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This supplemental material provides technical proofs to the theoretical results presented
in the paper, and more simulation results with different covariance structures for covariates
and different distributions for the error term.

1 Technical assumptions

For a symmetric matrix M = ((Mjx)), Amin(M) and Ajax (M) are the minimal and maximal
eigenvalues of M. For any matrix M = ((M,i)), let [|[M|max = max; M|, [|[M|; =

maxy ) ; [Mi], [[Mll2 = v/ Amax(MTM), and [[M|oe = max; 32, [ M.
Assumption 1. (1) Assume the initial estimator B satisfying ||B—B°||; = O,(s+/logp/n).

(2) Suppose the initial estimators W; satisfy maxi<j<, [|[W; — Wi|l1 = Op(ay,), where a, =

o(1/Vlog p).

(3) The prediction ervors satisfy [ X(3 — B°)[3/n = Oy(slog pfn) and max<j<p X, (5 —
wi3/n = Oy(bn), where X\; is the design matriz X with the j-th column deleted and

b, = o(1/y/n).

(4) X; and €; are all sub-Gaussian.

(5) slogp//n=o(1).

Remark 1. 1. With (4) that X; and €; are all sub-Gaussian, we have X;i€; sub-exponential
with E(e; X;x) = 0. By Bernstein inequality|Vershynin| (2010) and union bound inequal-
ity, we have

P(H% D Xiel| > t) < Cipexp(—Cmin(t*/Cy, t/Cs)n).
i=1

By taking t = C'\/log p/n for some positive constant C' such that CC'? > Cy, we have

H%ZXzszoo = O,(y/logp/n). (1.1)
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2. For m;; = Xi; — E(X;j|X,,\;), we have n;; sub-gaussian since X; 1is sub-gaussian.
And for any k # j, we have E(Xyni;) = E{Xu[Xi; — B( Xy Xi\y)]} = B{XuXij —
B[ X X5|1X50\;]} = 0. Similarly, we have for anyt >0 and 1 < 57 #k <p,

1 :
P(‘ﬁ Zszmjl > 1) < Crpexp(—Cmin(t?/Cy, t/Cs)n),
i=1

which leads to

— 0,(+/log p/n). (1.2)

[e.9]

1 n
PR
i=1

3. For the properties of the initial estimators in (1), (2) and (3) under the heteroscedasitic
noise case, we can use the \/ Lasso estimator as in|Belloni et al| (2014)). According to
Theorem 7 in |Belloni et al.| (2014)), we have that the v/ Lasso estimators under certain
conditions have these properties satisfied.

Assumption 2. (1) Assume the same assumption as Lasso projection case for the initial

estimator || — B°|y = O,(s\/logp/n).

(2) Assume similar assumption as Lasso projection case for the initial estimators v;, i€
maxi<j<p |95 — V]l = Oplan), where an, = o(1/+/logp).

(3) Assume similar assumption as Lasso projection case for the prediction errors, i.e.,
IX(8 — B°)|I3/n = Oy(slogp/n) and max,<;<, (Y. Xyy)(5; = ¥DI3/n = Oy(bs) and
b, = o(1//n).

(4) (X7, )7 is sub-Gaussian.
(5) slogp/\/n=o(1).

Remark 2. For the condition (2) above, if we assume a = maxi<j<ps; with s; = |70
and then the v/ Lasso estimators for ’y? satisfy this condition with a, = a+/logp/n. For
the condition (3) above, since we assume that (X],¢;)7 is sub-Gaussian (which makes B°7X;
also sub-Gaussian), then due to Cou(B"7X;,¢;) = E(e;8"7X,) = 0, we have ¢;3°TX; sub-
exponential and by the Bernstein inequality, we have for any t > 0,

1 o :
P(|= Y XTA%| 2 1) < 2exp{~Canmin(2/C3,1/Cs)}.

=1

This also leads to

%Zn:Xgﬂoei = O,(+/logp/n), (1.3)
i=1



as long as logp/n — 0. And with the same arqument, we have

- Z Xiknizy = Op(\/log p/n), (1.4)

n

1
- > (Y X )Yy = Op(v/log p/n). (1.5)
=1

Assumption 3. (1) For the eigenvalues of %, there exist some constants Apin and Apax
such that 0 < Apin < Amin(2) < Anax () < Apax < 00.

(2) Assume X; ~ N(0,X) and €; to be sub-Gaussian.
(3) The initial estimator B (e.g., LASSO) satisfies |3 — B°||1 = O,(s\/log p/n).
(4) sv/(logp)*>m3/n = o(1) and sy/(logp)*m?/n? = o(1) where m is the upper bound of

the size of KFC set |S)|.

(5) Assume sy/log psupg, sj<m, MaXkes+ |0k — 358 5e3sk| = o(1).

Remark 3. Condition (1) is a mild condition that assures the asymptotic identifiability of
the model (Fan and Lv, |2008; |Wang, 2009, 2012). Condition (2) is a common condition
used for simplification of theoretical proofs in high dimensional setup; see for ezample, Wang
(2009) and | Zhang and Zhang (2014). Condition (3) was also used in Assumptions 1 and 2.
Condition (4) is for controlling the size of the KFC set |S|, and Condition (5) controls the
partial correlation between the target covariate X;; and X;g-.

2 Technical Proofs

We first proves the Theorems and postpone the proof of Propositions 1-3 about the asymp-
totic normality in the end since they use the results from the proof of the corresponding
Theorems.

2.1 Proof of Theorems

Proof of Theorem 1. Asin|Owen|(2001)), by (C0), with probability tending to 1, —2 log ELn(ﬁg) =
2> log(1 + Amy,;) where A satisfies

n

My
— =0. 2.1

The next step is to bound the magnitude of A. Let A = |Au where u = sign(\) € {—1,1}.
Now by > my /(1 4+ Amy,;) = 0, we have

- UMy )\mnz
0= Z 1+ A, ;“mm{l 1+ )\mm}



which implies

N wd s A et
Zumm —Zm =2 Tam, 2P ‘ZH s ]

Thus we have

BN Al IR
2z > N
Y me T 1+ M maxi<i<p M| n me

=1 =1

which implies

1 & 1 &
|/\|{ Zm 11r£1a<x|mm ﬁzzlmm}guﬁzzlmm (2.2)

From (C1), by Lemma 3 in Owen| (1990), we have max;<i<, |[Wyi| = 0,(n'/?), and together
with (C2), we have

1/2
i | = 0,(n'/%). (2.3

And since for any € > 0, obviously Wﬁl]l(\Wm| > €s,) = 0 due to P(|Wy| > €s,,) — 0, we
have by Dominated Convergence Theorem,

—ZE{ L(|Wo| > €s,)} — 0.
Thus by Lindeberg-Feller Central Limit Theorem, we have ", W /s, N N(0,1), that is,
1 < d )
— Wi — N(0,0,). 2.4
N3 (0.02) (2.4)
By (2.4) and together with (C2), we have

1 n 1 n 1 n 1 n d 2
\/ﬁizlm \/EZZIW +\/ﬁ;R ﬁizlw +0,(1) 5 N(0,02) (2.5)

And by (C1) and (C2) we have

%imfn:%iW3i+%iRii+2%inRm: Z .+ o0,(1) > 02, (2.6)
=1 =1 =1 =1

Actually the above follows from checking the WLLN for triangular arrays. First of all
S P(WE >n) =nP(W2 >n) <E{WA1(W2 >n)} — 0; and

2ZE{ (W2 <n)} =n'E{W,L(W7 <n)}
:nl/ 2yP(W?2 > y)dy — 0
0
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since yP(W2 > y) < E{WZ1(W?2 > y)} — 0 as y — oo.

Thus by 2:2), (23). 2.5) and (2:6), we have
|>\‘ me + Op O ( 71/2)

and hence

Al = 0,(n72), (2.7)

= 0,(1). Therefore, from {D we

Then it follows from |D we have maxj<;<,
have

‘ Ay
14+Amy,;

Il Ay 1 & [Am,:]?
0= _Z 14+ Am,; ﬁ;/\mni{l_/\mni+ 1+)\mm}
- —ZA %Mip‘mmﬁ

which leads to

n

- Z Ay, = L+ Op Z A2, (2.8)
=1

Again by using (2.1)) and together with (2.5)), we have

0=~ T = ni{l_)\ ni —}
n;l—i—)\mm nzm m +1+)\mni

RS WEE W

= %imm - %imi +OP{ max |4 +m;;@n |_§; Ao }
_ lzm - ézm +opfnienit zm}

- %émn - % émi +o0,(n"1?),

which leads to

)\—{ ZmQ _1lzmm+op n=?). (2.9)



Finally, by Taylor expansion together with (2.5)), (2.6)), (2.8) and (2.9)), we have

—2logEL,(8%) =2 Y log(1 + Amy,;
J .

-9 Z M — [140,(1)] Z[Amm]Z

= [1+0p(1)] Y [Amni]® = [1+ 0,(1 Azzm

= 140, zm) € zm) (= ;mm) +op(1)

d
5 x3, asn — o0,

This completes the proof of the theorem. n

Proof of Theorem 2. We only need to control the term R,;, which will be controlled one by
one.

By (3) in Assumption [I} we have (1.1)) and ([1.2)), which leads to

1 n
‘ﬁ ; Ry

1 ¢ .
= [ 20— X1 wj - ) ey,

< [lw5 = w;lls H— ZX As€illoo

= ‘(w —w;)T ZXz\]EZ

logp log p

= 0,(a)0,(\/ ~22) = O,(a,

n n

).
In order to have ‘% > Rmﬂ‘ = op(n_1/2) we need to have a,, = o(1/4/logp), which is true

according to (2) in Assumption
For R,; 2, we have

_ZRTZZQ

. 1 ) )
=5 Z X7 (8 — By) + - D (W) =W)X, X (8 — By)

=1

= ’_ —WiXi\) Z\j(ﬁ(\)j _B\ﬂ

| /\

1 n
n Zmﬂ Z\J(’B\J /B\J

=1

+ ‘— WQ —w;) X, XT(8Y; = By)
=1



. 1 — . 1 — .
‘533‘ =By | DoAY WXy S D X (8Y - By
] i=1

[e.e] ‘

1 n
5”5 > Xy
i=1 =

=0,(1/log p/n)0,(s\/log p/n) + O, (v/s1og p/n)O,(1/by)
:Op(s logp/n + \/bys logp/n).

In order to have ‘% S ng‘ = 0,(n"1/%) we need to have slogp/y/n = o(1) and b, =
o(1/y/n). Thus with (3) and (5) in Assumption (1, we have verified the first half condition
in (C2), 7 370 Rui = op(n %)

Now for the second half of the condition in (C2),

_ T 0 0 a T . 0 N T
max |R,; —maX’Y—X- w, — W, )X, -‘—max|wA—W- X\ €5
1§i§n| m,1| i<ien ( i 116 )( j ]) i,\J 125 ( j J) AV
0 = _ 0 & s
< ||wj — ijl max HXi»\J'eiHoo = ij WjHl max max ’szez‘.

1<i<n 1<i<n 1<k<p

Now since X; and ¢; are all sub-Gaussian and then we have X;.¢; sub-exponential, and
then by the union bound, we have

P( max max ’Xikei‘ > t) < Z Z P(\Xikei’ > ) < pnChe 2.

1sisn lsksp 1<i<n 1<k<p

By taking ¢t = log(pn)/C with C' < Cy, we have max;<;<, maxj<k<, ‘Xikei‘ = O,(log(pn)).
Hence we have
_ 0 > _
112%}; |Rpin1| = ij — ijl 112%)% gggp |Xikei‘ = Op(an log(pn)).
In order to make max;<i<, |Rni1| = 0,(n'/?), we need a, log(pn)//n = o(1), which is true
under assumption (2) for a, in Assumption (1| since a, log(pn)/+/n = o(log(pn)//nlogp) =

o(y/logp/n) = o(1).

