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This supplement contains the proof Theorem 1. This is developed in the next section,

while a separate Appendix contains several auxiliary results that are required in the main proof

(namely Lemmas 1-6 and Propositions 1-7), but which are stated separately for tidiness.

7. Proof of Theorem 1

In the interest of tidiness, we introduce some additional notational conventions and facts here

that will be made frequent use of in the forthcoming lemmas and propositions.

• For fixed ω ∈ [0, 2π], define us to be an element of
{
νs + 2kπ : k ∈ Z

}
such that∣∣ω − us∣∣ ≤ π. By this definition us is well-defined and

fXXνs = fXXus ; W (T )(ω − νs) = W (T )(ω − us),
since fXXω and W (T ) are periodic with period 2π.

• hT (t) = 1[0,T−1].
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• Since BT = T−γ and γ > (α− 1)/(α+ 2β), we have

T−1BT ζ
−2
T = T 2α/(α+2β)T−γT−1 = T−(2β−α)/(α+2β)T−γ = T−(2β−1)/(α+2β)T (α−1)/(α+2β)T−γ

= O
(
T−(2β−1)/(α+2β)

)
.

The fact that the above quantities are all equal and of order O
(
T−(2β−1)/(α+2β)

)
is

highlighted here for tidiness, as it will be made use of in several steps of the proof,

without repeating an explicit calculation.

We first recall that

E

{∑
t

��Bt − B̂t

��2

2

}
= E

{∫ 2π

0

��Qω − Q̂ω

��2

2

}
dω =

∫ 2π

0

E
��Qω − Q̂ω

��2

2
dω.

Hence, we first need to find the Hilbert-Schmidt norm by applying part C of Lemma 1 and then

take the integral over ω. Let

Q̃ω := FYX
ω

(
FXX
ω + ζTI

)−1
.

Using the triangle inequality,

��Qω − Q̂ω,T

��2

2
≤ 2

��Q̃ω −Qω

��2

2
+ 2

��Q̃ω − Q̂ω,T

��2

2
.

Recall that,

Qω =
{∑

i,j

aωijϕ
ω
i ⊗ ϕωj

}{∑
j

1

λωj
ϕωj ⊗ ϕωj

}
=
∑
j

∑
i

aωij
λωj

ϕωi ⊗ ϕωj =
∑
j

∑
i

bωijϕ
ω
i ⊗ ϕωj

and note that Q̃ω has the series representation

Q̃ω =
{∑

i,j

aωijϕ
ω
i ⊗ ϕωj

}{∑
j

1

λωj + ζT
ϕωj ⊗ ϕωj

}
=
∑
j

∑
i

aωij
λωj + ζT

ϕωi ⊗ ϕωj .

Thus,

Q̃ω −Qω =
∑
i,j

aωijζT

λωj (λωj + ζT )
ϕωi ⊗ ϕωj
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��Q̃ω −Qω

��2

2
=
∑
i,j

∣∣aωij∣∣2
(λωj )2

× ζ2T
(λωj + ζT )2

=
∑
j

{∑
i

∣∣bωij∣∣2
}
× ζ2T

(λωj + ζT )2
≤ O(1)×

∑
j

j−2β ζ2T
(λωj + ζT )2

= O
(
T−(2β−1)/(α+2β)

)
.

The last inequality comes from (9) and assumption (B1). We next decompose Q̃ω − Q̂ω,T as

Q̃ω − Q̂ω,T = FYX
ω

[
FXX
ω + ζTI

]−1 − F̂YX
ω,T

[
F̂XX
ω,T + ζTI

]−1

=
(
FYX
ω − F̂YX

ω,T

)[
FXX
ω + ζTI

]−1

+
(
F̂YX
ω,T −FYX

ω

)([
FXX
ω + ζTI

]−1 −
[
F̂XX
ω,T + ζTI

]−1)
+

FYX
ω

([
FXX
ω + ζTI

]−1 −
[
F̂XX
ω,T + ζTI

]−1)
= S1 + S2 + S3.

The remainder of the proof will deal with constructing upper bounds for the three terms

{S1,S2,S3}. To this aim, the strategy will be to:

1. Apply part C of Lemma 1 with the orthogonal basis
{
ϕωi
}

in order to to reduce the

problem to calculations involving integrals of kernel functions.

2. Use Propositions 3 and 5 to break these integrals down into manageable terms.

3. Apply Lemma 2 to determine the required upper bound for each of these terms.

We organise this process into separate subsections for each of the terms {S1,S2,S3}, starting

with S3, then moving on to S1 and finally S2.

Bounding S3

Let ∆ = F̂XX
ω,T −FXX

ω . For simplicity, also write

V = FXX
ω ; V̂ = F̂XX

ω,T ; V + =
[
FXX
ω + ζTI

]−1
; V̂ + =

[
F̂XX
ω,T + ζTI

]−1

.

Using the identities

V̂ + − V + = V̂ +∆V + ⇒ V̂ +[I + ∆V +] = V + ⇒ V̂ + = V +[I + ∆V +]−1
,
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we obtain

V̂ + − V + = V +∆V̂ + = V +∆V +[I + ∆V +]−1
.

Thus, S3 = FYX
ω V +∆V +

[
I + ∆V +

]−1
. By Proposition 6, E

��∆
��2

2
= O

(
B−1
T T−1

)
uniformly

over ω, and
∥∥V +

∥∥ ≤ 1/ζT . Hence, on the event GT from Proposition 7

��∆ζ−1
T

��2

2
. T 2α/(α+2β)T−1T γ+2δ = T−(2β−α)/(α+2β)T γ+2δ = o(1),

since γ+2δ < (2β−α)/(α+ 2β). Thus
��(I+ ∆V +

)−1��
2

is uniformly bounded on the even GT .

Hence, on GT ,

��S3

��2

2
≤ O(1)

��FYX
ω V +∆V +��2

2
≤ O(1)

��FYX
ω V +��2

2
×

��∆V +��2

2
.

The first factor of the right hand side is bounded by

∑
i,j

∣∣aωij∣∣2
(λωj + ζT )2

=
∑
j

{∑
i

∣∣aωij∣∣2
(λωj + ζT )2

}
≤ O(1)×

∑
j

j−2β = O(1).

Upon expanding ∆ =
∑
ij ∆ijϕ

ω
i ⊗ ϕωj , we obtain

∆
[
FXX
ω + ζTI

]−1
=
(∑

ij

∆ijϕ
ω
i ⊗ ϕωj

)(∑
j

1

λωj + ζT
ϕωj ⊗ ϕωj

)
=
∑
i,j

∆ij

λωj + ζT
ϕωi ⊗ ϕωj .

It follows that

E
��∆
[
FXX
ω + ζTI

]−1��2

2
=
∑
i,j

E
∣∣∆ij

∣∣2
(λωj + ζT )2

. (1)

Letting κ be the integral kernel of ∆, another way to express
∣∣∆ij

∣∣2 is via Lemma 1, yielding

E
∣∣∆ij

∣∣2 =

∫
[0,1]4

E
[
κ(τ1, σ1)κ(τ2, σ2)

]
× ϕωi (τ1)ϕωj (σ1)ϕωi (τ2)ϕωj (σ2)dτ1dσ1dτ2dσ2.

By proposition 5, E
[
κ(τ1, σ1)κ(τ2, σ2)

]
can be decomposed as

O
(
T−1B−1

T

)
×
{
fXXω (τ1, τ2)fXX−ω (σ1, σ2) + 1IT (ω)fXXω (τ1, σ2)fXX−ω (τ2, σ1)

}
+
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O
(
T−1)× 1IT (ω)

{
fXXω (τ1, σ2)f

XX,(1)
−ω (σ1, τ2) + fXX−ω (σ1, τ2)fXX,(1)ω (τ1, σ2)

}
+

O
(
T−1BT

)
×
{
ϑ1(τ1, τ2)� ϑ2(σ1, σ2) + 1IT (ω)ϑ3(τ1, σ2)� ϑ4(σ1, σ2

}
+

1

T 2

T−1∑
r,s=0

W (T )(ω − νs)W (T )(ω − νr)p(T )
r,s (τ1, σ1, τ2, σ2).

We now bound each term of E|∆ij |2, before summing over i and j as in (1), and then taking

the integral over ω.

Bounding the term O
(
T−1B−1

T

)
fXX
ω (τ1, τ2)f

XX
−ω (σ1, σ2).

Write

∫
[0,1]4

fXXω (τ1, τ2)fXXω (σ1, σ2)× ϕωi (τ1)ϕωj (σ1)ϕωi (τ2)ϕωj (σ2)dτ1dσ1dτ2dσ2

=

∫
[0,1]2

fXXω (τ1, τ2)ϕωi (τ1)ϕωi (τ2)dτ1dτ2 ×
∫
[0,1]2

fXXω (σ1, σ2)ϕωj (σ1)ϕωj (σ2)dσ1dσ2

= λωi λ
ω
j .

Taking the sum over i and j as in (1), by Lemma 4, we obtain

O
(
T−1B−1

T

)∑
i,j

λωi λ
ω
j

(λj + ζT )2
= O

(
T−1B−1

T

)∑
i

λωi
∑
j

λωj
(λωj + ζT )2

= O
(
B−1
T

)
×O

(
T−(2β−1)/(α+2β)

)
.

Bounding the term O
(
T−1B−1

T

)
1IT (ω)f

XX
ω (τ1, σ2)f

XX
−ω (τ2, σ1).

Write

∫
[0,1]4

fXXω (τ1, σ2)fXXω (τ2, σ1)× ϕωi (τ1)ϕωj (σ1)ϕωi (τ2)ϕωj (σ2)dτ1dσ1dτ2dσ2

=

∫
[0,1]2

fXXω (τ1, σ2)ϕωi (τ1)ϕωj (σ2)dτ1dσ2 ×
∫
[0,1]2

fXXω (σ1, τ2)ϕωj (σ1)ϕωi (τ2)dσ1dτ2

= λωi

∫
[0,1]

ϕωi (σ2)ϕωj (σ2)dσ2 × λωj
∫
[0,1]

ϕωj (τ2)ϕωi (τ2)dτ2.

This is dominated by λωi λ
ω
j (the same argument as in the previous part has been applied here).
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Bounding the term O
(
T−1

)
× 1IT (ω)f

XX
ω (τ1, σ2)f

XX,(1)
−ω (σ1, τ2).

Note that
��FXX

ω

��
1

and
��FXX,(1)

ω

��
1

are uniformly bounded. Applying Lemma 2, we obtain

the bound

O(T−1)1IT (ω)ζ−2
T .

Note that the length of IT is of orderBT . Taking the integral over ω, then we getO
(
T−1ζ−2

T BT
)

=

O
(
T−(2β−1)/(α+2β)

)
.

Bounding the term O
(
T−1

)
1IT (ω)× f

XX,(1)
ω (τ1, σ2)f

XX
−ω (σ1, τ2).

For this term, we apply Lemma 2 as in the previous paragraph.

Bounding the term O
(
T−1BT

)
ϑ1(τ1, τ2)� ϑ2(σ1, σ2).

Applying Lemma 2, we obtain O
(
T−1BT

)
× ζ−2

T = O
(
T−(2β−1)/(α+2β)

)
.

Bounding the term O(T−1BT )ϑ3(τ1, σ2)� ϑ4(σ1, τ2).

Applying Lemma 2 we obtain O
(
T−1BT ζ

−2
T

)
= O

(
T−(2β−1)/(α+2β)

)
.

Bounding the term 1
T 2

∑T−1
r,s=0W

(T )(ω − νs)W
(T )(ω − νr)p

(T )
r,s (τ1, σ1, τ2, σ2).

