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Supplementary Material

This supplementary material includes the proof of the main results in the paper “Adaptive
Functional Linear Regression via Functional Principal Component Analysis and Block Thresh-
olding”. Section S1.2 presents the proof of Theorem 1, and Section S1.3 proves the technical

lemmas used in the proofs of the main results.

S1 Proofs

We shall only prove Theorem 1. The proof of Theorem 2 is similar and thus omitted. Before
we present the proof of the main result, we first collect a few technical lemmas. These auxiliary
lemmas will be proved in Section S1.3. We sharpen some results in Hall and Horowitz (2007)
and give a risk bound for a blockwise James-Stein estimator. In this section we shall denote by

C a generic constant which may vary from place to place.

S1.1 Technical lemmas

It was proposed in Hall and Horowitz (2007) to estimate b by 377", bj¢; with a choice of cutoff
1
m = na+28 to obtain minimax rate of convergence. The lemma below explains why there is no

need ever to go beyond the m*-th term in defining the block thresholding procedure (16).

In Memory of Peter G. Hall.
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Lemma 1. Let v and 71 be constants satisfying ﬁ << i < v For all D > 0, there

exists a constant Cp such that
P(n” <m*<n™)>1—cpn ”

where m* is defined in (13).

In this section we set

1 1 1 1
<’y<min{ te } —<mnm< (S1.1)

a+2p a+283a ]’ 3a 2(a+1)

. a—2 28—«
for a small 0 < € < min {T? 3at1

}. We give upper bounds to approximate eigenfunction ¢;

by empirical eigenfunction (]gj for j <7,
Lemma 2. For all j < n", we have

. 2 -
nE||é; — ¢, < Cj

and for any given 0 < § < 1 and for all D > 0 there exists a constant Cp > 0 such that

P{nH)

Lemma 3 gives a variance bound for b;, which helps us show that the variance of d; is

;i — &;

2
> Cf} < Cpn~P.

approximately % This result is crucial for proposing a practical block thresholding procedure.

Lemma 3. For j < n" with v1 < m,

E (6] — bj)2 S C’jQ/n.
In particular, this implies Var(b;) < C§2/n and Var(b;) = o?0;'n"! (14 0(1)).

The following lemma gives bounds for the variance and mean squared error of d~]’.

Lemma 4. For j < n" with 11 < m,

[

Var(d,) = z

n

2
~ 1
(1 +o (1)) and E (d] — 0]2 b]) < Cn_le_"‘.
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The following two lemmas will be used to analyze the factor p; in equation (16).

Lemma 5. Let n” < m1 < ma < 0" and ma — m1 > n® for some & > 0. Define S* =

>om2 d? For any given € > 0 and all D > 0 there exists a constant Cp > 0 such that

Jj=m1

»

(o2

P(S% > (1+¢) (ma —mi) —) < Cpn~ ",

n
Lemma 6. Let d; = d; +¢; where d; = E(d;). Let € > 0 be a fized constant. If the block size

L; = Card(B;) > nd for some § > 0, then for any D > 0, there exists a constant Cp > 0 such

that
2
IP’(Z &> (1+¢) Li%) < CpnP. (S1.2)
JEB;
And for all blocks B;,
2
o
E Z &< CLi—. (S1.3)
JEB;

Conventional oracle inequalities were derived for Gaussian errors. In the current setting the
errors are non-Gaussian. The following lemma gives an oracle inequality for a block thresholding
estimator in the case of general error distributions. See Brown, Cai, Zhang, Zhao and Zhou

(2010) for a proof.

Lemma 7. Suppose y; = 0; +¢€;, ¢ = 1,...,L, where 0; are constants and Z; are random
variables. Let S? = Zle y2 and let

A AL
0i = (1= 3)+vi

Then

E||6 — 6|3 < min{|[0]13, 4AL} + 4E|[e[31(||e]|3 > AL). (S1.4)

S1.2 Proof of Theorem 1

We shall prove Theorem 1 for a general block thresholding estimator with the shrinkage factor

2
pi=(1- *jg; )+ for a constant A > 1.
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Let v and 71 be constants satisfying

— < <min ii <i< <#
a+2p8 K a+28"3a] ~ 3a n 2(a+1)
for a small £ > 0. Let m, = n” and write b as
n

:Z*Pﬂ;quj(u)+ > pibids(u). (S1.5)

