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1 Technical assumptions

For a symmetric matrix M = ((Mjk)), λmin(M) and λmax(M) are the minimal and maximal
eigenvalues of M. For any matrix M = ((Mjk)), let ‖M‖max = maxj,k |Mjk|, ‖M‖1 =

maxk
∑

j |Mjk|, ‖M‖2 =
√
λmax(MᵀM), and ‖M‖∞ = maxj

∑
k |Mjk|.

Assumption 1. (1) Assume the initial estimator β̂ satisfying ‖β̂−β0‖1 = Op(s
√

log p/n).

(2) Suppose the initial estimators ŵj satisfy max1≤j≤p ‖ŵj −w0
j‖1 = Op(an), where an =

o(1/
√

log p).

(3) The prediction errors satisfy ‖X(β̂−β0)‖22/n = Op(s log p/n) and max1≤j≤p ‖X\j(ŵj−
w0
j )‖22/n = Op(bn), where X\j is the design matrix X with the j-th column deleted and

bn = o(1/
√
n).

(4) Xi and εi are all sub-Gaussian.

(5) s log p/
√
n = o(1).

Remark 1. 1. With (4) that Xi and εi are all sub-Gaussian, we have Xikεi sub-exponential
with E(εiXik) = 0. By Bernstein inequality Vershynin (2010) and union bound inequal-
ity, we have

P(
∥∥ 1

n

n∑
i=1

Xiεi
∥∥
∞ ≥ t) ≤ C1p exp(−C min(t2/C2, t/C3)n).

By taking t = C ′
√

log p/n for some positive constant C ′ such that CC
′2 > C2, we have

‖ 1

n

n∑
i=1

Xiεi‖∞ = Op(
√

log p/n). (1.1)

1Corresponding author: Ping-Shou Zhong, C418 Wells Hall, 619 Red Cedar Road, Michigan State Uni-
versity, East Lansing, MI 48824.
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2. For ηij = Xij − E(Xij|Xi,\j), we have ηij sub-gaussian since Xi is sub-gaussian.
And for any k 6= j, we have E(Xikηij) = E{Xik[Xij − E(Xij|Xi,\j)]} = E{XikXij −
E[XikXij|Xi,\j]} = 0. Similarly, we have for any t > 0 and 1 ≤ j 6= k ≤ p,

P(
∣∣ 1
n

n∑
i=1

Xikηij
∣∣ ≥ t) ≤ C1p exp(−C min(t2/C2, t/C3)n),

which leads to ∥∥∥ 1

n

n∑
i=1

ηijXi,\j

∥∥∥
∞

= Op(
√

log p/n). (1.2)

3. For the properties of the initial estimators in (1), (2) and (3) under the heteroscedasitic
noise case, we can use the

√
Lasso estimator as in Belloni et al. (2014). According to

Theorem 7 in Belloni et al. (2014), we have that the
√

Lasso estimators under certain
conditions have these properties satisfied.

Assumption 2. (1) Assume the same assumption as Lasso projection case for the initial
estimator ‖β̂ − β0‖1 = Op(s

√
log p/n).

(2) Assume similar assumption as Lasso projection case for the initial estimators γ̂j, i.e.,
max1≤j≤p ‖γ̂j − γ0

j‖1 = Op(an), where an = o(1/
√

log p).

(3) Assume similar assumption as Lasso projection case for the prediction errors, i.e.,
‖X(β̂ − β0)‖22/n = Op(s log p/n) and max1≤j≤p ‖(Y,X\j)(γ̂j − γ0

j)‖22/n = Op(bn) and
bn = o(1/

√
n).

(4) (Xᵀ
i , εi)

ᵀ is sub-Gaussian.

(5) s log p/
√
n = o(1).

Remark 2. For the condition (2) above, if we assume a = max1≤j≤p sj with sj = ‖γ0
j‖0

and then the
√

Lasso estimators for γ0
j satisfy this condition with an = a

√
log p/n. For

the condition (3) above, since we assume that (Xᵀ
i , εi)

ᵀ is sub-Gaussian (which makes β0ᵀXi

also sub-Gaussian), then due to Cov(β0ᵀXi, εi) = E(εiβ
0ᵀXi) = 0, we have εiβ

0ᵀXi sub-
exponential and by the Bernstein inequality, we have for any t > 0,

P(
∣∣ 1
n

n∑
i=1

Xᵀ
iβ

0εi
∣∣ ≥ t) ≤ 2 exp{−C1nmin(t2/C2

2 , t/C2)}.

This also leads to

1

n

n∑
i=1

Xᵀ
iβ

0εi = Op(
√

log p/n), (1.3)
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as long as log p/n→ 0. And with the same argument, we have

1

n

n∑
i=1

Xikηij,y = Op(
√

log p/n), (1.4)

1

n

n∑
i=1

(Yi,X
ᵀ
i,\j)γ

0
jηij,y = Op(

√
log p/n). (1.5)

Assumption 3. (1) For the eigenvalues of Σ, there exist some constants λmin and λmax

such that 0 < λmin < λmin(Σ) ≤ λmax(Σ) < λmax <∞.

(2) Assume Xi ∼ N(0,Σ) and εi to be sub-Gaussian.

(3) The initial estimator β̂ (e.g., LASSO) satisfies ‖β̂ − β0‖1 = Op(s
√

log p/n).

(4) s
√

(log p)2m3/n = o(1) and s
√

(log p)3m2/n2 = o(1) where m is the upper bound of
the size of KFC set |S|.

(5) Assume s
√

log p supS:|S|≤m maxk∈S∗
∣∣σjk −ΣjSΣ

−1
SSΣSk

∣∣ = o(1).

Remark 3. Condition (1) is a mild condition that assures the asymptotic identifiability of
the model (Fan and Lv, 2008; Wang, 2009, 2012). Condition (2) is a common condition
used for simplification of theoretical proofs in high dimensional setup; see for example, Wang
(2009) and Zhang and Zhang (2014). Condition (3) was also used in Assumptions 1 and 2.
Condition (4) is for controlling the size of the KFC set |S|, and Condition (5) controls the
partial correlation between the target covariate Xij and XiS∗.

2 Technical Proofs

We first proves the Theorems and postpone the proof of Propositions 1-3 about the asymp-
totic normality in the end since they use the results from the proof of the corresponding
Theorems.

2.1 Proof of Theorems

Proof of Theorem 1. As in Owen (2001), by (C0), with probability tending to 1, −2 log ELn(β0
j ) =

2
∑n

i=1 log(1 + λmni) where λ satisfies

n∑
i=1

mni

1 + λmni

= 0. (2.1)

The next step is to bound the magnitude of λ. Let λ = |λ|u where u = sign(λ) ∈ {−1, 1}.
Now by

∑n
i=1mni/(1 + λmni) = 0, we have

0 =
n∑
i=1

umni

1 + λmni

=
n∑
i=1

umni

{
1− λmni

1 + λmni

}
,
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which implies

n∑
i=1

umni =
n∑
i=1

uλm2
ni

1 + λmni

=
n∑
i=1

|λ|m2
ni

1 + λmni

≥ |λ|
n∑
i=1

m2
ni

1 + |λ|max1≤i≤n |mni|
.

Thus we have

u
1

n

n∑
i=1

mni ≥
|λ|

1 + |λ|max1≤i≤n |mni|
1

n

n∑
i=1

m2
ni.

which implies

|λ|
{ 1

n

n∑
i=1

m2
ni − ( max

1≤i≤n
|mni|)u

1

n

n∑
i=1

mni

}
≤ u

1

n

n∑
i=1

mni. (2.2)

From (C1), by Lemma 3 in Owen (1990), we have max1≤i≤n |Wni| = op(n
1/2), and together

with (C2), we have

max
1≤i≤n

|mni| = op(n
1/2). (2.3)

And since for any ε > 0, obviously W 2
ni1(|Wni| > εsn)

p→ 0 due to P(|Wni| > εsn) → 0, we
have by Dominated Convergence Theorem,

1

s2n

n∑
i=1

E
{
W 2
ni1(|Wni| > εsn)

}
→ 0.

Thus by Lindeberg-Feller Central Limit Theorem, we have
∑n

i=1Wni/sn
d→ N(0, 1), that is,

1√
n

n∑
i=1

Wni
d→ N(0, σ2

w). (2.4)

By (2.4) and together with (C2), we have

1√
n

n∑
i=1

mni =
1√
n

n∑
i=1

Wni +
1√
n

n∑
i=1

Rni =
1√
n

n∑
i=1

Wni + op(1)
d→ N(0, σ2

w). (2.5)

And by (C1) and (C2) we have

1

n

n∑
i=1

m2
ni =

1

n

n∑
i=1

W 2
ni +

1

n

n∑
i=1

R2
ni + 2

1

n

n∑
i=1

WniRni =
1

n

n∑
i=1

W 2
ni + op(1)→ σ2

w. (2.6)

Actually the above follows from checking the WLLN for triangular arrays. First of all∑n
i=1 P(W 2

ni > n) = nP(W 2
n1 > n) ≤ E

{
W 2
n11(W 2

n1 > n)
}
→ 0; and

n−2
n∑
i=1

E
{
W 4
ni1(W 2

ni ≤ n)
}

= n−1E
{
W 4
n11(W 2

n1 ≤ n)
}

= n−1
∫ n

0

2yP(W 2
n1 > y)dy → 0
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since yP(W 2
n1 > y) ≤ E{W 2

n11(W 2
n1 > y)} → 0 as y →∞.

Thus by (2.2), (2.3), (2.5) and (2.6), we have

|λ|( 1

n

n∑
i=1

m2
ni + op(1)) = Op(n

−1/2)

and hence

|λ| = Op(n
−1/2). (2.7)

Then it follows from (2.3), we have max1≤i≤n
∣∣ λmni

1+λmni

∣∣ = op(1). Therefore, from (2.1), we
have

0 =
1

n

n∑
i=1

λmni

1 + λmni

=
1

n

n∑
i=1

λmni

{
1− λmni +

[λmni]
2

1 + λmni

}
=

1

n

n∑
i=1

λmni −
[1 + op(1)]

n

n∑
i=1

[λmni]
2,

which leads to

1

n

n∑
i=1

λmni =
[1 + op(1)]

n

n∑
i=1

[λmni]
2. (2.8)

Again by using (2.1) and together with (2.5), we have

0 =
1

n

n∑
i=1

mni

1 + λmni

=
1

n

n∑
i=1

mni

{
1− λmni +

[λmni]
2

1 + λmni

}
=

1

n

n∑
i=1

mni −
λ

n

n∑
i=1

m2
ni +

1

n

n∑
i=1

mni[λmni]
2

1 + λmni

=
1

n

n∑
i=1

mni −
λ

n

n∑
i=1

m2
ni +Op

{
max
1≤i≤n

∣∣ mni

1 + λmni

∣∣ 1
n

n∑
i=1

[λmni]
2
}

=
1

n

n∑
i=1

mni −
λ

n

n∑
i=1

m2
ni + op

{
n1/2λ2

1

n

n∑
i=1

m2
ni

}
=

1

n

n∑
i=1

mni −
λ

n

n∑
i=1

m2
ni + op(n

−1/2),

which leads to

λ =
{ 1

n

n∑
i=1

m2
ni

}−1 1

n

n∑
i=1

mni + op(n
−1/2). (2.9)
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Finally, by Taylor expansion together with (2.5), (2.6), (2.8) and (2.9), we have

−2 log ELn(β0
j ) = 2

n∑
i=1

log(1 + λmni)

= 2
n∑
i=1

λmni − [1 + op(1)]
n∑
i=1

[λmni]
2

= [1 + op(1)]
n∑
i=1

[λmni]
2 = [1 + op(1)]λ2

n∑
i=1

m2
ni

= [1 + op(1)]
( 1√

n

n∑
i=1

mni

)( 1

n

n∑
i=1

m2
ni

)−1( 1√
n

n∑
i=1

mni

)
+ op(1)

d→ χ2
1, as n→∞.

This completes the proof of the theorem.

Proof of Theorem 2. We only need to control the term Rni, which will be controlled one by
one.

By (3) in Assumption 1, we have (1.1) and (1.2), which leads to∣∣∣ 1
n

n∑
i=1

Rni,1

∣∣∣ =
∣∣∣ 1
n

n∑
i=1

(Yi −Xᵀ
iβ

0)(w0
j − ŵj)

ᵀXi,\j

∣∣∣
=
∣∣∣(w0

j − ŵj)
ᵀ 1

n

n∑
i=1

Xi,\jεi

∣∣∣ ≤ ‖w0
j − ŵj‖1‖

1

n

n∑
i=1

Xi,\jεi‖∞

= Op(an)Op(

√
log p

n
) = Op(an

√
log p

n
).

In order to have
∣∣∣ 1n∑n

i=1Rni,1

∣∣∣ = op(n
−1/2) we need to have an = o(1/

√
log p), which is true

according to (2) in Assumption 1.
For Rni,2, we have∣∣∣ 1

n

n∑
i=1

Rni,2

∣∣∣ =
∣∣∣ 1
n

n∑
i=1

(Xij − ŵᵀ
jXi,\j)X

ᵀ
i,\j(β

0
\j − β̂\j)

∣∣∣
=
∣∣∣ 1
n

n∑
i=1

ηijX
ᵀ
i,\j(β

0
\j − β̂\j) +

1

n

n∑
i=1

(w0
j − ŵj)

ᵀXi,\jX
ᵀ
i,\j(β

0
\j − β̂\j)

∣∣∣
≤
∣∣∣ 1
n

n∑
i=1

ηijX
ᵀ
i,\j(β

0
\j − β̂\j)

∣∣∣+
∣∣∣ 1
n

n∑
i=1

(w0
j − ŵj)

ᵀXi,\jX
ᵀ
i,\j(β

0
\j − β̂\j)

∣∣∣
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≤
∥∥∥ 1

n

n∑
i=1

ηijX
ᵀ
i,\j

∥∥∥
∞

∥∥∥β0
\j − β̂\j

∥∥∥
1

+

√√√√ 1

n

n∑
i=1

{
(w0

j − ŵj)ᵀXi,\j
}2√√√√ 1

n

n∑
i=1

{
Xᵀ
i,\j(β

0
\j − β̂\j)

}2
=Op(

√
log p/n)Op(s

√
log p/n) +Op(

√
s log p/n)Op(

√
bn)

=OP

(
s log p/n+

√
bns log p/n

)
.

In order to have
∣∣∣ 1n∑n

i=1Rni,2

∣∣∣ = op(n
−1/2) we need to have s log p/

√
n = o(1) and bn =

o(1/
√
n). Thus with (3) and (5) in Assumption 1, we have verified the first half condition

in (C2), 1
n

∑n
i=1Rni = op(n

−1/2).
Now for the second half of the condition in (C2),

max
1≤i≤n

|Rni,1| = max
1≤i≤n

∣∣(Yi −Xᵀ
iβ

0)(w0
j − ŵj)

ᵀXi,\j
∣∣ = max

1≤i≤n

∣∣(w0
j − ŵj)

ᵀXi,\jεi
∣∣

≤
∥∥w0

j − ŵj

∥∥
1

max
1≤i≤n

∥∥Xi,\jεi
∥∥
∞ =

∥∥w0
j − ŵj

∥∥
1

max
1≤i≤n

max
1≤k≤p

∣∣Xikεi
∣∣.