Applying Lemma 2 part (C) and Proposition 3 part (C), we have

T−1ζ−2
T =

1

BT
O
(
T−(2β−1)/(α+2β)

)
.

In summary, we have upper bounded S3 as required.
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Bounding S1

Recall that

F̂YX
ω,T =

1

T

T−1∑
s=0

W (T )(ω − νs)PYX
νs,T ; S1 =

(
FYX
ω − F̂YX

ω,T

)[
FXX
ω + ζTI

]−1
.

Now write

Rt :=
∑
s

Bt−sXs

Hω,T :=
1√
T

{∑
t

hT (t)Rt exp
{
− iωt

}}

Lω,T := Hω,T −FB
ω X̃ω,T

Kω,T :=
1√
T

{∑
t

hT (t)εt exp
{
− iωt

}}
.

In this notation,

FB
ω X̃ω,T =

{∑
t

Bt exp
{
− iωt

}} 1√
T

{∑
s

XshT (s) exp
{
− iωs

}}

=
1√
T

∑
t,s

BtXshT (s) exp
{
− iω(t+ s)

}
Hω,T =

1√
T

∑
u,v

hT (u+ v)BuXv exp
{
− iω(u+ v)

}
Lω,T =

1√
T

∑
u,v

{
hT (v)− hT (u+ v)

}
BuXv exp

{
− iω(u+ v)

}

The operator PYX
ω,T = Ỹω,T ⊗

(
X̃ω,T

)
can be decomposed as

PYX
ω,T =

1√
T

{∑
t

hT (t)
[
Rt + εt

]
exp

{
− iωt

}}
⊗ X̃−ω,T

=
1√
T

{∑
t

hT (t)Rt exp
{
− iωt

}}
⊗ X̃−ω,T +

1√
T

{∑
t

hT (t)εt exp
{
− iωt

}}
⊗ X̃−ω,T

= Hω,T ⊗ X̃−ω,T +Kω,T ⊗ X̃−ω,T ,

= FB
ω X̃ω,T ⊗ X̃−ω,T + Lω,T ⊗ X̃−ω,T +Kω,T ⊗ X̃−ω,T .
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Hence,

F̂YX
ω,T =

1

T

T−1∑
s=0

W (T )(ω − νs)
[
FB
νsX̃νs,T ⊗ X̃−νs,T + Lνs,T ⊗ X̃−νs,T +Kνs,T ⊗ X̃−νs,T

]
= D1 + D2 + D3.

We can now decompose S1 based on the Di,

S1 =
(
FYX
ω − F̂YX

ω,T

)[
FXX
ω + ζTI

]−1

=
(
FYX
ω −D1

)[
FXX
ω + ζTI

]−1
+ D2

[
FXX
ω + ζTI

]−1
+ D3

[
FXX
ω + ζTI

]−1

= S11 + S12 + S13.

By the Cauchy-Schwarz inequality

��S1

��2

2
≤ 3

��S11

��2

2
+ 3

��S12

��2

2
+ 3

��S13

��2

2
.

We focus on each of the three terms in the following paragraphs.

Bounding S13.

Let D3 be the integral kernel of D3. Then, similar to (1),

E
��S13

��2

2
=
∑
i,j

1

(λωj + ζT )2

∫
[0,1]2

E
[
D3(τ1, σ1)D3(τ2, σ2)

]
ϕωi (τ1)ϕωj (σ1)ϕωi (τ2)ϕωj (σ2)dτ1dσ1dτ2dσ2.

(2)

We need to work on the expectation inside the integral. First,

D3(τ2, σ2) =

T−1∑
r=0

W (T )(ω − νr)Kνr,T (τ2)X̃−νr,T (σ2) =

T−1∑
r=0

W (T )(ω − νr)K−νr,T (τ2)X̃νr,T (σ2)

By independence of X and ε,

E
(
Kνs,T (τ1)X̃−νs,T (σ1)K−νr,T (τ2)X̃νr,T (σ2)

)
= E

[
Kνs,T (τ1)K−νr,T (τ2)

]
× E

[
X̃−νs,T (σ1)X̃νr,T (σ2)

]
.
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Let qω be the spectral density function of
{
εt
}

. By independence of the {εt}, we have qω = q0.

Apply Proposition 1 to the sequence {εt} to obtain

E
[
D3(τ1, σ1)×D3(τ2, σ2)

]
=

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)E
[
Kνs,T (τ1)K−νr,T (τ2)

]
× E

[
X̃νr,T (σ2)X̃−νs,T (σ1)

]
=

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)
{
δrsqνs(τ1, τ2) +

1

T
ϑ1,νr,νs(τ1, τ2)

}
×

{
δrsf

XX
νs (σ1, σ2) +

1

T
ϑ2,νr,νs(σ1, σ2)

}
=

1

T 2

T−1∑
s=0

W (T )(ω − νs)W (T )(ω − νs)qνs(τ1, τ2)fXXνs (σ1, σ2)+

1

T 3

T−1∑
s=0

W (T )(ω − νs)W (T )(ω − νs)× qνs(τ1, τ2)ϑ2,νr,νs(σ1, σ2)+

1

T 3

T−1∑
s=0

W (T )(ω − νs)W (T )(ω − νs)× ϑ1,νr,νs(τ1, τ2)fXXνs (σ1, σ2)+

1

T 4

T−1∑
s=0

W (T )(ω − νs)W (T )(ω − νr)× ϑ1,νr,νs(τ1, τ2)ϑ2,νr,νs(σ1, σ2)

=
1

T 2

T−1∑
s=0

W (T )(ω − νs)W (T )(ω − νs)qνs(τ1, τ2)fXXνs (σ1, σ2) +
1

T 2B2
T

ϑ1,q(τ1, τ2)� ϑ2,q(σ1, σ2).

(3)

Replacing νs by us, and using Taylor’s expansion for fus as in Lemma 3, we obtain

fXXus (σ1, σ2) = fXXω (σ1, σ2) +
1

1!
(us − ω)fXX,(1)ω (σ1, σ2) +

1

2!
(us − ω)2g2,us,ω(σ1, σ2).

Thus, by Lemma 5, the first term of right hand side of (3) becomes

1

T 2

T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)q0(τ1, τ2)fXXω (σ1, σ2)+

1

T 2

T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)× (us − ω)× q0(τ1, τ2)fXX,(1)ω (σ1, σ2)+

1

2T 2

T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)× (us − ω)2q0(τ1, τ2)g2,us,ω(σ1, σ2)

= O
(
T−1B−1

T

)
× q0(τ1, τ2)fXXω (σ1, σ2) +O

(
T−1BT

)
× ϑ1,g(τ1, τ2)� ϑ2,g(σ1, σ2).
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For each i and j we compute

∫
[0,1]4

q0(τ1, τ2)fXXω (σ1, σ2)ϕωi (τ1)ϕωj (σ1)ϕωi (τ2)ϕωj (σ2)dτ1dσ1dτ2dσ2

=
〈
q0(τ1, τ2), ϕωi (τ1)ϕωi (τ2)

〉
×
〈
fXXω (σ1, σ2), ϕωj (σ1)ϕωj (σ2)

〉
= q0,ii × λj .

So, taking the sum over i and j as in (2), we deduce that

O
(
T−1B−1

T

)∑
i,j

qω0,iiλj

(λj + ζT )2
= O

(
T−1B−1

T

){∑
i

q0,ii
}
×
{∑

j

λj
(λj + ζT )2

}
= B−1

T O
(
T−(2β−1)/(α+2β)

)
.

For ϑ1,q(τ1, τ2) � ϑ2,q(σ1, σ2) and ϑ1,g(τ1, τ2) � ϑ2,g(σ1, σ2), we now apply Lemma 2, and we

obtain O
(
T−1BT

)
ζ−2
T = O

(
T−(2β−1)/(α+2β)

)

Bounding S12

Let D2 be the integral kernel of D2 and expand D2 =
∑
i,j D2,ijϕ

ω
i ⊗ ϕωj . Similarly with (1),

E
��S12

��2

2
=
∑
i,j

ED2
2,ij

(λωj + ζT )2
≤ 1

ζ2T

∑
i,j

ED2
2,ij

D2(τ1, σ1)D2(τ2, σ2) =

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)Lνs,T (τ1)X̃−νs,T (σ1)L−νr,T (τ2)X̃νr,T (σ2).

For simplicity, denote

Us = Lνs,T (τ1); V−s = X̃−νs,T (σ1); U−r = L−νr,T (τ2); Vr = X̃νr,T (σ2).

Using the fourth order cumulant equation, we have

E
(
UsV−sU−rVr

)
= E

(
UsU−r

)
E
(
V−sVr

)
+ E

(
UsV−s

)
E
(
U−rVr

)
+ E

(
UsVr

)
E
(
U−rV−s

)
+ cum

(
Us, Vr, U−s, V−r

)
.

We first estimate E
(
UsV−s

)
E
(
U−rVr

)
+ E

(
UsVr

)
E
(
U−rV−s

)
. For each term,

E
(
Lω1,T ⊗ X̃ω2,T

)
=

1

T

∑
u,v,t

{
hT (v)− hT (u+ v)

}
× hT (t)×BuE

(
Xv ⊗Xt

)
exp

{
− i(ω1(u+ v) + ω2t)

}
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=
1

T

∑
u,v,t

{
hT (v)− hT (u+ v)

}
× hT (t)×BuRt−v exp

{
− i(ω1(u+ v) + ω2t)

}
(4)

For each u there are at most 2|u| different values of v such that hT (v)− hT (u+ v) = ±1. With

t ranging from 0 to T − 1, the multiplicity of the term BuRw in (4) is no more than 2 |u|.

Therefore,

��E(Lω1,T ⊗ X̃ω2,T

)��
1
≤ 1

T

∑
u,w

2
∣∣u∣∣× ��BuRw

��
1
≤ 2

T

∑
u,w

∣∣u∣∣× ��Bu

��
2
×

��Rw

��
2

≤ 2

T

{∑
u

|u| ×
��Bu

��
2

}
×
{∑

w

��Rw

��
2

}
= O(T−1).

And, consequently,

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)E(UsVr)E(U−rV−s) = T−2B−2
T ϑ1,uv(τ1, σ2)� ϑ2,uv(σ1, τ2).

Applying Lemma 2, we obtain an upper bound of the same order. Similarly, we have

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)E(UsV−s)E(U−rVr) = T−2B−2
T ϑ3,uv(τ1, τ2)� ϑ4,uv(σ1, σ2).

Again, Lemma 2 yields an upper bound of the same order.

For E(UsU−r)E(VrV−s), we expand E
(
Lω1,T ⊗ Lω2,T

)
E
(
Lω1,T ⊗ Lω2,T

)
=

1

T

∑
u1,v1,u2,v2

{
hT (v1)− hT (u1 + v1)

}
×
{
hT (v2)− hT (u2 + v2)

}
× exp

{
− i
(
ω1(u1 + v1) + ω2(u2 + v2)

)}
×Bu1Rv1−v2B∗u2

.

For u1 and u2 fixed, there are at most 2|u1| and 2|u2| values of v1 and v2, respectively, such

that hT (v1)− hT (u1 + v1), hT (v2)− hT (u2 + v2) = ±1. Therefore,

��E(Lω1,T ⊗ Lω2,T

)��
1
≤ 4

T

∑
u1,u2

∣∣u1

∣∣× ∣∣u2

∣∣×∑
v

��Bu1RvB
∗
u2

��
1

≤ 4

T

{∑
u

|u| ×
��Bu

��
2

}2

×
{∑

v

��Rv

��
2

}
.
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But Proposition 1 implies that

E
(
X̃

(T )
−νs(σ1)X̃(T )

νr (σ2)
)

=


O
(
T−1

)
ϑνr,νs(σ1, σ2) if r 6= s

fXXνs (σ1, σ2) +O(T−1)ϑνs(σ1, σ2) if r = s.