A 0 >
Note that mas [Rua| = max [(Xy; — WIXo,)XT(8Y; — By)l

1<i<n

< max |(X;; — W?TXL\DX{\]- (BY; — Byl

1<i<n

+ max |(w] —w;) X, ; XT (Y — Byy)l

1<i<n

<18°. _ 3. . X
< 1By = Byl max max | X

0 ~ 0 -
0w = 5518, — ) max mese |

2
Now since n;;’s and X, are all sub-Gaussian, and then by similar analysis as above we have
max |Rpi2| = Op(sy/logp/n)O,(log(pn)) + O,(a,sy/log p/n)O,(log(pn))

1<i<
= Oy(s/log p/nlog(pn)).
7



_ 1/2
In order to make maxi<;<p |Rni2| = 0p(n /%), we need

sy/logplog(pn)/n = o0,(1),

which is true under assumption (5) in Assumptionsince sv/logplog(pn)/n = o(y/logp/n) =
o(1). Thus we have max;<;<,, | Rni| = 0,(n'/?), which verifies the second half in the condition

(C2).
Now we need to check out condition (C0). From the above analysis, we have max;<;<, |Rni| =
0p(maxy<j<p |[Whpil). Thus we only need to prove that

P(min W,; < 0 < max W,;) — 1,
1<i<n 1<i<n

which just follows from the Gilvenko-Gantelli theorem over half-spaces as on page 219 in
Owen| (2001). O

Proof of Theorem 3. Recall that """ | Rn;//n = R, + Roy + Rsy, + Ry, where
1 o _ _
Ry, = NG Z —X5(X5Xs) T XEe{ Xij — BjsDgsXis |
i=1
1 _ _
Faw = 3 e XI5 (KE%e) X {55558, — XX KBS Ko
i=1
1 ¢ _ - :
Bon =~ DXy — BisBesXis HX s — XT5(X5Xs) T XX HB5: — Bs.,
i=1
1 ¢ _ _ - :
R =7 D {ZisTesXis — XIXs(XIXs) ' Xis H{X g, — Xg(XIXs) X Xs } B8 — Bs:]-
i=1
Now for Ry,, we have
1 n
Ry, = _T Z {Xz'j - EjszgéXiS}ng(X‘TsXS)_lx‘Tse
i
1 -1 T T —1xT
= —{= 2 {0 — Dy TkXus X5 [{ Va(XEXs) ' XEe}.
i=1

Now we need to bound the two terms n=* Y " | {Xij_EjSEEéXiS}XZ'S and /n(X5Xs) ' XLe.
In fact, for every £ € S, we have that the two Gaussian random variables X;; — 2j52§§Xi3
and X;; have the following properties:

E(Xi) = B(X;j — X256 Xis) = 0;

E(X5) = ow, E[(Xyj — BjsB5sXis)?] = 055 — js 55 Zs;;

Cov(Xig, Xij — XjsTssXis) = BE[Xin(Xij — Bjs 56 Xis)] = 0nj — BjsTse sk

= 0kj; — EjSEE‘éESSek = Okj — Ejgek = 0kj — Ok = 0.

8



Thus we have

X; Okk 0
) N N<07 . ) 2.10
<Xz — EjSESé‘XiS) ( 0 Oj5 — Ejsz&ézsj) ( )

Under (1) in Assumption 3| by Lemma A.3 from Bickel and Levinal (2008)), we have there
exists constants C, C}, Cs > 0 such that

Pﬂ% ST{Xy - BisSsiXis Xy | 2 1} < Crexp(—Cont?), for 0< 1 < C.
=1

By union inequality, we then have

1 < _ m
P{ SI%?SXm HE ; {ij — EJSESEXZS}XRSHOO 2 t} S Clmp eXp(—C'gntQ),

for 0 <t < C, where {S C {1,2,,---,p} : |S] < m}| < p™. For mp™exp(—Cynt?) =
exp(—Cynt® + mlogp + logm), take t = y/mlogp +logm + Clogp/(Can) ~ /mlogp/n,

and then we have maxg. sj<m Hnil Yoy {Xij - EjszgéXiS}XiS”OO = O,(y/mlogp/n).
Now in order to control /n(X5Xs) *XLe, first notice that by the following matrix equal-
ity Henderson and Searle| (1981))

(XEXs/n) " = {Zss + (XEXs/n — Ess)}il
N _ -1 _
=¥55 — ?sé{I + (XIXs/n — Bss)B5s} (XTXs/n — Bss)Ege, (2.11)

As

we have
IVn(XEXs) ' XEells = |(XEXs/n) ' XEe/vnlly < | BssXTe/vnll + |AsXLe/vn|:
< VIS|I1Z55X5e/vnl2 + VIS|| AsXEe/v/nl|2
< VISIZ5sXEe/vnll2 + VIS Asl2lXEe/v/nll2.

One of the most important results in matrix analysis is the Cauchy (eigenvalue) inter-
lacing theorem. It asserts that the eigenvalues of any principal submatrix of a symmetric
matrix interlace those of the symmetric matrix. For example, if an n x n symmetric matrix

S can be partitioned as
g_ A B
\B7C)/’

in which A is an r X r principle submatrix, then for each i € 1,2,--- ,r, we have
Ai(S) < Ai(A) < Anrri(S).

In particular, we have Apin(2) < Apin(Bss) and Apax(E) > Apax(Zss). Thus by the
definition of maximum eigenvalue, we have

IZssX5e/vVnllz < AginlXse/v/nll2.
9



So

IVn(XsXs) ' XEellr < VISIA i XGe/vVnllz + VIS Aslla]IX5e/ /a2
= VISH{Amin + 1 As2}HIXse/ V2.

Now we have to control ||XLe/\/n|l2 and |Agll2. In order to control the first one, by the
sub-Gaussian tailed condition (2) in Assumption [3]

P( max ||XLe/v/nlly > tv/n) < P( max max]—ZX”ell > t/\/m) < pmmexp(—Cnt?/m),

S:|S|<m Si|S|<m jeS 'n

followed from the Bernstein inequality for ¢ small. For p™m exp(—Cnt?/m) = exp(mlogp +
logm — Cnt?/m), take t = \/my/mlogp+ logm + Cylogp/Cn ~ /m2logp/n. Then we
have the following order

max || Xge/v/nll2 = Op(m+/logp).

S:|S|<m

Now for ||Agl|s with Ag = Egé{l + (XIXs/n — Xss) 33} (X5Xs/n — ESS)Egé, we
have to control X;Xs/n — Xgs first. Note that

P( sup [|XIXs/n — Zss|l2 > e) < P< sup max |XiX/n — o] > e/m)
S:|8|<m Si|S|l<m Gk
§m2me<|X}Xk/n —ojk| > e/m) < CymPp™ exp(—Cyne® /m?)

where the last inequality is also followed from Lemma A.3 in Bickel and Levinal (2008) with
constants C1,Cy > 0. For m?p™ exp(—Csne? /m?) = exp(2logm + mlogp — Cone?/m?), by
taking e = my/mlogp + 2logm + C log p/Can ~ /m3log p/n, we have SUDPs.(s|<m || X5Xs/n—
3sslle = Op(y/m3log p/n). It follows then

1As]l2 = [IBs5{T+ (XIXs/n — Tss)T5s} XTXS/” — Bss)Zsslle

< 258 IBIT+ (XEXs/n — Bss) s} blIXEXs/n — Sssllz

= Op(v/m*logp/n),

since || Eghll2 = Anlax(E58) < A

— “‘min"
Thus we have

IVn(X5Xs) " XEelh < VISH{ Amin + [ Asl2}IX5e/v/nll2
- Op( V m3 logp/n)’

i.e., SUPs,|si<m [IV(XEXs) " XEelly = Op(y/mPlogp/n).

10



In summary, we then have

1 « B )
s HEZ {Xi = Bys Tk Xis X5 }{ Va(XEXs) " XEe |

S:|S|<m

< smp H—Z{Xw B TalXa) X5 s [Vaickixs) " Khe

=0 (\/mlogp/n) L(vVm3logp/n) = OZD(m2 logp/n).

And hence Ry, = 0,(1).
For R,,, we have

’ 1

Ry = oD Z {e — XIs(XIXs) ' XLe {2558 Xus — XIXs(XEXs) ' Xis }
1 n
= {2555 — X}XS(XEXS)_l}ﬁ ; {Xisei — XisX]g(X5Xs) ' XGe}
_ S 1 1 ¢ .
= {Z)jsZ5s — X[Xs(XEXs) 1}{% Z; Xis€i — {5 Z; XisX]s } vVn(X5Xs) IXEG}

1 n
= {3555k - X}Xs(xgxs)—l}{% > Xise; — XLe/Vn} = 0.
=1

Observe that we can rewrite Rs, as

1 « R
yen = > X — s BesXis HX s — X[s(X5Xs) ' X[ Xs- }[B%- — Bs-]
i=1

1 -~ ~
:%X}{I — Xs(XEXs) XL} X582 — Bs-],

where \/LEXJT.{I — Xs(xgxs)—lxg}xs* can be controlled as follows

. -1
TX;{I — Xs(XEXs) X} X [loo = max TX; o)

<\/_£I,}C—%§{‘XTXI€/” — U]k‘ + ’ij Ejgzsszgk’ + | XJTXS/TL - Zj5]2§§25k\
+ B D55 [XEXi /1 — Bl + | s As B |
+ |2 As[XEXy/n — Zsi]| + | [XIXs/n — ;5] D55 XEXy/n — Zsy]|

+ [ XTXs/n — 2] AsEse| + |[XTXKs/n — 5] Ag[XIX, /n — zgk]|}

11



<\/_g(é%}i({|XTXk/n — ij| + }U]k EnggéESk} + ||X;X5/TL — EjSHoo\/ |S )‘mm)‘max
+ VIS i Amax [ XEXk /10 — Bisilloo + Npaxl| A2
+ VIS Mimaxl [ As |2 XEXk /1 = Bsplloo + [IX]Xs/n — ZjsllaAin IXEX /1 — Bk 2

+ VISIIXXs /1 = Bjslool| Asll2Amax + [X]Xs/n — Zjsl2l| As 2| XXk /1 — Eszﬁlla}.

And we have that

P( sup max

Ojk — —X Xk| > 6)
S:|S|<m keS*

1
§pm+1P<!Ujk _ EX;Xkl > 6) < Clpm—i-l eXp(—Cg?’LeQ)

where the last inequality is also followed from Lemma A.3 in Bickel and Levina (2008)
with constants Cy,Cy > 0. For p™*!exp(—Cyne?) = exp((m + 1)logp — Cone?), by tak-
ing € = \/{(m+1)logp+ Cilogp}/Con ~ \/mlogp/n, we have SUDg.|5|<m MaAXkes* [Tk —
XIX./n| = Op(y/mlogp/n). Similarly, we have supg, i<, [ Zjs =+ X[ Xsloo = Op(y/mlogp/n)
and SUDg,(s|<, MaXkes XXy /n — Bsilloo = Op(y/mlogp/n). By SUDs:|5|<m |As|l2 =

O,(y/m3logp/n), we have

sup —XT I—Xs XTXS IXT XS 00
S = 5|

<\ sup fgj?f { IXTX4/n — o] + |0 — DjsZssZsn] + 1K1K /1 = Zislloo v/ IS A A
S:S|<m

+ VIS i Amax [ XEXk /n = Bsilloo + Ao As 2

+ VIS Amax | As2XEXk /1 — Bsilloo + VISIIXIXKs /1 — Zjsoo | Asll2Amax
+ ||X;X$/’I’L - JSHQ)\mm”XTXkJ/n - 2514?”2

+ X Xs/n = Sjs|lal| As |2l XXk /1 — Bskl2
J

oik — BjsB5esk| + Op{v/ny/m3logp/n},

n sup max
S:|S|<m kes*

since y/m3logp/n = o(1). Under condition (4) and (5) in Assumption |3, we have that
Rgn = Op(l).

12



Note that
1 & B - - X
Rin = 7 D {ZisT5sXis — XIXs(XEXs) ™ Xis X s — X[(X5Xs) ' XEXs- } 88 — Bs:]
=1
1 < _ X _ X
=7 Y {25855 Xis X HBY — BT s D5 (XEXs- /v/n) 88 — Bs]
i=1

1 — R
v 2 [XTX(XIXs) X XTs. B — Bs.]
+ {XIXs(XEXs) " XEXs /v } 8% — Bs.] = 0.

Thus we have verified that % Z?:1 R, = Op(nfl/Z)‘
For R,; 1, we have

e Ry a| = [[(KEKs) ™ Khelly max [ {Xy) — 21555 %o} Xls

1<i<n

= ||(X5Xs) ' XTell; max max |{X;; — 85 56Xis } Xik|

1<i<n k€S

where supg,sj<, [|(X5Xs) ' XGelli = O,(y/m?logp/n). And since Xj; — YisX5sXs is
Gaussian under the assumption that X is Gaussian, we have {Xij — EjSZEéXZ-S}Xik sub-
exponential. So

—1 m
P<&|s;1;§)m 1122; Iileagi ‘{XZ-]» — ZjSESSXiS}Xik‘ > t) < p"nmCy exp(—Cat)

which leads to supg. s|<;, maxi<i<, MaXes HXZ-]- — 358 55Xis } Xik| = Op(mlogp). Thus

we have
sup max |Rpi1| = O,(mlogpy/m3logp/n) = o,(n'/?)