Now since Xi and εi are all sub-Gaussian and then we have Xikεi sub-exponential, and
then by the union bound, we have

P
(

max
1≤i≤n

max
1≤k≤p

∣∣Xikεi
∣∣ > t

)
≤
∑

1≤i≤n

∑
1≤k≤p

P(|Xikεi
∣∣ > t) ≤ pnC1e

−C2t.

By taking t = log(pn)/C with C < C2, we have max1≤i≤n max1≤k≤p
∣∣Xikεi

∣∣ = Op(log(pn)).
Hence we have

max
1≤i≤n

|Rni,1| =
∥∥w0

j − ŵj

∥∥
1

max
1≤i≤n

max
1≤k≤p

∣∣Xikεi
∣∣ = Op(an log(pn)).

In order to make max1≤i≤n |Rni,1| = op(n
1/2), we need an log(pn)/

√
n = o(1), which is true

under assumption (2) for an in Assumption 1 since an log(pn)/
√
n = o(log(pn)/

√
n log p) =

o(
√

log p/n) = o(1).

Note that max
1≤i≤n

|Rni,2| = max
1≤i≤n

|(Xij − ŵᵀ
jXi,\j)X

ᵀ
i,\j(β

0
\j − β̂\j)|

≤ max
1≤i≤n

|(Xij −w0ᵀ
j Xi,\j)X

ᵀ
i,\j(β

0
\j − β̂\j)|

+ max
1≤i≤n

|(w0
j − ŵj)

ᵀXi,\jX
ᵀ
i,\j(β

0
\j − β̂\j)|

≤ ‖β0
\j − β̂\j‖1 max

1≤i≤n
max
1≤k≤p

|ηijXik|

+ ‖(w0
j − ŵj)‖1‖(β0

\j − β̂\j)‖1
(

max
1≤i≤n

max
1≤k≤p

|Xik|
)2
.

Now since ηij’s and Xi are all sub-Gaussian, and then by similar analysis as above we have

max
1≤i≤n

|Rni,2| = Op(s
√

log p/n)Op(log(pn)) +Op(ans
√

log p/n)Op(log(pn))

= Op(s
√

log p/n log(pn)).
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In order to make max1≤i≤n |Rni,2| = op(n
1/2), we need

s
√

log p log(pn)/n = op(1),

which is true under assumption (5) in Assumption 1 since s
√

log p log(pn)/n = o(
√

log p/n) =
o(1). Thus we have max1≤i≤n |Rni| = op(n

1/2), which verifies the second half in the condition
(C2).

Now we need to check out condition (C0). From the above analysis, we have max1≤i≤n |Rni| =
op(max1≤i≤n |Wni|). Thus we only need to prove that

P( min
1≤i≤n

Wni < 0 < max
1≤i≤n

Wni)→ 1,

which just follows from the Gilvenko-Gantelli theorem over half-spaces as on page 219 in
Owen (2001).

Proof of Theorem 3. Recall that
∑n

i=1Rni/
√
n = R1n +R2n +R3n +R4n where

R1n =
1√
n

n∑
i=1

−Xᵀ
iS(Xᵀ

SXS)−1Xᵀ
Sε
{
Xij −ΣjSΣ

−1
SSXiS

}
,

R2n =
1√
n

n∑
i=1

{
εi −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

Sε
}{

ΣjSΣ
−1
SSXiS − Xᵀ

jXS(Xᵀ
SXS)−1XiS

}
,

R3n =
1√
n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}

[β0
S∗ − β̂S∗ ],

R4n =
1√
n

n∑
i=1

{
ΣjSΣ

−1
SSXiS − Xᵀ

jXS(Xᵀ
SXS)−1XiS

}{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}

[β0
S∗ − β̂S∗ ].

Now for R1n, we have

R1n = − 1√
n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}
Xᵀ
iS(Xᵀ

SXS)−1Xᵀ
Sε

= −
{ 1

n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}
Xᵀ
iS

}{√
n(Xᵀ

SXS)−1Xᵀ
Sε
}
.

Now we need to bound the two terms n−1
∑n

i=1

{
Xij−ΣjSΣ

−1
SSXiS

}
XiS and

√
n(Xᵀ

SXS)−1Xᵀ
Sε.

In fact, for every k ∈ S, we have that the two Gaussian random variables Xij −ΣjSΣ
−1
SSXiS

and Xik have the following properties:

E(Xik) = E(Xij −ΣjSΣ
−1
SSXiS) = 0;

E(X2
ik) = σkk, E[(Xij −ΣjSΣ

−1
SSXiS)2] = σjj −ΣjSΣ

−1
SSΣSj;

Cov(Xik, Xij −ΣjSΣ
−1
SSXiS) = E[Xik(Xij −ΣjSΣ

−1
SSXiS)] = σkj −ΣjSΣ

−1
SSΣSk

= σkj −ΣjSΣ
−1
SSΣSSek = σkj −ΣjSek = σkj − σjk = 0.
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Thus we have (
Xik

Xij −ΣjSΣ
−1
SSXiS

)
∼ N

(
0,

(
σkk 0
0 σjj −ΣjSΣ

−1
SSΣSj

))
. (2.10)

Under (1) in Assumption 3, by Lemma A.3 from Bickel and Levina (2008), we have there
exists constants C,C1, C2 > 0 such that

P
{∣∣ 1
n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}
Xij

∣∣ ≥ t
}
≤ C1 exp(−C2nt

2), for 0 ≤ t ≤ C.

By union inequality, we then have

P
{

max
S:|S|≤m

∥∥ 1

n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}
XiS

∥∥
∞ ≥ t

}
≤ C1mp

m exp(−C2nt
2),

for 0 ≤ t ≤ C, where |{S ⊆ {1, 2, , · · · , p} : |S| ≤ m}| ≤ pm. For mpm exp(−C2nt
2) =

exp(−C2nt
2 + m log p + logm), take t =

√
m log p+ logm+ C log p/(C2n) ∼

√
m log p/n,

and then we have maxS:|S|≤m
∥∥n−1∑n

i=1

{
Xij −ΣjSΣ

−1
SSXiS

}
XiS

∥∥
∞ = Op(

√
m log p/n).

Now in order to control
√
n(Xᵀ

SXS)−1Xᵀ
Sε, first notice that by the following matrix equal-

ity Henderson and Searle (1981)

(Xᵀ
SXS/n)−1 =

{
ΣSS + (Xᵀ

SXS/n−ΣSS)
}−1

=Σ−1SS −Σ−1SS
{
I + (Xᵀ

SXS/n−ΣSS)Σ−1SS
}−1

(Xᵀ
SXS/n−ΣSS)Σ−1SS︸ ︷︷ ︸

∆S

, (2.11)

we have

‖
√
n(Xᵀ

SXS)−1Xᵀ
Sε‖1 = ‖(Xᵀ

SXS/n)−1Xᵀ
Sε/
√
n‖1 ≤ ‖Σ−1SSX

ᵀ
Sε/
√
n‖1 + ‖∆SXᵀ

Sε/
√
n‖1

≤
√
|S|‖Σ−1SSX

ᵀ
Sε/
√
n‖2 +

√
|S|‖∆SXᵀ

Sε/
√
n‖2

≤
√
|S|‖Σ−1SSX

ᵀ
Sε/
√
n‖2 +

√
|S|‖∆S‖2‖Xᵀ

Sε/
√
n‖2.

One of the most important results in matrix analysis is the Cauchy (eigenvalue) inter-
lacing theorem. It asserts that the eigenvalues of any principal submatrix of a symmetric
matrix interlace those of the symmetric matrix. For example, if an n× n symmetric matrix
S can be partitioned as

S =

(
A B
Bᵀ C

)
,

in which A is an r × r principle submatrix, then for each i ∈ 1, 2, · · · , r, we have

λi(S) ≤ λi(A) ≤ λn−r+i(S).

In particular, we have λmin(Σ) ≤ λmin(ΣSS) and λmax(Σ) ≥ λmax(ΣSS). Thus by the
definition of maximum eigenvalue, we have

‖Σ−1SSX
ᵀ
Sε/
√
n‖2 ≤ λ−1min‖X

ᵀ
Sε/
√
n‖2.

9



So

‖
√
n(Xᵀ

SXS)−1Xᵀ
Sε‖1 ≤

√
|S|λ−1min‖X

ᵀ
Sε/
√
n‖2 +

√
|S|‖∆S‖2‖Xᵀ

Sε/
√
n‖2

=
√
|S|
{
λ−1min + ‖∆S‖2

}
‖Xᵀ
Sε/
√
n‖2.

Now we have to control ‖Xᵀ
Sε/
√
n‖2 and ‖∆S‖2. In order to control the first one, by the

sub-Gaussian tailed condition (2) in Assumption 3,

P( max
S:|S|≤m

‖Xᵀ
Sε/
√
n‖2 ≥ t

√
n) ≤ P( max

S:|S|≤m
max
j∈S
| 1
n

n∑
i=1

Xijεi| ≥ t/
√
m) ≤ pmm exp(−Cnt2/m),

followed from the Bernstein inequality for t small. For pmm exp(−Cnt2/m) = exp(m log p+
logm − Cnt2/m), take t =

√
m
√
m log p+ logm+ C1 log p/Cn ∼

√
m2 log p/n. Then we

have the following order

max
S:|S|≤m

‖Xᵀ
Sε/
√
n‖2 = Op(m

√
log p).

Now for ‖∆S‖2 with ∆S = Σ−1SS
{
I + (Xᵀ

SXS/n−ΣSS)Σ−1SS
}−1

(Xᵀ
SXS/n−ΣSS)Σ−1SS , we

have to control Xᵀ
SXS/n−ΣSS first. Note that

P
(

sup
S:|S|≤m

‖Xᵀ
SXS/n−ΣSS‖2 ≥ ε

)
≤ P

(
sup
S:|S|≤m

max
j,k
|Xᵀ

jXk/n− σjk| ≥ ε/m
)

≤m2pmP
(
|Xᵀ

jXk/n− σjk| ≥ ε/m
)
≤ C1m

2pm exp(−C2nε
2/m2)

where the last inequality is also followed from Lemma A.3 in Bickel and Levina (2008) with
constants C1, C2 > 0. For m2pm exp(−C2nε

2/m2) = exp(2 logm + m log p − C2nε
2/m2), by

taking ε = m
√
m log p+ 2 logm+ C1 log p/C2n ∼

√
m3 log p/n, we have supS:|S|≤m ‖X

ᵀ
SXS/n−

ΣSS‖2 = Op(
√
m3 log p/n). It follows then

‖∆S‖2 = ‖Σ−1SS
{
I + (Xᵀ

SXS/n−ΣSS)Σ−1SS
}−1

(Xᵀ
SXS/n−ΣSS)Σ−1SS‖2

≤ ‖Σ−1SS‖22‖I + (Xᵀ
SXS/n−ΣSS)Σ−1SS

}−1‖2‖Xᵀ
SXS/n−ΣSS‖2

= Op(
√
m3 log p/n),

since ‖Σ−1SS‖2 = λ
1/2
max(Σ

−2
SS) ≤ λ−1min.

Thus we have

‖
√
n(Xᵀ

SXS)−1Xᵀ
Sε‖1 ≤

√
|S|
{
λ−1min + ‖∆S‖2

}
‖Xᵀ
Sε/
√
n‖2

= Op(
√
m3 log p/n),

i.e., supS:|S|≤m ‖
√
n(Xᵀ

SXS)−1Xᵀ
Sε‖1 = Op(

√
m3 log p/n).
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In summary, we then have

sup
S:|S|≤m

∣∣∣{ 1

n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}
Xᵀ
iS

}{√
n(Xᵀ

SXS)−1Xᵀ
Sε
}∣∣∣

≤ sup
S:|S|≤m

∥∥∥ 1

n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}
Xᵀ
iS

∥∥∥
∞

sup
S:|S|≤m

∥∥∥√n(Xᵀ
SXS)−1Xᵀ

Sε
∥∥∥
1

=Op(
√
m log p/n)Op(

√
m3 log p/n) = Op(m

2 log p/n).

And hence R1n = op(1).
For R2n, we have

R2n =
1√
n

n∑
i=1

{
εi −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

Sε
}{

ΣjSΣ
−1
SSXiS − Xᵀ

jXS(Xᵀ
SXS)−1XiS

}
=
{
ΣjSΣ

−1
SS − Xᵀ

jXS(Xᵀ
SXS)−1

} 1√
n

n∑
i=1

{
XiSεi −XiSX

ᵀ
iS(Xᵀ

SXS)−1Xᵀ
Sε
}

=
{
ΣjSΣ

−1
SS − Xᵀ

jXS(Xᵀ
SXS)−1

}{ 1√
n

n∑
i=1

XiSεi −
{ 1

n

n∑
i=1

XiSX
ᵀ
iS
}√

n(Xᵀ
SXS)−1Xᵀ

Sε
}

=
{
ΣjSΣ

−1
SS − Xᵀ

jXS(Xᵀ
SXS)−1

}{ 1√
n

n∑
i=1

XiSεi − Xᵀ
Sε/
√
n
}

= 0.

Observe that we can rewrite R3n as

R3n =
1√
n

n∑
i=1

{
Xij −ΣjSΣ

−1
SSXiS

}{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}

[β0
S∗ − β̂S∗ ]

=
1√
n
Xᵀ
j

{
I− XS(Xᵀ

SXS)−1Xᵀ
S
}
XS∗ [β0

S∗ − β̂S∗ ],

where 1√
n
Xᵀ
j

{
I− XS(Xᵀ

SXS)−1Xᵀ
S
}
XS∗ can be controlled as follows

‖ 1√
n
Xᵀ
j

{
I− XS(Xᵀ

SXS)−1Xᵀ
S
}
XS∗‖∞ = max

k∈S∗
| 1√
n
Xᵀ
j

{
I− XS(Xᵀ

SXS)−1Xᵀ
S
}
Xk|

≤
√
nmax
k∈S∗

{∣∣Xᵀ
jXk/n− σjk

∣∣+
∣∣σjk −ΣjSΣ

−1
SSΣSk

∣∣+
∣∣[Xᵀ

jXS/n−ΣjS ]Σ−1SSΣSk
∣∣

+
∣∣ΣjSΣ

−1
SS [Xᵀ

SXk/n−ΣSk]
∣∣+
∣∣ΣjS∆SΣSk

∣∣
+
∣∣ΣjS∆S [Xᵀ

SXk/n−ΣSk]
∣∣+
∣∣[Xᵀ

jXS/n−ΣjS ]Σ−1SS [Xᵀ
SXk/n−ΣSk]

∣∣
+
∣∣[Xᵀ

jXS/n−ΣjS ]∆SΣSk
∣∣+
∣∣[Xᵀ

jXS/n−ΣjS ]∆S [Xᵀ
SXk/n−ΣSk]

∣∣}
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≤
√
nmax
k∈S∗

{∣∣Xᵀ
jXk/n− σjk

∣∣+
∣∣σjk −ΣjSΣ

−1
SSΣSk

∣∣+ ‖Xᵀ
jXS/n−ΣjS‖∞

√
|S|λ−1minλmax

+
√
|S|λ−1minλmax‖Xᵀ

SXk/n−ΣSk‖∞ + λ2max‖∆S‖2
+
√
|S|λmax‖∆S‖2‖Xᵀ

SXk/n−ΣSk‖∞ + ‖Xᵀ
jXS/n−ΣjS‖2λ−1min‖X

ᵀ
SXk/n−ΣSk‖2

+
√
|S|‖Xᵀ

jXS/n−ΣjS‖∞‖∆S‖2λmax + ‖Xᵀ
jXS/n−ΣjS‖2‖∆S‖2‖Xᵀ

SXk/n−ΣSk‖2
}
.

