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Supplementary Material

This supplement contains the proof Theorem 1. This is developed in the next section,
while a separate Appendix contains several auxiliary results that are required in the main proof

(namely Lemmas 1-6 and Propositions 1-7), but which are stated separately for tidiness.

7. Proof of Theorem 1

In the interest of tidiness, we introduce some additional notational conventions and facts here

that will be made frequent use of in the forthcoming lemmas and propositions.

e For fixed w € [0,27], define us to be an element of {vs + 2km : k € Z} such that

|w - us| < m. By this definition us is well-defined and

X = w0 —w) =W (w - u),

since fXX and W are periodic with period 27.

(] hT(t) = 1[0,T—1]~
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e Since By =77 and v > (o — 1) /(a4 23), we have
TleTC;Q — 2o/ (e+2B8)p—yp=1 _ p=(26-a)/(a+268)p—y _ p—(26-1)/(a+2B)pla—1)/(a+28)p—y

— O(T*(2Bfl)/(a+26))'

The fact that the above quantities are all equal and of order O(T_(w_l)/(a”m) is
highlighted here for tidiness, as it will be made use of in several steps of the proof,

without repeating an explicit calculation.
We first recall that

e{ S - aif = { [ 712 - 2} [Tel2 - 20

Hence, we first need to find the Hilbert-Schmidt norm by applying part C of Lemma[[]and then

take the integral over w. Let

D= F (IS )]
Using the triangle inequality,
12, - 8ol < 200 — 2,17 + 208 — Dl
Recall that,
2. ={Saet 0T { S oo} =L X vt 0w = L St 07
i 7 FR
and note that 2., has the series representation
9, = {;ai}@” ®<p;’}{;/\?1+CT<p§’ ®g7;f} = ;;A;JL?CTW ®PF.

Thus,

aiir —
J . @
ZAW/\“JrC o ® ¢S
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5 e 5= sl G o p2 ¢ as G
19. - 2.l = T B3 5 w‘?{;"’” } e <o T

— O(T—(2/3—1)/(a+2ﬁ)).
The last inequality comes from @ and assumption (B1). We next decompose 2, — Q\W,T as
D= Do = FYNFEX 4 o) = FUF|FEF + r s ] o
= (ZX* TN [PX ]+ (BUE - ) (X + ) - [ v as] )t
Y X XX -1 FXX -t
ZIN(FX v o] = [FE ] )
=S+ S+ S

The remainder of the proof will deal with constructing upper bounds for the three terms

{F, S, S5}, To this aim, the strategy will be to:

1. Apply part C of Lemma [1f with the orthogonal basis {go‘f} in order to to reduce the

problem to calculations involving integrals of kernel functions.
2. Use Propositions |3 and [5| to break these integrals down into manageable terms.

3. Apply Lemma to determine the required upper bound for each of these terms.

We organise this process into separate subsections for each of the terms {.%1,.%%, %5}, starting

with .#5, then moving on to .#;1 and finally .%%.

Bounding .73
Let A = é\?%{ — ZXX . For simplicity, also write
~ _ ~ -1
V=gl V=3 v var) T V= [ B rar]

Using the identities

Vvt =VtAVt s V1AV = v s VT = v 14 AavT] T
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we obtain
Vh vt =viaUt =viavt[r+avt) !

Thus, % = Z2XVTAVT [I + AV+]_1. By Proposition@ 1E|||A|||§ = O(B;lT_l) uniformly

over w, and ||V+H < 1/¢r. Hence, on the event G from Proposition
|||AC;1|”2 < T2a/(o¢+2ﬁ)T71T'y+26 _ T*(Qﬁfa)/(a+2B)T7+25 _ 0(1)
2~ b

since 7426 < (28— ) /(a+28). Thus || (I + AV‘F)71|||2 is uniformly bounded on the even Gr.

Hence, on G,
2
75115 < OWIZZFVAVHL < O ZE VL x lav ;.
The first factor of the right hand side is bounded by

S i - ST ) conx i —ow

Upon expanding A = 37, Aj;pf ® ¢, we obtain

o) — Aij N
A[FIX + (o] (ZAH%&DJ)(ZMJFC soj®s0j)—;v+]@soi®saj~
It follows that

2 E|Ay|"
AL + ] I = X g 0

0,3

Letting x be the integral kernel of A, another way to express ‘quj ‘2 is via Lemma yielding

E’Aij’2 :/ E[H(T1,0’1)H(T2,0’2):| X ¥ (11)5 (01)p7 (12)9 (02)dTidordTados.
[0,1]4

By proposition E |:Ii(7'1, o1)k(72, Ug)] can be decomposed as

O Bz ") x {57 (1, 72) £ (01, 02) + 11y () 5 (0, 0) 25 (s 00) f+
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O(Til) X 11T(‘*’){fcfx(7'l>U2)fi(:(’(l)(0177'2) + fff(dl,Tz)ffX’(l)(n,02)}+
O(T_IBT) x {91(11,72) © V2(01,02) + 11 (w)I3(71,02) © Va(01, 02 }+

T-1
1
T2 Z W (w — v )W (w — ur)pi’?(ﬁ,ahn, 02).

r,s=0
We now bound each term of E|A;;|?, before summing over i and j as in , and then taking

the integral over w.

Bounding the term O(T'B;") fXX (1, 72) fXX (01, 02).

Write

/ FE5 (1, m2) fEX (01, 02) x 0% (11) 05 (1) (72) % (02)dT1 dory dradors
[0,1)4

- / FXX (1, m) G2 () (1) dra s / TXX (o1, 02)¢% (01)9% (02)dorrdo
[0,1]2 [0,1]2

= A7AY.
Taking the sum over ¢ and j as in , by Lemma we obtain

“1p- AT ~1p- w AT - ~(28-1)/(a
o 'B:")> (Aj+§JT)2 =0(T lBTl)Z)\i Zm = 0(B;?) XO(T (28-1)/( +2ﬁ)).

i i
Bounding the term O(T'B3") 1, (w) fXX (11, 02) XX (12, 01).

Write

/ ) FEX (1, 02) fEX (2, 01) x @2 (11) 5 (01) 95 (12) 9% (02)dT1doy dradors
[0,1]

= [ eee e dnde: < [ L (1) (m)dodn
[0,1]2 [0,1]2

=\ @7 (02)¢% (02)doz X A @5 (12)p7 (12)dr2.
[0,1] [0,1]

This is dominated by Ay’ A} (the same argument as in the previous part has been applied here).
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Bounding the term O(T!) x 1, (W) XX (11, 09) £ 5D (0, 72).

Note that |||95X |||1 and |||<%‘),(X’(1)|||1 are uniformly bounded. Applying Lemma [2) we obtain

the bound
O(T )iz (w)ér™.

Note that the length of I is of order Br. Taking the integral over w, then we get O (T*IQ;QBT) =

O(T—(w—m/(awﬁ))

Bounding the term O(T7 1)1, (w) x ffX’(l)(Tl,ag)fi(f(almg).

For this term, we apply Lemma [2] as in the previous paragraph.

Bounding the term O(T‘lBT)ﬁl(ﬁ,Tg) ©Ya(01,09).

Applying Lemma we obtain O(T~'Br) x (72 = O(T~ =D/ (et28))

Bounding the term O(T~!Br)d3(r1,02) ® 94(01,T2).

Applying Lemma [2[ we obtain O(TﬁlBTC;2) = O(Tf(w*l)/("‘”m).

T-1

Bounding the term % Zns:O w(D) (w— VS)W(T) (w— V,«)pg;)(ﬁ, 01,T2,02).