S:|S|<m 1<i<n

since (mlogp/n)y/m3logp/n = o(1).

For R, 2, we have

max |Rpio| < [|8585s — X[ Xs(XEXs) L max [[Xise; — XisXTs(XEXs) ' XFel| oo,

1<i<n
where
1255855 — XIXs(XEXs) i = [Z)s 855 — n ' X Xs(XEXs/n) 7'y
=[|ZjsT5s — n X[ Xs(Xgs — As)|
<(Zys —n ' X[Xe) X5l + [0 X XsAsh
<(Zjs — n ' X[Xe) sl + (07X Xs — Bjs) Asly + 1855451
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And by simple algebra, we have

sup [[(js —n” ' X[ Xs)Bgsl = Op(v/'m? logp/n),

S:|S|<m

i [(n'XIXs — 2;5)As|l1 = Oy(m*log p/n),
S:|S|I<m
oS 12;5As]l1 = Op(m?*/log p/n).

(S1<m

Now for

max [ Xise; — Xis X5 (X5Xs) " Xielloo < max [Xiselloo + max [ XisXs(X5Xs) ™ Xiell

< max [Xiseiloo + | (XEXs) ™ Xlelloo max [ XisX]s e,

since X;r€; is sub-exponential, we have

P< sup max || X;s€illco > t) = P( sup max max | X.e;| > t)
S:|S|<m 1<i<n S:S|<m 1<i<n keS

< p™mnCie 2

which leads to supg,sj<, MaXi<i<n | Xis€illoo = Op(mlogp). And since X;,X; is sub-
exponential, we have

P( sup max || XisXsloo > t) < P( sup max \/ﬁinlazgc|Xiqu| > t)
NS

S:|S|I<m 1<isn S:|S|<m I<isn

S pmm2n016—02t
which leads to supg,sj<,, maXi<i<n [ XisXslloo = Op(v/mmlogp).
Since supg, i< [|(X5Xs) ' XGelly = Op(y/m?logp/n), we have

sup max || Xis€; — Xis X1 (XEXs) ' XTel| o
S:|S|<m 1<i<n

=0, (mlogp + vmmlog p\/m3logp/n) = O,(mlogp(l +m*/logp/n)).

In summary,

sup max |R,;»| = O,{m?log p\/logp/n(1+ m*+/logp/n)},

S:|S|<m 1<i<n

since logp/n — 0. In order to have supg. s|<, MaXi<i<n | Rniz2| = 0,(n'/?), we need to have

m3(logp//n)+/logp/n = o(1), which is true under (4) in Assumption [3 since
m*(log p/v/n)\/log p/n = /m?log p/n+/(log p)?m? /n = o(1).
Observe that

max [Ruis| < ||Bs. — Bs-

1eas { X — EjsT5sXis } {XTs — X]s(X5Xs) ' XiXge oo

14



Since

X5 (XEXs) " XEXse

0o < TaX {IX]sZ55Zsk| + [ X]sZ5s(X5Xp/n — Bsy)|

(2.12)
+ [ X AsTsi| + [ X As(XiXe/n — Bsi)| ],

we have

max [[{ Xy — 25X 55Xis H{ X]se — X[o(X5Xs) ™ XX |

1<i<n

1
< max max |1 X;; — XisXccX,s r Xk + max max
— 1<i<n keS* ‘{ K js=ss ZS} ik 1<i<n keS*

+ max max max |[{ X;; — zjszggxis}xﬂ\y\zgé(xgxk/n — Bsi)|lh

1<i<n keS* leS

4+ max max max |{XU — Ejgﬁgéxlg}Xﬂ\/EHASHQHZSICHQ

1<i<n keS* leS

+ max maxmax [{X;; — 25856 Xs } Xul[|As(XEXy/n — Bsi) |1

1<i<n keS* €S

| 0o

{Xij — 25855 Xis } X5 Dk

Now since

P( sup max max {Xij — ZjSE‘%X,-S}Xm > t> < p"tnCie ¢,

S:|S|<m 1Sisn keS™

we have

sup maX max
S|$|§m 1<i<n keS*

{X;; — BjsE56Xis } Xi| = Op(mlogp).

Similarly, we have

sup max max {Xij — EnggéXis}ngEgéESH = Oy(mlogp),

S\S|§m 1<i<n keS*
sup max max [{X;; — ¥;s855Xis } Xu| = Op(mlogp).
Si|S|<m 15isn 1eS
And then by simple algebra, we have

(Xks — n—lxgxs)zggul = O,(v/m3logp/n),

(™' XiXs — Zps)Asi = Op(m*logp/n).

sup max
S:|S|<m kes*

sup max
S:|S|<m keS*

Thus we have

sup max [[{Xi; — TjsT58Xis H{ X — X[s(XEXs) ' XX }

S:|S|<m 1<i<n
=0,{mlogp(1 + y/m?logp/n + m*\/logp/n + m*log p/n)}
—0,{mlogp(1 + v/m¥logp/n + m?log p/n)},

which leads to

sup max | Ry, 3| = O,(sv/log p/nmlog p(1 + v/m3logp/n +m?logp/n)).

S:|S|<m 1<i<n

| 00
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— 1/2
In order to have supg,sj<,, maXi<i<n [Rniz| = 0p(n /%), we need

s\/logp/n(mlogp/vn)(1+ /m*logp/n +m*logp/n) = o(1),

which is true under (4) in Assumption [3|

And for max Ryl = 18%. — Bs-Ih
X max H{Z)jsZss — X[Xs(XEXs) ™} Xis{ Xigr — Xs(XEXs) T XEXs+ oo
And for
max [[{Z)s555 — X[Xs/n(Sgs — As) }Xis {X]s. — X[5(XFXs) ' XEXs oo
= max || (s — XjXs/ n)YgsXis{ Xg — XIg(X5Xs) ' XEXs- Hloo

+ max [|(X]Xs/n — Bjs) AsXis {X]s. — X[5(X5Xs) ' XIXs- }

| [e.9]

+ max || 25 AsXis {X]s. — X]5(XEXs) ' X5Xs- }

by (2.12]), we have
max |[(35s — XjXs/ n) X5 Xis {Xs. — X[s(XEXs) T XX }

< s —X] LK X
- 11(2?5}; gé%)*( I?e%sx 1258 XJXS/”)EssHﬂleXzH

|OO7

| [e.9]

+ max maxmax||(S;s — X[Xs/n) Bgs | X7 S558sk

s — XTI
* e el s = X

sslh X325 (XTXy/n — i) |1

1<i<n keS* leS

+ Imax max max [(Zjs — XjXs/n Soslh XA As(XEX /n — Zsp)|l1

1<i<n keS* le
= O,(m*log p\/log p/n),

under the condition that m?logp/n — 0. Similarly we have, if m3logp/n — 0.

)
+ max maxmax ||(3;s — X}Xs/n)ﬁg‘éHlXﬁHASESkﬂl
)

sup max [|(XIXs/n — 2;5) AsXis{ X5 — X[g(XEXs) ' XX+ }
S:|S|<m I<i<n
= O,{m"*(log p)?/n}
sup max || Z;sAsXis {Xs — X[s(XEXs) ' XEXs }
S:|S|<m 1<isn
= 0,{m"*1og p\/log p/n}.

In summary, if m®logp/n — 0, SUpPg,s<,, MaXi<icn [Rnia| = Op{sm™/?(logp)?/n}. Thus
in order to have supg,s|<,, Maxi<icn [Rnia| = 0,(n*/?), we need sm™?(logp)?/n3? = o(1),

| (e 9]

| o0
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which is true under the condition (4) in Assumptionsince sm™?(logp)?/n?? = s1/(log p)im7/n3 =

sy/(logp)2m3 /nm?logp/n = o(1).

From the above analysis, we have max;<;<y |Rni| = 0p(maxi<;<, |Wyi|). Thus we only
need to prove that P(minj<;<, Wy < 0 < maxi<;<, W,,;) — 1, which just follows from the
Gilvenko-Gantelli theorem over half-spaces as on page 219 in Owen| (2001)). O

Proof of Theorem 4. Notice that

n n

1 . 1 .
- Z Ryin = — Z 7]1 Y1) n Z eiXZT,BO(%Ql — 1) + - Z eiXI,\j<’Y?,\1 —¥in)-

i=1 i=1
By condition (2) in Assumption ] and (L.3)) implied from condition (4) in Assumption [2

n

1 R R 1 & log p
‘E > eXIB (v - %’1)‘ = ‘(7?1 - le)HE > B
im1 i-1

),

= Op(an

n

and

1
= 0,(an ogp

; )

ﬁ Z EiX;\j (7?,\1 - '3’]',\1)‘ < ‘

1 n
0 ~
=l 5 e g
i=1

Thus we have 1 Zz 1 Bnin = %Z?:l 612(7?1 - 19’1) + Op(an\/ logp/n) = Op(an\/ 1/n). So in

order to have 711 S Ruia = 0,(n"1?), we need a,, = 0,(1). Note that

max |Ry; 1| < max ’5 (%1 Fir)| + jnax \QXZTBO(’Y% — Y1)

1<i<n

—l—lmax e X Z\](7g\1 '3’]',\1)‘
= — %1|{ max \62! + max |€zXTﬁ0|} + 15 = il ) max e Xy loo

=[j1 — Ynl{ max |} !+ max [ X7} + 1Y = Vil max max e Xy).

1<i<n 1<i<n 1<k<p

And by the assumption that X; and ¢; are sub-Gaussian, we have X73° is sub-Gaussian and
€2, e,-XZTBO and Xjje; are all sub-exponential. Then we have

P( max [€]| > t) < nP(|&}| > t) < nCre”
1<i<n

which implies that max;<;<, |¢}| = O,(logn). Thus we have max;<;<,, |Rni1| = Op(a, log(pn)).
In order to achieve maxi<j<, | Rni1| = 0,(n'/?), we need a,, log(pn)/+/n = o(1), which is true
since a,, = o(1/+/log p).
For R0 = nij,yXT(ﬁO - ﬁ) = Uij,y{Xz'j 50 53) + X, \j (5(\)]- - B\j)}
= iy L [V, XT)Y5 + i) (87 — Bj) +X] By — 5\3')}
= Ufj,y(ﬁg - 5]) + Mgy (Yi, XZT\])'YJ' (6;) - 5;) + Mijy X, \] (ﬁ\] By;):
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similarly as R,; 1, by condition (1) and (1.4), (1.5)), we have

1 i 1 n R
- ; Ruin =~ ; n%, (B0 = B;) + Oy(sy/log p/n/log p/n)

1 < A
= anj,y(ﬂ}) — Bj) + Op(slogp/n)
\/logp/n\/l/n )+ O,(slogp/n) = Oy(s+/logp/n).

So in order to have 1 3" | R,;» = 0,(n"'/?), we need to have sy/logp/n = 0,(n"'/?), ie.,

sy/logp/n = 0,(1). Note that
max || < max ng,, (67 — B+ max |y, (Y, X )75 (8) = 6)]

1<i<n
+ max |771j Y 1'7\3’(/3\] ﬂ\] Sv logp/n 1Og pn <\/_>

1<i<

since s4/log p/nlog(pn)/\/n = o(y/logp/n) = o(1). )
Now for Ryi5 = XJ(8" — B){(Yi, X}, ))(v] = 4,) } = (8" = B) Xu(Y:, X[ )) (7] — 4;), we
have by (3) in Assumption

1 n
‘E ; Rni,?)

1 n
= |2 228" = BXuV, X)) — )
i=1

1 n n

< |5 U8 = B | ST XT ) - )

= Op(\/slogp/n)Op(\/a) = Op(\/bnslogp/n).

So in order to have L 3" R, 3 = 0,(n"/?), we need to have \/b,slogp/n = 0,(n"/?), i.e.,
Vbyslogp = 0,(1). And we also have

max [Ria| < [18° = Bllllvj — 4l max max [X;]( max Y] + max max X))

= 0,(s+/log p/na, log(pn)) = o0,(n'/?).