And we have that

P
(

sup
S:|S|≤m

max
k∈S∗
|σjk −

1

n
Xᵀ
jXk| ≥ ε

)
≤pm+1P

(
|σjk −

1

n
Xᵀ
jXk| ≥ ε

)
≤ C1p

m+1 exp(−C2nε
2)

where the last inequality is also followed from Lemma A.3 in Bickel and Levina (2008)
with constants C1, C2 > 0. For pm+1 exp(−C2nε

2) = exp((m + 1) log p − C2nε
2), by tak-

ing ε =
√
{(m+ 1) log p+ C1 log p}/C2n ∼

√
m log p/n, we have supS:|S|≤m maxk∈S∗ |σjk −

Xᵀ
jXk/n| = Op(

√
m log p/n). Similarly, we have supS:|S|≤m ‖ΣjS− 1

n
Xᵀ
jXS‖∞ = Op(

√
m log p/n)

and supS:|S|≤m maxk∈S∗ ‖Xᵀ
SXk/n − ΣSk‖∞ = Op(

√
m log p/n). By supS:|S|≤m ‖∆S‖2 =

Op(
√
m3 log p/n), we have

sup
S:|S|≤m

‖ 1√
n
Xᵀ
j

{
I− XS(Xᵀ

SXS)−1Xᵀ
S
}
XS∗‖∞

≤
√
n sup
S:|S|≤m

max
k∈S∗

{∣∣Xᵀ
jXk/n− σjk

∣∣+
∣∣σjk −ΣjSΣ

−1
SSΣSk

∣∣+ ‖Xᵀ
jXS/n−ΣjS‖∞

√
|S|λ−1minλmax

+
√
|S|λ−1minλmax‖Xᵀ

SXk/n−ΣSk‖∞ + λ2max‖∆S‖2
+
√
|S|λmax‖∆S‖2‖Xᵀ

SXk/n−ΣSk‖∞ +
√
|S|‖Xᵀ

jXS/n−ΣjS‖∞‖∆S‖2λmax

+ ‖Xᵀ
jXS/n−ΣjS‖2λ−1min‖X

ᵀ
SXk/n−ΣSk‖2

+ ‖Xᵀ
jXS/n−ΣjS‖2‖∆S‖2‖Xᵀ

SXk/n−ΣSk‖2
}

=
√
n sup
S:|S|≤m

max
k∈S∗

∣∣σjk −ΣjSΣ
−1
SSΣSk

∣∣+Op{
√
n
√
m3 log p/n},

since
√
m3 log p/n = o(1). Under condition (4) and (5) in Assumption 3, we have that

R3n = op(1).
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Note that

R4n =
1√
n

n∑
i=1

{
ΣjSΣ

−1
SSXiS − Xᵀ

jXS(Xᵀ
SXS)−1XiS

}{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}

[β0
S∗ − β̂S∗ ]

=
1√
n

n∑
i=1

{
ΣjSΣ

−1
SSXiSX

ᵀ
iS∗
}

[β0
S∗ − β̂S∗ ]ΣjSΣ

−1
SS(Xᵀ

SXS∗/
√
n)[β0

S∗ − β̂S∗ ]

− 1√
n

n∑
i=1

{
Xᵀ
jXS(Xᵀ

SXS)−1XiSX
ᵀ
iS∗
}

[β0
S∗ − β̂S∗ ]

+
{
Xᵀ
jXS(Xᵀ

SXS)−1Xᵀ
SXS∗/

√
n
}

[β0
S∗ − β̂S∗ ] = 0.

Thus we have verified that 1
n

∑n
i=1Rni = op(n

−1/2).
For Rni,1, we have

max
1≤i≤n

|Rni,1| = ‖(Xᵀ
SXS)−1Xᵀ

Sε‖1 max
1≤i≤n

‖
{
Xij −ΣjSΣ

−1
SSXiS

}
Xᵀ
iS‖∞

= ‖(Xᵀ
SXS)−1Xᵀ

Sε‖1 max
1≤i≤n

max
k∈S

∣∣{Xij −ΣjSΣ
−1
SSXiS

}
Xik

∣∣
where supS:|S|≤m ‖(X

ᵀ
SXS)−1Xᵀ

Sε‖1 = Op(
√
m3 log p/n). And since Xij − ΣjSΣ

−1
SSXiS is

Gaussian under the assumption that X is Gaussian, we have
{
Xij −ΣjSΣ

−1
SSXiS

}
Xik sub-

exponential. So

P
(

sup
S:|S|≤m

max
1≤i≤n

max
k∈S

∣∣{Xij −ΣjSΣ
−1
SSXiS

}
Xik

∣∣ > t
)
≤ pmnmC1 exp(−C2t)

which leads to supS:|S|≤m max1≤i≤n maxk∈S
∣∣{Xij − ΣjSΣ

−1
SSXiS

}
Xik

∣∣ = Op(m log p). Thus
we have

sup
S:|S|≤m

max
1≤i≤n

|Rni,1| = Op(m log p
√
m3 log p/n) = op(n

1/2)

since (m log p/n)
√
m3 log p/n = o(1).

For Rni,2, we have

max
1≤i≤n

|Rni,2| ≤ ‖ΣjSΣ
−1
SS − Xᵀ

jXS(Xᵀ
SXS)−1‖1 max

1≤i≤n
‖XiSεi −XiSX

ᵀ
iS(Xᵀ

SXS)−1Xᵀ
Sε‖∞,

where

‖ΣjSΣ
−1
SS − Xᵀ

jXS(Xᵀ
SXS)−1‖1 = ‖ΣjSΣ

−1
SS − n−1X

ᵀ
jXS(Xᵀ

SXS/n)−1‖1
=‖ΣjSΣ

−1
SS − n−1X

ᵀ
jXS(Σ−1SS −∆S)‖1

≤‖(ΣjS − n−1Xᵀ
jXS)Σ−1SS‖1 + ‖n−1Xᵀ

jXS∆S‖1
≤‖(ΣjS − n−1Xᵀ

jXS)Σ−1SS‖1 + ‖(n−1Xᵀ
jXS −ΣjS)∆S‖1 + ‖ΣjS∆S‖1.
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And by simple algebra, we have

sup
S:|S|≤m

‖(ΣjS − n−1Xᵀ
jXS)Σ−1SS‖1 = Op(

√
m3 log p/n),

sup
S:|S|≤m

‖(n−1Xᵀ
jXS −ΣjS)∆S‖1 = Op(m

2 log p/n),

sup
S:|S|≤m

‖ΣjS∆S‖1 = Op(m
2
√

log p/n).

Now for

max
1≤i≤n

‖XiSεi −XiSX
ᵀ
iS(Xᵀ

SXS)−1Xᵀ
Sε‖∞ ≤ max

1≤i≤n
‖XiSεi‖∞ + max

1≤i≤n
‖XiSX

ᵀ
iS(Xᵀ

SXS)−1Xᵀ
Sε‖∞

≤ max
1≤i≤n

‖XiSεi‖∞ + ‖(Xᵀ
SXS)−1Xᵀ

Sε‖∞ max
1≤i≤n

‖XiSX
ᵀ
iS‖∞,

since Xikεi is sub-exponential, we have

P
(

sup
S:|S|≤m

max
1≤i≤n

‖XiSεi‖∞ > t
)

= P
(

sup
S:|S|≤m

max
1≤i≤n

max
k∈S
|Xikεi| > t

)
≤ pmmnC1e

−C2t

which leads to supS:|S|≤m max1≤i≤n ‖XiSεi‖∞ = Op(m log p). And since XikXil is sub-
exponential, we have

P
(

sup
S:|S|≤m

max
1≤i≤n

‖XiSX
ᵀ
iS‖∞ > t

)
≤ P

(
sup
S:|S|≤m

max
1≤i≤n

√
mmax

k,l∈S
|XikXil| > t

)
≤ pmm2nC1e

−C2t

which leads to supS:|S|≤m max1≤i≤n ‖XiSX
ᵀ
iS‖∞ = Op(

√
mm log p).

Since supS:|S|≤m ‖(X
ᵀ
SXS)−1Xᵀ

Sε‖1 = Op(
√
m3 log p/n), we have

sup
S:|S|≤m

max
1≤i≤n

‖XiSεi −XiSX
ᵀ
iS(Xᵀ

SXS)−1Xᵀ
Sε‖∞

=Op(m log p+
√
mm log p

√
m3 log p/n) = Op(m log p(1 +m2

√
log p/n)).

In summary,

sup
S:|S|≤m

max
1≤i≤n

|Rni,2| = Op{m3 log p
√

log p/n(1 +m2
√

log p/n)},

since log p/n → 0. In order to have supS:|S|≤m max1≤i≤n |Rni,2| = op(n
1/2), we need to have

m3(log p/
√
n)
√

log p/n = o(1), which is true under (4) in Assumption 3 since

m3(log p/
√
n)
√

log p/n =
√
m3 log p/n

√
(log p)2m3/n = o(1).

Observe that

max
1≤i≤n

|Rni,3| ≤ ‖β0
S∗ − β̂S∗‖1 max

1≤i≤n
‖
{
Xij −ΣjSΣ

−1
SSXiS

}{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞.
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Since

‖Xᵀ
iS(Xᵀ

SXS)−1Xᵀ
SXS∗‖∞ ≤ max

k∈S∗

{
|Xᵀ

iSΣ
−1
SSΣSk|+ |X

ᵀ
iSΣ

−1
SS(Xᵀ

SXk/n−ΣSk)|

+ |Xᵀ
iS∆SΣSk|+ |X

ᵀ
iS∆S(Xᵀ

SXk/n−ΣSk)|
}
,

(2.12)

we have

max
1≤i≤n

‖
{
Xij −ΣjSΣ

−1
SSXiS

}{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

≤ max
1≤i≤n

max
k∈S∗
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xik|+ max

1≤i≤n
max
k∈S∗
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xᵀ
iSΣ

−1
SSΣSk|

+ max
1≤i≤n

max
k∈S∗

max
l∈S
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xil|‖Σ−1SS(Xᵀ

SXk/n−ΣSk)‖1

+ max
1≤i≤n

max
k∈S∗

max
l∈S
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xil|
√
m‖∆S‖2‖ΣSk‖2

+ max
1≤i≤n

max
k∈S∗

max
l∈S
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xil|‖∆S(Xᵀ

SXk/n−ΣSk)‖1.

Now since

P
(

sup
S:|S|≤m

max
1≤i≤n

max
k∈S∗
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xik| > t

)
≤ pm+1nC1e

−C2t,

we have
sup
S:|S|≤m

max
1≤i≤n

max
k∈S∗
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xik| = Op(m log p).

Similarly, we have

sup
S:|S|≤m

max
1≤i≤n

max
k∈S∗
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xᵀ
iSΣ

−1
SSΣSk| = Op(m log p),

sup
S:|S|≤m

max
1≤i≤n

max
l∈S
|
{
Xij −ΣjSΣ

−1
SSXiS

}
Xil| = Op(m log p).

And then by simple algebra, we have

sup
S:|S|≤m

max
k∈S∗
‖(ΣkS − n−1Xᵀ

kXS)Σ−1SS‖1 = Op(
√
m3 log p/n),

sup
S:|S|≤m

max
k∈S∗
‖(n−1Xᵀ

kXS −ΣkS)∆S‖1 = Op(m
2 log p/n).

Thus we have

sup
S:|S|≤m

max
1≤i≤n

‖
{
Xij −ΣjSΣ

−1
SSXiS

}{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

=Op{m log p(1 +
√
m3 log p/n+m2

√
log p/n+m2 log p/n)}

=Op{m log p(1 +
√
m3 log p/n+m2 log p/n)},

which leads to

sup
S:|S|≤m

max
1≤i≤n

|Rni,3| = Op(s
√

log p/nm log p(1 +
√
m3 log p/n+m2 log p/n)).

15



In order to have supS:|S|≤m max1≤i≤n |Rni,3| = op(n
1/2), we need

s
√

log p/n(m log p/
√
n)(1 +

√
m3 log p/n+m2 log p/n) = o(1),

which is true under (4) in Assumption 3.

And for max
1≤i≤n

|Rni,4| = ‖β0
S∗ − β̂S∗‖1

× max
1≤i≤n

‖
{
ΣjSΣ

−1
SS − Xᵀ

jXS(Xᵀ
SXS)−1

}
XiS

{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞.

And for

max
1≤i≤n

‖
{
ΣjSΣ

−1
SS − Xᵀ

jXS/n(Σ−1SS −∆S)
}
XiS

{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

= max
1≤i≤n

‖(ΣjS − Xᵀ
jXS/n)Σ−1SSXiS

{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

+ max
1≤i≤n

‖(Xᵀ
jXS/n−ΣjS)∆SXiS

{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

+ max
1≤i≤n

‖ΣjS∆SXiS
{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞,

by (2.12), we have

max
1≤i≤n

‖(ΣjS − Xᵀ
jXS/n)Σ−1SSXiS

{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

≤ max
1≤i≤n

max
k∈S∗

max
l∈S
‖(ΣjS − Xᵀ

jXS/n)Σ−1SS‖1|XilXik|

+ max
1≤i≤n

max
k∈S∗

max
l∈S
‖(ΣjS − Xᵀ

jXS/n)Σ−1SS‖1X2
il‖Σ−1SSΣSk‖1

+ max
1≤i≤n

max
k∈S∗

max
l∈S
‖(ΣjS − Xᵀ

jXS/n)Σ−1SS‖1X2
il‖Σ−1SS(Xᵀ

SXk/n−ΣSk)‖1

+ max
1≤i≤n

max
k∈S∗

max
l∈S
‖(ΣjS − Xᵀ

jXS/n)Σ−1SS‖1X2
il‖∆SΣSk‖1

+ max
1≤i≤n

max
k∈S∗

max
l∈S
‖(ΣjS − Xᵀ

jXS/n)Σ−1SS‖1X2
il‖∆S(Xᵀ

SXk/n−ΣSk)‖1

= Op(m
3 log p

√
log p/n),

under the condition that m3 log p/n→ 0. Similarly we have, if m3 log p/n→ 0.

sup
S:|S|≤m

max
1≤i≤n

‖(Xᵀ
jXS/n−ΣjS)∆SXiS

{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

= Op{m7/2(log p)2/n}
sup
S:|S|≤m

max
1≤i≤n

‖ΣjS∆SXiS
{
Xᵀ
iS∗ −Xᵀ

iS(Xᵀ
SXS)−1Xᵀ

SXS∗
}
‖∞

= Op{m7/2 log p
√

log p/n}.

In summary, if m3 log p/n → 0, supS:|S|≤m max1≤i≤n |Rni,4| = Op{sm7/2(log p)2/n}. Thus

in order to have supS:|S|≤m max1≤i≤n |Rni,4| = op(n
1/2), we need sm7/2(log p)2/n3/2 = o(1),
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which is true under the condition (4) in Assumption 3 since sm7/2(log p)2/n3/2 = s
√

(log p)4m7/n3 =

s
√

(log p)2m3/nm2 log p/n = o(1).
From the above analysis, we have max1≤i≤n |Rni| = op(max1≤i≤n |Wni|). Thus we only

need to prove that P(min1≤i≤nWni < 0 < max1≤i≤nWni) → 1, which just follows from the
Gilvenko-Gantelli theorem over half-spaces as on page 219 in Owen (2001).