Applying Lemma [2| part (C) and Proposition 3| part (C), we have
T = LO<T7(2ﬁ71)/(a+26)).
Br

In summary, we have upper bounded %5 as required.
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Bounding .}

Recall that

1
Ei{%‘:f W (w— ) 2Y % %:(ﬁjx—%;‘)[ +(r )
s=0
Now write
Ry = Z%HX

1
Hyr = ﬁ {zt: hr(t)R: exp{ — iwt}}
Lw,T = Hw,T - ngBij,T
Koo := % {; hr(t)e exp{ — iwt}} .
In this notation,
FEB T—{Z%texp{ 1wt}} {ZX hr(s exp{—iws}}
= % ;(%thhT(s) exp{ —iw(t+s)}
Hy,r = % Z hr(u+ v) %8By X, exp { —iw(u+ v)}

—Z{hT( —hr(u+v)}BuX,exp{ —iw(u+v)}

The operator @f)qg = ?W,T ® ()?%T) can be decomposed as

{Z hr(t)[R: + €] exp { — iwt}} ®X_wr
_ % {Z hr(t)Ryexp { — iwt}} QX _wr+ % {Z hr(t)er exp { — iwt}} @ X—wr

= 1w, T & Xfw,T + Kw,T & X'fw,T>

Zf/\ uT®X wT"’LwT@X wT+KwT®X w,T-
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Hence,
1 T-1 . . . _
@/,T)S = T Z W(T)(w - l/s) [ylixus,T ®X—VS,T + LUS,T ® X—u‘,.,T + KVS,T & X—VS,T
s=0

=+ Do+ Ds.
We can now decompose .7 based on the %;,
7= (yw” - ﬁ}%) [ZXX 4 ¢r] ™!
= (ZX =) [FE ) A BT ] [T ]
=1+ Y12 + S13.

By the Cauchy-Schwarz inequality

2

015 < 32l + 3172015 + 30l 1.

We focus on each of the three terms in the following paragraphs.

Bounding .%3.
Let D3 be the integral kernel of Z5. Then, similar to ,

1 w w w
IE|||Y13|||§ = Z 7()\9, s /[0 i IE[D:;(n, o1)D3 (72, 02)] @ (11)5 (01)p7 (12) 94 (02)dTidordTados.

2%

(2)

We need to work on the expectation inside the integral. First,

T-1 T-1
Ds(r3,02) = Y WP (w = v)Ky, 1 (1) X (02) = > W (w = v,) Koy 1 (72) Xo, 1 (02)
=0 r=0
By independence of X and e,

E(Ky, (1) X v 1(01) K-y 10(72) X0, 7(02)) = E[Ko, 0 (1) Ky 1 (72)] X B[X o, 1 (01) Xo, 1 (02)].
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Let g, be the spectral density function of {et}. By independence of the {e;}, we have ¢, = qo.

Apply Proposition [1| to the sequence {e:} to obtain

E[Dg(ﬁ,al) x Dg(rz,ag)] -

1

73 2 W (w = v )W (w — ve)E[Ky, r(11) Ky, 7(12)] % ]EI:)’ZVT,T(UZ)X*VSqT(Ul)]

s,r=0

T—-1
1 1
= 72 > W (w— )W (w - Vr){5v-squs (71, 72) + 01000 (71772)}X

s,7r=0

1
{0 82X 01,02) + 20200 (01,02) |
1 T—1
=T S WP w = v) WD (w = vs)qu, (11, 72) £ (01, 02)+
s=0
1 T—1
TS > W (w — v )W (W = ve) X qu, (11, 72)V2,0, 0, (01, 02)+
s=0
1 T—1
T3 Z W (w — v )W T (w = vs) X D10, 0, (11, 72) o (01, 02)+
s=0
1 T—1
T Z WP (w — v )W (w = 1) X 010, 0, (71, 72) 02,0, 0, (01, 2)
s=0

T—1
1
T > WO (w v )W (w = v)qu, (11, 72) 2. (01, 02) + V1,4(11,72) © D2,4(01,02).
s=0

_1
T?B2,
(3)
Replacing vs by us, and using Taylor’s expansion for f., as in Lemma[3] we obtain
1 1
faX (o1, 00) = a5 (01,02) + 55 (us —w) f25 W (01, 02) + oy (s = w)*g2,us0(01, 02).

Thus, by Lemma [5| the first term of right hand side of becomes

T-1
1
T2 E w® (w— us)W<T)(w - us)qo(rl,rz)ffx(al,az)—l—
s=0

T—1
1
Tz Z w (w— uS)W(T) (w—us) X (us —w) X qo(Tl,Tg)ffX’m(al,ag)—i—

s=0

T-1
1
577 2o W@ = u)W D (w = ) X (s = )00, 72)92,0,.0(01, 072)
s=0

= O(T_lB;l) x qo(11, m2) f2 X (01, 02) + O(T_lBT) X U1,4(T1,72) ® V2,4(01,02).
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For each i and j we compute

/ Qo (11, 72) fX X (01, 00) % (T )¢5 (01)¢5 (12) 9% (02)dT1dordT2do
[0,1]4

= (a0(r1,72), 7 ()¢ (72)) x (S (01, 00), 5 (01)5 (02) )

= qo,ii X )\j.

So, taking the sum over ¢ and j as in , we deduce that

—1p-1 qa),ii)‘j _ —1 -1 B —(28-1)/(a+28)
o(r'Br );ji@ﬁ(zﬂ)? —o(r'B; ){;%,”} {; YRR } Br'o(T ).
For 91,4(71,72) ® Y2,4(01,02) and V1,4(71,T2) © Y2,4(01,02), we now apply Lemma [2] and we

obtain O(T_IBT)C;Q _ O(T—(Qﬁ—l)/(cH—Zﬁ))

Bounding %>

Let D> be the integral kernel of %> and expand %, = Z” Ds,ij¢f ® ¢4 Similarly with (1)),
ED3 ,; 1
E|| el =Y ~oP s < o5 > ED3
17521 —~ (A ()P TG

T—1
Dy (11,01)D2(12,02) = Z W (w = v )W TN w — 1) Lo, (1) X -y 7(01) Ly 7(72) X0, 1 (03).

s,7r=0

For simplicity, denote

Us=Lor(m); V=X, 1), U,=Loyrm); Vi=X,1(00)
Using the fourth order cumulant equation, we have

E(UV_sU_V;) = E(UsU-)E(V_.V;) + E(Us Vo) E(U-,V;) + E(Us Vi )E(U-, V-s)

+ cum(Us, Vi, Uos, Vo).

We first estimate E(UV_s)E(U-,V;.) + E(UsV;.)E(U-,V_s). For each term,

E(Lwl,T ® )Z'wz,T) = Z {hT — hr(u+ v)} x hr(t) x @uE(Xv ® Xt) exp{ —i(wi(u+v) + th)}

u'ut
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=7 Z {hT — ho( u+v)} X hr(t) X BuLRi—v exp{ —i(wi(u+v) +w2t)}

w,v,t

(4)
For each u there are at most 2|u| different values of v such that hr(v) — hr(u+v) = £1. With
t ranging from 0 to 7' — 1, the multiplicity of the term %,%. in is no more than 2 |ul.

Therefore,

NE(Ler 7 ® X 7)), <lz2\ | x 1BuZull, < TZIU x| Zull, > 12,

< H{ S iz} < { Sl } = 0

And, consequently,
;] Tl
73 S W (w— v )W (w = v)E(UV)EU-Vos) = T By 01,00 (71,02) © 2,u0(01,72).
s,7=0
Applying Lemma[2] we obtain an upper bound of the same order. Similarly, we have
Z W (w = v )W (w0 — ) E(UV_)EU_ Vi) = T 2B7293 00 (11, 72) ® Va0 (01, 02).
s,7=0
Again, Lemma yields an upper bound of the same order.
For E(Us;U—-,)E(V,.V_s), we expand E(LWI,T ® sz,T)

Z {hT(vl)—hT(ul +Ul)} X {hT(U2)—hT(u2+vz)}

u1,v1,u2,v2

Nl

]E(Lwl,T ®Lw2,T) =
xexp { —i(wi(u1 +v1) + wa(uz +v2)) } X Buy Ry vy By

For w1 and wus fixed, there are at most 2|u1| and 2|uz| values of v1 and va, respectively, such

that hr(vi) — hr(ur + v1), hr(v2) — hr(uz + v2) = +1. Therefore,

4 .
NE(Lonr ® Luw )l < 75 3 Jua] x fue| < 3 W% 200,

ul,u2

< L S < { S,
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But Proposition [I] implies that

ad -~ O(T71>19Vral’s(o—170-2) lf ’I";é S
E(X") (01)X D (02)) =

flfgx(Oj,O'z)+O(T71)19,,5(O'1,0'2) if rT=S5.