Now we need to check out condition (C0). From the above analysis, we have max;<;<,, |Rni| =
0p(maxi<j<, |Wpi|). Thus we only need to prove that

P(min W,; <0 < 1maX Wyi) — 1,

1<i<n

which just follows from the Gilvenko-Gantelli theorem over half-spaces as on page 219 in
Owen)| (2001)). O
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2.2 Proof of Propositions

Proof of Proposition 4. With WT(L;aSSO) = (X — Ej,\jz\fj%\in,\j), simple calculation yields

lasso —

B[(W=)] = B{(Xy; — 35,50, X))
= B{e] (X} — 2X;%5, 50 Xy + 250200, Xy X B0 20}
= B{Z}, = 22,3, y201 Zivs + Biy B0 2oy 2L B B0 )
= 0555 — 25,y B0 Oy + 25uB0Ouy B0 B

Note that if we assume the independence between the error term and the covariates and the
homoscedasticity of the error terms, it easily follows that

lasso -
B[(W)] = 02(05 — 250,500, Bvg)-

ni \j\Jj

]

Proof of Proposition 5. First of all, simple algebra easily leads to E(W,;) = 0. Remember
Xij = XZ‘TIBO’Y% + e + X;\j’)/?’\l + 15 Hence
Var(W3"™) = Var(ein;;,) = Var(e(X;; — X8 — e — Xz'T,\j'Y?,\l))

= Var(e; X;;) + Var(einTlgOfy;Jl) + Var(e?*y?l) + Var(einT,\j'Y?,u)

— 2Cov(e: Xy, . X]B%) — 2Cov(e: Xij, €7;)) — 2Cov(e: Xy, Ez‘XzT,\j'Y?,\l)

+ 2COV(€¢X,}-,BO’}/§)1, e?’y?l) + 2COV(QXZT507?17 einT’\j'yg{\l) + 2Cov(ef7?1, einT’\j'ygy\l).
By the definition of Z;;, we further simplify the variance of W,,; as follows.

Var(WfL;nV)) = Var(Z;;) + Var(%olﬁOTZi) + Var(%olef) + Var('y?f\lziy\j)
— 2Cov(Z,j, ’Y?lﬁOTZi) — 2Cov(Z;j, ’y?le?) —2Cov(Z;, 'y(;’T\lZi,\j)
+ QCOV(’}/?I,BOTZi7 7;-)163) + QCOV(,BOT’Y?lZi, 7?7T\1Zi7\j) + 2Cov(7?16?, 7?7T\1Zi7\j)
= 05+ ()*B70:8° + (1) ki + 711 ©iii Vo
— 293805 — 2wy — 29]1,Oiny, + 2(171) 8w
+ 2978705 Vo1 + 2057 -
In addition, with the independence between ¢; and X;, and ei’yjol + Nijy = Xij — XlT,Bofy;.)l —
X1\ Y1 we have Cov(e;, €99, + mij,) = 0, ice., =77 Var(e;) = Cov(e;, mij,). Hence
Var(W™) = Var(e;(nijy + €7%) — €95)
= Var(e;(nij + €751)) + Var(e;95) — 2Cov(e; (i + €75): €751)
= Var(e;) Var(n;;, + 61'7?1) + Var(ﬁz?%%) — 2Cov(€;(nijy + 6z"7?1)a 6?7?1)-
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By the formula Cov(X,Y) = E(XY)—E(X)E(Y) for any random variable X and Y, it yields

Var(W(mv)) Var(e;)[Var (1) + Var(e;75,) +2Cov (1, €75 )]+ Var(e79;) — QE(%le (Mijy+
ev5y)) + 2E(ei(nijy + 617]1)) (€/9%1). Due to the independence between ¢; and €;75; + 7ij,y,
we have E(7,€) (15,5 + €71)) = E(ei(nij + €751))E(17%,) = 0. Tt then follows that

Var(W™) = Var(e)[Var(ni;,) + Var(enfy) — 2(4%)*Var(e:)] + Var(e4%)
= Var(e;)[Var(n) — (7%)?Var(e;)] + Var(e2y))
= Var(e))Var(,) + (1) (Var(e?) — Var(e;)).

If furthermore we assume homoscedasticity and normality for the error term then we have
Var(e2) — Var?(¢;) = E(e}) — 2[E(¢?)]? = 30 — 20 = Var®(¢;), which leads to the same result

7

in Theorem 3.1 from |Liu and Luo| (2014), i.e

= Var(e;)Var (i) + [Cov(e;, nij)]* = olos , + (711)?0r

Var(W™) = Var(e;) Var(n,) + (4%)? (Var(e2) — Var®(e;))

0,y + (87) 70,
0

For the proof of the three propositions about the asymptotic normality, they are followed
from the proof of the corresponding theorems. We here just prove the Proposition 2.

B(kfc—de)

Proof of Propositz’on 2. In order to get the asymptotic normality of ; , we have to deal

with n=' Y7 | X2. Now since

1 e— - 1 —
=Y XL ==Xy — X Xs(XEKs) ' Xis )
=1 =1

1 1 1
= —XIX; - EX}XS(XEXS)_lngj = EX]T{I — Xs(XIXs) "X }X;,
we have
|_ Z — (05 — JSEgéESjﬂ
1 _ _
=|5X}Xj — XiXs(X5Xs/n) XEX;/n = (05 — BjsTssTs;)|
S{lX}X]/n - Ujj| + 2||X;X3/n - E]ASHOO \% |S /\mln)\max
+ A2l Asll2 4+ 2v/18Amax /| Asl2 1 XEX; /n — ;oo
A IXEX; /0 — 3+ 1 AsaIXEX; /n — B3}
And since

1 1
P( sup |oj; — —XIX;| > e) < me<|c7jj - =XiX;| > e) < C1p™ exp(—Cyne?)
S:[S|<m n n
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we have SUPs;|s|<m o — %X}Xj’ = Op(y/mlogp/n).

Now for the term ||3;s — 2X7Xs||o, we have proved above that

1 _
sup ||(Ej3 — EX}XS)ESéﬂm = O,(y/mlogp/n).

S:|S|<m

By supg. sj<m [|Asllz = Op(y/m?logp/n), we have

sup |— (o) Y5sZs;
s |S‘I<7’m| ; i — 2jsdgs SJ)|
S ISU‘-p {’X]TXJ/TL — O'jj| + 2||X]TX3/H — ZjSHoo \/ ’S )\mm)\max
S:|S|I<m

A2 Al + 218 A | As 21X /0 = Sl
A IXEX; /0 — T3 + | As 2 IXEX;/n — Ssll3}

= sup {Op(\/ mlogp/n) + Op( V mlogp/”) \/|?>‘m1n)\maX

S:|S|<m

+ A2, O,(/m3 logp/n + \/E)\maXOp(\/m3 log p/n)O,(v/mlogp/n)
+ 1810, (v/mlogp/n)* A1 + |S|0,(v/mlog p/n)*O,(1/m3 logp/n)}
=0p{v/m?logp/n}.

Thus we have

= 0,{v/m?logp/n} = 0,(1). (2.13)

IR _
sup ‘— D X) = (05 — ZjsTsss))

Hence we have the following asymptotic normality by Slutsky’s theorem

kfc 0 n d
Z’L 1 (6 )/\/_ N(O’ o'ifc),
22—1 /Tl

where oy, = limy oo ™' D07 (05, —2855 855015+ X5 55Oiss 855 855) /(05— Ljs Lss Bs;)-
]

V(B — 30y =
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3 Additional simulation results

In this Section, we provide more simulation results with different covariance structures for
covariates and different distributions for the error term in Tables 3-30.

Table 1: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a Toeplitz matrix with p = 0.2,
and the random error are generated by the standard normal distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.054 0.304 0.760 0.984 1.000 1.000
400 0.052 0.482 0.964 1.000 1.000 1.000

200 200 0.052 0.294 0.762 0.976 1.000 1.000

400 0.044 0.460 0.980 1.000 1.000 1.000

500 200 0.064 0.292 0.760 0.972 1.000 1.000

400 0.040 0.488 0.972 1.000 1.000 1.000

EL-INV 100 200 0.040 0.296 0.748 0.984 1.000 1.000
400 0.054 0.470 0.962 1.000 1.000 1.000

200 200 0.044 0.290 0.774 0.976 1.000 1.000

400 0.038 0.458 0.980 1.000 1.000 1.000

500 200 0.048 0.276 0.784 0.978 1.000 1.000

400 0.034 0.490 0.972 1.000 1.000 1.000

EL-LASSO 100 200 0.052 0.312 0.770 0.990 1.000 1.000
400 0.054 0.490 0.970 1.000 1.000 1.000

200 200 0.048 0.308 0.786 0.982 1.000 1.000

400 0.038 0.462 0.978 1.000 1.000 1.000

500 200 0.056 0.300 0.788 0.980 1.000 1.000

400 0.042 0.512 0.976 1.000 1.000 1.000

Wald 100 200 0.048 0.266 0.748 0.964 1.000 1.000
400 0.048 0.502 0.970 1.000 1.000 1.000

200 200 0.064 0.270 0.742 0.972 1.000 1.000

400 0.038 0.486 0.978 1.000 1.000 1.000

500 200 0.052 0.284 0.794 0.968 0.998 1.000

400 0.040 0.486 0.978 1.000 1.000 1.000

Score 100 200 0.050 0.264 0.746 0.962 1.000 1.000
400 0.052 0.480 0.966 1.000 1.000 1.000

200 200 0.062 0.268 0.740 0.970 1.000 1.000

400 0.040 0.474 0.978 1.000 1.000 1.000

500 200 0.062 0.272 0.794 0.970 0.998 1.000

400 0.038 0.498 0.976 1.000 1.000 1.000
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Table 2: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with p = 0.2,
and the random error are generated by the standard normal distribution.

B

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.256 0.754 0.964 1.000 1.000
400 0.046 0.474 0.970 1.000 1.000 1.000

200 200 0.052 0.256 0.718 0.964 1.000 1.000

400 0.048 0.506 0.972 1.000 1.000 1.000

500 200 0.058 0.254 0.708 0.966 1.000 1.000

400 0.048 0.522 0.980 1.000 1.000 1.000

EL-INV 100 200 0.056 0.260 0.766 0.970 1.000 1.000
400 0.040 0.460 0.974 1.000 1.000 1.000

200 200 0.048 0.236 0.712 0.976 1.000 1.000

400 0.052 0.512 0.976 1.000 1.000 1.000

500 200 0.044 0.254 0.724 0.968 1.000 1.000

400 0.046 0.508 0.978 1.000 1.000 1.000

EL-LASSO 100 200 0.062 0.272 0.790 0.972 1.000 1.000
400 0.046 0.486 0.974 1.000 1.000 1.000

200 200 0.056 0.252 0.722 0.980 1.000 1.000

400 0.052 0.510 0.980 1.000 1.000 1.000

500 200 0.052 0.280 0.736 0.970 1.000 1.000

400 0.044 0.526 0.984 1.000 1.000 1.000

Wald 100 200 0.042 0.260 0.754 0.968 0.998 1.000
400 0.040 0.486 0.976 1.000 1.000 1.000

200 200 0.058 0.278 0.766 0.970 1.000 1.000

400 0.050 0.502 0.976 1.000 1.000 1.000

500 200 0.054 0.284 0.764 0.984 1.000 1.000

400 0.044 0.502 0.978 1.000 1.000 1.000

Score 100 200 0.042 0.262 0.758 0.966 1.000 1.000
400 0.042 0.490 0.974 1.000 1.000 1.000

200 200 0.058 0.280 0.760 0.968 1.000 1.000

400 0.048 0.498 0.976 1.000 1.000 1.000

500 200 0.058 0.268 0.764 0.988 1.000 1.000

400 0.042 0.506 0.980 1.000 1.000 1.000
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Table 3: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a block diagonal matrix with p = 0.2,
and the random error are generated by the standard normal distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.070 0.260 0.728 0.954 1.000 1.000
400 0.044 0.508 0.976 1.000 1.000 1.000

200 200 0.052 0.300 0.760 0.970 0.998 1.000

400 0.042 0.514 0.978 1.000 1.000 1.000

500 200 0.062 0.248 0.724 0.960 1.000 1.000

400 0.086 0.486 0.958 1.000 1.000 1.000

EL-INV 100 200 0.072 0.256 0.740 0.952 1.000 1.000
400 0.040 0.488 0.968 1.000 1.000 1.000

200 200 0.038 0.296 0.750 0.982 1.000 1.000

400 0.038 0.504 0.974 1.000 1.000 1.000

500 200 0.062 0.232 0.734 0.966 1.000 1.000

400 0.072 0.472 0.962 1.000 1.000 1.000

EL-LASSO 100 200 0.074 0.276 0.748 0.956 1.000 1.000
400 0.048 0.512 0.974 1.000 1.000 1.000

200 200 0.048 0.326 0.762 0.982 1.000 1.000

400 0.040 0.532 0.974 1.000 1.000 1.000

500 200 0.068 0.254 0.762 0.968 1.000 1.000

400 0.088 0.486 0.964 1.000 1.000 1.000

Wald 100 200 0.040 0.228 0.734 0.976 1.000 1.000
400 0.048 0.480 0.968 1.000 1.000 1.000

200 200 0.042 0.238 0.776 0.972 0.998 1.000

400 0.034 0.528 0.976 1.000 1.000 1.000

500 200 0.052 0.228 0.730 0.976 1.000 1.000

400 0.078 0.482 0.964 1.000 1.000 1.000

Score 100 200 0.042 0.226 0.738 0.974 1.000 1.000
400 0.040 0.476 0.966 1.000 1.000 1.000

200 200 0.042 0.232 0.770 0.974 0.998 1.000

400 0.036 0.522 0.976 1.000 1.000 1.000

500 200 0.058 0.236 0.726 0.978 1.000 1.000

400 0.084 0.484 0.958 1.000 1.000 1.000
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Table 4: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with p = 0.2, and
the random error are generated by a mixture normal distribution 0.7N(0, 1) + 0.3N(0, 5%).