Proof of Theorem 4. Notice that

1

n

n∑
i=1

Rni,1 =
1

n

n∑
i=1

ε2i (γ
0
j1 − γ̂j1) +

1

n

n∑
i=1

εiX
ᵀ
iβ

0(γ0j1 − γ̂j1) +
1

n

n∑
i=1

εiX
ᵀ
i,\j(γ

0
j,\1 − γ̂j,\1).

By condition (2) in Assumption 2 and (1.3) implied from condition (4) in Assumption 2,∣∣∣ 1
n

n∑
i=1

εiX
ᵀ
iβ

0(γ0j1 − γ̂j1)
∣∣∣ =

∣∣∣(γ0j1 − γ̂j1)∣∣∣∣∣∣ 1n
n∑
i=1

εiβ
0ᵀXi

∣∣∣ = Op(an

√
log p

n
),

and ∣∣∣ 1
n

n∑
i=1

εiX
ᵀ
i,\j(γ

0
j,\1 − γ̂j,\1)

∣∣∣ ≤ ∥∥∥γ0
j,\1 − γ̂j,\1

∥∥∥
1

∥∥∥ 1

n

n∑
i=1

εiXi,\j

∥∥∥
∞

= Op(an

√
log p

n
).

Thus we have 1
n

∑n
i=1Rni,1 = 1

n

∑n
i=1 ε

2
i (γ

0
j1 − γ̂j1) + Op(an

√
log p/n) = Op(an

√
1/n). So in

order to have 1
n

∑n
i=1Rni,1 = op(n

−1/2), we need an = op(1). Note that

max
1≤i≤n

|Rni,1| ≤ max
1≤i≤n

|ε2i (γ0j1 − γ̂j1)|+ max
1≤i≤n

|εiXᵀ
iβ

0(γ0j1 − γ̂j1)|

+ max
1≤i≤n

|εiXᵀ
i,\j(γ

0
j,\1 − γ̂j,\1)|

=|γ0j1 − γ̂j1|
{

max
1≤i≤n

|ε2i |+ max
1≤i≤n

|εiXᵀ
iβ

0|
}

+ ‖γ0
j,\1 − γ̂j,\1‖1 max

1≤i≤n
‖εiXi,\j‖∞

=|γ0j1 − γ̂j1|
{

max
1≤i≤n

|ε2i |+ max
1≤i≤n

|εiXᵀ
iβ

0|
}

+ ‖γ0
j,\1 − γ̂j,\1‖1 max

1≤i≤n
max
1≤k≤p

|εiXij|.

And by the assumption that Xi and εi are sub-Gaussian, we have Xᵀ
iβ

0 is sub-Gaussian and
ε2i , εiX

ᵀ
iβ

0 and Xijεi are all sub-exponential. Then we have

P
(

max
1≤i≤n

|ε2i | > t
)
≤ nP(|ε2i | > t) ≤ nC1e

−C2t

which implies that max1≤i≤n |ε2i | = Op(log n). Thus we have max1≤i≤n |Rni,1| = Op(an log(pn)).
In order to achieve max1≤i≤n |Rni,1| = op(n

1/2), we need an log(pn)/
√
n = o(1), which is true

since an = o(1/
√

log p).

For Rni,2 = ηij,yX
ᵀ
i (β

0 − β̂) = ηij,y
{
Xij(β

0
j − β̂j) + Xᵀ

i,\j(β
0
\j − β̂\j)

}
= ηij,y

{
[(Yi,X

ᵀ
i,\j)γ

0
j + ηij,y](β

0
j − β̂j) + Xᵀ

i,\j(β
0
\j − β̂\j)

}
= η2ij,y(β

0
j − β̂j) + ηij,y(Yi,X

ᵀ
i,\j)γ

0
j(β

0
j − β̂j) + ηij,yX

ᵀ
i,\j(β

0
\j − β̂\j),
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similarly as Rni,1, by condition (1) and (1.4), (1.5), we have

1

n

n∑
i=1

Rni,2 =
1

n

n∑
i=1

η2ij,y(β
0
j − β̂j) +Op(s

√
log p/n

√
log p/n)

=
1

n

n∑
i=1

η2ij,y(β
0
j − β̂j) +Op(s log p/n)

= Op(s
√

log p/n
√

1/n) +Op(s log p/n) = Op(s
√

log p/n).

So in order to have 1
n

∑n
i=1Rni,2 = op(n

−1/2), we need to have s
√

log p/n = op(n
−1/2), i.e.,

s
√

log p/n = op(1). Note that

max
1≤i≤n

|Rni,2| ≤ max
1≤i≤n

|η2ij,y(β0
j − β̂j)|+ max

1≤i≤n
|ηij,y(Yi,Xᵀ

i,\j)γ
0
j(β

0
j − β̂j)|

+ max
1≤i≤n

|ηij,yXᵀ
i,\j(β

0
\j − β̂\j)| = Op(s

√
log p/n log(pn)) = op(

√
n)

since s
√

log p/n log(pn)/
√
n = o(

√
log p/n) = o(1).

Now for Rni,3 = Xᵀ
i (β

0 − β̂)
{

(Yi,X
ᵀ
i,\j)(γ

0
j − γ̂j)

}
= (β0 − β̂)ᵀXi(Yi,X

ᵀ
i,\j)(γ

0
j − γ̂j), we

have by (3) in Assumption 2∣∣∣ 1
n

n∑
i=1

Rni,3

∣∣∣ =
∣∣∣ 1
n

n∑
i=1

(β0 − β̂)ᵀXi(Yi,X
ᵀ
i,\j)(γ

0
j − γ̂j)

∣∣∣
≤

√√√√ 1

n

n∑
i=1

[(β0 − β̂)ᵀXi]2

√√√√ 1

n

n∑
i=1

[(Yi,X
ᵀ
i,\j)(γ

0
j − γ̂j)]2

= Op(
√
s log p/n)Op(

√
bn) = Op(

√
bns log p/n).

So in order to have 1
n

∑n
i=1Rni,3 = op(n

−1/2), we need to have
√
bns log p/n = op(n

−1/2), i.e.,√
bns log p = op(1). And we also have

max
1≤i≤n

|Rni,3| ≤ ‖β0 − β̂‖1‖γ0
j − γ̂j‖1 max

1≤i≤n
max
1≤j≤p

|Xij|
(

max
1≤i≤n

|Yi|+ max
1≤i≤n

max
1≤j≤p

|Xij|
)

= Op(s
√

log p/nan log(pn)) = op(n
1/2).

Now we need to check out condition (C0). From the above analysis, we have max1≤i≤n |Rni| =
op(max1≤i≤n |Wni|). Thus we only need to prove that

P( min
1≤i≤n

Wni < 0 < max
1≤i≤n

Wni)→ 1,

which just follows from the Gilvenko-Gantelli theorem over half-spaces as on page 219 in
Owen (2001).
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2.2 Proof of Propositions

Proof of Proposition 4. With W
(lasso)
ni = εi(Xij − Σj,\jΣ

−1
\j,\jXi,\j), simple calculation yields

that E(W
(lasso)
ni ) = E

{
εi(Xij −Σj,\jΣ

−1
\j,\jXi,\j)

}
= 0 and

E[(W
(lasso)
ni )2] = E

{
ε2i (Xij −Σj,\jΣ

−1
\j,\jXi,\j)

2
}

= E{ε2i (X2
ij − 2XijΣj,\jΣ

−1
\j,\jXi,\j + Σj,\jΣ

−1
\j,\jXi,\jX

ᵀ
i,\jΣ

−1
\j,\jΣ\j,j)}

= E{Z2
ij − 2ZijΣj,\jΣ

−1
\j,\jZi,\j + Σj,\jΣ

−1
\j,\jZi,\jZ

ᵀ
i,\jΣ

−1
\j,\jΣ\j,j}

= θi;jj − 2Σj,\jΣ
−1
\j,\jΘi;j,\j + Σj,\jΣ

−1
\j,\jΘi;\j,\jΣ

−1
\j,\jΣ\j,j.

Note that if we assume the independence between the error term and the covariates and the
homoscedasticity of the error terms, it easily follows that

E[(W
(lasso)
ni )2] = σ2

ε (σjj −Σj,\jΣ
−1
\j,\jΣ\j,j).

Proof of Proposition 5. First of all, simple algebra easily leads to E(Wni) = 0. Remember
Xij = Xᵀ

iβ
0γ0j1 + εiγ

0
j1 + Xᵀ

i,\jγ
0
j,\1 + ηij,y. Hence

Var(W
(inv)
ni ) = Var(εiηij,y) = Var(εi(Xij −Xᵀ

iβ
0γ0j1 − εiγ0j1 −Xᵀ

i,\jγ
0
j,\1))

= Var(εiXij) + Var(εiX
ᵀ
iβ

0γ0j1) + Var(ε2i γ
0
j1) + Var(εiX

ᵀ
i,\jγ

0
j,\1)

− 2Cov(εiXij, εiX
ᵀ
iβ

0γ0j1)− 2Cov(εiXij, ε
2
i γ

0
j1)− 2Cov(εiXij, εiX

ᵀ
i,\jγ

0
j,\1)

+ 2Cov(εiX
ᵀ
iβ

0γ0j1, ε
2
i γ

0
j1) + 2Cov(εiX

ᵀ
iβ

0γ0j1, εiX
ᵀ
i,\jγ

0
j,\1) + 2Cov(ε2i γ

0
j1, εiX

ᵀ
i,\jγ

0
j,\1).

By the definition of Zij, we further simplify the variance of Wni as follows.

Var(W
(inv)
ni ) = Var(Zij) + Var(γ0j1β

0ᵀZi) + Var(γ0j1ε
2
i ) + Var(γ0ᵀ

j,\1Zi,\j)

− 2Cov(Zij, γ
0
j1β

0ᵀZi)− 2Cov(Zij, γ
0
j1ε

2
i )− 2Cov(Zij,γ

0ᵀ
j,\1Zi,\j)

+ 2Cov(γ0j1β
0ᵀZi, γ

0
j1ε

2
i ) + 2Cov(β0ᵀγ0j1Zi,γ

0ᵀ
j,\1Zi,\j) + 2Cov(γ0j1ε

2
i ,γ

0ᵀ
j,\1Zi,\j)

= θi;jj + (γ0j1)
2β0ᵀΘiβ

0 + (γ0j1)
2κi + γ0ᵀ

j,\1Θi;\j,\jγ
0
j,\1

− 2γ0j1β
0ᵀΘi;·,j − 2γ0j1$i;j − 2γ0ᵀ

j,\1Θi;\j,j + 2(γ0j1)
2β0ᵀ$i

+ 2γ0j1β
0ᵀΘi;·,\jγ

0
j,\1 + 2γ0j1γ

0ᵀ
j,\1$i;\j.

In addition, with the independence between εi and Xi, and εiγ
0
j1 + ηij,y = Xij −Xᵀ

iβ
0γ0j1 −

Xᵀ
i,\jγ

0
j,\1, we have Cov(εi, εiγ

0
j1 + ηij,y) = 0, i.e., −γ0j1Var(εi) = Cov(εi, ηij,y). Hence

Var(W
(inv)
ni ) = Var(εi(ηij,y + εiγ

0
j1)− ε2i γ0j1)

= Var(εi(ηij,y + εiγ
0
j1)) + Var(ε2i γ

0
j1)− 2Cov(εi(ηij,y + εiγ

0
j1), ε

2
i γ

0
j1)

= Var(εi)Var(ηij,y + εiγ
0
j1) + Var(ε2i γ

0
j1)− 2Cov(εi(ηij,y + εiγ

0
j1), ε

2
i γ

0
j1).
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By the formula Cov(X, Y ) = E(XY )−E(X)E(Y ) for any random variable X and Y , it yields

Var(W
(inv)
ni ) = Var(εi)[Var(ηij,y)+Var(εiγ

0
j1)+2Cov(ηij,y, εiγ

0
j1)]+Var(ε2i γ

0
j1)−2E(γ0j1ε

3
i (ηij,y+

εiγ
0
j1)) + 2E(εi(ηij,y + εiγ

0
j1))E(ε2i γ

0
j1). Due to the independence between εi and εiγ

0
j1 + ηij,y,

we have E(γ0j1ε
3
i (ηij,y + εiγ

0
j1)) = E(εi(ηij,y + εiγ

0
j1))E(ε2i γ

0
j1) = 0. It then follows that

Var(W
(inv)
ni ) = Var(εi)[Var(ηij,y) + Var(εiγ

0
j1)− 2(γ0j1)

2Var(εi)] + Var(ε2i γ
0
j1)

= Var(εi)[Var(ηij,y)− (γ0j1)
2Var(εi)] + Var(ε2i γ

0
j1)

= Var(εi)Var(ηij,y) + (γ0j1)
2(Var(ε2i )− Var2(εi)).

If furthermore we assume homoscedasticity and normality for the error term then we have
Var(ε2i )−Var2(εi) = E(ε4i )−2[E(ε2i )]

2 = 3σ4
ε −2σ4

ε = Var2(εi), which leads to the same result
in Theorem 3.1 from Liu and Luo (2014), i.e.,

Var(W
(inv)
ni ) = Var(εi)Var(ηij,y) + (γ0j1)

2(Var(ε2i )− Var2(εi))

= Var(εi)Var(ηij,y) + [Cov(εi, ηij,y)]
2 = σ2

εσ
2
ηj ,y

+ (γ0j1)
2σ4

ε

= σ2
εσ

2
ηj ,y

+ (β0
j )

2σ4
ηj ,y

.

For the proof of the three propositions about the asymptotic normality, they are followed
from the proof of the corresponding theorems. We here just prove the Proposition 2.

Proof of Proposition 2. In order to get the asymptotic normality of β̂
(kfc-de)
j , we have to deal

with n−1
∑n

i=1 X̃
2
ij. Now since

1

n

n∑
i=1

X̃2
ij =

1

n

n∑
i=1

{
Xij − Xᵀ

jXS(Xᵀ
SXS)−1XiS

}2
=

1

n
Xᵀ
jXj −

1

n
Xᵀ
jXS(Xᵀ

SXS)−1Xᵀ
SXj =

1

n
Xᵀ
j

{
I− XS(Xᵀ

SXS)−1Xᵀ
S
}
Xj,

we have

| 1
n

n∑
i=1

X̃2
ij − (σjj −ΣjSΣ

−1
SSΣSj)|

=| 1
n
Xᵀ
jXj −

1

n
Xᵀ
jXS(Xᵀ

SXS/n)−1Xᵀ
SXj/n− (σjj −ΣjSΣ

−1
SSΣSj)|

≤
{∣∣Xᵀ

jXj/n− σjj
∣∣+ 2‖Xᵀ

jXS/n−ΣjS‖∞
√
|S|λ−1minλmax

+ λ2max‖∆S‖2 + 2
√
|S|λmax‖∆S‖2‖Xᵀ

SXj/n−ΣSj‖∞
+ λ−1min‖X

ᵀ
SXj/n−ΣSj‖22 + ‖∆S‖2‖Xᵀ

SXj/n−ΣSj‖22
}
.

And since

P
(

sup
S:|S|≤m

|σjj −
1

n
Xᵀ
jXj| ≥ ε

)
≤ pmP

(
|σjj −

1

n
Xᵀ
jXj| ≥ ε

)
≤ C1p

m exp(−C2nε
2)
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we have supS:|S|≤m |σjj − 1
n
Xᵀ
jXj| = Op(

√
m log p/n).