J=msx+1

~ B—
We shall show that E|[b — b|j2 < Cn~ 25 . Note that

Ellb—bll5 = E|> bigs(u)+ Z by (u meg Z b (u)ll3
j=1

j=ma+1 j=mas+1
< BE|D_bidi(w) Zb LWIE+3 Y BEH+3 Y B (516)
j=1 j=mi+1 j=my+1

The last term (S1.6) is bounded by Cn~ 72/~ = ¢ (n7(2671)/(a+26)> since v > ﬁlw We
first show that the second term (S1.6) is small as well. Let m* = n”* and let i, and ¢* be the

corresponding block indices of the (m. + 1)-st and m*-th term respectively. (That is, by, +1 is

in the i.-th block and b+ is in the ¢*-th block.) Then it follows from Lemmas 1 and 5 that

S OE®)

(55 Jeum

j=ma+1 j=mae+1 j=m*41
< Y (EeDEEEDT+ D (BB (> +1)
Jj=mu+1 j=m*+1
< ST[BSE > ALe? /)] ST EEDE 4+ Y (BEDE [P > 0™ 4 1)
1= JEB; j=m*+41

_2B—1
0] (n a+2f3) .

We now turn to the first and dominant term in (S1.6). The Cauchy-Schwarz inequality yields

E| Zi)quj me] Mz < 2B (b — b)) (w3 + 2E[ D> bi(d(u) — 6, ()3

j=1 j=1

IN

2> E(b; —b;)* +2m. Y BIE(6;(u) — ¢;(u)]l3.
=1

j=1
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Lemma 2 implies the second term in the equation above is bounded by

28—1

CTZ* ;bsz =0 (nw_l) =o0 (n a+2ﬁ)

since Y27 b3j% is finite and v < 245 which implies v — 1 < — ii;; Set dj = E(d;). Let w;

be the smallest eigenvalue in the B;-th block. Then

L N T 1 1 1
> E(b; — ZIEG 2d; -0, %d <2Za 'E(d; — dj) +2Z]E[d2 70 2)2}
j=1 j=1
ki . o Al _1
< 2) 0;'E(d; fd]-)2+ZZJE {d?(ej 2 -0, 2)2]
Jj=1 Jj=1
1
< 22;{12 (dj — dj) +QZH—1Z (d; — dj) +2Z]E[d2 20 2)]
jeB; JEB;
= Ti+T+Ts.

From equations (S1.8) and (S1.9) and Lemma 4, it is easy to see
_2B8—-1
T5<CZ]E{d 36, — 0;)%) = o(n 7a+2ﬂ).
j=1
We now turn to the dominant term 77 4+ 7. This term is most closely related to the block
28—1
thresholding rule and we need to show that 77 + T» < Cn~ a+28. To bound T1, it is necessary
to analyze the risk of the block thresholding rule for a single block B;. It follows from Lemma
7 that
> E(d; — dj)? <min{dALio®/n, » (d5)?} +4E{( Y ) - I(>_ € > ALio®/n)} (S1.7)
JEB; JEB; JEB; JEB;

where A > 1 is a constant. Lemma 4 implies
1 oN\2
<d; —6? bj) <Cn '

14¢

atag We have

Note that for all j in B;, we have 9]-_1 =< k] . Hence for m, = n” with v <

28—1

T2<CZG R %(1+mi):o(n am)
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1
Let m = na+28 | then equation (S1.7) and Lemma 6 give

m My 9 _
T < CZ d +C Z {9;1 : (9;/2b]~) +0;1n71j270 +C/n < Clnfiiﬂg,

Jj=1 j=m+1

R _28-1
These together imply E||b — b||3 < Cn~=F25 . I

S1.3 Proof of auxiliary lemmas

. 2 . 2
Let A% = HKf KH = [ (K (u,v) — K(u,v)) dudv and 7; = ming<; (6k — Oxt+1) . It is
known in Bhatia, Davis and McIntosh (1983) that

b; — b;|| < 8Y2A. (S1.8)

0; — 0,

<A, supTy

sup
J jz1

For € > 0, it was shown in Hall and Hosseini-Nasab (2006, Lemma 3.3)
P (A > ns_l/Q) =cpn P (S1.9)

for each D > 0 under the assumption (19).
It is useful to rewrite b; as

b= =0 [ LS - D) - X))

Using the fact that for any two random variables X and Y, Var(Y) = E(Var(Y|X))+Var(E(Y|X))

and the facts that Z has mean zero and is independent of X, we have

2

2 n
= i a f—2 42 i 0 mh—1
Var(b;) = Var(b;) + e 2:1 E(0; 725 ;) = Var(b;) + ;Eej .