Therefore,

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)E(UsU−r)E(VrV−s)

=
1

T 2

T−1∑
s=0

W (T )(ω − νs)2
{
fνs(σ1, σ2) +O(T−1)ϑνs(σ1, σ2)

}
× E(UsU−s)+

1

T 2

T−1∑
s 6=r=0

W (T )(ω − νs)W (T )(ω − νr)O(T−1)ϑνr,νs(σ1, σ2)E(UsU−r)

= T−2B−2
T ϑ5,uv(τ1, τ2)� ϑ6,uv(σ1, σ2).

Applying Lemma 2, we obtain the desired rate. The last term in S12 is the cumulant term

cum
(
L(T )
νs , X̃

(T )
−νs , L

(T )
−νr , X̃

(T )
νr

)
=

1

T 2
cum

( ∑
u1,v1

{
hT (v1)− hT (u1 + v1)

}
Bu1Xv1 exp

{
− iνs(u1 + v1)

}
,
∑
v2

hT (v2)Xv2 exp
{
iνsv2

}
,

∑
u3,v3

{
hT (v3)− hT (u3 + v3)

}
Bu3Xv3 exp

{
iνr(u3 + v3))

}
,
∑
v4

hT (v4)Xv4 exp
{
− iνrv4

})

For fixed u1 and u3, denote

L(u1, u3) :=
∑

v1,v2,v3,v4

{
hT (v1)− hT (u1 + v1)

}
×
{
hT (v3)− hT (u3 + v3)

}
× hT (v2)× hT (v4)×

exp
{
− i
[
νs(u1 + v1)− νsv2 − νr(u3 + v3) + νrv4

]}
× cum

(
Bu1Xv1 , Xv2 ,Bu3Xv3 , Xv4

)
.

Then,

cum
(
L(T )
νs , X̃

(T )
−νs , L

(T )
−νr , X̃

(T )
νr

)
=

1

T 2

∑
u1,u3∈Z

L(u1, u3).

By the multilinearity of cumulants,

cum
((

Bu1Xv1
)
(τ1), Xv2(τ2),

(
Bu3Xv3

)
(σ1), Xv4(σ2)

)
=



FUNCTIONAL TIME SERIES REGRESSION

cum
(∫ 1

0

bu1(τ1, ς1)Xv1(ς1)dς1, Xv2(τ2),

∫ 1

0

bu3(σ1, ς3)Xv3(ς3)dς3, Xv4(σ2)
)

=∫ 1

0

bu1(τ1, ς1)

∫ 1

0

bu3(σ1, ς3)cum
(
Xv1(ς1), Xv2(τ2), Xv3(ς3)d,Xv4(σ2)

)
dς1dς3.

Denote the above term by Bu1cum
(
Xv1 , Xv2 , Xv3 , Xv4

)
B∗u3

. Replace vi = ti + v4 for i =

1, 2, 3, 4, then t4 = 0. Now the exponential factor in L(u1, u3) is

exp
{
− i
[
νs(u1 + v1)− νsv2 − νr(u3 + v3) + νsv4

]}
= exp

{
− i
[
νsu1 − νru3

]}
× exp

{
− i
[
νst1 − νst2 − νrt3

]}
× exp

{
− iv4 × 0

}
.

For the hT factor, denote

HT (t1, t2, t3, v4) :=
{
hT (t1 + v4)− hT (u1 + t1 + v4)

}
×
{
hT (t3 + v4)− hT (u3 + t3 + v4)

}
× hT (t2 + v4)× hT (v4).

Then

L(u1, u3) =
∑

t1,t2,t3,v4

HT (t1, t2, t3, v4)× exp
{
− i
(
νsu1 − νru3

)}

× exp
{
− i
[
νst1 − νst2 − νrt3

]}
×Bu1cum

(
Xt1 , Xt2 , Xt3 , X0

)
B∗u3

.

Note that the number of v4 such that hT (v4) = 1 is T . Letting L(u1, u3) be the integral operator

of L(u1, u3), we have

��L(u1, u3)
��
1
≤ T ×

∑
t1,t2,t3

��Bu1

��
2

��cum(Xt1 , Xt2 , Xt3 , X0)
��
2

��Bu3

��
2
.

By assumptions (B4) and (B6),

cum
(
L(T )
νs , X̃

(T )
−νs , L

(T )
−νr , X̃

(T )
νr

)
=

1

T 2

∑
u1,u3

L(u1, u3) = O(T−1).

Similarly to previous steps, applying Lemma 2 and Proposition 3 yields

O
(
T−1ζ−2

T

)
=

1

BT
O
(
T−(2β−1)/(α+2β)

)
.
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Bounding S11

The steps in this case are similar to those involved in bounding S3. Recall that

D1 −FYX
ω =

1

T

T−1∑
s=0

W (T )(ω − νs)FB
νsX̃

(T )
νs ⊗ X̃

(T )
−νs −FYX

ω =
1

T

T−1∑
s=0

W (T )(ω − νs)FB
νsP

XX
νs,T −FB

ω FXX
ω .

We first work with E
[
(D1 −FYX

ω )⊗ (D1 −FYX
ω )∗

]
. We have

E
[
(D1 −FYX

ω )⊗ (D1 −FYX
ω )∗

]
= E

[
D1 ⊗D∗1

]
− ED1 ⊗ ED∗1 + (ED1 −FYX

ω )⊗ (ED1 −FYX
ω )∗.

To determine ED1, we use Proposition 1

E
[ 1

T

T−1∑
s=0

W (T )(ω − νs)FB
νsP

XX
νs,T

]
=

1

T

T−1∑
s=0

W (T )(ω − νs)FB
νsE
[
PXX
νs,T

]
=

1

T

T−1∑
s=0

W (T )(ω − νs)FB
νs

{
FXX
νs +

1

T
V1,νs

}
=

1

T

T−1∑
s=0

W (T )(ω − νs)FB
νsF

XX
νs +

1

TBT
V1,ν ,

with
��V1,ν

��
1

= O(1) uniformly over ν ∈ [0, 2π]. Taylor expanding, we have

fXXus = fXXω +

p−1∑
j=1

(us − ω)j

j!
fXX,(j)ω + (us − ω)pgp,us,ω

fBus = fBω +

p−1∑
j=1

(us − ω)j

j!
× fB,(j)ω + (us − ω)pgBp,us,ω.

Thus,

1

T

T−1∑
s=0

W (T )(ω − νs)FB
νsF

XX
νs =

1

T

T−1∑
s=0

W (T )(ω − νs)
{ p−1∑
j=0

p−1∑
k=0

FB,(k)
ω FXX,(j)

ω × (us − ω)k+j + Vus,ω × (us − ω)p
}
.

Note that
��FB,(k)

ω FXX,(j)
ω

��
1
<∞. Using the same idea as in Proposition 2, we have

1

T

T−1∑
s=0

W (T )(ω − νs)FB
νsF

XX
νs = FB

ω FXX
ω +

1

BTT
Vω,

with
��Vω

��
1

= O(1) uniformly over ω ∈ [0, 2π]. It follows that ED1 − FB
ω FXX

ω = 1
TBT

Vω.

Then, ED1−FYX
ω )⊗ (ED1−FYX

ω )∗ = 1
T2B2

T
Vω⊗V ∗ω . Finally, we apply Lemma 2, which takes

care of the term ED1 −FYX
ω Now we need to bound E

[
D1(ς1, σ1)D1(ς2, σ2)

]
. This equals

1

T 2
E

[
T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)
∫
[0,1]

fBνs(ς1, τ1)p(T )
νs (τ1, σ1)dτ1 ×

∫
[0,1]

fB−νr (ς2, τ2)p
(T )
−νr (τ2, σ2)dτ2

]
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=
1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)
∫
[0,1]2

fBνs(ς1, τ1)fB−νr (ς2, τ2)E
[
p(T )
νs (τ1, σ1)p

(T )
−νr (τ2, σ2)

]
dτ1dτ2.

(5)

By Proposition 4,

E
[
p(T )
νs (τ1, σ1)p

(T )
−νr (τ2, σ2)

]
=

E
[
p(T )
νs (τ1, σ1)

]
× E

[
p
(T )
−νr (τ2, σ2)

]
+ p(T )

r,s (τ1, σ1, τ2, σ2)+

η(νr − νs)fXXνs (τ1, τ2)fXX−νs (σ1, σ2) +
1

T
η(νs − νr)ϑ1,νs,νr,f (τ1, τ2)� ϑ2,νs,νr,f (σ1, σ2)+

η(νs + νr)f
XX
νs (τ1, σ2)fXX−νs (σ1, τ2) +

1

T
η(νs + νr)ϑ3,νs,νr,f (σ1, τ2)� ϑ4,νs,νr,f (τ1, σ2)+

1

T 2
ϑ1,νs,νr (τ1, σ1)× ϑ2,νs,νr (τ2, σ2) +

1

T 2
ϑ3,νs,νr (τ1, σ2)× ϑ4,νs,νr (σ1, τ2)

= E
[
p(T )
νs (τ1, σ1)

]
× E

[
p
(T )
−νr (τ2, σ2)

]
+ Gs,r. (6)

Moreover,

E
[
D1(ς1, σ1)

]
× E

[
D1(ς2, σ2)

]
=

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)
∫
[0,1]2

fBνs(ς1, τ1)fB−νr (ς2, τ2)E
[
p(T )
νs (τ1, σ1)

]
× E

[
p
(T )
−νr (τ2, σ2)

]
dτ1dτ2.

(7)

Combining (5), (6) and (7), we obtain

E
[
D1(ς1, σ1)D1(ς2, σ2)

]
− ED1(ς1, σ1)ED1(ς2, σ2) =

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)
∫
[0,1]2

fBνs(ς1, τ1)fB−νr (ς2, τ2)×Gs,rdτ1dτ2.

We must now consider each term resulting from the summands consituting Gs,r.

First we begin with the summand fXXus (τ1, τ2)fXX−us(σ1, σ2) which contributes

1

T 2

T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)
∫
[0,1]2

fBus(ς1, τ1)fB−us(ς2, τ2)fXXus (τ1, τ2)fXX−us(σ1, σ2)dτ1dτ2.

Taylor expanding yields

fBus = fBω + (us − ω)fB,(1)ω + (us − ω)2gB2,us,ω
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fXXus = fXXω + (us − ω)fXX,(1)ω + (us − ω)2g2,us,ω.

Then,

fBusf
B
−usf

XX
us fXX−us = fBω f

B
−ωfωf−ω + (us − ω)

{
fB,(1)ω fB−ωf

XX
ω fXX−ω + fBω f

B,(1)
−ω fXXω fXX−ω +

fBω f
B
−ωf

XX,(1)
ω fXX−ω + fBω f

B
−ωf

XX
ω f

XX,(1)
−ω

}
+ (us − ω)2ϑ1,us � ϑ2,us .

These further terms are treated individually in the following bullet points:

• fBω fB−ωfXXω fXX−ω : Recall that

fBω (ς, τ) =
∑
k,l

bωklϕ
ω
k (ς)ϕωl (τ).