Therefore,

T—1
% S WP —v )W (W — 1) E(UU-)E(V, V)
s,7=0
1 T—1
=72 > W (w—v)*{fo.(01,02) + O(T ), (01,02) } x BE(UU-)+
s=0
1 T—1
7z 2 W@ =)W (@ —v)O(T™" ), 0, (01, 02) E(UU-r)

s#r=0

= T72B’17“2195,uv(7-1, T2) © Y6,uv(01,02).
Applying Lemma [2] we obtain the desired rate. The last term in .#}2 is the cumulant term

—Up?

cur)l(L(UT> )~(<_T) LD )~(£T))

= j}chm< Z {hT(Ul) — hr(u1 + Ul)}%’M1XU1 exp{ —ivs(u1 + v1)}, ZhT(U2)XU2 exp {il/svg},
va

u1,v1

Z {hT(vg) — hr(us + Ug)}%u3XU3 exp {iw(us, + 113))}, ZhT(m)XU4 exp{ — iy,«v4}>

u3,v3

For fixed w1 and us, denote

Llunus) = > {hT(vl) ~ h(us + ul)} x {hT(vg) ~ he(us + m)} % h(v2) X hr(v) %

v1,V2,V3,V4
exp{ — i[z/s(ul + 1) — vsv2 — vr(us + vs) + I/Tv4]} X Cum(%ulel,sz,%u3XU3, Xv4).
Then,
- - 1
cum(Lg),X(_Ty)s,L(_q;)r,Xf)) =78 Z L(ui,us).
uy,u3 €L

By the multilinearity of cumulants,

cumn (B, Xu,) (1), Xua (72), (Bua Xog ) (01), Xoy (02)) =



FUNCTIONAL TIME SERIES REGRESSION

1 1
cum(/ bul(7'17C1)Xv1(gl)dgl,sz(TgL/ bua(m,<3)XU3(€3)d§37XU4(U2)) =
0 0
1 1
[ bums) [ bug(onsenm (X, (6, Xon (72) Xop (62)d, Xoo (02) ) dindes.
0 0
Denote the above term by Bulcum(le,XU2,XU3,XU4)B;3. Replace v; = t; + vq for i =
1,2,3,4, then t4 = 0. Now the exponential factor in L(u1,us) is

eXp{ —i[vs(ur +v1) — vsv2 — vr(us +v3) + st4]}

= exp{ - i[ysul — Z/TU3]} X exp{ — i[ystl — Vstyg — 1/,«153]} X exp{ —ivg X O}.
For the hr factor, denote
Hrp(t1,t2,t3,v4) 1= {hT(tl +vg) — hr(ur + 61 + U4)} X {hT(ts + v4) — hr(us +t3 + U4)} X hr(tz + va) X hr(va).
Then

L(ui,u3) = Z Hr(t1,t2,t3,v4) X exp{ — i(z/sul — I/Tu:g)}

t1,t2,t3,v4

X exp{ — i[l/stl — Vsty — 7/7-753}} X Bulcum(Xt1 , XtQ,Xt:s,XO)BzSA

Note that the number of v4 such that hr(vs) = 1is T. Letting £(u1,us) be the integral operator
of L(u1,us), we have
e us)ll, <T x> Bl fleum(Xe,, Xop, Xey, Xo)I, 120 -
t1,t2,t3

By assumptions (B4) and (B6),

cum(L,S?,)?‘_TUZ,LQT)T,)?f)) = % > L(ui,uz) =0T ).

ug,us3

Similarly to previous steps, applying Lemma and Proposition |3| yields

O(T—lg;2> - BLO(T—(%—l)/(a-&-Zﬁ)).
T
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Bounding %

The steps in this case are similar to those involved in bounding .. Recall that

T—

T-1
vx _ 1 (1) B x(T) o X (1) vx _ 1
— g = 7 Eﬁ WH N w—vs)F, Xy, @ XD, —F, 7 = T 2

We first work with E[(21 — Z) %) ® (21 — Z) ¥)*]. We have
E[(21 — ZY ) (9 — FYX) ] =E[21 © 27] —~E2 @ ED} + (B9 — F) %) @ (B2 — FJ )"

To determine EZ;, we use Proposition

= T—1
B; S W w-m)ZE 23] = ¢ > W - v) ZLE| 2]
s=0 —

T-1
:%ZW<T)((’J_VS)§UB;{PXX+ 7/11/5}: Z T>w—u),7£,7y)§x

s=0

v
TBr "

with |||%,,|||1 = O(1) uniformly over v € [0, 27]. Taylor expanding, we have

+ Z XX @) + (us - w)pgp,us,w

(us —w
f“S _f“’ +Z 7! x fB (J)+(u —w)? gp,uww
Jj=1

Thus,

T—1 p—1p—1

T-1
% Z W(T)(w _ Vs)ylzyix _ % Z W(T (w—vs {ZZ‘?B J(k) QXX ,(9) x (us — w)kJrj + Vs X (us
s=0

s=0 7=0 k=0
Note that |||95’(k><%fx’(j) |||1 < 0o. Using the same idea as in Proposition |2 we have

T—1
1 Ty, _ B X Bgxx , L1
o ; WY Nw —vs)Z,, Fo.” =F, Fo " + Br T%’

with || 7%.[|, = O(1) uniformly over w € [0,2x]. Tt follows that EZ: — FEFIX = ﬁ"i/w.

Then, EZ) — 22 X)@ (B2, — FXX)* = Y, ® Y. Finally, we apply Lemma which takes

T2B2
care of the term EZ; — .ZY X Now we need to bound E [Dl (s1,01)D1(s2, Uz)]. This equals

T—1

1

ﬁIE Z W<T)(w — IJS)W(T)(W — ur)/ fi (q,ﬁ)pg)(ﬁ,m)dﬁ X / ff,,T(gg,Tz)p( l,> (12, 02)dT2
[0,1] [0,1]

s,r=0

1
S WP —v) 2l PN - LTI

—w)p}.
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1

T-1
=5 Z W (w— v )W (w — l/r)/ (s, ) 2, (2, 72)E [pf/? (11, U’1)p(j;)r (72, 02)] dridrs.
[0,1]2

s,7=0

()

By Proposition [4]

E [p(uf) (r1,00)p") (72, 02)] =

]E[pgz)(ThUl)} X E[p(};)r(T270'2)i| +p£?;)(7—170'177-270-2)+

1
N —va) o (11, 72) F200 (01,02) + 20V — 1) 01,000y £ (71, 72) @ V2 1 (01, 02)+

fﬁ

1
n(vs + V?")flix (7'17 U2)f§u)§ (Uh 7'2) + fﬂ(l’s + Vr)ﬂ&vs,w,f(gla 7'2) © §4,Vs,umf(7'1: ‘72)+

1 1
ﬁﬁl,us,ur('rl,al) X V2,00, (T2, 02) + ﬁﬂs,us,ur(ﬁ,th) X V40,0, (01, T2)
=E[p0(r1,00)| x E[p7) (2,02)] + G (6)
Moreover,

E[D1(§1,01)} X E[Dl(Q,Uz)] =

T—1
2 2 WD r WD w) [

f2 (1, 7) 2, (s2, 2)E [pf,f)(ﬁ,m)} x E [pg)r (72, 02)] dridrs.
[0,1]2

s,7=0
(7)
Combining , @ and (]z[)7 we obtain

E[D1(§1701)D1(<2,U2)} —EDi(s1,01)ED1(s2,02) =

T-1

LS WOy w D (- VT)/ FE (a1, m)f2,, (s2,72) X G pdrrdra.

s,7=0 [0,1]2

We must now consider each term resulting from the summands consituting G ..

First we begin with the summand ffsx (71, Tg)fi(u)g (o1, 02) which contributes

T—1
1
T2 E W(T)(w - us)W(T) (w— us)/ ff; (gl,ﬁ)fis (2, Tz)fi(sx (7'1,7'2)fi(u)§ (01, 02)dT1dT2.
s=0

[0,1]2

Taylor expanding yields

f2 =8+ (us —w) 5O 4 (us — w) g5,
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XX _ XX
w

Ug -

+ (us — W) f2M 4 (s — w)2 g2 0
Then,
PP B PN = 2 TP fo e (s = ) { SO PP XX X5 520 X P+
FEFP W P DR PN (= )P0, © D,

These further terms are treated individually in the following bullet points:

o fBfB XX §XX. Recall that

Zbkl@k )

Then,

[0,1]2

TBT /[0 " {zbkzwk s1)ef (1 }{Z/\z o (1)o7 (72 }{meztpz TQ)(Pm(Q)} x f20 (01, 02)dridr

T—1

1

T2 > :W(T)(w—us)Q/ £2 (51, m) 20 (62, m2) F575 (r1, m2) f25 (01, 02 ) A
s=0

TBT{ Z Dby Ak <1)¢m(<2)} x XX (01,02).