Now for the term ‖ΣjS − 1
n
Xᵀ
jXS‖∞, we have proved above that

sup
S:|S|≤m

‖
(
ΣjS −

1

n
Xᵀ
jXS

)
Σ−1SS‖∞ = Op(

√
m log p/n).

By supS:|S|≤m ‖∆S‖2 = Op(
√
m3 log p/n), we have

sup
S:|S|≤m

| 1
n

n∑
i=1

X̃2
ij − (σjj −ΣjSΣ

−1
SSΣSj)|

≤ sup
S:|S|≤m

{∣∣Xᵀ
jXj/n− σjj

∣∣+ 2‖Xᵀ
jXS/n−ΣjS‖∞

√
|S|λ−1minλmax

+ λ2max‖∆S‖2 + 2
√
|S|λmax‖∆S‖2‖Xᵀ

SXj/n−ΣSj‖∞
+ λ−1min‖X

ᵀ
SXj/n−ΣSj‖22 + ‖∆S‖2‖Xᵀ

SXj/n−ΣSj‖22
}

= sup
S:|S|≤m

{
Op(
√
m log p/n) +Op(

√
m log p/n)

√
|S|λ−1minλmax

+ λ2maxOp(
√
m3 log p/n) +

√
|S|λmaxOp(

√
m3 log p/n)Op(

√
m log p/n)

+ |S|Op(
√
m log p/n)2λ−1min + |S|Op(

√
m log p/n)2Op(

√
m3 log p/n)

}
=Op{

√
m3 log p/n}.

Thus we have

sup
S:|S|≤m

∣∣∣ 1
n

n∑
i=1

X̃2
ij − (σjj −ΣjSΣ

−1
SSΣSj)

∣∣∣ = Op{
√
m3 log p/n} = op(1). (2.13)

Hence we have the following asymptotic normality by Slutsky’s theorem

√
n(β̂

(kfc-de)
j − β0

j ) =

∑n
i=1m

(kfc)
ni (β0

j )/
√
n∑n

i=1 X̃
2
ij/n

d→ N(0, σ2
kfc),

where σ2
kfc = limn→∞ n

−1∑n
i=1(θi;jj−2ΣjSΣ

−1
SSΘi;jS+ΣjSΣ

−1
SSΘi;SSΣ

−1
SSΣSj)/(σjj−ΣjSΣ

−1
SSΣSj).
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3 Additional simulation results

In this Section, we provide more simulation results with different covariance structures for
covariates and different distributions for the error term in Tables 3-30.

Table 1: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.2,
and the random error are generated by the standard normal distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.054 0.304 0.760 0.984 1.000 1.000

400 0.052 0.482 0.964 1.000 1.000 1.000
200 200 0.052 0.294 0.762 0.976 1.000 1.000

400 0.044 0.460 0.980 1.000 1.000 1.000
500 200 0.064 0.292 0.760 0.972 1.000 1.000

400 0.040 0.488 0.972 1.000 1.000 1.000
EL-INV 100 200 0.040 0.296 0.748 0.984 1.000 1.000

400 0.054 0.470 0.962 1.000 1.000 1.000
200 200 0.044 0.290 0.774 0.976 1.000 1.000

400 0.038 0.458 0.980 1.000 1.000 1.000
500 200 0.048 0.276 0.784 0.978 1.000 1.000

400 0.034 0.490 0.972 1.000 1.000 1.000
EL-LASSO 100 200 0.052 0.312 0.770 0.990 1.000 1.000

400 0.054 0.490 0.970 1.000 1.000 1.000
200 200 0.048 0.308 0.786 0.982 1.000 1.000

400 0.038 0.462 0.978 1.000 1.000 1.000
500 200 0.056 0.300 0.788 0.980 1.000 1.000

400 0.042 0.512 0.976 1.000 1.000 1.000
Wald 100 200 0.048 0.266 0.748 0.964 1.000 1.000

400 0.048 0.502 0.970 1.000 1.000 1.000
200 200 0.064 0.270 0.742 0.972 1.000 1.000

400 0.038 0.486 0.978 1.000 1.000 1.000
500 200 0.052 0.284 0.794 0.968 0.998 1.000

400 0.040 0.486 0.978 1.000 1.000 1.000
Score 100 200 0.050 0.264 0.746 0.962 1.000 1.000

400 0.052 0.480 0.966 1.000 1.000 1.000
200 200 0.062 0.268 0.740 0.970 1.000 1.000

400 0.040 0.474 0.978 1.000 1.000 1.000
500 200 0.062 0.272 0.794 0.970 0.998 1.000

400 0.038 0.498 0.976 1.000 1.000 1.000
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Table 2: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with ρ = 0.2,
and the random error are generated by the standard normal distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.256 0.754 0.964 1.000 1.000

400 0.046 0.474 0.970 1.000 1.000 1.000
200 200 0.052 0.256 0.718 0.964 1.000 1.000

400 0.048 0.506 0.972 1.000 1.000 1.000
500 200 0.058 0.254 0.708 0.966 1.000 1.000

400 0.048 0.522 0.980 1.000 1.000 1.000
EL-INV 100 200 0.056 0.260 0.766 0.970 1.000 1.000

400 0.040 0.460 0.974 1.000 1.000 1.000
200 200 0.048 0.236 0.712 0.976 1.000 1.000

400 0.052 0.512 0.976 1.000 1.000 1.000
500 200 0.044 0.254 0.724 0.968 1.000 1.000

400 0.046 0.508 0.978 1.000 1.000 1.000
EL-LASSO 100 200 0.062 0.272 0.790 0.972 1.000 1.000

400 0.046 0.486 0.974 1.000 1.000 1.000
200 200 0.056 0.252 0.722 0.980 1.000 1.000

400 0.052 0.510 0.980 1.000 1.000 1.000
500 200 0.052 0.280 0.736 0.970 1.000 1.000

400 0.044 0.526 0.984 1.000 1.000 1.000
Wald 100 200 0.042 0.260 0.754 0.968 0.998 1.000

400 0.040 0.486 0.976 1.000 1.000 1.000
200 200 0.058 0.278 0.766 0.970 1.000 1.000

400 0.050 0.502 0.976 1.000 1.000 1.000
500 200 0.054 0.284 0.764 0.984 1.000 1.000

400 0.044 0.502 0.978 1.000 1.000 1.000
Score 100 200 0.042 0.262 0.758 0.966 1.000 1.000

400 0.042 0.490 0.974 1.000 1.000 1.000
200 200 0.058 0.280 0.760 0.968 1.000 1.000

400 0.048 0.498 0.976 1.000 1.000 1.000
500 200 0.058 0.268 0.764 0.988 1.000 1.000

400 0.042 0.506 0.980 1.000 1.000 1.000
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Table 3: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a block diagonal matrix with ρ = 0.2,
and the random error are generated by the standard normal distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.070 0.260 0.728 0.954 1.000 1.000

400 0.044 0.508 0.976 1.000 1.000 1.000
200 200 0.052 0.300 0.760 0.970 0.998 1.000

400 0.042 0.514 0.978 1.000 1.000 1.000
500 200 0.062 0.248 0.724 0.960 1.000 1.000

400 0.086 0.486 0.958 1.000 1.000 1.000
EL-INV 100 200 0.072 0.256 0.740 0.952 1.000 1.000

400 0.040 0.488 0.968 1.000 1.000 1.000
200 200 0.038 0.296 0.750 0.982 1.000 1.000

400 0.038 0.504 0.974 1.000 1.000 1.000
500 200 0.062 0.232 0.734 0.966 1.000 1.000

400 0.072 0.472 0.962 1.000 1.000 1.000
EL-LASSO 100 200 0.074 0.276 0.748 0.956 1.000 1.000

400 0.048 0.512 0.974 1.000 1.000 1.000
200 200 0.048 0.326 0.762 0.982 1.000 1.000

400 0.040 0.532 0.974 1.000 1.000 1.000
500 200 0.068 0.254 0.762 0.968 1.000 1.000

400 0.088 0.486 0.964 1.000 1.000 1.000
Wald 100 200 0.040 0.228 0.734 0.976 1.000 1.000

400 0.048 0.480 0.968 1.000 1.000 1.000
200 200 0.042 0.238 0.776 0.972 0.998 1.000

400 0.034 0.528 0.976 1.000 1.000 1.000
500 200 0.052 0.228 0.730 0.976 1.000 1.000

400 0.078 0.482 0.964 1.000 1.000 1.000
Score 100 200 0.042 0.226 0.738 0.974 1.000 1.000

400 0.040 0.476 0.966 1.000 1.000 1.000
200 200 0.042 0.232 0.770 0.974 0.998 1.000

400 0.036 0.522 0.976 1.000 1.000 1.000
500 200 0.058 0.236 0.726 0.978 1.000 1.000

400 0.084 0.484 0.958 1.000 1.000 1.000

24



Table 4: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with ρ = 0.2, and
the random error are generated by a mixture normal distribution 0.7N(0, 1) + 0.3N(0, 52).

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.062 0.086 0.188 0.324 0.482 0.632

400 0.048 0.118 0.276 0.536 0.760 0.916
200 200 0.072 0.118 0.202 0.316 0.468 0.642

400 0.046 0.102 0.224 0.470 0.730 0.904
500 200 0.052 0.070 0.152 0.262 0.428 0.602

400 0.064 0.110 0.248 0.516 0.738 0.876
EL-INV 100 200 0.048 0.066 0.156 0.290 0.454 0.618

400 0.038 0.100 0.256 0.510 0.738 0.904
200 200 0.058 0.084 0.174 0.288 0.456 0.616

400 0.034 0.096 0.212 0.458 0.714 0.888
500 200 0.056 0.058 0.134 0.242 0.412 0.562

400 0.062 0.098 0.238 0.500 0.736 0.872
EL-LASSO 100 200 0.060 0.086 0.172 0.316 0.486 0.652

400 0.046 0.124 0.270 0.536 0.754 0.924
200 200 0.078 0.106 0.198 0.302 0.474 0.658

400 0.042 0.106 0.238 0.490 0.744 0.910
500 200 0.062 0.064 0.156 0.280 0.446 0.602

400 0.070 0.114 0.260 0.524 0.752 0.884
Wald 100 200 0.044 0.064 0.146 0.280 0.424 0.580

400 0.046 0.112 0.278 0.548 0.790 0.918
200 200 0.038 0.074 0.162 0.284 0.446 0.660

400 0.040 0.094 0.252 0.514 0.768 0.934
500 200 0.054 0.060 0.150 0.290 0.454 0.626

400 0.064 0.102 0.242 0.514 0.766 0.916
Score 100 200 0.038 0.068 0.144 0.272 0.428 0.588

400 0.048 0.122 0.260 0.546 0.792 0.920
200 200 0.036 0.078 0.160 0.290 0.454 0.666

400 0.044 0.088 0.248 0.502 0.752 0.930
500 200 0.052 0.060 0.162 0.292 0.460 0.636

400 0.062 0.100 0.242 0.518 0.760 0.908
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Table 5: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.2, and the
random error are generated by a mixture normal distribution 0.7N(0, 1) + 0.3N(0, 52).

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.054 0.080 0.168 0.276 0.440 0.606

400 0.056 0.106 0.278 0.538 0.768 0.894
200 200 0.056 0.096 0.166 0.294 0.444 0.596

400 0.070 0.110 0.274 0.532 0.762 0.906
500 200 0.056 0.080 0.132 0.278 0.414 0.562

400 0.048 0.096 0.254 0.506 0.724 0.872
EL-INV 100 200 0.036 0.064 0.142 0.260 0.414 0.586

400 0.040 0.098 0.256 0.524 0.754 0.894
200 200 0.054 0.078 0.146 0.264 0.408 0.598

400 0.052 0.104 0.264 0.522 0.758 0.898
500 200 0.054 0.070 0.118 0.248 0.426 0.562

400 0.042 0.094 0.236 0.488 0.712 0.860
EL-LASSO 100 200 0.054 0.074 0.166 0.286 0.448 0.622

400 0.054 0.110 0.288 0.562 0.768 0.908
200 200 0.060 0.094 0.170 0.292 0.452 0.612

400 0.058 0.118 0.286 0.554 0.780 0.914
500 200 0.066 0.072 0.144 0.284 0.438 0.586

400 0.048 0.100 0.266 0.516 0.734 0.888
Wald 100 200 0.054 0.090 0.168 0.314 0.474 0.678

400 0.048 0.098 0.280 0.564 0.788 0.912
200 200 0.058 0.090 0.170 0.294 0.460 0.666

400 0.052 0.112 0.286 0.552 0.808 0.924
500 200 0.054 0.096 0.192 0.292 0.452 0.638

400 0.052 0.090 0.276 0.530 0.758 0.892
Score 100 200 0.054 0.084 0.166 0.306 0.494 0.668

400 0.050 0.098 0.278 0.570 0.788 0.916
200 200 0.050 0.084 0.168 0.286 0.468 0.656

400 0.054 0.110 0.276 0.552 0.800 0.930
500 200 0.052 0.090 0.182 0.288 0.454 0.638

400 0.052 0.090 0.258 0.526 0.760 0.888
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Table 6: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a block diagonal matrix with ρ = 0.2,
and the random error are generated by a mixture normal distribution 0.7N(0, 1)+0.3N(0, 52).