Proof of Lemma 1

Recall that m* = argmin{m : ém/él < n71/3}. Note that 6; > Mo_ljfo‘. Since v satisfies

ﬁw << % , then for m < n” we have 6,, > Mgl n~*". Since ay < 1/3, the equations
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(S1.8) and (S1.9) imply that for any D > 0 there exists a constant Cp > 0 such that
P (Ug:l {ém/él < n71/3}) <cpn P

and hence

P(n" <n”) < eon P e, P >n")>1-— epn” P

Similarly, for m > n"* we have

0m S M0n7W1Q

with ay1 > 1/3, then
P (UanZn"fl {ém/él > n_l/s}) > epn” P

and hence

Thus we have

Proof of Lemma 2

Let F; = {% ‘93 7916‘ <

6; — Ok‘ <2|0; — O],k # j}, j < n". From the assumption (18) we
have |0; — 0| > My 'n= TV with (a+ 1)1 < 1. Then equations (S1.8) and (S1.9) imply

that for any D > 0 there exists a constant C'p > 0 such that for j < n”*
P(F5) <cpn P (S1.10)

and consequently

P <Uj§n71,k¢j {% |0; — 0k < é]' — Qk’ <2|0; — 0k|}) >1—cpn P, (S1.11)
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Note that

Z¢k/( %)m > ¢k/¢]¢>k+¢]/(¢g¢g—1)

k:k#j

The facts [ K (u,v)p; (u) du = ;¢; (v) and [ K (u,v)¢r, (v) dv = Oxex (u) imply

/r;bjczbkf 9 fek //Kuv K (u,v)d; (w) ¢ (v) dudv.

Now it follows from the elementary inequality 1 —z < /1 —x < 1—xz/2for 0 <z <1 (we

assume that [ $;j¢; > 0 WLOG) that

= [/¢]¢k] S/a’j‘pj_\j 2 [/@m} <1- é,;[/mr'

Then we have

— ¢

<22{9—9k // (u, ) ))(ﬁj()qﬁk(v)dudvr

kik#j

which on Fj is further bounded by

8> [e —0) // (u,v) ))@( )¢k(v)dudvr

k:k#j

[0 (R v) = Kw,)) (85 () = 65 () 6 (0) dudo]

< 16y (0, —0k)° )
Pwh n [ If (f((u,v) - K(u,v)) i (u) di (v) dudv]
< onn @I, - o 416 3 6, — 00" [// (u,0) = K(u,0)) ¢ (u >¢k<v>dudv]2-

k:k#j

This implies for each D > 0

]P’(l 5 — ol <16 ST (0 —0)” U/ (u, ) ))qb]( )gbk(v)dudvr) > 1—cpn P
k:k#j

Let Ni,j = le(i)] and ﬁj = %ZZ i, then

Xi=X=> (niy—7;)0
Jj=1
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Assume without loss of generality that EX = 0 and for k # j write

X 1< _ _ 1< _
[ [Eww) = K] 65 ()60 (o) dudo = 137 (s =1,) 00 =) = - > s,
=1

1=1

where £ 377" | m; ik is the dominating term. From the assumption (20) we have

2
1 <& _ _ 1/2 _
E <n Zm,jm,k> <n T 'E(myme)® <nt[Endnd i) <o 10,0
i=1

Note that the spacing condition in (18) implies 0., — 02, < M™%, so we have

2

u«:)@f@ < 0> (0007 00,6,
k:k#j
U YR EaD S D i T
k:k#j k:k>2j kik<j/2 ki2j>k>j5/2 (1417 =KD
< Cin'j? (S1.12)

and the first part of lemma is proved.
For the second part of the lemma, equation (S1.12) implies that it suffices to show that

for j<m” and all § >0

P <uk {n”kaja [// (R () — K () 65 (w) 6 (v)dudvr > 1}) <eon P, (S1.13)

For a large constant ¢ > 0, we have

ES (0, 60) 2 [// (f((u,v) fK(u,v)) b5 () b (v) dudvr

k>nd

2
9_—2 n B B B B e
= OE? Z (Zm’jm’k> < G ok < Cyf; 'n nT

E>nd \i=1
which can be smaller than n~? by setting ¢ sufficiently large. It follows from the Markov

inequality that

P (umq {nl—%aja U/ (R’(u,v) - K(u,v)) i (u) éx (v) dudvr > 1}) <ecpnP
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We need now only to consider k < n?. Let w be a positive integer. Then
1 n 2w
E (n Zm,ﬂh,k> <nTUE (k)™ <07 [EBrfinih] P < Conmr ey ey

where the last inequality follows from (20). The Markov Inequality yields that for every integer

k>0

P {nléka]’a [// (R’(u, v) — K(u, v)) @; (v) i (v) dudv} ’ > 1} < Con™™°,

By choosing w sufficiently large, this implies

P (uw {nl-%aja U/ (& () — K (u,0)) 65 () 65 (0) dudur > 1}) <eon P

The equation (S1.13) is then proved, and so is the second part of the lemma.