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.062 0.086 0.188 0.324 0.482 0.632
400 0.048 0.118 0.276 0.536 0.760 0.916

200 200 0.072 0.118 0.202 0.316 0.468 0.642

400 0.046 0.102 0.224 0470 0.730 0.904

500 200 0.052 0.070 0.152 0.262 0.428 0.602

400 0.064 0.110 0.248 0.516 0.738 0.876

EL-INV 100 200 0.048 0.066 0.156 0.290 0.454 0.618
400 0.038 0.100 0.256 0.510 0.738 0.904

200 200 0.058 0.084 0.174 0.288 0.456 0.616

400 0.034 0.096 0.212 0.458 0.714 0.888

500 200 0.056 0.058 0.134 0.242 0.412 0.562

400 0.062 0.098 0.238 0.500 0.736 0.872

EL-LASSO 100 200 0.060 0.086 0.172 0.316 0.486 0.652
400 0.046 0.124 0.270 0.536 0.754 0.924

200 200 0.078 0.106 0.198 0.302 0.474 0.658

400 0.042 0.106 0.238 0.490 0.744 0.910

500 200 0.062 0.064 0.156 0.280 0.446 0.602

400 0.070 0.114 0.260 0.524 0.752 0.884

Wald 100 200 0.044 0.064 0.146 0.280 0.424 0.580
400 0.046 0.112 0.278 0.548 0.790 0.918

200 200 0.038 0.074 0.162 0.284 0.446 0.660

400 0.040 0.094 0.252 0.514 0.768 0.934

500 200 0.054 0.060 0.150 0.290 0.454 0.626

400 0.064 0.102 0.242 0.514 0.766 0.916

Score 100 200 0.038 0.068 0.144 0.272 0.428 0.588
400 0.048 0.122 0.260 0.546 0.792 0.920

200 200 0.036 0.078 0.160 0.290 0.454 0.666

400 0.044 0.088 0.248 0.502 0.752 0.930

500 200 0.052 0.060 0.162 0.292 0.460 0.636

400 0.062 0.100 0.242 0.518 0.760 0.908
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Table 5: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a Toeplitz matrix with p = 0.2, and the
random error are generated by a mixture normal distribution 0.7N(0, 1) 4+ 0.3N(0, 52).

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.054 0.080 0.168 0.276 0.440 0.606
400 0.056 0.106 0.278 0.538 0.768 0.894

200 200 0.056 0.096 0.166 0.294 0.444 0.596

400 0.070 0.110 0.274 0.532 0.762 0.906

500 200 0.056 0.080 0.132 0.278 0.414 0.562

400 0.048 0.096 0.254 0.506 0.724 0.872

EL-INV 100 200 0.036 0.064 0.142 0.260 0.414 0.586
400 0.040 0.098 0.256 0.524 0.754 0.894

200 200 0.054 0.078 0.146 0.264 0.408 0.598

400 0.052 0.104 0.264 0.522 0.758 0.898

500 200 0.054 0.070 0.118 0.248 0.426 0.562

400 0.042 0.094 0.236 0.488 0.712 0.860

EL-LASSO 100 200 0.054 0.074 0.166 0.286 0.448 0.622
400 0.054 0.110 0.288 0.562 0.768 0.908

200 200 0.060 0.094 0.170 0.292 0.452 0.612

400 0.058 0.118 0.286 0.554 0.780 0.914

500 200 0.066 0.072 0.144 0.284 0.438 0.586

400 0.048 0.100 0.266 0.516 0.734 0.888

Wald 100 200 0.054 0.090 0.168 0.314 0.474 0.678
400 0.048 0.098 0.280 0.564 0.788 0.912

200 200 0.058 0.090 0.170 0.294 0.460 0.666

400 0.052 0.112 0.286 0.552 0.808 0.924

500 200 0.054 0.096 0.192 0.292 0.452 0.638

400 0.052 0.090 0.276 0.530 0.758 0.892

Score 100 200 0.054 0.084 0.166 0.306 0.494 0.668
400 0.050 0.098 0.278 0.570 0.788 0.916

200 200 0.050 0.084 0.168 0.286 0.468 0.656

400 0.054 0.110 0.276 0.552 0.800 0.930

500 200 0.052 0.090 0.182 0.288 0.454 0.638

400 0.052 0.090 0.258 0.526 0.760 0.888
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Table 6: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a block diagonal matrix with p = 0.2,
and the random error are generated by a mixture normal distribution 0.7N(0, 1)+0.3N(0, 5%).

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.068 0.074 0.188 0.318 0.498 0.632
400 0.064 0.084 0.222 0470 0.682 0.858

200 200 0.078 0.096 0.184 0.300 0.472 0.622

400 0.056 0.094 0.262 0.490 0.710 0.872

500 200 0.066 0.102 0.180 0.286 0.444 0.604

400 0.054 0.078 0.228 0.482 0.698 0.868

EL-INV 100 200 0.056 0.068 0.162 0.308 0.462 0.628
400 0.054 0.070 0.222 0.448 0.656 0.848

200 200 0.070 0.062 0.152 0.278 0.456 0.598

400 0.046 0.078 0.230 0.458 0.692 0.866

500 200 0.052 0.088 0.168 0.272 0.440 0.606

400 0.046 0.082 0.218 0.458 0.702 0.864

EL-LASSO 100 200 0.062 0.092 0.186 0.330 0.500 0.648
400 0.066 0.084 0.228 0.486 0.692 0.860

200 200 0.082 0.082 0.186 0.306 0.478 0.644

400 0.058 0.098 0.264 0.498 0.732 0.876

500 200 0.058 0.100 0.188 0.310 0.476 0.626

400 0.056 0.090 0.242 0476 0.712 0.884

Wald 100 200 0.056 0.074 0.138 0.280 0.452 0.618
400 0.064 0.084 0.226 0.494 0.726 0.886

200 200 0.054 0.084 0.166 0.330 0.488 0.680

400 0.054 0.088 0.262 0.496 0.746 0.892

500 200 0.046 0.062 0.134 0.260 0.434 0.622

400 0.050 0.084 0.232 0.510 0.726 0.888

Score 100 200 0.054 0.070 0.134 0.270 0.442 0.624
400 0.060 0.082 0.226 0.486 0.722 0.882

200 200 0.052 0.086 0.168 0.318 0.490 0.668

400 0.052 0.092 0.256 0.492 0.746 0.886

500 200 0.046 0.060 0.138 0.258 0.434 0.620

400 0.048 0.076 0.238 0.504 0.722 0.894
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Table 7: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with p = 0.2,
and the random error are generated by a t3 distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.154 0.422 0.682 0.856 0.930
400 0.072 0.242 0.642 0.898 0.968 0.986

200 200 0.076 0.184 0.414 0.656 0.808 0.914

400 0.058 0.214 0.592 0.892 0.968 0.984

500 200 0.052 0.168 0.382 0.668 0.854 0.950

400 0.050 0.220 0.590 0.880 0.974 0.992

EL-INV 100 200 0.044 0.140 0.396 0.660 0.840 0.924
400 0.060 0.234 0.622 0.898 0.968 0.986

200 200 0.062 0.166 0.394 0.656 0.814 0.914

400 0.048 0.214 0.578 0.884 0.970 0.986

500 200 0.048 0.136 0.362 0.674 0.860 0.954

400 0.040 0.212 0.584 0.882 0.976 0.988

EL-LASSO 100 200 0.054 0.148 0.440 0.690 0.864 0.932
400 0.068 0.250 0.650 0.904 0.968 0.988

200 200 0.078 0.176 0.416 0.670 0.832 0.920

400 0.060 0.218 0.606 0.892 0.974 0.986

500 200 0.054 0.162 0.394 0.694 0.870 0.954

400 0.046 0.236 0.606 0.894 0.976 0.992

Wald 100 200 0.038 0.132 0.384 0.658 0.868 0.970
400 0.066 0.240 0.640 0.926 0.988 0.994

200 200 0.034 0.132 0.384 0.688 0.868 0.950

400 0.052 0.206 0.602 0.916 0.988 0.996

500 200 0.054 0.170 0.378 0.666 0.874 0.956

400 0.044 0.214 0.606 0.918 0.992 0.998

Score 100 200 0.040 0.130 0.370 0.662 0.866 0.968
400 0.060 0.232 0.636 0.922 0.988 0.994

200 200 0.034 0.136 0.388 0.690 0.868 0.948

400 0.052 0.198 0.604 0.916 0.988 0.994

500 200 0.054 0.168 0.374 0.664 0.874 0.956

400 0.042 0.210 0.598 0.916 0.992 0.998
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Table 8: Empirical size and power of the proposed EL-based test procedures and two ex-
isting procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a Toeplitz matrix with p = 0.2,
and the random error are generated by a t3 distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.056 0.168 0.442 0.720 0.874 0.936
400 0.060 0.238 0.620 0.888 0.970 0.986

200 200 0.088 0.152 0.394 0.654 0.842 0.922

400 0.070 0.236 0.596 0.900 0.976 0.996

500 200 0.088 0.142 0.378 0.652 0.846 0.940

400 0.052 0.230 0.626 0.896 0.974 0.996

EL-INV 100 200 0.046 0.142 0.436 0.716 0.878 0.950
400 0.044 0.222 0.618 0.884 0.964 0.988

200 200 0.068 0.130 0.384 0.654 0.834 0.924

400 0.060 0.206 0.584 0.896 0.980 0.992

500 200 0.064 0.118 0.382 0.650 0.852 0.938

400 0.050 0.222 0.624 0.886 0.968 0.996

EL-LASSO 100 200 0.062 0.164 0.454 0.736 0.886 0.948
400 0.056 0.238 0.642 0.896 0.968 0.988

200 200 0.082 0.152 0.406 0.674 0.850 0.926

400 0.070 0.234 0.616 0.908 0.982 0.994

500 200 0.080 0.138 0.398 0.686 0.874 0.942

400 0.056 0.244 0.644 0.906 0.974 0.996

Wald 100 200 0.050 0.148 0.396 0.700 0.896 0.958
400 0.036 0.216 0.650 0.920 0.986 0.996

200 200 0.048 0.142 0.362 0.664 0.856 0.944

400 0.052 0.216 0.610 0.908 0.990 1.000

500 200 0.046 0.130 0.340 0.668 0.862 0.960

400 0.044 0.238 0.636 0.926 0.994 0.998

Score 100 200 0.046 0.142 0.384 0.702 0.900 0.960
400 0.038 0.224 0.638 0.910 0.986 0.996

200 200 0.054 0.134 0.364 0.652 0.862 0.942

400 0.048 0.206 0.616 0.906 0.988 1.000

500 200 0.044 0.132 0.348 0.668 0.866 0.960

400 0.044 0.232 0.624 0.926 0.994 0.998
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Table 9: Empirical size and power of the proposed EL-based test procedures and two existing
procedures under the homogenous case. In this table, covariates are generated by a multi-
variate normal distribution with covariance given by a block diagonal matrix with p = 0.2,
and the random error are generated by a t3 distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.058 0.136 0.366 0.654 0.838 0.920
400 0.058 0.216 0.626 0.908 0.966 0.988