Multiplying by ¢% (s1)p7 (s2)¢5 (01)9% (02) and then integrating, we have

/ { Z birb® A oF (1) (s2 }4,01 1) i (Q)deCQ/ fff(m,az)gof(al)go;?(ag)dmdag
0,1]2

k,m,l [0,1]2
_Z|b AP x Y.

As in , dividing by (\; + ¢7)? and taking the sum over 4 and j yields

b5 2 A X/\W AY 26-a O(1) - (26-1)/(26+a)
TBTZZ (XY +Cr) Z“’ g Z(Aw+<) ZI:Z Br :

T

_ 00) -s-1)/@p+a)
Br '

I AR o o e e S pol S e ) A E R e Y il AR RS
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the result in Lemmal[5] which states that

T-1
% Z W (W —us)? X (w—us) = O(T_IB;2).

s=0

Note that

/ FED (1) [P (52, m2) f375 (11, 72) 205 (01, 0)dmadrs
[0,1]2

can be written in the form of ¥1(s1,¢2) X ¥2(01,02) so that their corresponding operators ¥;
,¥2 have finite nuclear norm. Now we may apply Lemma [2]

o (us — w)?¥1 4, ® V2.4, Recall the result in Lemma stating that

% 2 W (W — us)? X (w—us)? = O(Br).

It follows that T2 ZT Ly T>(w — us)z(w — us)2 X D1,u,(S1,52) © V2,4, (01,02) has the form
O(T™'Br)¥1.4(s1,62) ® ¥2,4(c1,02). We may now apply Lemma as in the previous part.
This concludes our treatment of the summand fu, (71, 72) f-u, (01,02) in Gs .

We move on to the summand fi~ (71, 02) f>a (01, 72) in Gs,. This contributes the term

T—1
1
el Z W (w = us)W T (w + uy) / F2 (51, m) f20. (52, 72) fu (T1,02) f—us (01, To)dTidTe

[0,1)2
We apply the same process as with the previous term fjix (11, Tz)fi(u)g (01,02) in Gs . This is

done in the following bullet points:

o fE B XX fXX. We start with the integral

I8, ) 27 (11, 02)dm = / {Zbkztpk Sy (1 }{Z)\z o (1)@ 02)}d71
01

[0,1]

SR ACYEAC)

k,l

/[0’1] fB (Cz,Tz)f o (01, T2)dT2 = /[0 ; {Zbﬂutpu G2)py (T2 }{Z)\Ugo,, 1)y 72)}(17—2

R e e )
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Then,
/ ff(ghTl)f?w(g27TQ)fj(X(TbU2)fi(f(o-l>7—2)d7-1d7-2 =
[0,1]2

{ S vt eiteef (o) x { DB (e)es (o) ).
k,l u,v

We multiply by ¢ (1)@} (01)97 (s2)¢% (02) and integrate to obtain
by )\f,@)\‘j‘.

Then,

W (2w yw w w yw SN —2B—a yw
1 Z !bij’ Aji A _ 1 Z 32,105 A _ 1 Z G)7FoN
TBr Ay +¢r)?  TBr > (AY + (r)? TBr (XY + ¢r)?

%)
O) 5 (p—(28-1)/(a+28)
= T .
By Ol )
o SO PRSI X A D FE I P A SR PO P 4 g P 5N 2V Note that

/ ff’(l)(gl,ﬁ)ffw(ﬁ, Tz)fj(x(ﬁy 02)f§§(‘71: T2)dT1dT2
[0,1]2

can be rewritten via a form ¥1(s1,02) X Y2(01,s2) with their correspoding operators have finite

Schatten 1-norm |||”//1|||17 72 |||1 < C. Applying Lemma ,
! wam( — )W (w4 1) (@ — ) = Ly (W)O(T™
-~ W= u )W @+ u) (@ — ) = 11, (@)O(T),
s=0
and then we obtain the bound
IIT(W)O(T71)01(§170'2)792(0'17§2)~

We multiply this by ¢ (s1)¢5 (01)97 (s2)¢% (02) and integrate. Applying Lemma we obtain

a bound of order O(T71<;2). Now we integrate over w € Ir, obtaining an integral of order

O(T71C;2BT) — O(T*(zﬁfl)/(oﬁqﬁ)).
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o (us — w)?¥1 4, ®¥2.4,: The same argument is applied here, using Lemma and Lemma

Now we move on to the summand +7(vs — V)91, v, £ (71, 72) @ V2,0, 0, £ (01, 02) of Gy . Note

that

1

T-1
1
=75 X T Z w (w— Vs)2191,l,s,b © 92,0, b

T—1
1 B
ﬁ Z W(T) ((IJ — Vs)QfVS ffusvl,us,llr,f ®© 1927V5»Vraf
5=0 s=0
and the latter is O(szBqu), uniformly over s. Similarly to our treatment of .5, we may apply

Lemma

The same argument can be applied to the summand +n(vs+vr)9s,u, v, £ (01, T2) V4,0, 0, £ (T1, 02)
of Gs,r.
We thus move on to the summands Y1, 1, X U2, .., and Y3 ., 1, X Y44, 0, of Gsr. The
quantity
= - ,
1 Z W (w — vy) [191,%,;/7“ X V2,05,0r + V3,050, X 194,1/5,1%].
5,r=0

is uniformly of order O(T*2B;1). Similarly with the etimation of .3 we apply Lemma

Finally, we turn to the summand pg;) (11,01, 72,02) of Gs,». We need to bound

T-1

1
T2 > oW (w—u) W (w - Ur)/ Fur (51, 1) 20 (S2, )PV (71, 00, 72, 02)drdrs. (8)
s=0

[0,1]2

Let fi 9’,(-?;)3?5% be the operator corresponding to the kernels in the integrand. Then,

172 2D72 0, < WFEN, < 1220, < 1221, = o).

2

Applying Lemmaand Proposition we obtain a bound of order O(T71§7?2) = %TO (T<2*871)/<a+26)),
Bounding .%

= (=) (IR 0] - [ 0] )
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-1 -1
R -7 (F X v or) A(F v ar) (F+a[FN )T
—1 -1
= ANFI s (FHAFE T o))
The product of the third (second) and fourth (third) terms has finite nuclear norm by our
treatment of .5. The last term has finite nuclear norm on the set Gr. Then, we have the order
of T—(A=1/(+26) op G in the Hilbert-Schimdt norm.

In conclusion, all terms have been shown to be bounded above by at most éO (T7(2g71)/(a+23))

on the set Gr, and the proof is complete.

8. Appendix

This Appendix contains the statements and proofs of several auxiliary results (namely Lemmas

1-6 and Propositions 1-7) that are required in the proof of Theorem 1.

Lemma 1. Let {¢;} be a complete orthonormal system of functions in Lz([O, 12, C) and ¢(7,0)

be a random bivariate function in L2([O, 1%, (C) with induced integral operator @, then

(4) @(r,0) = Zqﬁijtpi(ﬂg&j(a),a.s.,

(B) E|¢’ij|2 = /[0 2 E[¢(Tlaal)¢(72:<72)] X i (11)@;(01)pi(12)p;(02)dridordrados

(C) qu)m; = Z/[; 1]2 ]E[¢(T1,G’1)¢(T2,0’2)] X gDi(Tl)Qp]'(O'l)QDi(TQ)(pj(Uz)d’ﬁdTQdUldO’Q.