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.068 0.074 0.188 0.318 0.498 0.632

400 0.064 0.084 0.222 0.470 0.682 0.858
200 200 0.078 0.096 0.184 0.300 0.472 0.622

400 0.056 0.094 0.262 0.490 0.710 0.872
500 200 0.066 0.102 0.180 0.286 0.444 0.604

400 0.054 0.078 0.228 0.482 0.698 0.868
EL-INV 100 200 0.056 0.068 0.162 0.308 0.462 0.628

400 0.054 0.070 0.222 0.448 0.656 0.848
200 200 0.070 0.062 0.152 0.278 0.456 0.598

400 0.046 0.078 0.230 0.458 0.692 0.866
500 200 0.052 0.088 0.168 0.272 0.440 0.606

400 0.046 0.082 0.218 0.458 0.702 0.864
EL-LASSO 100 200 0.062 0.092 0.186 0.330 0.500 0.648

400 0.066 0.084 0.228 0.486 0.692 0.860
200 200 0.082 0.082 0.186 0.306 0.478 0.644

400 0.058 0.098 0.264 0.498 0.732 0.876
500 200 0.058 0.100 0.188 0.310 0.476 0.626

400 0.056 0.090 0.242 0.476 0.712 0.884
Wald 100 200 0.056 0.074 0.138 0.280 0.452 0.618

400 0.064 0.084 0.226 0.494 0.726 0.886
200 200 0.054 0.084 0.166 0.330 0.488 0.680

400 0.054 0.088 0.262 0.496 0.746 0.892
500 200 0.046 0.062 0.134 0.260 0.434 0.622

400 0.050 0.084 0.232 0.510 0.726 0.888
Score 100 200 0.054 0.070 0.134 0.270 0.442 0.624

400 0.060 0.082 0.226 0.486 0.722 0.882
200 200 0.052 0.086 0.168 0.318 0.490 0.668

400 0.052 0.092 0.256 0.492 0.746 0.886
500 200 0.046 0.060 0.138 0.258 0.434 0.620

400 0.048 0.076 0.238 0.504 0.722 0.894
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Table 7: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with ρ = 0.2,
and the random error are generated by a t3 distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.154 0.422 0.682 0.856 0.930

400 0.072 0.242 0.642 0.898 0.968 0.986
200 200 0.076 0.184 0.414 0.656 0.808 0.914

400 0.058 0.214 0.592 0.892 0.968 0.984
500 200 0.052 0.168 0.382 0.668 0.854 0.950

400 0.050 0.220 0.590 0.880 0.974 0.992
EL-INV 100 200 0.044 0.140 0.396 0.660 0.840 0.924

400 0.060 0.234 0.622 0.898 0.968 0.986
200 200 0.062 0.166 0.394 0.656 0.814 0.914

400 0.048 0.214 0.578 0.884 0.970 0.986
500 200 0.048 0.136 0.362 0.674 0.860 0.954

400 0.040 0.212 0.584 0.882 0.976 0.988
EL-LASSO 100 200 0.054 0.148 0.440 0.690 0.864 0.932

400 0.068 0.250 0.650 0.904 0.968 0.988
200 200 0.078 0.176 0.416 0.670 0.832 0.920

400 0.060 0.218 0.606 0.892 0.974 0.986
500 200 0.054 0.162 0.394 0.694 0.870 0.954

400 0.046 0.236 0.606 0.894 0.976 0.992
Wald 100 200 0.038 0.132 0.384 0.658 0.868 0.970

400 0.066 0.240 0.640 0.926 0.988 0.994
200 200 0.034 0.132 0.384 0.688 0.868 0.950

400 0.052 0.206 0.602 0.916 0.988 0.996
500 200 0.054 0.170 0.378 0.666 0.874 0.956

400 0.044 0.214 0.606 0.918 0.992 0.998
Score 100 200 0.040 0.130 0.370 0.662 0.866 0.968

400 0.060 0.232 0.636 0.922 0.988 0.994
200 200 0.034 0.136 0.388 0.690 0.868 0.948

400 0.052 0.198 0.604 0.916 0.988 0.994
500 200 0.054 0.168 0.374 0.664 0.874 0.956

400 0.042 0.210 0.598 0.916 0.992 0.998
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Table 8: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.2,
and the random error are generated by a t3 distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.056 0.168 0.442 0.720 0.874 0.936

400 0.060 0.238 0.620 0.888 0.970 0.986
200 200 0.088 0.152 0.394 0.654 0.842 0.922

400 0.070 0.236 0.596 0.900 0.976 0.996
500 200 0.088 0.142 0.378 0.652 0.846 0.940

400 0.052 0.230 0.626 0.896 0.974 0.996
EL-INV 100 200 0.046 0.142 0.436 0.716 0.878 0.950

400 0.044 0.222 0.618 0.884 0.964 0.988
200 200 0.068 0.130 0.384 0.654 0.834 0.924

400 0.060 0.206 0.584 0.896 0.980 0.992
500 200 0.064 0.118 0.382 0.650 0.852 0.938

400 0.050 0.222 0.624 0.886 0.968 0.996
EL-LASSO 100 200 0.062 0.164 0.454 0.736 0.886 0.948

400 0.056 0.238 0.642 0.896 0.968 0.988
200 200 0.082 0.152 0.406 0.674 0.850 0.926

400 0.070 0.234 0.616 0.908 0.982 0.994
500 200 0.080 0.138 0.398 0.686 0.874 0.942

400 0.056 0.244 0.644 0.906 0.974 0.996
Wald 100 200 0.050 0.148 0.396 0.700 0.896 0.958

400 0.036 0.216 0.650 0.920 0.986 0.996
200 200 0.048 0.142 0.362 0.664 0.856 0.944

400 0.052 0.216 0.610 0.908 0.990 1.000
500 200 0.046 0.130 0.340 0.668 0.862 0.960

400 0.044 0.238 0.636 0.926 0.994 0.998
Score 100 200 0.046 0.142 0.384 0.702 0.900 0.960

400 0.038 0.224 0.638 0.910 0.986 0.996
200 200 0.054 0.134 0.364 0.652 0.862 0.942

400 0.048 0.206 0.616 0.906 0.988 1.000
500 200 0.044 0.132 0.348 0.668 0.866 0.960

400 0.044 0.232 0.624 0.926 0.994 0.998
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Table 9: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a block diagonal matrix with ρ = 0.2,
and the random error are generated by a t3 distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.058 0.136 0.366 0.654 0.838 0.920

400 0.058 0.216 0.626 0.908 0.966 0.988
200 200 0.046 0.156 0.366 0.652 0.844 0.928

400 0.038 0.220 0.616 0.902 0.974 0.994
500 200 0.066 0.144 0.388 0.678 0.852 0.944

400 0.038 0.246 0.616 0.912 0.988 0.998
EL-INV 100 200 0.038 0.120 0.364 0.630 0.838 0.924

400 0.048 0.202 0.616 0.902 0.966 0.988
200 200 0.032 0.134 0.374 0.642 0.842 0.926

400 0.036 0.198 0.584 0.906 0.972 0.992
500 200 0.056 0.132 0.370 0.642 0.848 0.938

400 0.032 0.230 0.608 0.902 0.984 0.998
EL-LASSO 100 200 0.054 0.130 0.386 0.664 0.848 0.928

400 0.054 0.228 0.648 0.916 0.972 0.990
200 200 0.042 0.162 0.398 0.660 0.860 0.930

400 0.042 0.226 0.610 0.914 0.978 0.994
500 200 0.068 0.160 0.396 0.672 0.866 0.942

400 0.038 0.232 0.628 0.912 0.986 0.998
Wald 100 200 0.072 0.136 0.362 0.674 0.878 0.964

400 0.050 0.200 0.664 0.936 0.988 0.998
200 200 0.060 0.142 0.400 0.672 0.868 0.950

400 0.026 0.166 0.604 0.930 0.996 1.000
500 200 0.052 0.134 0.374 0.648 0.874 0.950

400 0.040 0.206 0.632 0.938 0.994 0.998
Score 100 200 0.068 0.130 0.362 0.674 0.880 0.962

400 0.050 0.194 0.666 0.936 0.986 0.998
200 200 0.056 0.140 0.400 0.676 0.872 0.946

400 0.032 0.176 0.602 0.932 0.994 1.000
500 200 0.044 0.136 0.366 0.650 0.878 0.950

400 0.040 0.208 0.638 0.942 0.994 0.998
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Table 10: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with ρ = 0.2,
and the random error are generated by a 0.7X1N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.072 0.232 0.632 0.908 0.990 1.000

400 0.040 0.368 0.892 0.996 1.000 1.000
200 200 0.072 0.224 0.654 0.928 0.994 1.000

400 0.068 0.364 0.884 0.996 1.000 1.000
500 200 0.088 0.252 0.652 0.924 0.986 1.000

400 0.044 0.394 0.908 0.998 1.000 1.000
EL-INV 100 200 0.070 0.222 0.616 0.910 0.996 1.000

400 0.038 0.352 0.892 1.000 1.000 1.000
200 200 0.054 0.210 0.648 0.924 0.994 1.000

400 0.066 0.338 0.876 0.996 1.000 1.000
500 200 0.066 0.246 0.636 0.912 0.984 1.000

400 0.038 0.388 0.912 1.000 1.000 1.000
EL-LASSO 100 200 0.076 0.242 0.626 0.914 0.996 1.000

400 0.040 0.372 0.902 1.000 1.000 1.000
200 200 0.068 0.220 0.664 0.934 0.996 1.000

400 0.068 0.352 0.878 0.998 1.000 1.000
500 200 0.076 0.258 0.648 0.920 0.988 1.000

400 0.046 0.394 0.914 1.000 1.000 1.000
Wald 100 200 0.230 0.510 0.888 0.986 1.000 1.000

400 0.216 0.682 0.988 1.000 1.000 1.000
200 200 0.272 0.480 0.840 0.986 1.000 1.000

400 0.258 0.672 0.976 1.000 1.000 1.000
500 200 0.234 0.510 0.862 0.990 1.000 1.000

400 0.210 0.714 0.988 1.000 1.000 1.000
Score 100 200 0.236 0.508 0.886 0.986 1.000 1.000

400 0.212 0.688 0.988 1.000 1.000 1.000
200 200 0.266 0.482 0.840 0.984 1.000 1.000

400 0.258 0.664 0.978 1.000 1.000 1.000
500 200 0.230 0.508 0.862 0.990 1.000 1.000

400 0.214 0.716 0.986 1.000 1.000 1.000
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Table 11: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
ρ = 0.2, and the random error are generated by a 0.7X1N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.088 0.222 0.616 0.894 0.984 1.000

400 0.056 0.392 0.906 1.000 1.000 1.000
200 200 0.080 0.248 0.646 0.922 0.986 1.000

400 0.064 0.348 0.896 0.998 1.000 1.000
500 200 0.062 0.254 0.660 0.932 0.990 1.000

400 0.052 0.406 0.900 0.998 1.000 1.000
EL-INV 100 200 0.072 0.224 0.602 0.900 0.988 1.000

400 0.048 0.372 0.894 1.000 1.000 1.000
200 200 0.066 0.238 0.628 0.912 0.988 1.000

400 0.060 0.334 0.892 0.998 1.000 1.000
500 200 0.050 0.234 0.618 0.922 0.994 1.000

400 0.048 0.384 0.896 0.998 1.000 1.000
EL-LASSO 100 200 0.084 0.230 0.616 0.906 0.988 1.000

400 0.058 0.392 0.906 1.000 1.000 1.000
200 200 0.074 0.246 0.656 0.928 0.988 1.000

400 0.066 0.344 0.906 0.998 1.000 1.000
500 200 0.052 0.252 0.634 0.930 0.994 1.000

400 0.050 0.400 0.906 0.998 1.000 1.000
Wald 100 200 0.242 0.476 0.854 0.986 1.000 1.000

400 0.244 0.680 0.992 1.000 1.000 1.000
200 200 0.292 0.512 0.848 0.986 1.000 1.000

400 0.242 0.674 0.984 1.000 1.000 1.000
500 200 0.246 0.504 0.862 0.982 0.998 1.000

400 0.214 0.730 0.984 1.000 1.000 1.000
Score 100 200 0.242 0.474 0.862 0.986 1.000 1.000

400 0.244 0.680 0.992 1.000 1.000 1.000
200 200 0.278 0.508 0.848 0.986 1.000 1.000

400 0.234 0.670 0.982 1.000 1.000 1.000
500 200 0.244 0.498 0.858 0.982 0.998 1.000

400 0.212 0.736 0.984 1.000 1.000 1.000
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Table 12: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with ρ = 0.5,
and the random error are generated by a N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.254 0.698 0.948 0.998 1.000

400 0.058 0.418 0.918 0.996 1.000 1.000
200 200 0.030 0.252 0.690 0.958 0.998 1.000

400 0.040 0.396 0.934 0.996 1.000 1.000
500 200 0.042 0.232 0.664 0.944 0.996 1.000

400 0.052 0.392 0.920 1.000 1.000 1.000
EL-INV 100 200 0.038 0.264 0.722 0.954 1.000 1.000

400 0.044 0.470 0.938 0.998 1.000 1.000
200 200 0.028 0.266 0.728 0.968 0.998 1.000

400 0.050 0.438 0.966 0.996 1.000 1.000
500 200 0.034 0.264 0.738 0.968 0.998 1.000

400 0.050 0.446 0.956 1.000 1.000 1.000
EL-LASSO 100 200 0.046 0.304 0.744 0.966 1.000 1.000

400 0.054 0.512 0.948 0.998 1.000 1.000
200 200 0.036 0.306 0.764 0.970 0.998 1.000

400 0.052 0.476 0.974 0.996 1.000 1.000
500 200 0.040 0.288 0.764 0.970 0.998 1.000

400 0.052 0.508 0.964 1.000 1.000 1.000
Wald 100 200 0.056 0.272 0.734 0.966 1.000 1.000

400 0.050 0.520 0.930 1.000 1.000 1.000
200 200 0.034 0.256 0.758 0.970 0.998 1.000

400 0.058 0.476 0.978 1.000 1.000 1.000
500 200 0.036 0.248 0.748 0.978 1.000 1.000

400 0.058 0.476 0.962 1.000 1.000 1.000
Score 100 200 0.048 0.234 0.708 0.950 1.000 1.000

400 0.030 0.498 0.942 1.000 1.000 1.000
200 200 0.020 0.228 0.712 0.958 0.998 1.000

400 0.042 0.438 0.974 1.000 1.000 1.000
500 200 0.030 0.204 0.714 0.968 1.000 1.000

400 0.040 0.424 0.944 1.000 1.000 1.000
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Table 13: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.5,
and the random error are generated by a N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.054 0.256 0.670 0.940 0.996 1.000

400 0.044 0.402 0.922 1.000 1.000 1.000
200 200 0.044 0.218 0.614 0.940 0.996 1.000

400 0.050 0.406 0.906 0.998 1.000 1.000
500 200 0.046 0.156 0.610 0.938 0.998 1.000

400 0.036 0.406 0.932 1.000 1.000 1.000
EL-INV 100 200 0.042 0.258 0.712 0.954 0.998 1.000

400 0.044 0.424 0.938 1.000 1.000 1.000
200 200 0.036 0.224 0.672 0.952 0.998 1.000

400 0.052 0.422 0.940 1.000 1.000 1.000
500 200 0.038 0.176 0.640 0.966 0.998 1.000

400 0.028 0.438 0.958 1.000 1.000 1.000
EL-LASSO 100 200 0.052 0.304 0.730 0.962 0.998 1.000

400 0.044 0.450 0.944 1.000 1.000 1.000
200 200 0.048 0.252 0.704 0.970 0.998 1.000

400 0.058 0.432 0.948 1.000 1.000 1.000
500 200 0.042 0.210 0.676 0.972 0.998 1.000

400 0.036 0.462 0.960 1.000 1.000 1.000
Wald 100 200 0.064 0.340 0.804 0.980 0.998 1.000

400 0.042 0.528 0.974 1.000 1.000 1.000
200 200 0.052 0.298 0.790 0.984 1.000 1.000

400 0.074 0.522 0.974 1.000 1.000 1.000
500 200 0.036 0.260 0.790 0.988 0.998 1.000

400 0.034 0.564 0.990 1.000 1.000 1.000
Score 100 200 0.060 0.304 0.750 0.968 0.998 1.000

400 0.030 0.448 0.948 1.000 1.000 1.000
200 200 0.032 0.240 0.732 0.970 0.998 1.000

400 0.064 0.446 0.956 1.000 1.000 1.000
500 200 0.036 0.208 0.724 0.982 0.998 1.000

400 0.026 0.486 0.966 1.000 1.000 1.000
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Table 14: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
ρ = 0.5, and the random error are generated by a N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.062 0.230 0.654 0.928 0.990 1.000

400 0.052 0.416 0.934 1.000 1.000 1.000
200 200 0.046 0.246 0.668 0.942 0.996 1.000

400 0.050 0.380 0.938 1.000 1.000 1.000
500 200 0.066 0.244 0.670 0.922 0.996 1.000

400 0.052 0.392 0.918 0.998 1.000 1.000
EL-INV 100 200 0.056 0.226 0.676 0.954 0.990 1.000

400 0.046 0.428 0.948 1.000 1.000 1.000
200 200 0.026 0.244 0.712 0.972 0.998 1.000

400 0.034 0.386 0.952 1.000 1.000 1.000
500 200 0.046 0.252 0.712 0.950 1.000 1.000

400 0.044 0.402 0.938 0.998 1.000 1.000
EL-LASSO 100 200 0.066 0.254 0.710 0.956 0.99 1.000

400 0.052 0.448 0.954 1.000 1.00 1.000
200 200 0.038 0.258 0.726 0.974 1.00 1.000

400 0.044 0.410 0.956 1.000 1.00 1.000
500 200 0.058 0.262 0.714 0.950 1.00 1.000

400 0.054 0.410 0.948 0.998 1.00 1.000
Wald 100 200 0.060 0.250 0.718 0.964 0.998 1.000

400 0.048 0.474 0.970 1.000 1.000 1.000
200 200 0.032 0.260 0.750 0.976 1.000 1.000

400 0.044 0.450 0.962 1.000 1.000 1.000
500 200 0.058 0.272 0.728 0.960 0.998 1.000

400 0.054 0.454 0.962 1.000 1.000 1.000
Score 100 200 0.050 0.226 0.672 0.954 0.994 1.000

400 0.046 0.422 0.948 1.000 1.000 1.000
200 200 0.022 0.226 0.696 0.964 1.000 1.000

400 0.038 0.398 0.952 1.000 1.000 1.000
500 200 0.050 0.238 0.680 0.942 0.998 1.000

400 0.044 0.396 0.950 1.000 1.000 1.000
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Table 15: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with ρ = 0.5, and
the random error are generated by a mixture normal distribution 0.7N(0, 1) + 0.3N(0, 52).