200 200 0.046 0.156 0.366 0.652 0.844 0.928

400 0.038 0.220 0.616 0.902 0.974 0.994

500 200 0.066 0.144 0.388 0.678 0.852 0.944

400 0.038 0.246 0.616 0.912 0.988 0.998

EL-INV 100 200 0.038 0.120 0.364 0.630 0.838 0.924
400 0.048 0.202 0.616 0.902 0.966 0.988

200 200 0.032 0.134 0.374 0.642 0.842 0.926

400 0.036 0.198 0.584 0.906 0.972 0.992

500 200 0.056 0.132 0.370 0.642 0.848 0.938

400 0.032 0.230 0.608 0.902 0.984 0.998

EL-LASSO 100 200 0.054 0.130 0.386 0.664 0.848 0.928
400 0.054 0.228 0.648 0.916 0.972 0.990

200 200 0.042 0.162 0.398 0.660 0.860 0.930

400 0.042 0.226 0.610 0.914 0.978 0.994

500 200 0.068 0.160 0.396 0.672 0.866 0.942

400 0.038 0.232 0.628 0.912 0.986 0.998

Wald 100 200 0.072 0.136 0.362 0.674 0.878 0.964
400 0.050 0.200 0.664 0.936 0.988 0.998

200 200 0.060 0.142 0.400 0.672 0.868 0.950

400 0.026 0.166 0.604 0.930 0.996 1.000

500 200 0.052 0.134 0.374 0.648 0.874 0.950

400 0.040 0.206 0.632 0.938 0.994 0.998

Score 100 200 0.068 0.130 0.362 0.674 0.880 0.962
400 0.050 0.194 0.666 0.936 0.986 0.998

200 200 0.056 0.140 0.400 0.676 0.872 0.946

400 0.032 0.176 0.602 0.932 0.994 1.000

500 200 0.044 0.136 0.366 0.650 0.878 0.950

400 0.040 0.208 0.638 0.942 0.994 0.998
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Table 10: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with p = 0.2,
and the random error are generated by a 0.7X,N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.072 0.232 0.632 0.908 0.990 1.000
400 0.040 0.368 0.892 0.996 1.000 1.000

200 200 0.072 0.224 0.654 0.928 0.994 1.000

400 0.068 0.364 0.884 0.996 1.000 1.000

500 200 0.088 0.252 0.652 0.924 0.986 1.000

400 0.044 0.394 0.908 0.998 1.000 1.000

EL-INV 100 200 0.070 0.222 0.616 0.910 0.996 1.000
400 0.038 0.352 0.892 1.000 1.000 1.000

200 200 0.054 0.210 0.648 0.924 0.994 1.000

400 0.066 0.338 0.876 0.996 1.000 1.000

500 200 0.066 0.246 0.636 0.912 0.984 1.000

400 0.038 0.388 0.912 1.000 1.000 1.000

EL-LASSO 100 200 0.076 0.242 0.626 0.914 0.996 1.000
400 0.040 0.372 0.902 1.000 1.000 1.000

200 200 0.068 0.220 0.664 0.934 0.996 1.000

400 0.068 0.352 0.878 0.998 1.000 1.000

500 200 0.076 0.258 0.648 0.920 0.988 1.000

400 0.046 0.394 0.914 1.000 1.000 1.000

Wald 100 200 0.230 0.510 0.888 0.986 1.000 1.000
400 0.216 0.682 0.988 1.000 1.000 1.000

200 200 0.272 0.480 0.840 0.986 1.000 1.000

400 0.258 0.672 0.976 1.000 1.000 1.000

500 200 0.234 0.510 0.862 0.990 1.000 1.000

400 0.210 0.714 0.988 1.000 1.000 1.000

Score 100 200 0.236 0.508 0.886 0.986 1.000 1.000
400 0.212 0.688 0.988 1.000 1.000 1.000

200 200 0.266 0.482 0.840 0.984 1.000 1.000

400 0.258 0.664 0.978 1.000 1.000 1.000

500 200 0.230 0.508 0.862 0.990 1.000 1.000

400 0.214 0.716 0.986 1.000 1.000 1.000
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Table 11: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
p = 0.2, and the random error are generated by a 0.7X;N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.088 0.222 0.616 0.894 0.984 1.000
400 0.056 0.392 0.906 1.000 1.000 1.000

200 200 0.080 0.248 0.646 0.922 0.986 1.000

400 0.064 0.348 0.896 0.998 1.000 1.000

500 200 0.062 0.254 0.660 0.932 0.990 1.000

400 0.052 0.406 0.900 0.998 1.000 1.000

EL-INV 100 200 0.072 0.224 0.602 0.900 0.988 1.000
400 0.048 0.372 0.894 1.000 1.000 1.000

200 200 0.066 0.238 0.628 0.912 0.988 1.000

400 0.060 0.334 0.892 0.998 1.000 1.000

500 200 0.050 0.234 0.618 0.922 0.994 1.000

400 0.048 0.384 0.896 0.998 1.000 1.000

EL-LASSO 100 200 0.084 0.230 0.616 0.906 0.988 1.000
400 0.058 0.392 0.906 1.000 1.000 1.000

200 200 0.074 0.246 0.656 0.928 0.988 1.000

400 0.066 0.344 0.906 0.998 1.000 1.000

500 200 0.052 0.252 0.634 0.930 0.994 1.000

400 0.050 0.400 0.906 0.998 1.000 1.000

Wald 100 200 0.242 0.476 0.854 0.986 1.000 1.000
400 0.244 0.680 0.992 1.000 1.000 1.000

200 200 0.292 0.512 0.848 0.986 1.000 1.000

400 0.242 0.674 0.984 1.000 1.000 1.000

500 200 0.246 0.504 0.862 0.982 0.998 1.000

400 0.214 0.730 0.984 1.000 1.000 1.000

Score 100 200 0.242 0474 0.862 0.986 1.000 1.000
400 0.244 0.680 0.992 1.000 1.000 1.000

200 200 0.278 0.508 0.848 0.986 1.000 1.000

400 0.234 0.670 0.982 1.000 1.000 1.000

500 200 0.244 0.498 0.858 0.982 0.998 1.000

400 0.212 0.736 0.984 1.000 1.000 1.000
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Table 12: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with p = 0.5,
and the random error are generated by a N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.254 0.698 0.948 0.998 1.000
400 0.058 0.418 0.918 0.996 1.000 1.000

200 200 0.030 0.252 0.690 0.958 0.998 1.000

400 0.040 0.396 0.934 0.996 1.000 1.000

500 200 0.042 0.232 0.664 0.944 0.996 1.000

400 0.052 0.392 0.920 1.000 1.000 1.000

EL-INV 100 200 0.038 0.264 0.722 0.954 1.000 1.000
400 0.044 0.470 0.938 0.998 1.000 1.000

200 200 0.028 0.266 0.728 0.968 0.998 1.000

400 0.050 0.438 0.966 0.996 1.000 1.000

500 200 0.034 0.264 0.738 0.968 0.998 1.000

400 0.050 0.446 0.956 1.000 1.000 1.000

EL-LASSO 100 200 0.046 0.304 0.744 0.966 1.000 1.000
400 0.054 0.512 0.948 0.998 1.000 1.000

200 200 0.036 0.306 0.764 0.970 0.998 1.000

400 0.052 0.476 0.974 0.996 1.000 1.000

500 200 0.040 0.288 0.764 0.970 0.998 1.000

400 0.052 0.508 0.964 1.000 1.000 1.000

Wald 100 200 0.056 0.272 0.734 0.966 1.000 1.000
400 0.050 0.520 0.930 1.000 1.000 1.000

200 200 0.034 0.256 0.758 0.970 0.998 1.000

400 0.058 0.476 0.978 1.000 1.000 1.000

500 200 0.036 0.248 0.748 0.978 1.000 1.000

400 0.058 0.476 0.962 1.000 1.000 1.000

Score 100 200 0.048 0.234 0.708 0.950 1.000 1.000
400 0.030 0.498 0.942 1.000 1.000 1.000

200 200 0.020 0.228 0.712 0.958 0.998 1.000

400 0.042 0.438 0.974 1.000 1.000 1.000

500 200 0.030 0.204 0.714 0.968 1.000 1.000

400 0.040 0.424 0.944 1.000 1.000 1.000
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Table 13: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with p = 0.5,
and the random error are generated by a N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.054 0.256 0.670 0.940 0.996 1.000
400 0.044 0.402 0.922 1.000 1.000 1.000

200 200 0.044 0.218 0.614 0.940 0.996 1.000

400 0.050 0.406 0.906 0.998 1.000 1.000

500 200 0.046 0.156 0.610 0.938 0.998 1.000

400 0.036 0.406 0.932 1.000 1.000 1.000

EL-INV 100 200 0.042 0.258 0.712 0.954 0.998 1.000
400 0.044 0.424 0.938 1.000 1.000 1.000

200 200 0.036 0.224 0.672 0.952 0.998 1.000

400 0.052 0.422 0.940 1.000 1.000 1.000

500 200 0.038 0.176 0.640 0.966 0.998 1.000

400 0.028 0.438 0.958 1.000 1.000 1.000

EL-LASSO 100 200 0.052 0.304 0.730 0.962 0.998 1.000
400 0.044 0.450 0.944 1.000 1.000 1.000

200 200 0.048 0.252 0.704 0.970 0.998 1.000

400 0.058 0.432 0.948 1.000 1.000 1.000

500 200 0.042 0.210 0.676 0.972 0.998 1.000

400 0.036 0.462 0.960 1.000 1.000 1.000

Wald 100 200 0.064 0.340 0.804 0.980 0.998 1.000
400 0.042 0.528 0.974 1.000 1.000 1.000

200 200 0.052 0.298 0.790 0.984 1.000 1.000

400 0.074 0.522 0.974 1.000 1.000 1.000

500 200 0.036 0.260 0.790 0.988 0.998 1.000

400 0.034 0.564 0.990 1.000 1.000 1.000

Score 100 200 0.060 0.304 0.750 0.968 0.998 1.000
400 0.030 0.448 0.948 1.000 1.000 1.000

200 200 0.032 0.240 0.732 0.970 0.998 1.000

400 0.064 0.446 0.956 1.000 1.000 1.000

500 200 0.036 0.208 0.724 0.982 0.998 1.000

400 0.026 0.486 0.966 1.000 1.000 1.000
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Table 14: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
p = 0.5, and the random error are generated by a N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.062 0.230 0.654 0.928 0.990 1.000
400 0.052 0.416 0.934 1.000 1.000 1.000

200 200 0.046 0.246 0.668 0.942 0.996 1.000

400 0.050 0.380 0.938 1.000 1.000 1.000

500 200 0.066 0.244 0.670 0.922 0.996 1.000

400 0.052 0.392 0.918 0.998 1.000 1.000

EL-INV 100 200 0.056 0.226 0.676 0.954 0.990 1.000
400 0.046 0.428 0.948 1.000 1.000 1.000

200 200 0.026 0.244 0.712 0.972 0.998 1.000

400 0.034 0.386 0.952 1.000 1.000 1.000

500 200 0.046 0.252 0.712 0.950 1.000 1.000

400 0.044 0.402 0.938 0.998 1.000 1.000

EL-LASSO 100 200 0.066 0.254 0.710 0.956 0.99 1.000
400 0.052 0.448 0.954 1.000 1.00 1.000

200 200 0.038 0.258 0.726 0.974 1.00 1.000

400 0.044 0.410 0.956 1.000 1.00 1.000

500 200 0.058 0.262 0.714 0.950 1.00 1.000

400 0.054 0.410 0.948 0.998 1.00 1.000

Wald 100 200 0.060 0.250 0.718 0.964 0.998 1.000
400 0.048 0.474 0.970 1.000 1.000 1.000

200 200 0.032 0.260 0.750 0.976 1.000 1.000

400 0.044 0.450 0.962 1.000 1.000 1.000

500 200 0.058 0.272 0.728 0.960 0.998 1.000

400 0.054 0.454 0.962 1.000 1.000 1.000

Score 100 200 0.050 0.226 0.672 0.954 0.994 1.000
400 0.046 0.422 0.948 1.000 1.000 1.000

200 200 0.022 0.226 0.696 0.964 1.000 1.000

400 0.038 0.398 0.952 1.000 1.000 1.000

500 200 0.050 0.238 0.680 0.942 0.998 1.000

400 0.044 0.396 0.950 1.000 1.000 1.000
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Table 15: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by a
multivariate normal distribution with covariance given by a banded matrix with p = 0.5, and
the random error are generated by a mixture normal distribution 0.7N(0, 1) + 0.3N(0, 5%).