Then,

1

T 2

T−1∑
s=0

W (T )(ω − us)2
∫
[0,1]2

fBω (ς1, τ1)fB−ω(ς2, τ2)fXXω (τ1, τ2)fXX−ω (σ1, σ2)dτ1dτ2

=
O(1)

TBT

∫
[0,1]2

{∑
k,l

bωklϕ
ω
k (ς1)ϕωl (τ1)

}{∑
l

λωl ϕ
ω
l (τ1)ϕωl (τ2)

}{∑
m,l

bωmlϕ
ω
l (τ2)ϕωm(ς2)

}
× fXX−ω (σ1, σ2)dτ1dτ2

=
O(1)

TBT

{ ∑
k,l,m

bωklb
ω
mlλ

ω
l ϕ

ω
k (ς1)ϕωm(ς2)

}
× fXX−ω (σ1, σ2).

Multiplying by ϕωi (ς1)ϕωi (ς2)ϕωj (σ1)ϕωj (σ2) and then integrating, we have

∫
[0,1]2

{ ∑
k,m,l

bωklb
ω
mlλ

ω
l ϕ

ω
k (ς1)ϕωm(ς2)

}
ϕωi (ς1)ϕωi (ς2)dς1dς2

∫
[0,1]2

fXX−ω (σ1, σ2)ϕωj (σ1)ϕωj (σ2)dσ1dσ2

=
∑
l

|bωil|2λωl × λωj .

As in (1), dividing by (λj + ζT )2 and taking the sum over i and j yields

1

TBT

∑
i,j

∑
l

|bωil|2λωl × λωj
(λωj + ζT )2

=
∑
i,l

|bωil|2λωl
1

BTT

∑
j

λωj
(λωj + ζT )2

≤
∑
l

l−2β−αO(1)

BT
T−(2β−1)/(2β+α)

=
O(1)

BT
T−(2β−1)/(2β+α).

• fB,(1)ω fB−ωf
XX
ω fXX−ω + fBω f

B,(1)
−ω fXXω fXX−ω + fBω f

B
−ωf

XX,(1)
ω fXX−ω + fBω f

B
−ωf

XX
ω f

XX,(1)
−ω : Recall
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the result in Lemma 5, which states that

1

T

T−1∑
s=0

W (T )(ω − us)2 × (ω − us) = O
(
T−1B−2

T

)
.

Note that ∫
[0,1]2

fB,(1)ω (ς1, τ1)fB−ω(ς2, τ2)fXXω (τ1, τ2)fXX−ω (σ1, σ2)dτ1dτ2

can be written in the form of ϑ1(ς1, ς2) × ϑ2(σ1, σ2) so that their corresponding operators V1

,V2 have finite nuclear norm. Now we may apply Lemma 2.

• (us − ω)2ϑ1,us � ϑ2,us : Recall the result in Lemma 5, stating that

1

T

T−1∑
s=0

W (T )(ω − us)2 × (ω − us)2 = O
(
BT
)
.

It follows that 1
T2

∑T−1
s=0 W

(T )(ω − us)
2(ω − us)

2 × ϑ1,us(ς1, ς2) � ϑ2,us(σ1, σ2) has the form

O(T−1BT )ϑ1,u(ς1, ς2)� ϑ2,u(σ1, σ2). We may now apply Lemma 2 as in the previous part.

This concludes our treatment of the summand fus(τ1, τ2)f−us(σ1, σ2) in Gs,r .

We move on to the summand fXXus (τ1, σ2)fXX−us(σ1, τ2) in Gs,r. This contributes the term

1

T 2

T−1∑
s=0

W (T )(ω − us)W (T )(ω + us)

∫
[0,1]2

fBus(ς1, τ1)fB−us(ς2, τ2)fus(τ1, σ2)f−us(σ1, τ2)dτ1dτ2

We apply the same process as with the previous term fXXus (τ1, τ2)fXX−us(σ1, σ2) in Gs,r. This is

done in the following bullet points:

• fBω fB−ωfXXω fXX−ω : We start with the integral

∫
[0,1]

fBω (ς1, τ1)fXXω (τ1, σ2)dτ1 =

∫
[0,1]

{∑
k,l

bωklϕ
ω
k (ς1)ϕωl (τ1)

}{∑
l

λωl ϕ
ω
l (τ1)ϕωl (σ2)

}
dτ1

=
∑
k,l

bωklλ
ω
l ϕ

ω
k (ς1)ϕωl (σ2)

∫
[0,1]

fB−ω(ς2, τ2)fXX−ω (σ1, τ2)dτ2 =

∫
[0,1]

{∑
u,v

bωuvϕωu(ς2)ϕωv (τ2)
}{∑

v

λωvϕωv (σ1)ϕωv (τ2)
}
dτ2

=
∑
u,v

bωuvλ
ω
v′ϕωu(ς2)ϕωv′(σ1)
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Then,

∫
[0,1]2

fBω (ς1, τ1)fB−ω(ς2, τ2)fXXω (τ1, σ2)fXX−ω (σ1, τ2)dτ1dτ2 =

{∑
k,l

bωklλ
ω
l ϕ

ω
k (ς1)ϕωl (σ2)

}
×
{∑
u,v

bωuvλ
ω
v′ϕωu(ς2)ϕωv′(σ1)

}
.

We multiply by ϕωi (ς1)ϕωj (σ1)ϕωi (ς2)ϕωj (σ2) and integrate to obtain

bωij′λ
ω
j′b

ω
ij′λ

ω
j .

Then,

1

TBT

∑
i,j

∣∣bω
ij
′
∣∣2λωj′λωj

(λωj + ζT )2
=

1

TBT

∑
j

∑
i |b

ω
ij′ |2λωj′λωj

(λωj + ζT )2
=

1

TBT

∑
j

(j
′
)−2β−αλωj

(λωj + ζT )2

=
O(1)

BT
O
(
T−(2β−1)/(α+2β)).

• fB,(1)ω fB−ωf
XX
ω fXX−ω +fBω f

B,(1)
−ω fXXω fXX−ω +fBω f

B
−ωf

XX,(1)
ω fXX−ω +fBω f

B
−ωf

XX
ω f

XX,(1)
−ω : Note that

∫
[0,1]2

fB,(1)ω (ς1, τ1)fB−ω(ς2, τ2)fXXω (τ1, σ2)fXX−ω (σ1, τ2)dτ1dτ2

can be rewritten via a form ϑ1(ς1, σ2)× ϑ2(σ1, ς2) with their correspoding operators have finite

Schatten 1-norm
��V1

��
1
,
��V2

��
1
< C. Applying Lemma 5,

1

T 2

T−1∑
s=0

W (T )(ω − us)W (T )(ω + us)(ω − us) = 1IT (ω)O(T−1),

and then we obtain the bound

1IT (ω)O
(
T−1)ϑ1(ς1, σ2)ϑ2(σ1, ς2).

We multiply this by ϕωi (ς1)ϕωj (σ1)ϕωi (ς2)ϕωj (σ2) and integrate. Applying Lemma 2, we obtain

a bound of order O
(
T−1ζ−2

T

)
. Now we integrate over ω ∈ IT , obtaining an integral of order

O
(
T−1ζ−2

T BT
)

= O
(
T−(2β−1)/(α+2β)).
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• (us − ω)2ϑ1,us � ϑ2,us : The same argument is applied here, using Lemma 2 and Lemma 5.

Now we move on to the summand 1
T
η(νs− νr)ϑ1,νs,νr,f (τ1, τ2)�ϑ2,νs,νr,f (σ1, σ2) of Gs,r. Note

that

1

T 3

T−1∑
s=0

W (T )(ω − νs)2fνsf
B
−νsϑ1,νs,νr,f � ϑ2,νs,νr,f =

1

T 2
× 1

T

T−1∑
s=0

W (T )(ω − νs)2ϑ1,νs,b � ϑ2,νs,b.

and the latter is O
(
T−2B−1

T

)
, uniformly over s. Similarly to our treatment of S3, we may apply

Lemma 2.

The same argument can be applied to the summand 1
T
η(νs+νr)ϑ3,νs,νr,f (σ1, τ2)�ϑ4,νs,νr,f (τ1, σ2)

of Gs,r.

We thus move on to the summands ϑ1νs,νr × ϑ2,νs,νr and ϑ3,νs,νr × ϑ4,νs,νr of Gs,r. The

quantity

1

T 4

T−1∑
s,r=0

W (T )(ω − νs)2
[
ϑ1,νs,νr × ϑ2,νs,νr + ϑ3,νs,νr × ϑ4,νs,νr

]
.

is uniformly of order O
(
T−2B−1

T

)
. Similarly with the etimation of S3 we apply Lemma 2.

Finally, we turn to the summand p
(T )
r,s (τ1, σ1, τ2, σ2) of Gs,r. We need to bound

1

T 2

T−1∑
s=0

W (T )(ω − us)W (T )(ω − ur)
∫
[0,1]2

fBus(ς1, τ1)fB−ur (ς2, τ2)p(T )
r,s (τ1, σ1, τ2, σ2)dτ1dτ2. (8)

Let FB
usP

(T )
r,s FB

−ur be the operator corresponding to the kernels in the integrand. Then,

��FB
usP

(T )
r,s FB

−ur
��
1
≤

��FB
us

��
2
×

��P(T )
r,s

��
2
×

��FB
us

��
2

= O(T−1).

Applying Lemma 2 and Proposition 3, we obtain a bound of orderO(T−1ζ−2
T ) = 1

BT
O
(
T (2β−1)/(α+2β)

)
.

Bounding S2

S2 : =
(
F̂YX
ω,T −FYX

ω

)([
FXX
ω + ζTI

]−1 −
[
F̂XX
ω + ζTI

]−1)
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=
(
F̂YX
ω,T −FYX

ω

)(
FXX
ω + ζTI

)−1

∆
(
FXX
ω + ζTI

)−1(
I + ∆

[
FXX
ω + ζTI

]−1
)−1

= S1∆
(
FXX
ω + ζTI

)−1(
I + ∆

[
FXX
ω + ζTI

]−1
)−1

.

The product of the third (second) and fourth (third) terms has finite nuclear norm by our

treatment of S3. The last term has finite nuclear norm on the set GT . Then, we have the order

of T−(2β−1)/(α+2β) on GT in the Hilbert-Schimdt norm.

In conclusion, all terms have been shown to be bounded above by at most 1
BT

O
(
T−(2β−1)/(α+2β)

)
on the set GT , and the proof is complete.

8. Appendix

This Appendix contains the statements and proofs of several auxiliary results (namely Lemmas

1-6 and Propositions 1-7) that are required in the proof of Theorem 1.

Lemma 1. Let
{
ϕi
}

be a complete orthonormal system of functions in L2
(
[0, 1]2,C

)
and φ(τ, σ)

be a random bivariate function in L2
(
[0, 1]2,C

)
with induced integral operator Φ, then

(A) φ(τ, σ) =
∑
i,j

φijϕi(τ)ϕj(σ), a.s.,

(B) E
∣∣φij∣∣2 =

∫
[0,1]2

E
[
φ(τ1, σ1)φ(τ2, σ2)

]
× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2

(C) E
��Φ

��2

2
=
∑
i,j

∫
[0,1]2

E
[
φ(τ1, σ1)φ(τ2, σ2)

]
× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dτ2dσ1dσ2.