Proof of Lemmas 3 and 4

Since Var(b;) < E([ bp; — [ b#;)?, we will analyze fbngSj —[bp;=[b (gzgj — <Z>j) instead. By

the Cauchy-Schwarz inequality we have

2 9 o
~ . 7
E Ub(@quj)} < ; §C1j2/n:o(;). (S1.14)
N
We need to analyze d;j = 0. 2 g;. It follows from (12) that
T PP CRNPEE S SRR
dJIGJ J:Hj b] +9] ﬁa: ](Z—Z)

S ol

Hence, E(d;) = E(62b;). Same as before, it follows from the fact Var(Y) = E(Var(Y|X)) +

Var(E(Y]X)) for any two random variables X and Y that

1

Var(d;) = Var(0 5 )+ —2 ZIE = Var(0;

Q})
Sl
Sa

ag
J)+;'
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We need to bound Var(éj ;). Note that

[N

2
ALl AL
Var(02b;) < E(g;bj—e;/zbj)
2

AL -

< 9E ( H —9}/2> b2 + 26,F (b; — by)°
1 2

< 2E (ef - 9}”) b7 + Cn~ 17

~ 2
0. 1 oa
91./2J> e

J

IN
)
&=
VRS
N

IN

Cn~ 7% p on~ 2 < ot (S1.15)

Here the third inequality follows from (S1.14).

Proof of Lemma 5

Recall that

- 1 _

A—1/2~ A1/23 i—1/21 ¢
dj=60;""g=0""b; +6;" —#5(2Z-2).
The second term is dominant. We consider this term first. Since
1 & N
fE Ti ik = 0,0k,
n 4= Li,jTi,k 7935,k

we have

m2 , 1 2 0_2
n—1/2 ~7 2
§ : [9j ﬁx.,jz] ~ Ty Xma—mat1

j=mq
So for any D > 0 there exists a constant Cp > 0 such that
ma2 1 2 0_2
-1 | 1. > -D
Jj=m1
Now we turn to the first term. It is easy to see
2 mo mi
) _

PO
j=m1

and for any D > 0

0; — 0,

7

>eb;, j < n”l) < Cpn~P.
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We need only to show that for any D > 0
P ( izj 0; {/b((}gJ —¢j)]2 > e (me —m1) UQ) < Cpn~".
. n B
j=m1
By the Cauchy-Schwarz inequality it suffices to show that for any D > 0
2

P (9]-/ (qBj - @)2 > a%) < CpnP. (S1.17)

This follows directly from Lemma 2.

Proof of Lemma 6

We write
2 7 ! 2 Aty U -1 1 A/ ~ 2
Y& o= (]—dj) = [szj—dj+32ﬁm,](Z—Z)}
JEB; JEB; JEB;
A1 2 A1 11 11
— (9]2bj—d;) +2 <;bj—d;)ojzﬁgz’3(z—2)+z {GJEE@’J(Z—Z)
JEB; JEB; JEB;
1/2
A1 A2 A1 A2 11, 2
< 02b; —dj ) +2 070; —dy) > 10,7~ (2 2)
JjEB; JjEB; JEB;
11, _?
+) [ej * 2l (2~ Z)}
JEB;

We first show equation (S1.2). From equation (S1.16) it suffices to prove that, when

)\:1+6andLiE|Bi\2n5 for some § > 0,

2 2
A1 , €. 0o _D
P E (9]%]- — dj) > ng? < cpn
for any D > 0 where Cp > 0 is a constant. Note that, when j < n”*, for any D > 0 there exists

a constant Cp > 0 such that
P (‘é] — GJ‘ Z 629j) S C’Dn_D

and
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It then suffices to show that for all D > 0
0'2 —D
PS>0 V ( @ﬂ >e0, 7 | <Con
JjEB; n
This is true following similar arguments as in the proof of Lemma 5 with L; > n° for some
6> 0.
Equation (S1.3) follows easily from the fact

2

& (2 - 2)

S

EZQ-—IEZ@% ;) +EZ{’%

JjEB; JEDB; JEB;
where the first term is bounded by %Li from equation (S1.15) and the second term is exactly

2
2L,
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