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.052 0.078 0.168 0.250 0.390 0.534

400 0.056 0.102 0.240 0.464 0.696 0.848
200 200 0.050 0.074 0.148 0.276 0.426 0.540

400 0.058 0.094 0.224 0.436 0.636 0.814
500 200 0.044 0.080 0.146 0.238 0.386 0.530

400 0.040 0.086 0.208 0.416 0.624 0.792
EL-INV 100 200 0.040 0.080 0.176 0.282 0.408 0.552

400 0.058 0.130 0.276 0.516 0.732 0.874
200 200 0.040 0.076 0.158 0.310 0.452 0.594

400 0.064 0.120 0.254 0.486 0.718 0.850
500 200 0.034 0.062 0.162 0.280 0.406 0.582

400 0.042 0.104 0.246 0.490 0.686 0.842
EL-LASSO 100 200 0.048 0.100 0.202 0.306 0.442 0.598

400 0.062 0.142 0.298 0.558 0.768 0.906
200 200 0.052 0.082 0.182 0.332 0.476 0.626

400 0.068 0.138 0.286 0.536 0.742 0.870
500 200 0.038 0.076 0.176 0.302 0.440 0.610

400 0.048 0.110 0.272 0.528 0.716 0.872
Wald 100 200 0.044 0.066 0.174 0.272 0.434 0.592

400 0.052 0.134 0.310 0.552 0.766 0.904
200 200 0.040 0.060 0.158 0.304 0.462 0.630

400 0.054 0.128 0.282 0.532 0.754 0.892
500 200 0.038 0.068 0.156 0.268 0.442 0.624

400 0.042 0.088 0.252 0.504 0.726 0.900
Score 100 200 0.034 0.058 0.126 0.250 0.390 0.558

400 0.048 0.112 0.270 0.526 0.752 0.890
200 200 0.032 0.052 0.122 0.262 0.418 0.566

400 0.048 0.102 0.244 0.488 0.716 0.878
500 200 0.032 0.058 0.134 0.236 0.392 0.592

400 0.032 0.080 0.212 0.456 0.696 0.856
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Table 16: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.5,
and the random error are generated by a mixture normal distribution 0.7N(0, 1)+0.3N(0, 52).

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.050 0.080 0.150 0.260 0.408 0.564

400 0.050 0.078 0.214 0.400 0.652 0.814
200 200 0.060 0.078 0.136 0.246 0.376 0.496

400 0.056 0.100 0.238 0.450 0.668 0.824
500 200 0.050 0.074 0.168 0.266 0.418 0.550

400 0.072 0.088 0.238 0.454 0.662 0.818
EL-INV 100 200 0.038 0.082 0.142 0.260 0.426 0.574

400 0.028 0.088 0.206 0.418 0.660 0.816
200 200 0.052 0.080 0.142 0.242 0.386 0.534

400 0.038 0.098 0.236 0.440 0.686 0.836
500 200 0.046 0.082 0.162 0.284 0.440 0.594

400 0.052 0.092 0.240 0.484 0.692 0.840
EL-LASSO 100 200 0.048 0.100 0.164 0.302 0.464 0.624

400 0.042 0.094 0.236 0.456 0.696 0.844
200 200 0.062 0.100 0.158 0.286 0.426 0.584

400 0.060 0.116 0.266 0.498 0.704 0.860
500 200 0.050 0.100 0.192 0.318 0.482 0.622

400 0.068 0.100 0.274 0.528 0.716 0.860
Wald 100 200 0.054 0.098 0.208 0.362 0.560 0.720

400 0.034 0.122 0.306 0.566 0.768 0.902
200 200 0.056 0.106 0.194 0.340 0.534 0.690

400 0.062 0.146 0.318 0.596 0.792 0.938
500 200 0.062 0.124 0.230 0.380 0.554 0.712

400 0.050 0.138 0.354 0.628 0.812 0.924
Score 100 200 0.040 0.068 0.166 0.302 0.486 0.656

400 0.030 0.090 0.248 0.478 0.716 0.872
200 200 0.044 0.092 0.150 0.284 0.448 0.626

400 0.048 0.114 0.264 0.536 0.744 0.904
500 200 0.050 0.084 0.202 0.332 0.500 0.646

400 0.046 0.108 0.280 0.548 0.750 0.894
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Table 17: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
ρ = 0.5, and the random error are generated by a mixture normal distribution 0.7N(0, 1) +
0.3N(0, 52).

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.066 0.094 0.158 0.250 0.388 0.522

400 0.068 0.112 0.264 0.450 0.682 0.854
200 200 0.084 0.088 0.138 0.244 0.354 0.496

400 0.064 0.112 0.242 0.464 0.660 0.834
500 200 0.072 0.078 0.134 0.242 0.386 0.544

400 0.044 0.092 0.204 0.412 0.650 0.820
EL-INV 100 200 0.052 0.070 0.134 0.234 0.374 0.516

400 0.058 0.112 0.264 0.454 0.684 0.858
200 200 0.068 0.072 0.128 0.236 0.380 0.520

400 0.054 0.106 0.234 0.448 0.668 0.836
500 200 0.070 0.064 0.122 0.250 0.418 0.568

400 0.036 0.076 0.208 0.420 0.674 0.830
EL-LASSO 100 200 0.060 0.084 0.158 0.254 0.424 0.562

400 0.070 0.128 0.282 0.476 0.720 0.876
200 200 0.080 0.082 0.164 0.264 0.412 0.550

400 0.054 0.116 0.264 0.498 0.696 0.854
500 200 0.074 0.078 0.138 0.276 0.444 0.612

400 0.046 0.094 0.226 0.452 0.708 0.846
Wald 100 200 0.056 0.078 0.144 0.282 0.428 0.618

400 0.058 0.124 0.302 0.550 0.780 0.922
200 200 0.066 0.084 0.152 0.264 0.434 0.598

400 0.048 0.110 0.268 0.538 0.756 0.898
500 200 0.060 0.080 0.150 0.292 0.450 0.626

400 0.036 0.082 0.252 0.502 0.762 0.906
Score 100 200 0.042 0.062 0.130 0.250 0.378 0.562

400 0.054 0.106 0.266 0.480 0.732 0.890
200 200 0.054 0.068 0.128 0.236 0.378 0.548

400 0.042 0.096 0.246 0.480 0.710 0.880
500 200 0.050 0.064 0.136 0.250 0.404 0.592

400 0.034 0.076 0.206 0.448 0.694 0.866
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Table 18: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with ρ = 0.5,
and the random error are generated by a t3 distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.050 0.138 0.354 0.630 0.838 0.936

400 0.054 0.200 0.564 0.846 0.958 0.982
200 200 0.064 0.124 0.348 0.556 0.766 0.888

400 0.044 0.180 0.530 0.812 0.942 0.976
500 200 0.072 0.116 0.314 0.564 0.774 0.894

400 0.036 0.206 0.556 0.866 0.940 0.978
EL-INV 100 200 0.042 0.146 0.380 0.656 0.844 0.934

400 0.054 0.218 0.604 0.866 0.950 0.986
200 200 0.054 0.124 0.358 0.606 0.808 0.912

400 0.044 0.216 0.572 0.826 0.950 0.978
500 200 0.060 0.132 0.340 0.610 0.804 0.918

400 0.038 0.250 0.622 0.894 0.956 0.982
EL-LASSO 100 200 0.056 0.176 0.432 0.704 0.864 0.952

400 0.066 0.246 0.648 0.888 0.960 0.986
200 200 0.066 0.154 0.398 0.640 0.826 0.926

400 0.054 0.252 0.598 0.868 0.962 0.982
500 200 0.070 0.148 0.374 0.640 0.828 0.932

400 0.062 0.284 0.652 0.908 0.964 0.988
Wald 100 200 0.056 0.134 0.366 0.698 0.878 0.968

400 0.050 0.222 0.622 0.902 0.984 0.998
200 200 0.060 0.130 0.364 0.606 0.820 0.940

400 0.044 0.208 0.606 0.894 0.972 0.994
500 200 0.056 0.122 0.330 0.648 0.858 0.944

400 0.034 0.250 0.620 0.938 0.980 0.996
Score 100 200 0.042 0.106 0.338 0.636 0.864 0.956

400 0.036 0.188 0.622 0.904 0.978 0.998
200 200 0.050 0.110 0.302 0.584 0.794 0.928

400 0.036 0.172 0.570 0.886 0.970 0.988
500 200 0.050 0.110 0.286 0.596 0.832 0.932

400 0.028 0.206 0.592 0.920 0.974 0.996
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Table 19: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.5,
and the random error are generated by a t3 distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.158 0.370 0.578 0.802 0.910

400 0.066 0.238 0.586 0.854 0.948 0.986
200 200 0.048 0.122 0.318 0.586 0.790 0.888

400 0.052 0.190 0.518 0.826 0.958 0.986
500 200 0.058 0.136 0.330 0.566 0.796 0.898

400 0.036 0.186 0.526 0.822 0.956 0.990
EL-INV 100 200 0.046 0.158 0.376 0.598 0.816 0.916

400 0.060 0.238 0.612 0.858 0.956 0.986
200 200 0.048 0.112 0.336 0.612 0.816 0.918

400 0.040 0.186 0.540 0.836 0.966 0.984
500 200 0.060 0.142 0.356 0.616 0.812 0.918

400 0.034 0.212 0.550 0.854 0.962 0.992
EL-LASSO 100 200 0.060 0.186 0.398 0.642 0.836 0.930

400 0.062 0.254 0.618 0.864 0.960 0.986
200 200 0.054 0.140 0.388 0.656 0.840 0.940

400 0.054 0.210 0.578 0.860 0.970 0.986
500 200 0.066 0.166 0.382 0.656 0.828 0.924

400 0.036 0.236 0.590 0.868 0.970 0.996
Wald 100 200 0.054 0.208 0.430 0.700 0.888 0.962

400 0.062 0.286 0.674 0.934 0.992 0.998
200 200 0.062 0.166 0.462 0.754 0.912 0.966

400 0.060 0.256 0.692 0.932 0.990 1.000
500 200 0.064 0.200 0.454 0.718 0.896 0.962

400 0.040 0.266 0.662 0.932 0.996 1.000
Score 100 200 0.046 0.160 0.380 0.634 0.848 0.952

400 0.046 0.236 0.616 0.910 0.976 0.998
200 200 0.048 0.126 0.374 0.674 0.870 0.954

400 0.048 0.210 0.618 0.890 0.982 0.998
500 200 0.052 0.142 0.398 0.672 0.860 0.952

400 0.034 0.196 0.604 0.900 0.994 1.000
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Table 20: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
ρ = 0.5, and the random error are generated by a t3 distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.064 0.126 0.328 0.568 0.756 0.882

400 0.066 0.202 0.546 0.822 0.944 0.978
200 200 0.060 0.138 0.314 0.614 0.790 0.902

400 0.046 0.188 0.522 0.822 0.944 0.986
500 200 0.056 0.120 0.364 0.622 0.810 0.910

400 0.046 0.172 0.500 0.842 0.948 0.992
EL-INV 100 200 0.054 0.126 0.322 0.576 0.772 0.884

400 0.052 0.200 0.552 0.834 0.950 0.976
200 200 0.062 0.132 0.314 0.634 0.806 0.902

400 0.044 0.176 0.552 0.834 0.950 0.988
500 200 0.040 0.112 0.394 0.646 0.826 0.916

400 0.044 0.164 0.530 0.846 0.954 0.990
EL-LASSO 100 200 0.068 0.140 0.358 0.608 0.784 0.898

400 0.060 0.222 0.566 0.848 0.958 0.980
200 200 0.068 0.150 0.354 0.664 0.834 0.918

400 0.050 0.204 0.570 0.852 0.956 0.988
500 200 0.052 0.134 0.424 0.666 0.834 0.932

400 0.052 0.182 0.576 0.860 0.964 0.994
Wald 100 200 0.048 0.120 0.342 0.646 0.848 0.952

400 0.056 0.208 0.604 0.906 0.976 0.994
200 200 0.044 0.108 0.344 0.670 0.858 0.946

400 0.042 0.208 0.584 0.882 0.988 0.998
500 200 0.038 0.110 0.388 0.674 0.860 0.948

400 0.046 0.176 0.608 0.916 0.986 0.998
Score 100 200 0.040 0.094 0.308 0.590 0.804 0.932

400 0.056 0.186 0.558 0.870 0.968 0.990
200 200 0.036 0.096 0.314 0.626 0.832 0.938

400 0.028 0.176 0.544 0.864 0.982 0.998
500 200 0.036 0.090 0.334 0.644 0.848 0.928

400 0.040 0.160 0.558 0.896 0.980 0.996
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Table 21: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with ρ = 0.5,
and the random error are generated by a 0.7X1N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.078 0.204 0.588 0.874 0.976 1.000

400 0.056 0.344 0.890 0.988 0.998 1.000
200 200 0.058 0.232 0.588 0.900 0.988 0.998

400 0.056 0.322 0.844 0.990 0.998 1.000
500 200 0.076 0.252 0.604 0.890 0.980 1.000

400 0.058 0.366 0.854 0.994 1.000 1.000
EL-INV 100 200 0.052 0.210 0.588 0.870 0.972 1.000

400 0.054 0.330 0.878 0.992 1.000 1.000
200 200 0.044 0.220 0.590 0.896 0.988 0.996

400 0.044 0.346 0.864 0.984 1.000 1.000
500 200 0.062 0.238 0.614 0.890 0.980 1.000

400 0.050 0.386 0.854 0.994 1.000 1.000
EL-LASSO 100 200 0.076 0.226 0.644 0.894 0.984 1.000

400 0.068 0.378 0.914 0.994 1.000 1.000
200 200 0.060 0.260 0.634 0.920 0.992 0.998

400 0.060 0.386 0.886 0.992 1.000 1.000
500 200 0.070 0.272 0.662 0.914 0.990 1.000

400 0.060 0.416 0.894 0.998 1.000 1.000
Wald 100 200 0.254 0.496 0.820 0.982 1.000 1.000

400 0.208 0.666 0.978 0.998 1.000 1.000
200 200 0.222 0.480 0.862 0.994 1.000 1.000

400 0.222 0.650 0.972 1.000 1.000 1.000
500 200 0.204 0.508 0.868 0.982 1.000 1.000