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.052 0.078 0.168 0.250 0.390 0.534
400 0.056 0.102 0.240 0.464 0.696 0.848

200 200 0.050 0.074 0.148 0.276 0.426 0.540

400 0.058 0.094 0.224 0.436 0.636 0.814

500 200 0.044 0.080 0.146 0.238 0.386 0.530

400 0.040 0.086 0.208 0.416 0.624 0.792

EL-INV 100 200 0.040 0.080 0.176 0.282 0.408 0.552
400 0.058 0.130 0.276 0.516 0.732 0.874

200 200 0.040 0.076 0.158 0.310 0.452 0.594

400 0.064 0.120 0.254 0.486 0.718 0.850

500 200 0.034 0.062 0.162 0.280 0.406 0.582

400 0.042 0.104 0.246 0.490 0.686 0.842

EL-LASSO 100 200 0.048 0.100 0.202 0.306 0.442 0.598
400 0.062 0.142 0.298 0.558 0.768 0.906

200 200 0.052 0.082 0.182 0.332 0.476 0.626

400 0.068 0.138 0.286 0.536 0.742 0.870

500 200 0.038 0.076 0.176 0.302 0.440 0.610

400 0.048 0.110 0.272 0.528 0.716 0.872

Wald 100 200 0.044 0.066 0.174 0.272 0.434 0.592
400 0.052 0.134 0.310 0.552 0.766 0.904

200 200 0.040 0.060 0.158 0.304 0.462 0.630

400 0.054 0.128 0.282 0.532 0.754 0.892

500 200 0.038 0.068 0.156 0.268 0.442 0.624

400 0.042 0.088 0.252 0.504 0.726 0.900

Score 100 200 0.034 0.058 0.126 0.250 0.390 0.558
400 0.048 0.112 0.270 0.526 0.752 0.890

200 200 0.032 0.052 0.122 0.262 0.418 0.566

400 0.048 0.102 0.244 0.488 0.716 0.878

500 200 0.032 0.058 0.134 0.236 0.392 0.592

400 0.032 0.080 0.212 0.456 0.696 0.856
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Table 16: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with p = 0.5,
and the random error are generated by a mixture normal distribution 0.7N(0, 1)+0.3N(0, 5%).

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.050 0.080 0.150 0.260 0.408 0.564
400 0.050 0.078 0.214 0.400 0.652 0.814

200 200 0.060 0.078 0.136 0.246 0.376 0.496

400 0.056 0.100 0.238 0.450 0.668 0.824

500 200 0.050 0.074 0.168 0.266 0.418 0.550

400 0.072 0.088 0.238 0.454 0.662 0.818

EL-INV 100 200 0.038 0.082 0.142 0.260 0.426 0.574
400 0.028 0.088 0.206 0.418 0.660 0.816

200 200 0.052 0.080 0.142 0.242 0.386 0.534

400 0.038 0.098 0.236 0.440 0.686 0.836

500 200 0.046 0.082 0.162 0.284 0.440 0.594

400 0.052 0.092 0.240 0.484 0.692 0.840

EL-LASSO 100 200 0.048 0.100 0.164 0.302 0.464 0.624
400 0.042 0.094 0.236 0.456 0.696 0.844

200 200 0.062 0.100 0.158 0.286 0.426 0.584

400 0.060 0.116 0.266 0.498 0.704 0.860

500 200 0.050 0.100 0.192 0.318 0.482 0.622

400 0.068 0.100 0.274 0.528 0.716 0.860

Wald 100 200 0.054 0.098 0.208 0.362 0.560 0.720
400 0.034 0.122 0.306 0.566 0.768 0.902

200 200 0.056 0.106 0.194 0.340 0.534 0.690

400 0.062 0.146 0.318 0.596 0.792 0.938

500 200 0.062 0.124 0.230 0.380 0.554 0.712

400 0.050 0.138 0.354 0.628 0.812 0.924

Score 100 200 0.040 0.068 0.166 0.302 0.486 0.656
400 0.030 0.090 0.248 0478 0.716 0.872

200 200 0.044 0.092 0.150 0.284 0.448 0.626

400 0.048 0.114 0.264 0.536 0.744 0.904

500 200 0.050 0.084 0.202 0.332 0.500 0.646

400 0.046 0.108 0.280 0.548 0.750 0.894
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Table 17: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
p = 0.5, and the random error are generated by a mixture normal distribution 0.7N(0,1) +
0.3N(0, 52).

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.066 0.094 0.158 0.250 0.388 0.522
400 0.068 0.112 0.264 0.450 0.682 0.854

200 200 0.084 0.088 0.138 0.244 0.354 0.496

400 0.064 0.112 0.242 0.464 0.660 0.834

500 200 0.072 0.078 0.134 0.242 0.386 0.544

400 0.044 0.092 0.204 0.412 0.650 0.820

EL-INV 100 200 0.052 0.070 0.134 0.234 0.374 0.516
400 0.058 0.112 0.264 0.454 0.684 0.858

200 200 0.068 0.072 0.128 0.236 0.380 0.520

400 0.054 0.106 0.234 0.448 0.668 0.836

500 200 0.070 0.064 0.122 0.250 0.418 0.568

400 0.036 0.076 0.208 0.420 0.674 0.830

EL-LASSO 100 200 0.060 0.084 0.158 0.254 0.424 0.562
400 0.070 0.128 0.282 0.476 0.720 0.876

200 200 0.080 0.082 0.164 0.264 0.412 0.550

400 0.054 0.116 0.264 0.498 0.696 0.854

500 200 0.074 0.078 0.138 0.276 0.444 0.612

400 0.046 0.094 0.226 0.452 0.708 0.846

Wald 100 200 0.056 0.078 0.144 0.282 0.428 0.618
400 0.058 0.124 0.302 0.550 0.780 0.922

200 200 0.066 0.084 0.152 0.264 0.434 0.598

400 0.048 0.110 0.268 0.538 0.756 0.898

500 200 0.060 0.080 0.150 0.292 0.450 0.626

400 0.036 0.082 0.252 0.502 0.762 0.906

Score 100 200 0.042 0.062 0.130 0.250 0.378 0.562
400 0.054 0.106 0.266 0.480 0.732 0.890

200 200 0.054 0.068 0.128 0.236 0.378 0.548

400 0.042 0.096 0.246 0.480 0.710 0.880

500 200 0.050 0.064 0.136 0.250 0.404 0.592

400 0.034 0.076 0.206 0.448 0.694 0.866
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Table 18: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with p = 0.5,
and the random error are generated by a t3 distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.050 0.138 0.354 0.630 0.838 0.936
400 0.054 0.200 0.564 0.846 0.958 0.982

200 200 0.064 0.124 0.348 0.556 0.766 0.888

400 0.044 0.180 0.530 0.812 0.942 0.976

500 200 0.072 0.116 0.314 0.564 0.774 0.894

400 0.036 0.206 0.556 0.866 0.940 0.978

EL-INV 100 200 0.042 0.146 0.380 0.656 0.844 0.934
400 0.054 0.218 0.604 0.866 0.950 0.986

200 200 0.054 0.124 0.358 0.606 0.808 0.912

400 0.044 0.216 0.572 0.826 0.950 0.978

500 200 0.060 0.132 0.340 0.610 0.804 0.918

400 0.038 0.250 0.622 0.894 0.956 0.982

EL-LASSO 100 200 0.056 0.176 0.432 0.704 0.864 0.952
400 0.066 0.246 0.648 0.888 0.960 0.986

200 200 0.066 0.154 0.398 0.640 0.826 0.926

400 0.054 0.252 0.598 0.868 0.962 0.982

500 200 0.070 0.148 0.374 0.640 0.828 0.932

400 0.062 0.284 0.652 0.908 0.964 0.988

Wald 100 200 0.056 0.134 0.366 0.698 0.878 0.968
400 0.050 0.222 0.622 0.902 0.984 0.998

200 200 0.060 0.130 0.364 0.606 0.820 0.940

400 0.044 0.208 0.606 0.894 0.972 0.994

500 200 0.056 0.122 0.330 0.648 0.858 0.944

400 0.034 0.250 0.620 0.938 0.980 0.996

Score 100 200 0.042 0.106 0.338 0.636 0.864 0.956
400 0.036 0.188 0.622 0.904 0.978 0.998

200 200 0.050 0.110 0.302 0.584 0.794 0.928

400 0.036 0.172 0.570 0.886 0.970 0.988

500 200 0.050 0.110 0.286 0.596 0.832 0.932

400 0.028 0.206 0.592 0.920 0.974 0.996
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Table 19: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with p = 0.5,
and the random error are generated by a t3 distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.060 0.158 0.370 0.578 0.802 0.910
400 0.066 0.238 0.586 0.854 0.948 0.986

200 200 0.048 0.122 0.318 0.586 0.790 0.888

400 0.052 0.190 0.518 0.826 0.958 0.986

500 200 0.058 0.136 0.330 0.566 0.796 0.898

400 0.036 0.186 0.526 0.822 0.956 0.990

EL-INV 100 200 0.046 0.158 0.376 0.598 0.816 0.916
400 0.060 0.238 0.612 0.858 0.956 0.986

200 200 0.048 0.112 0.336 0.612 0.816 0.918

400 0.040 0.186 0.540 0.836 0.966 0.984

500 200 0.060 0.142 0.356 0.616 0.812 0.918

400 0.034 0.212 0.550 0.854 0.962 0.992

EL-LASSO 100 200 0.060 0.186 0.398 0.642 0.836 0.930
400 0.062 0.254 0.618 0.864 0.960 0.986

200 200 0.054 0.140 0.388 0.656 0.840 0.940

400 0.054 0.210 0.578 0.860 0.970 0.986

500 200 0.066 0.166 0.382 0.656 0.828 0.924

400 0.036 0.236 0.590 0.868 0.970 0.996

Wald 100 200 0.054 0.208 0.430 0.700 0.888 0.962
400 0.062 0.286 0.674 0.934 0.992 0.998

200 200 0.062 0.166 0.462 0.754 0.912 0.966

400 0.060 0.256 0.692 0.932 0.990 1.000

500 200 0.064 0.200 0.454 0.718 0.896 0.962

400 0.040 0.266 0.662 0.932 0.996 1.000

Score 100 200 0.046 0.160 0.380 0.634 0.848 0.952
400 0.046 0.236 0.616 0.910 0.976 0.998

200 200 0.048 0.126 0.374 0.674 0.870 0.954

400 0.048 0.210 0.618 0.890 0.982 0.998

500 200 0.052 0.142 0.398 0.672 0.860 0.952

400 0.034 0.196 0.604 0.900 0.994 1.000
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Table 20: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
p = 0.5, and the random error are generated by a t3 distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.064 0.126 0.328 0.568 0.756 0.882
400 0.066 0.202 0.546 0.822 0.944 0.978

200 200 0.060 0.138 0.314 0.614 0.790 0.902

400 0.046 0.188 0.522 0.822 0.944 0.986

500 200 0.056 0.120 0.364 0.622 0.810 0.910

400 0.046 0.172 0.500 0.842 0.948 0.992

EL-INV 100 200 0.054 0.126 0.322 0.576 0.772 0.884
400 0.052 0.200 0.552 0.834 0.950 0.976

200 200 0.062 0.132 0.314 0.634 0.806 0.902

400 0.044 0.176 0.552 0.834 0.950 0.988

500 200 0.040 0.112 0.394 0.646 0.826 0.916

400 0.044 0.164 0.530 0.846 0.954 0.990

EL-LASSO 100 200 0.068 0.140 0.358 0.608 0.784 0.898
400 0.060 0.222 0.566 0.848 0.958 0.980

200 200 0.068 0.150 0.354 0.664 0.834 0.918

400 0.050 0.204 0.570 0.852 0.956 0.988

500 200 0.052 0.134 0.424 0.666 0.834 0.932

400 0.052 0.182 0.576 0.860 0.964 0.994

Wald 100 200 0.048 0.120 0.342 0.646 0.848 0.952
400 0.056 0.208 0.604 0.906 0.976 0.994

200 200 0.044 0.108 0.344 0.670 0.858 0.946

400 0.042 0.208 0.584 0.882 0.988 0.998

500 200 0.038 0.110 0.388 0.674 0.860 0.948

400 0.046 0.176 0.608 0.916 0.986 0.998

Score 100 200 0.040 0.094 0.308 0.590 0.804 0.932
400 0.056 0.186 0.558 0.870 0.968 0.990

200 200 0.036 0.096 0.314 0.626 0.832 0.938

400 0.028 0.176 0.544 0.864 0.982 0.998

500 200 0.036 0.090 0.334 0.644 0.848 0.928

400 0.040 0.160 0.558 0.896 0.980 0.996
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Table 21: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with p = 0.5,
and the random error are generated by a 0.7X,N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.078 0.204 0.588 0.874 0.976 1.000
400 0.056 0.344 0.890 0.988 0.998 1.000