Proof. Since {(pl} is a complete orthogonal system, ¢ € Lo and

b1 = / 6(7.0) i (7)ps (o) drdo,
[0,1]2

so that part (A) is proved. We have

’¢ij|2=/[0 . ¢(ThUl)@i(ﬁ)@j(al)dﬁdm/ (12, 02)pi(T2)p;(02)dT2do>

[0,1]2



FUNCTIONAL TIME SERIES REGRESSION

=/ ¢(11,01)B(12,02) X @i(T1)p;(01)pi(T2)pj(02)dT1do1dT2do2
[0,1]4

E|¢y|* = /[0 ” ]E[¢(Tl701)¢(72702)} x @i(T1)p;(01)pi(T2)pj(02)dT1dordT2dos,

This proves part (B). Now, by definition,

qu)”lz = EZ |¢ij|2 — Z/[O " E{(Z)(Tl,al)(b(Tz,Ug)} X L,Di(Tl)(pi(Tg)ij(0’1)@j(0’2)d7’1d7’2d0‘1d0’27
i, i, ’

and
/W 0(7.0)0(7. 0)drdo = /[] { > b (Mes(0) | x | > uin(r)pi(o) pdrdo
— [ 3 tubax el 0Ta@drds = 3 [oul
0,12 5k i3
proving part (C). O

Lemma 2. Let {p;} be a complete orthonormal basis in L*([0,1],C) that is closed under
conjugation (i.e. satisfying the condition {p; : i = 1,2,...} = {@&; : @« = 1,2,...}). Let
1,8 € L*([0,1]2,C) and & € L([0,1]*,C). Let % be the induced operator of & fori=1,2,3.

Then

(A4) Z / &1(11,12)&2(01,02) X wi(11)@;(01)pi(T2)p;j(02)dTidordrados
[0,1]4

<l 12l

(B) Z &1(71,02)82(01,m2) X @i(T1)@;(01)pi(T2)p;(02)dridordrados| < |||%1 |||z + |||%2|||§
[0,1]4

(C) Z / &3(T1,01,T2,02) X 0i(11)p;i(01)pi(T2)¢;(02)dmridoidrados
[0,1)4

]

< ||l

Proof. Let &k(7,0) =32, ; &k,ijpi(T)p;(0) for k=1,2.

(A) We start with

/ \ &1(11,72) X Ea2(01,02) X @i(T1)@;(01)@i(T2);(02)dTidordrados
[0,1]

=/ &1 (71, 72) i (T1) i (T2)dT1dT2 ></ & (01, 02)p;(01)p;(02)dordos
[0,1]2 [0,1]2
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= &1, X 2,55
Then

S e x Lo gs| < N6l x D 6] < Nl 12 |],-
i, i J

(B) Recall that for each 4, there exists only one ' such that @; = ¢,/. So,

/ s &1(11,02) x &2(01,72) X pi(T1)pj(01)pi(T2)p;(02)dridordrados
[0,1]

=/ §1(71,02)pi(T1)p; (02)dT1do2 ></ & (o1, 72)pj(01)pi(T2)do1dTs
0,1]2

[0,1]2

/0 o 251 ker(T1)pi(o2)pi(T1)p; (o2)dridos x / Zéz wopu(01) @0 (T2) 05 (01) i (T2)dor drs

=& X250

Taking the sum over i, j now yields

Z ’51,1'3" X 52,3"1" < Z {‘51,1']"2 + ’52@"2} = |||%1 |||§ + "W/?I”;
%)

4,5

(C) Since the ¢; is a complete orthonormal basis in L?([0, 1], C), the collection {@7p; : ,5} is

a complete orthonormal basis in L2([0, 1], C). Writing @ip; = ¢:; we have

/[O ” (11, 01,72,02) X i(11);(01)pi(12) @i (02)dridordrados = (Uspij, pij).
Taking the absolute value and summing over 7, j, we get the upper bound |||%3 |||1 O
Lemma 3. The spectral density of X and the cross-spectral density of {X,Y} have the form
P e SR o

B B s B
fl/ = fu,m+1fu,3

and assume that they satisfy condition (B5) and (B4). Furthermore, for v,w,a € [0,27], they

admit the Taylor expansions

X4 Z 25D 4 (v = w) P gp
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= fJ +Z D 8D 4 (= gl

XX,(5) _ aff;‘X‘

B
where f& = =35 f (@) 7y

dad

s , and
=w =w

14 v — r . v v — 4
(u—w)”gp,,,,w:/ ( p!C) fjfjf’(”“)d@rl/ ( p!C) FRX@ g

(V*W)png,u,w:/ ( p'C) ffﬁierl)dC‘i’l/ ( p'C) ngj(erl)dC

XX, XX,(p+1) | s o XX, (p+1
12 (p+1) _ Fra (p+1) 4 i (p+1)

s

B, B,(p+1) | + ¢B,(p+1
fE (p+1) _ fc,aéﬁ ) 4 lfg,j(p )

Finally, there exists a constant C' that does not depend on v,w,a and such that ||| ffx’(j)”h,

175 W wriolly N5l WFSN, are wniformly bounded by €. Here 750, 72,

XX (]) fB (])7917,”,0-’7 ngiV,W and

Gpvw,s %FB,,W and F§ are the operators induced by the kernels f5

fo-

Proof. Recall that

71th
2 =2 e ri(no).

tEL

Since f.(7,0) is a complex-valued function, fX*(7,0) = fff&f (ryo0) +1i (T o). Using a

Taylor expansion of the functions fJ5 (7,0) and f5 (7, 0), we have

-

p—

v—w) i Y (v=0Q)P
X (o) = 35 )+ 3 o 0 [P e
= : w :
p—l J v p
V—w ; vV —
1 (ro) = XX (roy+ 3 Wl prxa / = O poxwinge,
= 7 w P
Then
v v — P . v v— D
fyxx_fjfx+2 fjfx (])+L ( p!C) ffpi(’(”“)deLlA ( p!C) FEXE g

Under condition (B5),

fXX (J) Z efltwt] )

teZ\{0}
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Siem oy (DPTY 2 cos(—tQ) (=) 1 (,9)  for p odd

fXX (p+1)( U) _

Ztez\{o}(_l)(P+2)/2 sin(—t¢)(—t)Pr X(T o) for p even.

Under condition (B5), for p odd,

[ e e = [T 30 L e o) (- (ro)ic
w p: w tez\{0} p:

L[S e e (i )

|
tez\{0} p:

Z / w12 (V= Q7 COS( tC)dg‘x {( £)P+s X(T,J)}.

!
1€z [0} s
Under condition (B4), it follows that
175590, < > 1w,
tez\{0}

Given a system of complete orthonormal functions {e,}

/ / i Vi XX (p+1)(7', 0)d¢ X en(T)en(o)drdo
[0,1]2

neN

- Z Z /U%COSSf t¢) d¢ x {tp+5 /[071]2 rtX(T7 o’)en(T)r(O')deU} .

neN [tez\{0} " ¥

Denoting f[o 12 (1, 0)en(T)en(0)drdo = rffn, the above term is bounded above by

S5 / W= = 00) < v —wl” 3 1P ], = 0@l - wp.

neN teZ tEL

=07 Op fXX <p+1>(T, 0)d( is the limit of a sequence of compact

Since the induced operator of [
operators, it is a compact operator.

Following the proof of Theorem 1.27 in|Zhu| (2007)), it follows that the induced operator of
f: W;#fjf;(”“)dg has nucelar norm of order |v — w|P. Similar steps yield the same result
for p even. We obtain the same result for the induced operator of f” =9 Op fgjx’(pﬂ)dc. Then

|||g,g,1,,w|||1 is uniformly bounded. The same method of proof is applied to 5\5’(‘”, gfw and

F. O
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Lemma 4. Let « and B be two positive numbers as in assumption (B1). Let \j = j7%,b; =

7B = T/ @F28) then

(A) Z C%ﬁ O(T*(w*l)/(aﬂﬁ)) (©)
7 i T o = OT ) (10)
(@) g ﬁ _ O(T1/<a+26)). a1

Proof. We use the following facts in the proof

THL > -1
T
.t -
ZZ ~Nlogn t=-1
=1
C t<—1
Z it Tt s,
1=T+1

(A) Let J = [Tl/(““ﬁ)—‘. Since 23 > 1 and 28 — 2a < 1, using the above results we may write

ZCT (Aj +< i a;_g wa”a x (7 +Zf2ﬁ JTBH2d1 2 go2641

i<J 3>J

~ T(72B+2a+1)/(a+26)T72a/(o¢+2B) + T7(2,371)/(o<+2[3)

— O(T%w*l)/(awm)‘

(B) For a > 1,
=1 by by 1 by 11 1
- -y <« 4 — 9
;T( +(r)? ZT N+Cr)? TN+ ~ o TA TG

LN ay Losaseres) N ma o L gadt | po(28-a)(at28) j-at
J<J i>J

_ p—1lp—(a+1)/(a+28) —(28-a)/(a+28) p—(a—1)/(at+28)
T T +T T

— O(T—(2ﬁ—1)/<a+26)).
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(C) For J = T/ (e+28)

> A2 A2 A

Jj=1 i>J

o T1/(e+28) | p2a/(at28)pp(~20+1)/(o+28)

= T/(e+20),

Lemma 5. For a fized w € [0,27] and a non-negative integer k,
= _
(VR SWP (W) x (w—us) =60; +O(T'Bp')  for 0<j<p

" —o0(BL) +0(T7'BY).