Proof. Since
{
ϕi
}

is a complete orthogonal system, φ ∈ L2 and

φij =

∫
[0,1]2

φ(τ, σ)ϕi(τ)ϕj(σ)dτdσ,

so that part (A) is proved. We have

∣∣φij∣∣2 =

∫
[0,1]2

φ(τ1, σ1)ϕi(τ1)ϕj(σ1)dτ1dσ1

∫
[0,1]2

φ(τ2, σ2)ϕi(τ2)ϕj(σ2)dτ2dσ2
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=

∫
[0,1]4

φ(τ1, σ1)φ(τ2, σ2)× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2

E
∣∣φij∣∣2 =

∫
[0,1]4

E
[
φ(τ1, σ1)φ(τ2, σ2)

]
× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2,

This proves part (B). Now, by definition,

E
��Φ

��2

2
= E

∑
i,j

∣∣φij∣∣2 =
∑
i,j

∫
[0,1]4

E
{
φ(τ1, σ1)φ(τ2, σ2)

}
× ϕi(τ1)ϕi(τ2)ϕj(σ1)ϕj(σ2)dτ1dτ2dσ1dσ2,

and

∫
[0,1]2

φ(τ, σ)φ(τ, σ)dτdσ =

∫
[0,1]2

{∑
i,j

φijϕi(τ)ϕj(σ)
}
×
{∑

k,l

φklϕk(τ)ϕl(σ)
}
dτdσ

=

∫
[0,1]2

∑
i,j,k,l

φijφkl × ϕi(τ)ϕk(τ)ϕj(σ)ϕl(σ)dτdσ =
∑
i,j

∣∣φij∣∣2,
proving part (C).

Lemma 2. Let {ϕi} be a complete orthonormal basis in L2([0, 1],C) that is closed under

conjugation (i.e. satisfying the condition {ϕi : i = 1, 2, . . .} = {ϕi : i = 1, 2, . . .}). Let

ξ1, ξ2 ∈ L2([0, 1]2,C) and ξ3 ∈ L2([0, 1]4,C). Let Ui be the induced operator of ξi for i = 1, 2, 3.

Then

(A)
∑
i,j

∣∣∣∣∣
∫
[0,1]4

ξ1(τ1, τ2)ξ2(σ1, σ2)× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2

∣∣∣∣∣ ≤ ��U1

��
1

��U2

��
1

(B)
∑
i,j

∣∣∣∣∣
∫
[0,1]4

ξ1(τ1, σ2)ξ2(σ1, τ2)× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2

∣∣∣∣∣ ≤ ��U1

��2

2
+

��U2

��2

2

(C)
∑
i,j

∣∣∣∣∣
∫
[0,1]4

ξ3(τ1, σ1, τ2, σ2)× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2

∣∣∣∣∣ ≤ ��U3

��
1
.

Proof. Let ξk(τ, σ) =
∑
i,j ξk,ijϕi(τ)ϕj(σ) for k = 1, 2.

(A) We start with

∫
[0,1]4

ξ1(τ1, τ2)× ξ2(σ1, σ2)× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2

=

∫
[0,1]2

ξ1(τ1, τ2)ϕi(τ1)ϕi(τ2)dτ1dτ2 ×
∫
[0,1]2

ξ2(σ1, σ2)ϕj(σ1)ϕj(σ2)dσ1dσ2
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= ξ1,ii × ξ2,jj .

Then

∑
i,j

∣∣ξ1,ii × ξ2,jj∣∣ ≤∑
i

∣∣ξ1,ii∣∣×∑
j

∣∣ξ2,jj∣∣ ≤ ��U1

��
1

��U2

��
1
.

(B) Recall that for each i, there exists only one i′ such that ϕi = ϕi′ . So,∫
[0,1]4

ξ1(τ1, σ2)× ξ2(σ1, τ2)× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2

=

∫
[0,1]2

ξ1(τ1, σ2)ϕi(τ1)ϕj(σ2)dτ1dσ2 ×
∫
[0,1]2

ξ2(σ1, τ2)ϕj(σ1)ϕi(τ2)dσ1dτ2

=

∫
[0,1]2

∑
k,l

ξ1,klϕk(τ1)ϕl(σ2)ϕi(τ1)ϕj(σ2)dτ1dσ2 ×
∫
[0,1]2

∑
u,v

ξ2,uvϕu(σ1)ϕv(τ2)ϕj(σ1)ϕi(τ2)dσ1dτ2

= ξ1,ij′ × ξ2,j′ i.

Taking the sum over i, j now yields

∑
i,j

∣∣ξ1,ij′ × ξ2,j′ i∣∣ ≤∑
i,j

{∣∣ξ1,ij∣∣2 +
∣∣ξ2,ij∣∣2} =

��U1

��2

2
+

��U2

��2

2
.

(C) Since the ϕi is a complete orthonormal basis in L2([0, 1],C), the collection {ϕiϕj : i, j} is

a complete orthonormal basis in L2([0, 1]2,C). Writing ϕiϕj = ϕij we have∫
[0,1]4

ξ3(τ1, σ1, τ2, σ2)× ϕi(τ1)ϕj(σ1)ϕi(τ2)ϕj(σ2)dτ1dσ1dτ2dσ2 = 〈U3ϕij , ϕij〉.

Taking the absolute value and summing over i, j, we get the upper bound
��U3

��
1
.

Lemma 3. The spectral density of X and the cross-spectral density of {X,Y } have the form

fXXν = fXXν,R + ifXXν,I

fBν = fBν,R + ifBν,I

and assume that they satisfy condition (B5) and (B4). Furthermore, for ν, ω, α ∈ [0, 2π], they

admit the Taylor expansions

fXXν = fXXω +

p−1∑
j=1

(ν − ω)j

j!
fXX,(j)ω +

(
ν − ω

)p
gp,ν,ω
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fBν = fBω +

p−1∑
j=1

(ν − ω)j

j!
fB,(j)ω + (ν − ω)pgBp,ν,ω,

where f
XX,(j)
ω =

∂jfXXα
∂αj

∣∣∣
α=ω

, f
B,(j)
ω =

∂jfBα
∂αj

∣∣∣
α=ω

, and

(
ν − ω

)p
gp,ν,ω =

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,R dζ + i

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,I dζ

(ν − ω)pgBp,ν,ω =

∫ ν

ω

(ν − ζ)p

p!
f
B,(p+1)
ζ,R dζ + i

∫ ν

ω

(ν − ζ)p

p!
f
B,(p+1)
ζ,I dζ

fXX,(p+1)
ω = f

XX,(p+1)
ζ,R + if

XX,(p+1)
ζ,I

fB,(p+1)
ω = f

B,(p+1)
ζ,R + if

B,(p+1)
ζ,I .

Finally, there exists a constant C that does not depend on ν, ω, α and such that
��FXX,(j)

ω

��
1
,

��FB,(j)
ω

��
1
,

��Gp,ν,ω
��
1
,

��GB
p,ν,ω

��
1
,

��F ε
ω

��
1

are uniformly bounded by C. Here FXX,(j)
ω , FB,(j)

ω ,

Gp,ν,ω, GB
p,ν,ω and F ε

ω are the operators induced by the kernels f
XX,(j)
ω , f

B,(j)
ω , gp,ν,ω, g

B
p,ν,ω and

f εω.

Proof. Recall that

fXXω (τ, σ) =
∑
t∈Z

e−itωrXt (τ, σ).

Since fω(τ, σ) is a complex-valued function, fXXω (τ, σ) = fXXω,R (τ, σ) + ifXXω,I (τ, σ). Using a

Taylor expansion of the functions fXXω,R (τ, σ) and fXXω,I (τ, σ), we have

fXXν,R (τ, σ) = fXXω,R (τ, σ) +

p−1∑
j=1

(ν − ω)j

j!
f
XX,(j)
ω,R +

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,R dζ

fXXν,I (τ, σ) = fXXω,I (τ, σ) +

p−1∑
j=1

(ν − ω)j

j!
f
XX,(j)
ω,I +

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,I dζ.

Then

fXXν = fXXω +

p−1∑
j=1

(ν − ω)j

j!
fXX,(j)ω +

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,R dζ + i

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,I dζ.

Under condition (B5),

fXX,(j)ω (τ, σ) =
∑

t∈Z\{0}

e−itωtjrXt (τ, σ)
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f
XX,(p+1)
ζ,R (τ, σ) =


∑
t∈Z\{0}(−1)(p+1)/2 cos(−tζ)(−t)p+1rXt (τ, σ) for p odd

∑
t∈Z\{0}(−1)(p+2)/2 sin(−tζ)(−t)p+1rXt (τ, σ) for p even.

Under condition (B5), for p odd,

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,R (τ, σ)dζ =

∫ ν

ω

∑
t∈Z\{0}

(ν − ζ)p

p!
(−1)(p+1)/2 cos(−tζ)(−t)p+1rXt (τ, σ)dζ

=

∫ ν

ω

∑
t∈Z\{0}

(−1)(p+1)/2 (ν − ζ)p

p!

cos(−tζ)
t4

{
(−t)p+5rXt (τ, σ)

}
dζ

=
∑

t∈Z\{0}

∫ ν

ω

(−1)(p+1)/2 (ν − ζ)p

p!

cos(−tζ)
t4

dζ ×
{

(−t)p+5rXt (τ, σ)
}
.

Under condition (B4), it follows that

��FXX,(j)
ω

��
1
≤

∑
t∈Z\{0}

|t|j
��RX

t

��
1

Given a system of complete orthonormal functions {en}

∑
n∈N

∣∣∣∣∣
∫
[0,1]2

∫ ν

ω

(ν − ζ)p

p!
f
XX,(p+1)
ζ,R (τ, σ)dζ × en(τ)en(σ)dτdσ

∣∣∣∣∣ =

=
∑
n∈N

∣∣∣∣∣∣
∑

t∈Z\{0}

∫ ν

ω

(ν − ζ)p

p!

cos(−tζ)
t4

dζ ×
{
tp+5

∫
[0,1]2

rXt (τ, σ)en(τ)en(σ)dτdσ
}∣∣∣∣∣∣ .

Denoting
∫
[0,1]2

rXt (τ, σ)en(τ)en(σ)dτdσ = rXt,n, the above term is bounded above by

∑
n∈N

∑
t∈Z

|t|p+5 × |rt,n|
∫ ν

ω

|ν − ζ|p

p!
dζ = O(1)× |ν − ω|p

∑
t∈Z

|t|p+5��Rt

��
1

= O(1)|ν − ω|p.

Since the induced operator of
∫ ν
ω

(ν−ζ)p
p!

f
XX,(p+1)
ζ,R (τ, σ)dζ is the limit of a sequence of compact

operators, it is a compact operator.

Following the proof of Theorem 1.27 in Zhu (2007), it follows that the induced operator of∫ ν
ω

(ν−ζ)p
p!

f
XX,(p+1)
ζ,R dζ has nucelar norm of order |ν − ω|p. Similar steps yield the same result

for p even. We obtain the same result for the induced operator of
∫ ν
ω

(ν−ζ)p
p!

f
XX,(p+1)
ζ,I dζ. Then

��Gp,ν,ω
��
1

is uniformly bounded. The same method of proof is applied to FB,(j)
ω , GB

ν,ω and

F ε
ω.
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Lemma 4. Let α and β be two positive numbers as in assumption (B1). Let λj = j−α, bj =

j−β ; ζT = T−α/(α+2β) then

(A)

∞∑
j=1

ζ2T
b2j

(λj + ζT )2
= O

(
T−(2β−1)/(α+2β)

)
(9)

(B)

∞∑
j=1

1

T

λj
(λj + ζT )2

= O
(
T−(2β−1)/(α+2β)

)
(10)

(C)

∞∑
j=1

λ2
j

(λj + ζT )2
= O

(
T 1/(α+2β)

)
. (11)

Proof. We use the following facts in the proof

T∑
i=1

it �



T t+1 t > −1

logn t = −1

C t < −1

∞∑
i=T+1

i−t � T−t+1 t > 1.