400 0.240 0.644 0.984 1.000 1.000 1.000
Score 100 200 0.240 0.448 0.804 0.974 1.000 1.000

400 0.198 0.650 0.978 0.998 1.000 1.000
200 200 0.202 0.458 0.838 0.992 1.000 1.000

400 0.228 0.628 0.964 1.000 1.000 1.000
500 200 0.186 0.496 0.850 0.982 1.000 1.000

400 0.228 0.618 0.978 1.000 1.000 1.000
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Table 22: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.5,
and the random error are generated by a 0.7X1N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.070 0.228 0.606 0.864 0.982 0.992

400 0.068 0.348 0.874 0.994 1.000 1.000
200 200 0.074 0.230 0.616 0.870 0.986 0.996

400 0.066 0.304 0.858 0.982 1.000 1.000
500 200 0.056 0.198 0.604 0.892 0.984 1.000

400 0.056 0.416 0.884 0.994 1.000 1.000
EL-INV 100 200 0.056 0.210 0.588 0.864 0.980 0.992

400 0.066 0.344 0.872 0.994 1.000 1.000
200 200 0.050 0.224 0.604 0.876 0.988 0.996

400 0.062 0.306 0.850 0.984 1.000 1.000
500 200 0.050 0.192 0.596 0.892 0.984 1.000

400 0.046 0.414 0.880 0.994 1.000 1.000
EL-LASSO 100 200 0.068 0.238 0.636 0.900 0.984 0.996

400 0.068 0.372 0.894 0.994 1.000 1.000
200 200 0.066 0.250 0.630 0.892 0.988 0.996

400 0.068 0.330 0.868 0.988 1.000 1.000
500 200 0.052 0.224 0.632 0.918 0.988 1.000

400 0.054 0.452 0.900 0.994 1.000 1.000
Wald 100 200 0.246 0.524 0.856 0.986 1.000 1.000

400 0.216 0.710 0.984 1.000 1.000 1.000
200 200 0.262 0.538 0.862 0.992 0.998 1.000

400 0.212 0.726 0.980 1.000 1.000 1.000
500 200 0.210 0.512 0.900 0.998 1.000 1.000

400 0.268 0.754 0.984 1.000 1.000 1.000
Score 100 200 0.220 0.492 0.836 0.982 1.000 1.000

400 0.194 0.672 0.974 1.000 1.000 1.000
200 200 0.232 0.492 0.840 0.990 0.998 1.000

400 0.196 0.652 0.972 0.998 1.000 1.000
500 200 0.194 0.474 0.874 0.998 1.000 1.000

400 0.232 0.720 0.978 1.000 1.000 1.000
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Table 23: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
ρ = 0.5, and the random error are generated by a 0.7X1N(0, 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.044 0.234 0.612 0.868 0.976 0.994

400 0.046 0.376 0.876 0.988 1.000 1.000
200 200 0.074 0.206 0.566 0.864 0.978 0.996

400 0.070 0.344 0.878 0.988 1.000 1.000
500 200 0.060 0.198 0.556 0.882 0.984 1.000

400 0.060 0.384 0.870 0.984 1.000 1.000
EL-INV 100 200 0.038 0.212 0.602 0.878 0.972 0.994

400 0.044 0.362 0.880 0.988 1.000 1.000
200 200 0.044 0.190 0.560 0.864 0.976 0.994

400 0.060 0.334 0.876 0.988 1.000 1.000
500 200 0.060 0.184 0.546 0.864 0.982 1.000

400 0.052 0.358 0.866 0.986 1.000 1.000
EL-LASSO 100 200 0.052 0.234 0.636 0.896 0.982 0.992

400 0.050 0.386 0.894 0.988 1.000 1.000
200 200 0.064 0.206 0.586 0.896 0.984 0.996

400 0.066 0.358 0.888 0.988 1.000 1.000
500 200 0.072 0.214 0.588 0.888 0.986 1.000

400 0.058 0.400 0.888 0.992 1.000 1.000
Wald 100 200 0.226 0.508 0.864 0.982 0.994 1.000

400 0.222 0.686 0.976 1.000 1.000 1.000
200 200 0.234 0.440 0.826 0.980 1.000 1.000

400 0.238 0.672 0.972 1.000 1.000 1.000
500 200 0.232 0.454 0.836 0.984 1.000 1.000

400 0.224 0.684 0.982 1.000 1.000 1.000
Score 100 200 0.202 0.474 0.832 0.978 0.994 1.000

400 0.194 0.656 0.974 1.000 1.000 1.000
200 200 0.202 0.410 0.792 0.978 0.998 1.000

400 0.222 0.648 0.964 1.000 1.000 1.000
500 200 0.218 0.418 0.816 0.980 1.000 1.000

400 0.210 0.668 0.978 1.000 1.000 1.000
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Table 24: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with ρ = 0.2,
and the random error are generated by a X1

∑p
j=2Xj−1XjN(0, 1)/(p− 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.086 0.910 0.998 1.000 1.000 1.000

400 0.052 0.990 1.000 1.000 1.000 1.000
200 200 0.090 0.948 1.000 1.000 1.000 1.000

400 0.070 0.992 1.000 1.000 1.000 1.000
500 200 0.096 0.954 1.000 1.000 1.000 1.000

400 0.054 0.998 1.000 1.000 1.000 1.000
EL-INV 100 200 0.078 0.896 0.996 1.000 1.000 1.000

400 0.050 0.990 1.000 1.000 1.000 1.000
200 200 0.078 0.938 1.000 1.000 1.000 1.000

400 0.066 0.992 1.000 1.000 1.000 1.000
500 200 0.090 0.948 1.000 1.000 1.000 1.000

400 0.050 0.998 1.000 1.000 1.000 1.000
EL-LASSO 100 200 0.078 0.896 0.996 1.000 1.000 1.000

400 0.050 0.990 1.000 1.000 1.000 1.000
200 200 0.084 0.946 1.000 1.000 1.000 1.000

400 0.070 0.992 1.000 1.000 1.000 1.000
500 200 0.090 0.954 1.000 1.000 1.000 1.000

400 0.050 0.998 1.000 1.000 1.000 1.000
Wald 100 200 0.232 0.982 1.000 1.000 1.000 1.000

400 0.262 1.000 1.000 1.000 1.000 1.000
200 200 0.212 0.996 1.000 1.000 1.000 1.000

400 0.236 1.000 1.000 1.000 1.000 1.000
500 200 0.248 0.992 1.000 1.000 1.000 1.000

400 0.218 1.000 1.000 1.000 1.000 1.000
Score 100 200 0.226 0.982 1.000 1.000 1.000 1.000

400 0.262 1.000 1.000 1.000 1.000 1.000
200 200 0.212 0.996 1.000 1.000 1.000 1.000

400 0.236 1.000 1.000 1.000 1.000 1.000
500 200 0.240 0.992 1.000 1.000 1.000 1.000

400 0.218 1.000 1.000 1.000 1.000 1.000
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Table 25: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
ρ = 0.2, and the random error are generated by aX1

∑p
j=2Xj−1XjN(0, 1)/(p−1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.094 0.964 1.000 1.000 1.000 1.000

400 0.066 1.000 1.000 1.000 1.000 1.000
200 200 0.078 0.986 1.000 1.000 1.000 1.000

400 0.058 1.000 1.000 1.000 1.000 1.000
500 200 0.050 0.994 1.000 1.000 1.000 1.000

400 0.060 1.000 1.000 1.000 1.000 1.000
EL-INV 100 200 0.098 0.958 1.000 1.000 1.000 1.000

400 0.064 1.000 1.000 1.000 1.000 1.000
200 200 0.078 0.986 1.000 1.000 1.000 1.000

400 0.052 1.000 1.000 1.000 1.000 1.000
500 200 0.054 0.996 1.000 1.000 1.000 1.000

400 0.056 1.000 1.000 1.000 1.000 1.000
EL-LASSO 100 200 0.096 0.962 1.000 1.000 1.000 1.000

400 0.072 1.000 1.000 1.000 1.000 1.000
200 200 0.078 0.986 1.000 1.000 1.000 1.000

400 0.054 1.000 1.000 1.000 1.000 1.000
500 200 0.052 0.996 1.000 1.000 1.000 1.000

400 0.060 1.000 1.000 1.000 1.000 1.000
Wald 100 200 0.284 1.000 1.000 1.000 1.000 1.000

400 0.246 1.000 1.000 1.000 1.000 1.000
200 200 0.230 1.000 1.000 1.000 1.000 1.000

400 0.256 1.000 1.000 1.000 1.000 1.000
500 200 0.210 1.000 1.000 1.000 1.000 1.000

400 0.236 1.000 1.000 1.000 1.000 1.000
Score 100 200 0.284 1.000 1.000 1.000 1.000 1.000

400 0.236 1.000 1.000 1.000 1.000 1.000
200 200 0.230 1.000 1.000 1.000 1.000 1.000

400 0.258 1.000 1.000 1.000 1.000 1.000
500 200 0.214 1.000 1.000 1.000 1.000 1.000

400 0.238 1.000 1.000 1.000 1.000 1.000
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Table 26: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with ρ = 0.5,
and the random error are generated by a X1

∑p
j=2Xj−1XjN(0, 1)/(p− 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.076 0.314 0.770 0.962 0.996 0.998

400 0.062 0.544 0.970 0.998 1.000 1.000
200 200 0.062 0.366 0.832 0.990 0.998 1.000

400 0.052 0.558 0.968 0.998 1.000 1.000
500 200 0.076 0.392 0.850 0.980 1.000 1.000

400 0.058 0.564 0.980 1.000 1.000 1.000
EL-INV 100 200 0.068 0.306 0.770 0.962 0.996 1.000

400 0.054 0.548 0.960 0.998 1.000 1.000
200 200 0.054 0.362 0.836 0.992 0.996 1.000

400 0.046 0.558 0.970 0.998 1.000 1.000
500 200 0.064 0.394 0.860 0.988 1.000 1.000

400 0.054 0.580 0.986 1.000 1.000 1.000
EL-LASSO 100 200 0.076 0.356 0.800 0.968 0.996 1.000

400 0.066 0.582 0.974 0.998 1.000 1.000
200 200 0.066 0.388 0.862 0.994 0.998 1.000

400 0.052 0.596 0.974 1.000 1.000 1.000
500 200 0.074 0.430 0.878 0.990 1.000 1.000

400 0.062 0.616 0.990 1.000 1.000 1.000
Wald 100 200 0.254 0.612 0.928 1.000 1.000 1.000

400 0.214 0.828 0.998 1.000 1.000 1.000
200 200 0.226 0.652 0.978 1.000 1.000 1.000

400 0.228 0.844 1.000 1.000 1.000 1.000
500 200 0.204 0.666 0.962 1.000 1.000 1.000

400 0.238 0.846 1.000 1.000 1.000 1.000
Score 100 200 0.250 0.574 0.918 0.998 1.000 1.000

400 0.206 0.824 0.998 1.000 1.000 1.000
200 200 0.202 0.614 0.972 1.000 1.000 1.000

400 0.220 0.808 1.000 1.000 1.000 1.000
500 200 0.200 0.640 0.962 1.000 1.000 1.000

400 0.234 0.832 1.000 1.000 1.000 1.000
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Table 27: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with ρ = 0.5,
and the random error are generated by a X1

∑p
j=2Xj−1XjN(0, 1)/(p− 1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.082 0.324 0.792 0.964 0.992 0.996

400 0.068 0.542 0.968 0.998 1.000 1.000
200 200 0.094 0.376 0.818 0.980 0.996 1.000

400 0.068 0.520 0.968 1.000 1.000 1.000
500 200 0.054 0.326 0.846 0.990 1.000 1.000

400 0.060 0.620 0.976 1.000 1.000 1.000
EL-INV 100 200 0.070 0.318 0.790 0.960 0.990 0.996

400 0.062 0.532 0.966 0.996 1.000 1.000
200 200 0.068 0.370 0.822 0.980 0.996 1.000

400 0.060 0.514 0.966 1.000 1.000 1.000
500 200 0.054 0.346 0.856 0.990 1.000 1.000

400 0.056 0.630 0.978 1.000 1.000 1.000
EL-LASSO 100 200 0.070 0.340 0.810 0.972 0.994 0.996

400 0.068 0.554 0.972 0.998 1.000 1.000
200 200 0.084 0.402 0.844 0.982 0.996 1.000

400 0.064 0.550 0.978 1.000 1.000 1.000
500 200 0.056 0.376 0.884 0.994 1.000 1.000

400 0.064 0.656 0.982 1.000 1.000 1.000
Wald 100 200 0.250 0.652 0.960 0.996 1.000 1.000

400 0.236 0.852 0.996 1.000 1.000 1.000
200 200 0.256 0.680 0.976 0.998 1.000 1.000

400 0.204 0.874 0.998 1.000 1.000 1.000
500 200 0.198 0.688 0.992 1.000 1.000 1.000

400 0.274 0.902 1.000 1.000 1.000 1.000
Score 100 200 0.228 0.620 0.944 0.994 1.000 1.000

400 0.192 0.816 0.996 1.000 1.000 1.000
200 200 0.222 0.644 0.970 0.998 1.000 1.000

400 0.190 0.840 0.998 1.000 1.000 1.000
500 200 0.188 0.650 0.986 1.000 1.000 1.000

400 0.236 0.876 1.000 1.000 1.000 1.000
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Table 28: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
ρ = 0.5, and the random error are generated by aX1

∑p
j=2Xj−1XjN(0, 1)/(p−1) distribution.

β0
1

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.064 0.592 0.952 0.992 1.000 1.000

400 0.068 0.842 1.000 1.000 1.000 1.000
200 200 0.076 0.556 0.962 0.998 1.000 1.000

400 0.066 0.856 1.000 1.000 1.000 1.000
500 200 0.070 0.602 0.992 1.000 1.000 1.000

400 0.060 0.874 1.000 1.000 1.000 1.000
EL-INV 100 200 0.050 0.574 0.954 0.992 1.000 1.000

400 0.060 0.844 1.000 1.000 1.000 1.000
200 200 0.056 0.550 0.960 0.998 1.000 1.000

400 0.060 0.862 1.000 1.000 1.000 1.000
500 200 0.066 0.584 0.992 1.000 1.000 1.000

400 0.062 0.878 1.000 1.000 1.000 1.000
EL-LASSO 100 200 0.060 0.600 0.958 0.994 1.000 1.000

400 0.070 0.862 1.000 1.000 1.000 1.000
200 200 0.068 0.568 0.966 0.998 1.000 1.000

400 0.064 0.868 1.000 1.000 1.000 1.000
500 200 0.070 0.612 0.996 1.000 1.000 1.000

400 0.066 0.886 1.000 1.000 1.000 1.000
Wald 100 200 0.226 0.842 0.996 1.000 1.000 1.000

400 0.208 0.970 1.000 1.000 1.000 1.000
200 200 0.226 0.828 0.996 1.000 1.000 1.000

400 0.232 0.966 1.000 1.000 1.000 1.000
500 200 0.240 0.850 1.000 1.000 1.000 1.000

400 0.220 0.982 1.000 1.000 1.000 1.000
Score 100 200 0.212 0.808 0.994 1.000 1.000 1.000

400 0.182 0.962 1.000 1.000 1.000 1.000
200 200 0.204 0.802 0.996 1.000 1.000 1.000

400 0.208 0.954 1.000 1.000 1.000 1.000
500 200 0.214 0.832 1.000 1.000 1.000 1.000

400 0.204 0.972 1.000 1.000 1.000 1.000
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