=
(B) TZ‘W(T)(wqu)‘ X ‘wfus
s=0

T-1 CkBy ' +O(T'B;?) k even
1 2 T T
© {W(T)(w - us)} X (W — us)* =
s=0
O(T~'Br?) k odd

T—1
(D) 53 WO ugW D ot ) x (0 — | = 1 @)O(B ),
where do; is Kronecker symbol , 0 < Cj < fR W(a)QakdOc and It = [O,BT} U [77 — Br,m+
BT} U [27T - BT,27T].

Proof. The proof uses the results of [Panaretos and Tavakoli (2013) on the total variation V,? (h)
of a function h : [a,b] — C. We first have the following results. For any positive integers ¢ and

kand z € [-7 < 7],
Ve ({w k) <aw®|| | x @enf < v ({w™)) = o(B:).

In the rest of the proof of this lemma, we frequently use Lemma 7.12 in |Panaretos and Tavakoli
(2013)) to get an upper bound for the difference between an integral and its linear approximation

based on grid of points in that interval.

_ j 2 .—2a __ 1/(a+2ﬁ) 2a/(a+28) 7—2a+1
YR IP Pl vEre D e veres iR P A o ’
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(A) We have

T-1 - _
% Z W (w = us) X (w—us) = / WP ()o’ da + O(T_qufl)
s=0

-

= Goj + O(T‘lB;l).

In the second line, we replaced o = w — v, then o from —n to m. The integral equals zero, by
the properties of W. This proves part (A).

(B) For this part,

=,
T Z ‘W(T)(w —us)’ X ‘w — Us
s=0

-/

=0(B})+0(T7'Br").

W (a ‘ la|’da+ O(T™' Bz /‘W x |a|"da x BE +O(T~'Br')

(C) We have

;T2 9 - ) 1 )
T Z {W(T)(w — us)} X (w—us)" = / {W(T)(a)} oFda + TO (V02 ({W(T)}zcck)) .
s=0 -
The second term is bounded by O(TﬁlBgz), for odd k, while the first term vanishes. We now

consider the integral term for even k. Recall that

1 o+ 271
W (a) = EZW( B ),

i€EZL

and so

(v = g ()« (3 S (52}

For i # j, m > 2Br, and W is supported on [—1,1]. It follows that at least one of W(%QT’”)

and W(a+2”) must be zero. Thus,

(WO = 5 3w (257

7

Moreover « € [—m, 7], so for |i| > 1 we have W(%ZT’”) = 0. Hence, for even k,

T 1 T 2 _
w (oz)2akda: B—%/_ W(BiT) o’da < B, 1/RW(a)2akda.

-
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(D) For w € It

= Z ‘W(T) u) WP (@ + 1) % (@ — us) W ()W (2w — a) x o (17 B7?).

Since W is supported on [—1,1], W(W) # 0 iff |2w — a + 2knw| < Br. For T sufficiently

large, « € [—7,7],w € [0, 27], the inequality will hold only for —4 < k < 4. Thus, the integral

is bounded by

3 () w g s 3 [ o (2 ) e
—o(Bi ).

When w ¢ Ir, since 0 < w < 27, we have w ¢ Ugez [kTr — Br,kn+ BT], and so ‘Iwr — w‘ > Br.

It follows that

‘7+2w—a+2kﬂ": ’2kﬂ+2w‘ > 9.
Br Br

Then, at least one ofW(%) and W(%) must equal 0. When |a| > Br, W(a/Br) = 0.

We deduce that for T" large enough and w ¢ [0, By] U [t — By, 7 + Br| U |21 — Br, 27]

W (@)W D — 20) = v W( T) ZW(WFZZ%%) —0.
kEZ

Thus we get zero for w ¢ Ir. O

Lemma 6. Let hr(t) = 1j9,r—1)(t) and AD () =T Tlemiot Lt

oo

Jorwopa (T, k) = (270% > EXP{IZ% }Cum (Xty (1) -+, Xy (T-1), Xo(7k))

t1,..,tg_1=—00

ork = or(T1, ..., Tk) @it Z exp {—1Zw3t]}cum Xey,(11)s -, Xty o (Th—1), Xo(7k))

t;>T

PT Kk ‘= pT(T1,...,Tk): Z exp{thwj}cum(th(n),...,thI(Tk_l),Xo(Tk))x

[tj]<T—1 j=1

r lexp{—tij}{l—hT t+t1)hr(t+t2).. hT(t—s—tkl)hT(t)}]

t=0
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Then
(1) (1) (271_)1@/271 ) k (271')’6/271 ) k 1
CuIIl(X'w1 ,...,ka ) = wal,...,uk_l x A (;Wj) - WA (;w]‘) X 0Tk + WPTJC.

Let Fuy,...wp_1» U,k and Y1 be the operators induced by fu,....w. .07,k and pr.K, TESPEC-

tively. Then

N e DI e |

Norell, < 320 N2l

[t;1=2T
k-1
I7eelly < >0 Wil x D165
It;1<T—1 j=1
Proof. Proofs of these results can be found in [Panaretos and Tavakoli (2013]). O

Proposition 1. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,

then
1
BT (r.0) = £ (7,0) 4 290, (7.).
For v, + vs # 2,

cum ()A(:VS (1), X,. (a)) = l'l?us,lq‘ (1,0).

For the corresponding integral operator, we have (@lf‘;XT = L%,XQX + T, and %, < C
and ]E)?ys ® )?W =T, ... with 17 |||1 < C uniformly over s,r, where C' is an universal

constant.

Proof. The results follow by Proposition 2.6 in [Panaretos and Tavakoli| (2013) and by Lemma

[6 O
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Proposition 2. Assume assumptions (A1)-(A8) and (B1)-(B6) in Section 4 and 7 are satisfied.

Then,

EfSD (r0) = f27 (1,0) + Veo(7, 0). (12)

1
BrT
For the induced operators, EZXX = FXX ¢ BT, with I7.]l, < C for an universal

constant C'.

Proof. The first statement is equivalent to proposition 3.1 in [Panaretos and Tavakoli| (2013)).

Now, by definition,

(T) 2

(1) (1)
T W (w—vs)py,’-

s=1

Using Proposition [I]

T—-1 T—-1
EfD(r0) = 2 S W w =) 5 (o) + 5 3 W = 1) 10, (7, 0)

)T

T-1
2
= %ZWCF)(W_VS) IiX(Tﬂj)‘f’ 19(1)(7' O')

TB

with the operator %1y induced by 91y satisfying [|#1)||, = O(1) uniformly over w. Replacing

Vs by us, and using a Taylor expansion,

XX _ XX(T7O_)+I§ (us_w)j O fX ¥ (r,0)

Ug (T7U)_ w ]' 8ij

+ (s = @) gpus (7, 0).

a=w

Summing over s now gives

L(UT) 7%2{ZW(T)wfu)x(usfw)j}xiaj 0)‘;);5_7—’0)

7=0 s=0

+

a=w

T-1
IS WD 0~ 1) X (0~ 1) G (7, 0):
s=0

For 0 < j < p—1, using results in Lemma
T—1

2%{ ZW(T)(w—us) X (w—us)j} % %

o
s=0

&' fa*(r,0)

Oad a=w ’

= {80 +O(T7"Bs") }

a=w
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Taking the sum over j then yields

- T—-1 p—1
% Z [ WD w=w) x (we—w } x 550 (r,0) = 2%+ 017 ") S 50 (7,0).
j=1

7=0 s=0

Finally, letting %, .., be the operator induced by gp,u,,w, we have

o T-1 27r =
I D" W w =) x (@ =) Gl < 5

s=0 s=

1 ]wm w—s) X (w— us)*’\ % 5D |Gy el
: s
<O(BL+T 'Bf')=0(T"'B:"),
by Lemma [5] and Lemma [3] Combining the above results completes the proof. O
Proposition 3. (A) Let
p,(«?;) = Cum()?,f)(ﬁ), )~((_T,,)S (01),)?(_7;1 (Tz),)?gf) (02))
and gzﬁTs) be its induced operator. Then,
720, = o).

