`

fpλq P I1,n
˘

“ p1 ´ αq ` tB2,nz1´αφpz1´αq ´ B1,nφpz1´αq `

q1,npz1´αqφpz1´αqup1 ` op1qq. By similar arguments (cf. Theorem 3), it

follows that for the VST based one-sided CI, the expansion for the coverage

probability is given by P
`

fpλq P I2,n
˘

“ p1 ´ αq ` tB3,nz1´αφpz1´αq ´

B1,nφpz1´αq ` q:1,npz1´αqφpz1´αqup1 ` op1qq, where recall that q:1,npuq and

q1,npuq are of the order Opb´1{2q.

Proof of Theorem 5. Using (S6.9) and the parity of the polynomials asso-

ciated with higher order terms, we get the following expansion in the two

sided case:

Ppfpλq P J1,nq “ P
`

T1,n ď z1´α{2q ´PpT1,n ď zα{2
˘

“ p1´ αq `
”

2B2,nz1´αφpz1´α{2q ´ 2B1,ntq
1
1,npz1´α{2q ` q1,npz1´α{2qz1´α{2uφpz1´α{2q

` q2,npz1´α{2qφpz1´α{2q
ı

p1` op1qq.

By similar arguments, it follows that for the VST based two-sided CI, the

expansion for the coverage probability is given by Ppfpλq P J2,nq “ p1 ´
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αq`
”

2B3,nz1´αφpz1´α{2q´2B1,ntpq
:

1,nq
1pz1´α{2q`q

:

1,npz1´α{2qz1´α{2uφpz1´α{2q

`q:2,npz1´α{2qφpz1´α{2q
ı

p1` op1qq.

S7 Appendix

S7.1 Theoretical framework and general conditions for the EE

Suppose the tXt : t P Zu are defined on a probability space pΩ,F , P q.

Also suppose that tDj : j P Zu be a collection of sub σ-fields of F . Let

Dq
p “ σxtDj : j P Z, p ď j ď quy, ´8 ď p ă q ď 8. As mentioned before,

here we shall adopt a framework similar to Lahiri (2007) for sums of block

variables, which is an extension of Götze and Hipp (1983)’s framework for

sums of weakly dependent random variables. Let Yj,n ” |dj,npλq|
2, Zj,n “

Yj,n ´ EYj,n, 1 ď j ď N and Wk,n “
1
l

řpkl^Nq
j“pk´1ql`1 Zj,n, 1 ď k ď b0, where

b0 “ rN{ls, the smallest integer not less than N{l and where x ^ y “

min px, yq, x, y P R. Let b ” bn “ N{l. Note that Tn “
?
b ¨ 1

N

řN
j“1

`

Yj,n ´

EYj,n
˘

“ 1?
b

řb0
k“1Wk,n, a scaled sum of block variables. We will use the

following conditions:

(C.1) We assume that there exists a constant κ P p0, 1q such that for all

n ą κ´1, κ log n ă l ă κ´1n1´κ and maxt|hr| : r “ 1, . . . , lu ă κ´1.
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(C.2) There exist a constant κ P p0, 1s and an integer s ě 3 such that for all

n ě κ´1, maxtE|Yj,n|
ps`κq : j “ 1, . . . , Nu ă κ´1. Further, λ P r0, πs,

and limnÑ8 VarpTnq “ σ2
8 exists and is non-zero.

(C.3) We assume that there exists a constant κ P p0, 1q such that for all

n,m ą κ´1 and for all j ě 1, there exists a Dj`m
j´m-measurable X:

j,m

such that E|Xj ´X
:

j,m|
2 ď κ´1 expp´κmq.

(C.4) There exists a constant κ P p0, 1q, such that for all n,m “ 1, 2, . . ., and

A P Dn
´8 and B P D8n`m, |PpAXBq ´PpAqPpBq| ď κ´1 expp´κmq.

(C.5) There exists a constant κ P p0, 1q, such that for all i, j, k, r,m “

1, 2, . . ., and A P Dj
i with i ă k ă r ă j and m ą κ´1, E

ˇ

ˇ

ˇ

ˇ

PpA|Dj : j R

rk, rsq ´PpA|Dj : j P ri´m, kq Y pr, j `msq

ˇ

ˇ

ˇ

ˇ

ď κ´1 expp´κmq.

(C.6) There exist constants a P p0,8q, κ P p0, 1q and sequences tmnu Ă N

and tdnu Ă r1,8q with m´1
n ` mnb

´1{2 “ op1q, dn “ Opl ` baq and

d2nmn “ Opbp1´κqq such that for all n ě κ´1,

max
j0PJn

sup
tPAn

E

ˇ

ˇ

ˇ

ˇ

E

#

exp

˜

ιt
j0`mn
ÿ

j“j0´mn

Wj,n

¸

ˇ

ˇ

ˇ

ˇ

D̃j0

+

ˇ

ˇ

ˇ

ˇ

ď p1´ κq, (S7.1)

where Jn “ tmn ` 1, . . . , b ´ mn ´ 1u, An “ tt P R : κdn ď |t| ď

rba ` lsp1`κqu, and D̃j0 “ σxtDj : j R rpj0´ tmn

2
uql`1, pj0` tmn

2
u`1qlsu.

Condition (C.1) states the growth rate of the block size l and allows l to

grow at a rate of Opn1´κq for arbitrarily small κ ą 0. It also requires the
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taper-weights to be bounded, which is satisfied in most applications. The

first part of (C.2) gives a sufficient condition for the existence of ps ` κq-

order absolute moment of the block variables Wk,n. Part (ii) of (C.2) ensures

that asymptotic variance of Tnpλq exists and is nonzero. By symmetry, this

covers all λ P r´π, πs. Note that the problem of existence of the asymptotic

variance of Tnpλq, when the taper weights hr’s derive from a taper function

h : r0, 1s Ñ R (cf. (2.2)) is well-studied. A set of sufficient conditions for

this are given by (cf. Dahlhaus (1985)): (i) h is continuously differentiable

on [0,1] with
ş1

0
h2pxq dx P p0,8q; (ii) l “ opnq and (iii) f, f4 are bounded

and f is continuous at λ, where f4 denotes the fourth order cumulant

density of tXtu. Note that a bounded f4 exists if E|X1|
4`κ ă 8 for some

κ ą 0.

Next consider (C.3)-(C.6). Here (C.3) is an approximation condition

that connects the variables Xj to the strong mixing property (C.4) of the

auxiliary σ-fields Dj’s. (C.5) is an approximate Markovian condition and

is a variant of a similar condition used in Götze and Hipp (1983). This

condition holds if the σ-fields Dj’s have the Markov property. (C.6) is a

Cramér-type condition on the block variables Wj,n and is perhaps the most

difficult one to verify. For examples of choices of Dj in different time series

models, see Götze and Hipp (1983) and Lahiri (2003).
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For the linear process tXtu in (2.1), we take Dj “ σxεjy, j P Z. Then,

the σ-fields Dj’s are independent and consequently, the strong-mixing con-

dition (C.4) and the approximate Markovian condition (C.5) on the Dj’s

hold trivially. To verify (C.3), we set

Xj,m “

m
ÿ

k“´m

εj´kak, j P Z,m ě 1.

Then, it is evident from (2.1), (2.4) and the definition ofXj,m that Condition

(C.3) holds. Next consider condition (C.6). As shown in Proposition 1,

by choosing the sequences tdnu and tmnu appropriately, the conditional

Cramér’s condition on the block-variables Wk,n hold under the Cramér’s

condition (2.3) on the joint distribution of pε1, ε2q
1.
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