(A) Let J =
⌈
T 1/(α+2β)

⌉
. Since 2β > 1 and 2β − 2α < 1, using the above results we may write

∞∑
j=1

ζ2T
λ2
j

(λj + ζT )2
�
∞∑
j=1

ζ2T
j−2β

(j−α + ζT )2
≤
∑
j≤J

j−2β+2α × ζ2T +
∑
j>J

j−2β � J−2β+2α+1ζ2T + J−2β+1

� T (−2β+2α+1)/(α+2β)T−2α/(α+2β) + T−(2β−1)/(α+2β)

= O
(
T−(2β−1)/(α+2β)

)
.

(B) For α > 1,

∞∑
j=1

1

T

λj
(λj + ζT )2

=
∑
j≤J

1

T

λj
(λj + ζT )2

+
∑
j>J

1

T

λj
(λj + ζT )2

≤
∑
j≤J

1

T

1

λj
+
∑
j>J

1

T

λj
ζ2T

� 1

T

∑
j≤J

jα +
1

T
T−2α/(α+2β)

∑
j>J

j−α � 1

T
Jα+1 + T−(2β−α)(α+2β)J−α+1

= T−1T−(α+1)/(α+2β) + T−(2β−α)/(α+2β)T−(α−1)/(α+2β)

= O
(
T−(2β−1)/(α+2β)

)
.
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(C) For J = T 1/(α+2β)

∞∑
j=1

λ2
j

(λj + ζT )2
=
∑
j≤J

λ2
j

(λj + ζT )2
+
∑
j>J

λ2
j

(λj + ζT )2
≤ J +

∑
j>J

ζ−2
T j−2α = T 1/(α+2β) + T 2α/(α+2β)J−2α+1

� T 1/(α+2β) + T 2α/(α+2β)T (−2α+1)/(α+2β)

� T 1/(α+2β).

Lemma 5. For a fixed ω ∈ [0, 2π] and a non-negative integer k,

(A)
1

T

T−1∑
s=0

W (T )(ω − us)× (ω − us)j = δ0j +O
(
T−1B−1

T

)
for 0 ≤ j < p

(B)
1

T

T−1∑
s=0

∣∣∣W (T )(ω − us)
∣∣∣× ∣∣∣ω − us∣∣∣p = O

(
BpT
)

+O
(
T−1B−1

T

)
.

(C)
1

T

T−1∑
s=0

{
W (T )(ω − us)

}2

× (ω − us)k =


CkB

k−1
T +O

(
T−1B−2

T

)
k even

O
(
T−1B−2

T

)
k odd

(D)
1

T

T−1∑
s=0

∣∣∣W (T )(ω − us)W (T )(ω + us)× (ω − us)j
∣∣∣ = 1IT (ω)O

(
Bj−1
T

)
,

where δ0j is Kronecker symbol , 0 ≤ Ck ≤
∫
RW (α)2αkdα and IT =

[
0, BT

]
∪
[
π − BT , π +

BT
]
∪
[
2π −BT , 2π

]
.

Proof. The proof uses the results of Panaretos and Tavakoli (2013) on the total variation V ba (h)

of a function h : [a, b]→ C. We first have the following results. For any positive integers ` and

k and x ∈ [−π ≤ π],

V 2π
0

({
W (T )}`xk) ≤ 4

∥∥W (T )
∥∥
∞ × (2π)k × V 2π

0

({
W (T )}`) = O

(
B−`T

)
.

In the rest of the proof of this lemma, we frequently use Lemma 7.12 in Panaretos and Tavakoli

(2013) to get an upper bound for the difference between an integral and its linear approximation

based on grid of points in that interval.
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(A) We have

1

T

T−1∑
s=0

W (T )(ω − us)× (ω − us)j =

∫ π

−π
W (T )(α)αjdα+O

(
T−1B−1

T

)
= δ0j +O

(
T−1B−1

T

)
.

In the second line, we replaced α = ω − v, then α from −π to π. The integral equals zero, by

the properties of W . This proves part (A).

(B) For this part,

1

T

T−1∑
s=0

∣∣∣W (T )(ω − us)
∣∣∣× ∣∣∣ω − us∣∣∣p =

∫ π

−π

∣∣∣W (T )(α)
∣∣∣× ∣∣α∣∣pdα+O

(
T−1B−1

T

)
≤
∫
R

∣∣∣W (α)
∣∣∣× ∣∣α∣∣pdα×BpT +O

(
T−1B−1

T

)
= O

(
BpT
)

+O
(
T−1B−1

T

)
.

(C) We have

1

T

T−1∑
s=0

{
W (T )(ω − us)

}2

× (ω − us)k =

∫ π

−π

{
W (T )(α)

}2

αkdα+
1

T
O
(
V 2π
0

({
W (T )}2xk)) .

The second term is bounded by O
(
T−1B−2

T

)
, for odd k, while the first term vanishes. We now

consider the integral term for even k. Recall that

W (T )(α) =
1

BT

∑
i∈Z

W
(α+ 2πi

BT

)
,

and so

{
W (T )(α)

}2
=
{ 1

BT

∑
i

W
(α+ 2πi

BT

)}
×
{ 1

BT

∑
j

W
(α+ 2πj

BT

)}
.

For i 6= j, π > 2BT , and W is supported on [−1, 1]. It follows that at least one of W
(
α+2πi
BT

)
and W

(
α+2πj
BT

)
must be zero. Thus,

{
W (T )(α)

}2
=

1

B2
T

∑
i

W 2
(α+ 2πi

BT

)
.

Moreover α ∈ [−π, π], so for |i| ≥ 1 we have W
(
α+2πi
BT

)
= 0. Hence, for even k,

∫ π

−π
W (T )(α)2αkdα =

1

B2
T

∫ π

−π
W
( α

BT

)2
αkdα ≤ Bk−1

T

∫
R
W (α)2αkdα.
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(D) For ω ∈ IT

1

T

T−1∑
s=0

∣∣∣W (T )(ω − us)W (T )(ω + us)× (ω − us)j
∣∣∣ =

∫ π

−π

∣∣∣W (T )(α)W (T )(2ω − α)× αj
∣∣∣dα+O

(
T−1B−2

T

)
.

Since W is supported on [−1, 1], W
(

2ω−α+2kπ
BT

)
6= 0 iff |2ω−α+ 2kπ| ≤ BT . For T sufficiently

large, α ∈ [−π, π], ω ∈ [0, 2π], the inequality will hold only for −4 ≤ k ≤ 4. Thus, the integral

is bounded by

4∑
k=−4

∫ π

−π

1

B2
T

∣∣∣W( α

BT

)
×W

(2ω − α+ 2kπ

BT

)
× αj

∣∣∣dα =
4∑

k=−4

∫ πB−1
T

−πB−1
T

1

B2
T

∣∣∣W (x)W
(2ω − 2kπ

BT
− x
)
×Bj+1

T xj
∣∣∣dx

= O
(
Bj−1
T

)
.

When ω /∈ IT , since 0 < ω < 2π, we have ω /∈ ∪k∈Z
[
kπ −BT , kπ +BT

]
, and so

∣∣kπ − ω∣∣ > BT .

It follows that ∣∣∣ α
BT

+
2ω − α+ 2kπ

BT

∣∣∣ =
∣∣∣2kπ + 2ω

BT

∣∣∣ ≥ 2.

Then, at least one ofW
(

α
BT

)
andW

(
2ω−α+2kπ

BT

)
must equal 0. When |α| > BT , W (α/BT ) = 0.

We deduce that for T large enough and ω /∈ [0, BT ] ∪ [π −BT , π +BT ] ∪ [2π −BT , 2π]

W (T )(α)W (T )(α− 2ω) =
1

B2
T

W
( α

BT

)∑
k∈Z

W
(α+ 2kπ − 2ω

BT

)
= 0.

Thus we get zero for ω /∈ IT .

Lemma 6. Let hT (t) = 1[0,T−1](t) and ∆(T )(ω) =
∑T−1
t=0 e−iωt. Let

fω1,...,ωk−1(τ1, . . . , τk) =
1

(2π)k−1

∞∑
t1,...,tk−1=−∞

exp

{
−i

k−1∑
j=1

ωjtj

}
cum

(
Xt1(τ1), . . . , Xtk−1(τk−1), X0(τk)

)
%T,k := %T (τ1, . . . , τk) =

1

(2π)k−1

∑
ti≥T

exp

{
−i

k−1∑
j=1

ωjtj

}
cum

(
Xt1(τ1), . . . , Xtk−1(τk−1), X0(τk)

)
ρT,k := ρT (τ1, . . . , τk) =

∑
|tj |≤T−1

exp

{
−
k−1∑
j=1

tjωj

}
cum

(
Xt1(τ1), . . . , Xtk−1(τk−1), X0(τk)

)
×

[
T−1∑
t=0

exp
{
− t

k∑
j=1

ωj
}{

1− hT (t+ t1)hT (t+ t2) . . . hT (t+ tk−1)hT (t)
}]
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Then

cum
(
X̃(T )
ω1

, . . . , X̃(T )
ωk

)
=

(2π)k/2−1

T k/2
fω1,...,ωk−1 ×∆(T )

( k∑
j=1

ωj
)
− (2π)k/2−1

T k/2
∆(T )

( k∑
j=1

ωj
)
× %T,k +

1

(2πT )k/2
ρT,k.

Let Fω1,...,ωk−1 ,UT,k and VT,k be the operators induced by fω1,...,ωk−1 , %T,k and ρT,k, respec-

tively. Then

��Fω1,...,ωk−1

��
1
≤ 1

(2π)k−1

∞∑
t1,...,tk−1=−∞

��Rt1,...,tk−1

��
1

��UT,k

��
1
≤
∑
|tj |≥T

��Rt1,...,tk−1

��
1

��VT,k
��
1
≤

∑
|tj |≤T−1

��Rt1,...,tk−1

��
1
×
k−1∑
j=1

∣∣tj∣∣.
Proof. Proofs of these results can be found in Panaretos and Tavakoli (2013).

Proposition 1. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,

then

Ep(T )
νs (τ, σ) = fXXνs (τ, σ) +

1

T
ϑνs(τ, σ).

For νr + νs 6= 2π,

cum
(
X̃νs(τ), X̃νr (σ)

)
=

1

T
ϑνs,νr (τ, σ).

For the corresponding integral operator, we have PXX
νs,T = FXX

νs + T−1Vνs and
��Vνs

��
1
< C

and EX̃νs ⊗ X̃νr = T−1Vνs,νr with
��Vνs,νr

��
1
< C uniformly over s, r, where C is an universal

constant.

Proof. The results follow by Proposition 2.6 in Panaretos and Tavakoli (2013) and by Lemma

6.
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Proposition 2. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied.

Then,

Ef (T )
ω (τ, σ) = fXXω (τ, σ) +

1

BTT
ϑω(τ, σ). (12)

For the induced operators, EF̂XX
ω = FXX

ω + B−1
T T−1Vω with

��Vω
��
1
< C for an universal

constant C.

Proof. The first statement is equivalent to proposition 3.1 in Panaretos and Tavakoli (2013).

Now, by definition,

f (T )
ω =

2π

T

T∑
s=1

W (T )(ω − νs)p(T )
νs .