(B) Let pr.s € L*([0,1]*,C) such that its associated operator P satisfies || Zrsll, < CT™H

for allr,;s =0,...,T — 1 and a universal constant C. Let

T-1
S WP =)W w = v )prs = pa

r,s=0

and 2, be the induced operator of p,. Then

| 12,40 = 01,

Proof. (A) Using Lemma 6]

] 3
1
||| gﬁTs) |||1 < T Z ”lgtl t2,t3 ||| + & Z |||‘%t1 t2,t3 ||| + o2 27TT) Z ”l‘%tl”f?’t3 |||1 X Z 1t
t1,ta,t3=—o00 \t |>T [tj|<T—1 Jj=1
(1) -

< 2 I#nsal, =0

ty,t2,t3=—00
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(B) Recall that

W(T)(w—ljs _ ZW( I/s+27,7r)7 W<T)(w—1/ ZW( I/T+2]7r)

i€EL jEZ

Note now that W(z) = 0 for all |z| > 1. Hence, if |z — y| > 2, then at least one of W(x) and

W (y) vanishes. We have —27 < v, — vs < 27, and so if
vy — Vs & St := [-2m, =27 + 2By U [-2Br,2B7| U 21 — 2B7, 27],

then |v, — vs + 2k:7r| > 2By for any integer k. Thus, if v, —vs ¢ St, for all 4,5 € Z

Vr — Vs +2(i — j)

2.
Br Z

BT BT

’wfl/erin w—Vyr + 257

This means that W(“’_"f;fj”>W(w_”TB+2j”) =0forall i,j € Z, if v, — vs ¢ Sr. Write

T

Sts = [—2m + vs, —2m + 2Br + vs] U [-2Br + vs, 2B1 + vs] U 20 — 2Br + vs, 27 + v4].

Then W(T) (w— VS)W<T) (w—1vy) =0 for vy ¢ St,s. The number of r such that v, € St is of

order T'Br. Therefore,

T-1 T—1
Z w™ (w— VS)W<T)(w — Up)Dr,s = Z Z w™ (w— Z/S)W(T)(w — Ur)Pr,s
s,7=0 s=0 reSt
T-1
= Z W (w —ve) x Z W(w = v)prs.

rEST ¢

For fixed vs, let

W — Vs + 20

IT,S:{wzogwgmr, W=
T

) #0, for some iEZ}.
This means that if w € I s, then

—Br <w—vs+2in < Br <= w € [—Br + vs — 2im, Br + vs — 2i7]

for some ¢ € Z. The length of [—Br + vs — 2im, By + vs — 2in| is 2By. For |i| > 4, [-Br +vs —

2im, Br + vs — 2iw| N [0, 2w] = 0. Hence, the length of I, s is of order O(Br). By the definition
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Of IT7S,

W lloo
Br

}W(T)(w —vo)| < 1y, (W)

The number of r such that v, € St s is of order T'Br. Thus, combining our results

= -« | 1wl
> W@ =)W @ —v)Zrall, £ 3 Lir (@) =OTBr) =g = sup [| 2ral,
s,7r=0 s=0 s
T—1
_ o(1)
= ;0 1IT,s (w) BT .

Integrating over w and remarking that It s is of order Br, we obtain

| 12ll,a0 = 0@,
O

Proposition 4. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,
then
E[pg)(ﬁ»m) XPSTV),.(TLW)} = E[pf/?(ﬁm)} X E[p@,‘(m@)} + P (11, 00,72, 00)+
N(vr = vs) fiox X (11, 72) 208 (01, 02) + %77(1/3 = V)10, 1 (T1,72) © 2,00 0y, (01, 02)+
N(vs +ve) fion X (11, 02) 255 (01, 72) + %W(Vs +r)03,00 00,1 (01, 72) © Va0, 1 (T2, 02)+
1

ﬁﬁl,us,ur(ﬁ,ﬂl) X V2,000, (T2, 02) + ﬁﬁ&us,ur(ﬁﬁz) X Va0 0, (01, T2),

where n(x) equals one if v € 27 and zero otherwise, and Vi,u, v, f OV, v,.5 € Conve (L?([0,1]%,C) x

L?([0,1]%,C)) with a universal constant C.

Proof. To simplify notation, let
A=X"(n); B=X% () =X"(n); D=X ().
We use the formula

E[ABCD] =E[AB] x E[CD] + E[AC] x E[BD] + E[AD] x E[BC] + cum(4, B,C, D).
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The term cum(A, B, C, D) will be denoted by pg;). Applying Proposition

—vp

E[AB] x E[CD] =E[p{!)(r1,01)] x E[p) (r2, )]

1 1
IE[AC] X IE[BD} = {77(1/5 — Vr)fy)gx(’leTZ) + T191,u3,ur(7'1,72)} X {17(1/S - I/T)fﬁif(ahag) + Tﬂgyysyyr(al,ag)}

1
=n(vs — ve) for X (11, 72) f25 (01, 02) + 7ws = Vr){frfgx(ﬁa72)192,u5,ur(01,02)+
1
S (01,0201, 0 (11,72) 4 501w, (11, 72) X V2, (01, 02)
1
=n(vs — vp) fo X (11, 72) f25 (01, 02) + W = Ve )010e 0,5 (11, 72) © 92,000, 4 (01, 02)+

1

+ ﬁﬁl,ug,ur(ﬁﬁz) X 02,04 0, (01,02);

1 1
E[AD] x E[BC| = {77(1’5 + ) X (11, 02) + T30 (71, 02)} X {77(1’5 + ) X5 (o1, m) + 700 (01,72)}

1
=n(vs + ve) [ X (11, 02) 258 (01, 72) + f"](ys + Vr){'ﬁ4,u5,ur(0'17TZ)f;fiX(Th o2)+
1
fi(yf(m,7'2)193,%,,4“(71,02)} + ﬁﬂ&us,uT(TI,UQ) X Ya,v,,0, (01, T2)
1
=n(vs + vp) fo X (11, 02) f25 (01, 72) + TU(VS +Vr)03,00 00,1 (01,72) © Dty 0,1 (T1, 02)
1

+ ﬁﬂs,us,w(ﬁyaz) X V4,00, (01, T2).

Combining these results completes the proof. O

Proposition 5. Assume assumptions (A1)-(A8) and (B1)-(B6) in Section 4 and 7 are satisfied,

then

E [{ff;T)(Tlaffl) —fw(ﬁ,ffl)} X {m—ﬂw(m@)” =
O(T™'Bz') x {ffx(ﬁaﬁ)fff(al,@) + 1IT(w)ffX(leU2)f§f(72701)}
+O(T 7 Br) {01(r1,72) © da(01,02) + L1 (@) (71, 02) © Va(01,72) |
+ Lp (@) % O(T) x {27 (r, o) X200 (s 1) 4 X5 (72, 0) 5700 (71, 00)

T—1
1
+ ﬁ Z W(T>(w - VS)W<T)(w - V"‘)pv(",j;)(’rla 017T27G2)7

s,7=0

where It is as in LemmaH and 9; ® 9; € Conve (LQ([O7 1)%,C) x L*([0, 1)?, (C))
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Proof. We use the same notation A, B,C, D as in the proof of Proposition @] By definition of

o

T-1
2 2
E [ (71, 01) % fcsT)(Tzwfz)] = (%) E W (w — v W (w - vr) x ]E[PE/?(TIJ'?) x p) (01,02)|.

—vy
s,r=0

We use Propositionto decompose E [pI(,T) (11,72) X pg,)r (o1, 0'2)] and treat each part separately.