Using Proposition 1,

Ef (T )
ω (τ, σ) =

2π

T

T−1∑
s=0

W (T )(ω − νs)fXXνs (τ, σ) +
2π

T

T−1∑
s=0

W (T )(ω − νs)
1

T
ϑνs(τ, σ)

=
2π

T

T−1∑
s=0

W (T )(ω − νs)fXXνs (τ, σ) +
1

TBT
ϑ(1)(τ, σ),

with the operator V(1) induced by ϑ(1) satisfying
��V(1)

��
1

= O(1) uniformly over ω. Replacing

νs by us, and using a Taylor expansion,

fXXus (τ, σ) = fXXω (τ, σ) +

p−1∑
j=1

(
us − ω

)j
j!

∂jfXXα (τ, σ)

∂αj

∣∣∣
α=ω

+
(
us − ω

)p
gp,us,ω(τ, σ).

Summing over s now gives

f (T )
ω (τ, σ) =

2π

T

p−1∑
j=0

{ T−1∑
s=0

W (T )(ω − us)× (us − ω)j
}
× ∂jfXXα (τ, σ)

∂αj

∣∣∣
α=ω

+

2π

T

T−1∑
s=0

W (T )(ω − us)×
(
ω − us

)p
gp,us,ω(τ, σ).

For 0 ≤ j ≤ p− 1, using results in Lemma 5,

2π

T

{ T−1∑
s=0

W (T )(ω − us)× (ω − us)j
}
× ∂jfXXα (τ, σ)

∂αj

∣∣∣
α=ω

=
{
δ0j +O

(
T−1B−1

T

)}
× ∂jfXXα (τ, σ)

∂αj

∣∣∣
α=ω

.
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Taking the sum over j then yields

2π

T

p−1∑
j=0

{ T−1∑
s=0

W (T )(ω − us)× (us − ω)j
}
× fXX,(j)ω (τ, σ) = fXXω +O

(
T−1B−1

T

) p−1∑
j=1

fXX,(j)ω (τ, σ).

Finally, letting Gp,us,ω be the operator induced by gp,us,ω, we have

��2π

T

T−1∑
s=0

W (T )(ω − us)×
(
ω − us

)p
Gp,us,ω

��
1
≤ 2π

T

T−1∑
s=0

∣∣∣W (T )(ω − us)×
(
ω − us

)p∣∣∣× sup
s

��Gp,us,ω
��
1

≤ O
(
BpT + T−1B−1

T

)
= O(T−1B−1

T ),

by Lemma 5 and Lemma 3. Combining the above results completes the proof.

Proposition 3. (A) Let

p(T )
r,s = cum

(
X̃(T )
νs (τ1), X̃

(T )
−νs(σ1), X̃

(T )
−νr (τ2), X̃(T )

νr (σ2)
)

and P(T )
r,s be its induced operator. Then,

��P(T )
r,s

��
1

= O(T−1).

(B) Let pr,s ∈ L2([0, 1]4,C) such that its associated operator Pr,s satisfies
��Pr,s

��
1
< CT−1

for all r, s = 0, . . . , T − 1 and a universal constant C. Let

T−1∑
r,s=0

W (T )(ω − νr)W (T )(ω − νs)pr,s = pω.

and Pω be the induced operator of pω. Then

∫ 2π

0

��Pω

��
1
dω = O(T ).

Proof. (A) Using Lemma 6

��P(T )
r,s

��
1
≤ 1

T

∞∑
t1,t2,t3=−∞

��Rt1,t2,t3

��
1

+
2π

T

∑
|tj |≥T

��Rt1,t2,t3

��
1

+
1

(2πT )2

∑
|tj |<T−1

��Rt1,t2,t3

��
1
×

3∑
j=1

|tj |

≤ O(1)

T

∞∑
t1,t2,t3=−∞

��Rt1,t2,t3

��
1

= O(T−1).
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(B) Recall that

W (T )(ω − νs) =
1

BT

∑
i∈Z

W
(ω − νs + 2iπ

BT

)
; W (T )(ω − νr) =

1

BT

∑
j∈Z

W
(ω − νr + 2jπ

BT

)
.

Note now that W (x) = 0 for all |x| > 1. Hence, if |x − y| > 2, then at least one of W (x) and

W (y) vanishes. We have −2π ≤ νr − νs ≤ 2π, and so if

νr − νs /∈ ST := [−2π,−2π + 2BT ] ∪ [−2BT , 2BT ] ∪ [2π − 2BT , 2π],

then
∣∣νr − νs + 2kπ

∣∣ > 2BT for any integer k. Thus, if νr − νs /∈ ST , for all i, j ∈ Z

∣∣∣∣ω − νs + 2iπ

BT
− ω − νr + 2jπ

BT

∣∣∣∣ =

∣∣∣∣νr − νs + 2(i− j)π
BT

∣∣∣∣ > 2.

This means that W
(
ω−νs+2jsπ

BT

)
W
(
ω−νr+2jrπ

BT

)
= 0 for all i, j ∈ Z, if νr − νs /∈ ST . Write

ST,s = [−2π + νs,−2π + 2BT + νs] ∪ [−2BT + νs, 2BT + νs] ∪ [2π − 2BT + νs, 2π + νs].

Then W (T )(ω − νs)W (T )(ω − νr) = 0 for νr /∈ ST,s. The number of r such that νr ∈ ST,s is of

order TBT . Therefore,

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)pr,s =

T−1∑
s=0

∑
r∈ST,s

W (T )(ω − νs)W (T )(ω − νr)pr,s

=

T−1∑
s=0

W (T )(ω − νs)×
∑

r∈ST,s

W (T )(ω − νr)pr,s.

For fixed νs, let

IT,s =
{
ω : 0 ≤ ω ≤ 2π, W

(ω − νs + 2iπ

BT

)
6= 0, for some i ∈ Z

}
.

This means that if ω ∈ IT,s, then

−BT ≤ ω − νs + 2iπ ≤ BT ⇐⇒ ω ∈ [−BT + νs − 2iπ,BT + νs − 2iπ]

for some i ∈ Z. The length of [−BT + νs− 2iπ,BT + νs− 2iπ] is 2BT . For |i| ≥ 4, [−BT + νs−

2iπ,BT + νs − 2iπ]∩ [0, 2π] = ∅. Hence, the length of IT,s is of order O(BT ). By the definition
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of IT,s, ∣∣W (T )(ω − νs)
∣∣ ≤ 1IT,s(ω)

‖W‖∞
BT

.

The number of r such that νr ∈ ST,s is of order TBT . Thus, combining our results

�� T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)Pr,s

��
1
≤
T−1∑
s=0

1IT,s(ω)
‖W‖∞
BT

O(TBT )
‖W‖∞
BT

sup
r,s

��Pr,s

��
1

=

T−1∑
s=0

1IT,s(ω)
O(1)

BT
.

Integrating over ω and remarking that IT,s is of order BT , we obtain

∫ 2π

0

��Pω

��
1
dω = O(T ).

Proposition 4. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,

then

E
[
p(T )
νs (τ1, σ1)× p(T )

−νr (τ2, σ2)
]

= E
[
p(T )
νs (τ1, σ1)

]
× E

[
p
(T )
−νr (τ2, σ2)

]
+ p(T )

r,s (τ1, σ1, τ2, σ2)+

η(νr − νs)fXXνs (τ1, τ2)fXX−νs (σ1, σ2) +
1

T
η(νs − νr)ϑ1,νs,νr,f (τ1, τ2)� ϑ2,νs,νr,f (σ1, σ2)+

η(νs + νr)f
XX
νs (τ1, σ2)fXX−νs (σ1, τ2) +

1

T
η(νs + νr)ϑ3,νs,νr,f (σ1, τ2)� ϑ4,νs,νr,f (τ1, σ2)+

1

T 2
ϑ1,νs,νr (τ1, σ1)× ϑ2,νs,νr (τ2, σ2) +

1

T 2
ϑ3,νs,νr (τ1, σ2)× ϑ4,νs,νr (σ1, τ2),

where η(x) equals one if x ∈ 2πZ and zero otherwise, and ϑi,νs,νr,f�ϑj,νs,νr,f ∈ ConvC
(
L2([0, 1]2,C)×

L2([0, 1]2,C)
)

with a universal constant C.

Proof. To simplify notation, let

A = X̃(T )
νs (τ1); B = X̃

(T )
−νs(σ1); C = X̃

(T )
−νr (τ2); D = X̃(T )

νr (σ2).

We use the formula

E
[
ABCD

]
= E

[
AB
]
× E

[
CD

]
+ E

[
AC
]
× E

[
BD

]
+ E

[
AD

]
× E

[
BC

]
+ cum

(
A,B,C,D

)
.
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The term cum(A,B,C,D) will be denoted by p
(T )
r,s . Applying Proposition 2,

E
[
AB
]
× E

[
CD

]
=E
[
p(T )
νs (τ1, σ1)

]
× E

[
p
(T )
−νr (τ2, σ2)

]
E
[
AC
]
× E

[
BD

]
=

{
η(νs − νr)fXXνs (τ1, τ2) +

1

T
ϑ1,νs,νr (τ1, τ2)

}
×
{
η(νs − νr)fXX−νs (σ1, σ2) +

1

T
ϑ2,νs,νr (σ1, σ2)

}
=η(νs − νr)fXXνs (τ1, τ2)fXX−νs (σ1, σ2) +

1

T
η(νs − νr)

{
fXXνs (τ1, τ2)ϑ2,νs,νr (σ1, σ2)+

fXX−νs (σ1, σ2)ϑ1,νs,νr (τ1, τ2)
}

+
1

T 2
ϑ1,νs,νr (τ1, τ2)× ϑ2,νs,νr (σ1, σ2)

=η(νs − νr)fXXνs (τ1, τ2)fXX−νs (σ1, σ2) +
1

T
η(νs − νr)ϑ1,νs,νr,f (τ1, τ2)� ϑ2,νs,νr,f (σ1, σ2)+

+
1

T 2
ϑ1,νs,νr (τ1, τ2)× ϑ2,νs,νr (σ1, σ2);

E
[
AD

]
× E

[
BC

]
=

{
η(νs + νr)f

XX
νs (τ1, σ2) +

1

T
ϑ3,νs,νr (τ1, σ2)

}
×
{
η(νs + νr)f

XX
−νs (σ1, τ2) +

1

T
ϑ4,νs,νr (σ1, τ2)

}
=η(νs + νr)f

XX
νs (τ1, σ2)fXX−νs (σ1, τ2) +

1

T
η(νs + νr)

{
ϑ4,νs,νr (σ1, τ2)fXXνs (τ1, σ2)+

fXX−νs (σ1, τ2)ϑ3,νs,νr (τ1, σ2)
}

+
1

T 2
ϑ3,νs,νr (τ1, σ2)× ϑ4,νs,νr (σ1, τ2)

=η(νs + νr)f
XX
νs (τ1, σ2)fXX−νs (σ1, τ2) +

1

T
η(νs + νr)ϑ3,νs,νr,f (σ1, τ2)� ϑ4,νs,νr,f (τ1, σ2)

+
1

T 2
ϑ3,νs,νr (τ1, σ2)× ϑ4,νs,νr (σ1, τ2).

Combining these results completes the proof.

Proposition 5. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,

then

E
[{
f (T )
ω (τ1, σ1)− fω(τ1, σ1)

}
×
{
f
(T )
ω (τ2, σ2)− f−ω(τ2, σ2)

}]
=

O
(
T−1B−1

T

)
×
{
fXXω (τ1, τ2)fXX−ω (σ1, σ2) + 1IT (ω)fXXω (τ1, σ2)fXX−ω (τ2, σ1)

}
+O

(
T−1BT

){
ϑ1(τ1, τ2)� ϑ2(σ1, σ2) + 1IT (ω)ϑ3(τ1, σ2)� ϑ4(σ1, τ2)

}
+ 1IT (ω)×O

(
T−1)× {fXXω (τ1, σ2)f

XX,(1)
−ω (τ2, σ1) + fXX−ω (τ2, σ1)fXX,(1)ω (τ1, σ2)

}
+

1

T 2

T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)p(T )
r,s (τ1, σ1, τ2, σ2),

where IT is as in Lemma 5 and ϑi � ϑj ∈ ConvC
(
L2([0, 1]2,C)× L2([0, 1]2,C)

)
.
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Proof. We use the same notation A,B,C,D as in the proof of Proposition 4. By definition of

f
(T )
ω ,

E
[
f (T )
ω (τ1, σ1)× f (T )

ω (τ2, σ2)
]

=
(2π

T

)2 T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)× E
[
p(T )
νs (τ1, τ2)× p(T )

−νr (σ1, σ2)
]
.

We use Proposition 4 to decompose E
[
p
(T )
νs (τ1, τ2)×p(T )

−νr (σ1, σ2)
]

and treat each part separately.

Consider first E[AB]× E[CD], given by

(2π

T

)2 T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)× E
[
p(T )
νs (τ1, τ2)

]
× E

[
p
(T )
−νr (σ1, σ2)

]

=

{
2π

T

T−1∑
s=0

W (T )(ω − νs)E
[
p(T )
νs (τ1, σ1)

]}
×

{
2π

T

T−1∑
r=0

W (T )(ω − νr)E
[
p
(T )
−νr (τ2, σ2)

]}

= Ef (T )
ω (τ1, σ1)× Ef (T )

ω (τ2, σ2).

Note that η(x) = 0 when x 6= 2kπ. Next, consider E[AC]× E[BD] which is

(2π

T

)2 T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)×
[
η(νs − νr)fXXνs (τ1, τ2)fXX−νs (σ1, σ2)+

1

T
η(νs − νr)ϑ1,νs,νr,f (τ1, τ2)� ϑ2,νs,νr,f (σ1, σ2) +

1

T 2
ϑ1,νs,νr (τ1, τ2)ϑ2,νs,νr (σ1, σ2)

]
=
(2π

T

)2 T−1∑
s=0

W (T )(ω − νs)W (T )(ω − νs)× fXXνs (τ1, τ2)fXX−νs (σ1, σ2) +B−2
T T−2ϑ1,f (τ1, τ2)� ϑ2,f (σ1, σ2),

where

T−2B−2
T × ϑ1,f (τ1, τ2)� ϑ2,f (σ1, σ2) =

(2π

T

)2 T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νs)×
1

T
ϑ1,νs,νr,f (τ1, τ2)� ϑ2,νs,νr,f (σ1, σ2)

+
(2π

T

)2 T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)×
1

T 2
ϑ1,νs,νr (τ1, τ2)ϑ2,νs,νr (σ1, σ2).

For the term containing fXXνs (τ1, τ2)fXX−νs (σ1, σ2), we replace νs by us and use a Taylor expansion

as in Lemma 3

fXXus (τ1, τ2) =fXXω (τ1, τ2) +

p−1∑
j=1

(us − ω)j

j!

∂jfXXα (τ1, τ2)

∂αj

∣∣∣
α=ω

+ (us − ω)pg2,us,ω(τ1, τ2)
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fXX−us(σ1, σ2) =fXX−ω (σ1, σ2) +

p−1∑
j=1

(ω − us)j

j!

∂jfXX−α (σ1, σ2)

∂αj

∣∣∣
α=ω

+ (ω − us)pg2,us,ω(σ1, σ2).

Their product becomes

fXXus (τ1, τ2)× fXX−us(σ1, σ2) =fXXω (τ1, τ2)fXX−ω (σ1, σ2) + (ω − us)
{
fXXω (τ1, τ2)f

XX,(1)
−ω (σ1, σ2)−

fXX−ω (σ1, σ2)fXX,(1)ω (τ1, τ2)
}

+ (ω − us)2 × ϑ1,us,g(τ1, τ2)� ϑ2,us,g(σ1, σ2).

Taking the sum over s and using Lemma 5, now gives

(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)× fXXus (τ1, τ2)fXX−us(σ1, σ2) =

(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)× fXXω (τ1, τ2)fXX−ω (σ1, σ2)+

(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)× (ω − us)×
{
fXXω (τ1, τ2)f

XX,(1)
−ω (σ1, σ2)− fXX,(1)ω (τ1, τ2)fXX−ω (σ1, σ2)

}
+

(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω − us)× (ω − us)2 × ϑ1,νs,g(τ1, τ2)� ϑ2,νs,g(σ1, σ2)

= O
(
T−1B−1

T

)
× fXXω (τ1, τ2)fXX−ω (σ1, σ2) +O

(
T−1BT

)
× ϑ1,g(τ1, τ2)� ϑ2,g(σ1, σ2).

Turning to E[AD]× E[BC], similar manipulations yield

(2π

T

)2 T−1∑
s,r=0

W (T )(ω − νs)W (T )(ω − νr)×
[
η(νs + νr)f

XX
νs (τ1, σ2)fXX−νs (σ1, τ2)+

1

T
η(νs + νr)ϑ3,νs,νr,f (τ1, σ2)� ϑ4,νs,νr,f (σ1, τ2) +

1

T 2
ϑ3,νs,νr (τ1, σ2)× ϑ4,νs,νr (σ1, τ2)

]
=
(2π

T

)2 T−1∑
s=0

W (T )(ω − νs)W (T )(ω + νs)×
[
fXXνs (τ1, σ2)fXX−νs (σ1, τ2)

]
+B−2

T T−2ϑ3,f (τ1, σ2)� ϑ4,f (σ1, τ2).

Again, replacing νs by us, using a Taylor expansion, and employing Lemma 5, we have

1

T

T−1∑
s=0

∣∣W (T )(ω − us)
∣∣× ∣∣W (T )(ω + us)

∣∣× ∣∣ω − us∣∣j = 1IT (ω)O
(
Bj−1
T

)
.

Then

(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω + us)× fXXus (τ1, σ2)fXX−us(σ1, τ2) =
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(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω + us)× fXXω (τ1, σ2)fXX−ω (σ1, τ2)+

(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω + us)× (ω − us)×
{
fXXω (τ1, σ2)f

XX,(1)
−ω (σ1, τ2)− fXX,(1)ω (τ1, σ2)fXX−ω (σ1, τ2)

}
+

(2π

T

)2 T−1∑
s=0

W (T )(ω − us)W (T )(ω + us)× (ω − us)2 × ϑ3,νs,g(τ1, σ2)� ϑ4,νs,g(σ1, τ2)

= 1IT (ω)O
(
T−1B−1

T

)
× fXXω (τ1, σ2)fXX−ω (σ1, τ2) + 1IT (ω)O

(
T−1){fXXω (τ1, σ2)f

XX,(1)
−ω (σ1, τ2)+

1IT (ω)fXX−ω (σ1, τ2)fXX,(1)ω (τ1, σ2)
}

+ 1IT (ω)O
(
T−1BT

)
× ϑ3(τ1, σ2)� ϑ4(σ1, τ2).

Finally, we turn to cum(A,B,C,D), which consists in

1

T 2

T−1∑
r,s=0

W (T )(ω − νs)W (T )(ω − νr)p(T )
r,s (τ1, σ1, τ2, σ2).

For random variables U and V with EU = u,Ev = v and constants a and b, it holds that

E
[
(U − a)× (V − b)

]
= E[UV ]− av − bu+ ab = E

[
(U − u)(V − v)

]
+ (a− u)(b− v).

We use this formula with U = f
(T )
ω (τ1, σ1), V = f

(T )
−ω (τ2, σ2), a = fω(τ1, σ1), and b = f−ω(τ2, σ2)

to obtain

E
[{
f (T )
ω (τ1, σ1)− fXXω (τ1, σ1)

}
×
{
f
(T )
−ω (τ2, σ2)− fXX−ω (τ2, σ2)

}]
=

E
[{
f (T )
ω (τ1, σ1)− Ef (T )

ω (τ1, σ1)
}
×
{
f
(T )
2π−ω(τ2, σ2)− Ef (T )

2π−ω(τ2, σ2)
}]

+{
Ef (T )

ω (τ1, σ1)− fXXω (τ1, σ1)
}
×
{
Ef (T )

ω (τ2, σ2)− fXXω (τ2, σ2)
}

= O
(
T−1B−1

T

)
×
{
fXXω (τ1, τ2)fXX−ω (σ1, σ2) + fXXω (τ1, σ2)fXX−ω (τ2, σ1)

}
+

O
(
T−1BT

){
ϑ1(τ1, τ2)� ϑ2(σ1, σ2) + ϑ3(τ1, σ2)� ϑ4(σ1, τ2)

}
+ 1IT (ω)×O

(
T−1)× {fXXω (τ1, σ2)f

XX,(1)
−ω (τ2, σ1) + fXX−ω (τ2, σ1)fXX,(1)ω (τ1, σ2)

}
+

1

T 2

T−1∑
r,s=0

W (T )(ω − νs)W (T )(ω − νr)p(T )
r,s (τ1, σ1, τ2, σ2).
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Proposition 6. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,

then there exists an universal constant C such that

E
��F̂XX

ω,T −FXX
ω

��2

2
≤ C × T−1B−1

T .

Proof of Proposition 6. By part C of Lemma 1,

E
��F̂XX

ω,T −FXX
ω

��2

2
=

∑
i,j

E
[{
f (T )
ω (τ1, σ1)− fXXω (τ1, σ1)

}
×
{
f
(T )
−ω (τ2, σ2)− fXX−ω (τ2, σ2)

}]
ϕωi (τ1)ϕωj (σ1)ϕωi (τ2)ϕωj (σ2)dτ1dσ1dτ2dσ2.

We first decompose the right hand side by Proposition 5, then we apply Lemma 2 and follow

the proof of Proposition 3 to obtain the upper bound CT−1B−1
T .

Proposition 7. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,

the operator F̂XX
ω,T + ζTI is strictly positive definite on an event GT satisfying P[GT ]

T→∞−→ 1.

Note that this proposition establishes that even if the kernel function W takes on some neg-

ative values, the ridge-estimator F̂XX
ω,T +ζTI will remain positive definite with high probability.

Hence, we can find its inverse operator.

Proof of Proposition 7. By the result in our last proposition, there exists a constant C that

does not depend on ω such that:

E
��F̂XX

ω,T −FXX
ω

��2

2
≤ C × T−1B−1

T .

Let δ be a positive number such that γ + 2δ < 2β−α
α+2β

. Define

GT =
{
θ : θ ∈ Ω;

��F̂XX
ω,T −FXX

ω

��
2
≤ C1/2T−1/2B

−1/2
T T δ

}
.

Then for δ > 0, P(GT ) → 1. Let λ̂ωj,T denote the jth eigenvalue of F̂XX
ω,T . Then, on the even

GT , we have

C1/2T−1/2B
−1/2
T T δ ≥

��F̂XX
ω,T −FXX

ω

��
2
≥
∣∣λ̂ωj,T − λωj ∣∣ ≥ λωj − λ̂ωj,T
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λ̂ωj,T ≥ −C1/2T−1/2B
−1/2
T T δ.

Since BT = T−γ and α/(α + 2β) < 1/2 − γ/2 − δ, it must be that ζT > C1/2T−1/2T γ/2T δ =

C1/2T−1/2B
−1/2
T T δ. It follows that

ζT + λ̂ωj,T ≥ T−α/(α+2β) − C1/2B
−1/2
T T−1/2T δ > 0,

on GT .
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