Consider first E[AB] x E[CD], given by
T—1

(2%)2 Z W(T>(“’ - VS)W(T)(W —Up) X E[P;(,?(ﬂ,m)] X E[p(T) (01,02)]

—vy
s,7=0

_ {2T7T Tzl W w— v )E [ (1, 00)] } « {2T7T Tzl W @~ 1)E[pT) (72, 02)] }

=Ef" (11,01) x Ef{" (12, 02).
Note that n(z) = 0 when = # 2kx. Next, consider E[AC] x E[BD] which is

2 T-1
(3F)" 32 W= uW D =) x [ =00 £ (1, m2) 1255 01, 02)+

s5,7=0

1
TU(VS — V)01 ,0g 00, £ (T1,T2) ©@ V2,0, 0y p (01, 02) + T3 191,1/5,1/,.(7'1,7'2)192,1/5,1/,.(01,02)]
gry2 Tl
= (T) > W (= v )W (w = va) x f5X (11, 72) f505 (01, 02) + B2 T 7201, 4(11,72) © V2,4 (01, 02),
s=0

where

T 2B3° x 91,4(11,72) @ V2,4 (01,02) =

T—-1
27\ 2 1
()" 32 W= v )W = 1) X 10 (71,72) © D (01, 2)
s,7r=0

T—1
2m\? (1) (1) 1
+ (T) S;OW (w—vs )W (w—vp) X ﬁ%,us,w (11, 72)V2,05 v, (01, 02).

For the term containing fjiX (71, Tg)fi(l,): (o1, 02), we replace vs by us and use a Taylor expansion
as in Lemma [3]

p—1

flii;X(ThTQ) :ffx(ThTQ) + Z (uS — w)j a]‘fé(x(?'l,Tz)

]' an o + (us - w)pg2,us,w(7-17 T2)

j=1
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r1 (w—us)? & fXX (01, 02)

XX _ XX
[ras(o1,02) =f20 (01,02) + i o

+ (W — us)’g2,us 0 (01, 02).

=1 a=w

Their product becomes

faX (1, m2) x AN (01,00) =27 (11, 72) f25 (01, 02) + (w—Us){ffx(ﬁ,T2)fff’(l)(01702)—

fﬁj{(Ul,@) wXX’(l)(ﬁ,Tz)} + (w—us)2 X 01,uy,9(T1,T2) © V2,u,,9(01,02).

Taking the sum over s and using Lemma [5| now gives

2T—l
() S W - wd W w = ) x XX (11, m) 23 (1, 02) =
s=0
27\ 2 = (1) (T) XX XX
(?) Z w (UJ - Us)W (w - US) X fw (TlvTQ)ffw (0—170—2)"'
s=0
2m Jiy T (T XX X X,(1) XX,(1 XX
(F) W@ —udW P (w =) x (@ = ) x { £ ) X5 (0n,00) = L2750 (m,m) £ (01,00) 4
s=0
2712 G (1) (1) 2
(55) oW w = u)W P (@ = 1) X (@ = 1)’ X D, 9(71,72) © Vs, (01, 02)
s=0

= O(T'Br") x fX5 (11, 72) X (01,00) + O(T 7' Br) x 91,4(71,72) © O2,4(01, 02).

Turning to E[AD] x E[BC], similar manipulations yield

T-1
() S W rgW ) x [0+ 0005 (71,02 55 1, )

s,7r=0

1 1
TW(VS + Ur)93,00,00, 5 (T1, 02) © Dt vy, 7 (01, T2) + ﬁﬂ&us,ur(m 02) X Va0 0, (01, Tz)]

T—1

27\ 2 o

= (%) E W(T)(w — IJS)W(T)(OJ—FVS) X [fix(ﬁ,az)fif(m,m)] +BT2T 2193,f(T1,c72) © V4,f(01, T2).
s=0

Again, replacing vs by us, using a Taylor expansion, and employing Lemma [5] we have

T-1
% Z ’W(T)(w - us)‘ X |W(T)(w +us)| X ‘w — uS’j = IIT(w)O(Bgfl).
s=0

Then

T-1

(?)2 D WO (w—u )W (w4 ) x [ (11, 02) 15 (01,72) =

s=0
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2T*l
) > W (w — u) WP (w + us) x f2375 (1, 02) fX5 (01, 72)+

s=0

T—1

&k

(
(
(

= 11T(W)O(T_1B7_“l> X fj(X(ThU?)fi(zj((o—lvTQ) + 1IT( ( _1){fw 7—17 )fi(j(,(l)(o—lﬂ—?)"'

skl

s=0
2T71
) S WP w = u )W (W +us) X (w = us)? X D30,,4(71,02) © v, ,6(01,72)

s=0

S|y

L1, (@) X5 (o1, 72) £ (11, 02) } + 11, (W)O (T Br) x 95(71, 02) © Ya(o1,72).

Finally, we turn to cum(A, B, C, D), which consists in

T-1
1
T2 Z W (w = v )W (w = v)pt") (11, 01, 72, 02).
r,s=0

For random variables U and V with EU = u, Ev = v and constants a and b, it holds that
E[(U—-a)x (V—=b)] =E[UV]—av—bu+ab=E[(U —u)(V —v)] + (a — u)(b—v).

‘We use this formula with U = ff,T)(Tl, 01), V= fg;) (12,02), a = fu(T1,01), and b = f_., (12, 02)

to obtain

E[{#" 00 = 2700 | x {10 (00) = P (0 }] =
E[{ 757 (r1,00) =B (00 } x { A0 (720 00) —BFD) (72, 00) || +
{EfD 1,00 = 2% (o0 | x (B (r2y00) = 15 (2, 02) )
=0(T 7By ") x { £ (r1,m) X2 (o1, 00) + £27 (1, 02) 22 (s ) b

O(T_IBT) {191(7'1,7'2) © Y2(01,02) + F3(11,02) ®§4(0177'2)}

+ Lip(w) x O(T {fw (r1,02) 2000 )(72701)+fi(wX(T%Ul)ffx’“)(ThUz)}
, Tl
+ T2 Z W (w = v )W (w — ur)pgy(rhalﬂ'z, 02).
r,s=0

)2 Z w (w— us)W(T) (W4 us) X (W—us) X {ffx(ﬁ, O’2)fij(’(1)(0'1, T2) — fffX’(l)(ﬁ, o2) fX 5 (01,72) }+
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Proposition 6. Assume assumptions (A1)-(A8) and (B1)-(B6) in Section 4 and 7 are satisfied,

then there exists an universal constant C' such that
ENFER - #5500 x T Bt
Proof of Proposition[f] By part C of Lemmal[I]

E|| 727 - 23N, =

S E[{A 00 - 27500} < {10 00) = P2 (00) }] 07 (70)5 (1) ()05 (02)dmadosdrados.

2%
We first decompose the right hand side by Proposition [f] then we apply Lemma [2] and follow

the proof of Proposition [3| to obtain the upper bound CTﬁlB{WI. O

Proposition 7. Assume assumptions (A1)-(A3) and (B1)-(B6) in Section 4 and 7 are satisfied,

T—o

the operator ﬁz(q)f + (rF is strictly positive definite on an event Gr satisfying P[Gr] — 1.

Note that this proposition establishes that even if the kernel function W takes on some neg-
ative values, the ridge-estimator JEZE{%{ +(r-¥ will remain positive definite with high probability.

Hence, we can find its inverse operator.

Proof of Proposition[7 By the result in our last proposition, there exists a constant C' that

does not depend on w such that:

B 725 - #XNP <o x T By

Let 0 be a positive number such that v+ 2§ < iﬁ;‘; Define

Gr={0:0€ || 725K - 7|, < P B AT,

Then for § > 0, P(Gr) — 1. Let X;JT denote the jth eigenvalue of 9‘2{%( Then, on the even

Gr, we have

CYETTEB PT 2\ FIF - FE N, 2 e =X 2 N = X
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X;;,T > —01/2T71/2B;1/2T5.

Since By = T77 and a/(a +28) < 1/2 —~/2 — §, it must be that ¢ > V2T ~1/277/20 —

CY27=12B VAT 1t follows that
CT +/>:;J,T > T—a/(a+2ﬁ) _ 01/23;1/2T_1/2T6 > 07

on Gr. O
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