200 200 0.058 0.232 0.588 0.900 0.988 0.998

400 0.056 0.322 0.844 0.990 0.998 1.000

500 200 0.076 0.252 0.604 0.890 0.980 1.000

400 0.058 0.366 0.854 0.994 1.000 1.000

EL-INV 100 200 0.052 0.210 0.588 0.870 0.972 1.000
400 0.054 0.330 0.878 0.992 1.000 1.000

200 200 0.044 0.220 0.590 0.896 0.988 0.996

400 0.044 0.346 0.864 0.984 1.000 1.000

500 200 0.062 0.238 0.614 0.890 0.980 1.000

400 0.050 0.386 0.854 0.994 1.000 1.000

EL-LASSO 100 200 0.076 0.226 0.644 0.894 0.984 1.000
400 0.068 0.378 0.914 0.994 1.000 1.000

200 200 0.060 0.260 0.634 0.920 0.992 0.998

400 0.060 0.386 0.886 0.992 1.000 1.000

500 200 0.070 0.272 0.662 0.914 0.990 1.000

400 0.060 0.416 0.894 0.998 1.000 1.000

Wald 100 200 0.254 0.496 0.820 0.982 1.000 1.000
400 0.208 0.666 0.978 0.998 1.000 1.000

200 200 0.222 0.480 0.862 0.994 1.000 1.000

400 0.222 0.650 0.972 1.000 1.000 1.000

500 200 0.204 0.508 0.868 0.982 1.000 1.000

400 0.240 0.644 0.984 1.000 1.000 1.000

Score 100 200 0.240 0.448 0.804 0.974 1.000 1.000
400 0.198 0.650 0.978 0.998 1.000 1.000

200 200 0.202 0.458 0.838 0.992 1.000 1.000

400 0.228 0.628 0.964 1.000 1.000 1.000

500 200 0.186 0.496 0.850 0.982 1.000 1.000

400 0.228 0.618 0.978 1.000 1.000 1.000
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Table 22: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with p = 0.5,
and the random error are generated by a 0.7X,N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.070 0.228 0.606 0.864 0.982 0.992
400 0.068 0.348 0.874 0.994 1.000 1.000

200 200 0.074 0.230 0.616 0.870 0.986 0.996

400 0.066 0.304 0.858 0.982 1.000 1.000

500 200 0.056 0.198 0.604 0.892 0.984 1.000

400 0.056 0.416 0.884 0.994 1.000 1.000

EL-INV 100 200 0.056 0.210 0.588 0.864 0.980 0.992
400 0.066 0.344 0.872 0.994 1.000 1.000

200 200 0.050 0.224 0.604 0.876 0.988 0.996

400 0.062 0.306 0.850 0.984 1.000 1.000

500 200 0.050 0.192 0.596 0.892 0.984 1.000

400 0.046 0.414 0.880 0.994 1.000 1.000

EL-LASSO 100 200 0.068 0.238 0.636 0.900 0.984 0.996
400 0.068 0.372 0.894 0.994 1.000 1.000

200 200 0.066 0.250 0.630 0.892 0.988 0.996

400 0.068 0.330 0.868 0.988 1.000 1.000

500 200 0.052 0.224 0.632 0.918 0.988 1.000

400 0.054 0.452 0.900 0.994 1.000 1.000

Wald 100 200 0.246 0.524 0.856 0.986 1.000 1.000
400 0.216 0.710 0.984 1.000 1.000 1.000

200 200 0.262 0.538 0.862 0.992 0.998 1.000

400 0.212 0.726 0.980 1.000 1.000 1.000

500 200 0.210 0.512 0.900 0.998 1.000 1.000

400 0.268 0.754 0.984 1.000 1.000 1.000

Score 100 200 0.220 0.492 0.836 0.982 1.000 1.000
400 0.194 0.672 0.974 1.000 1.000 1.000

200 200 0.232 0.492 0.840 0.990 0.998 1.000

400 0.196 0.652 0.972 0.998 1.000 1.000

500 200 0.194 0.474 0.874 0.998 1.000 1.000

400 0.232 0.720 0.978 1.000 1.000 1.000
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Table 23: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
p = 0.5, and the random error are generated by a 0.7X;N(0, 1) distribution.

By

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.044 0.234 0.612 0.868 0.976 0.994
400 0.046 0.376 0.876 0.988 1.000 1.000

200 200 0.074 0.206 0.566 0.864 0.978 0.996

400 0.070 0.344 0.878 0.988 1.000 1.000

500 200 0.060 0.198 0.556 0.882 0.984 1.000

400 0.060 0.384 0.870 0.984 1.000 1.000

EL-INV 100 200 0.038 0.212 0.602 0.878 0.972 0.994
400 0.044 0.362 0.880 0.988 1.000 1.000

200 200 0.044 0.190 0.560 0.864 0.976 0.994

400 0.060 0.334 0.876 0.988 1.000 1.000

500 200 0.060 0.184 0.546 0.864 0.982 1.000

400 0.052 0.358 0.866 0.986 1.000 1.000

EL-LASSO 100 200 0.052 0.234 0.636 0.896 0.982 0.992
400 0.050 0.386 0.894 0.988 1.000 1.000

200 200 0.064 0.206 0.586 0.896 0.984 0.996

400 0.066 0.358 0.888 0.988 1.000 1.000

500 200 0.072 0.214 0.588 0.888 0.986 1.000

400 0.058 0.400 0.888 0.992 1.000 1.000

Wald 100 200 0.226 0.508 0.864 0.982 0.994 1.000
400 0.222 0.686 0.976 1.000 1.000 1.000

200 200 0.234 0.440 0.826 0.980 1.000 1.000

400 0.238 0.672 0.972 1.000 1.000 1.000

500 200 0.232 0.454 0.836 0.984 1.000 1.000

400 0.224 0.684 0.982 1.000 1.000 1.000

Score 100 200 0.202 0474 0.832 0.978 0.994 1.000
400 0.194 0.656 0.974 1.000 1.000 1.000

200 200 0.202 0.410 0.792 0.978 0.998 1.000

400 0.222 0.648 0.964 1.000 1.000 1.000

500 200 0.218 0.418 0.816 0.980 1.000 1.000

400 0.210 0.668 0.978 1.000 1.000 1.000
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Table 24: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with p = 0.2,
and the random error are generated by a X; 3", X; 1 X;N(0,1)/(p — 1) distribution.

B

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.086 0.910 0.998 1.000 1.000 1.000
400 0.052 0.990 1.000 1.000 1.000 1.000

200 200 0.090 0.948 1.000 1.000 1.000 1.000

400 0.070 0.992 1.000 1.000 1.000 1.000

500 200 0.096 0.954 1.000 1.000 1.000 1.000

400 0.054 0.998 1.000 1.000 1.000 1.000

EL-INV 100 200 0.078 0.896 0.996 1.000 1.000 1.000
400 0.050 0.990 1.000 1.000 1.000 1.000

200 200 0.078 0.938 1.000 1.000 1.000 1.000

400 0.066 0.992 1.000 1.000 1.000 1.000

500 200 0.090 0.948 1.000 1.000 1.000 1.000

400 0.050 0.998 1.000 1.000 1.000 1.000

EL-LASSO 100 200 0.078 0.896 0.996 1.000 1.000 1.000
400 0.050 0.990 1.000 1.000 1.000 1.000

200 200 0.084 0.946 1.000 1.000 1.000 1.000

400 0.070 0.992 1.000 1.000 1.000 1.000

500 200 0.090 0.954 1.000 1.000 1.000 1.000

400 0.050 0.998 1.000 1.000 1.000 1.000

Wald 100 200 0.232 0.982 1.000 1.000 1.000 1.000
400 0.262 1.000 1.000 1.000 1.000 1.000

200 200 0.212 0.996 1.000 1.000 1.000 1.000

400 0.236 1.000 1.000 1.000 1.000 1.000

500 200 0.248 0.992 1.000 1.000 1.000 1.000

400 0.218 1.000 1.000 1.000 1.000 1.000

Score 100 200 0.226 0.982 1.000 1.000 1.000 1.000
400 0.262 1.000 1.000 1.000 1.000 1.000

200 200 0.212 0.996 1.000 1.000 1.000 1.000

400 0.236 1.000 1.000 1.000 1.000 1.000

500 200 0.240 0.992 1.000 1.000 1.000 1.000

400 0.218 1.000 1.000 1.000 1.000 1.000
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Table 25: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
p = 0.2, and the random error are generated by a X; > -7_, X; 1 X;N(0, 1)/(p—1) distribution.

B

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.094 0.964 1.000 1.000 1.000 1.000
400 0.066 1.000 1.000 1.000 1.000 1.000

200 200 0.078 0.986 1.000 1.000 1.000 1.000

400 0.058 1.000 1.000 1.000 1.000 1.000

500 200 0.050 0.994 1.000 1.000 1.000 1.000

400 0.060 1.000 1.000 1.000 1.000 1.000

EL-INV 100 200 0.098 0.958 1.000 1.000 1.000 1.000
400 0.064 1.000 1.000 1.000 1.000 1.000

200 200 0.078 0.986 1.000 1.000 1.000 1.000

400 0.052 1.000 1.000 1.000 1.000 1.000

500 200 0.054 0.996 1.000 1.000 1.000 1.000

400 0.056 1.000 1.000 1.000 1.000 1.000

EL-LASSO 100 200 0.096 0.962 1.000 1.000 1.000 1.000
400 0.072 1.000 1.000 1.000 1.000 1.000

200 200 0.078 0.986 1.000 1.000 1.000 1.000

400 0.054 1.000 1.000 1.000 1.000 1.000

200 200 0.052 0.996 1.000 1.000 1.000 1.000

400 0.060 1.000 1.000 1.000 1.000 1.000

Wald 100 200 0.284 1.000 1.000 1.000 1.000 1.000
400 0.246 1.000 1.000 1.000 1.000 1.000

200 200 0.230 1.000 1.000 1.000 1.000 1.000

400 0.256 1.000 1.000 1.000 1.000 1.000

500 200 0.210 1.000 1.000 1.000 1.000 1.000

400 0.236 1.000 1.000 1.000 1.000 1.000

Score 100 200 0.284 1.000 1.000 1.000 1.000 1.000
400 0.236 1.000 1.000 1.000 1.000 1.000

200 200 0.230 1.000 1.000 1.000 1.000 1.000

400 0.258 1.000 1.000 1.000 1.000 1.000

500 200 0.214 1.000 1.000 1.000 1.000 1.000

400 0.238 1.000 1.000 1.000 1.000 1.000
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Table 26: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a banded matrix with p = 0.5,
and the random error are generated by a X; 3", X; 1 X;N(0,1)/(p — 1) distribution.

B

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.076 0.314 0.770 0.962 0.996 0.998
400 0.062 0.544 0.970 0.998 1.000 1.000

200 200 0.062 0.366 0.832 0.990 0.998 1.000

400 0.052 0.558 0.968 0.998 1.000 1.000

500 200 0.076 0.392 0.850 0.980 1.000 1.000

400 0.058 0.564 0.980 1.000 1.000 1.000

EL-INV 100 200 0.068 0.306 0.770 0.962 0.996 1.000
400 0.054 0.548 0.960 0.998 1.000 1.000

200 200 0.054 0.362 0.836 0.992 0.996 1.000

400 0.046 0.558 0.970 0.998 1.000 1.000

500 200 0.064 0.394 0.860 0.988 1.000 1.000

400 0.054 0.580 0.986 1.000 1.000 1.000

EL-LASSO 100 200 0.076 0.356 0.800 0.968 0.996 1.000
400 0.066 0.582 0.974 0.998 1.000 1.000

200 200 0.066 0.388 0.862 0.994 0.998 1.000

400 0.052 0.596 0.974 1.000 1.000 1.000

500 200 0.074 0.430 0.878 0.990 1.000 1.000

400 0.062 0.616 0.990 1.000 1.000 1.000

Wald 100 200 0.254 0.612 0.928 1.000 1.000 1.000
400 0.214 0.828 0.998 1.000 1.000 1.000

200 200 0.226 0.652 0.978 1.000 1.000 1.000

400 0.228 0.844 1.000 1.000 1.000 1.000

500 200 0.204 0.666 0.962 1.000 1.000 1.000

400 0.238 0.846 1.000 1.000 1.000 1.000

Score 100 200 0.250 0.574 0.918 0.998 1.000 1.000
400 0.206 0.824 0.998 1.000 1.000 1.000

200 200 0.202 0.614 0.972 1.000 1.000 1.000

400 0.220 0.808 1.000 1.000 1.000 1.000

500 200 0.200 0.640 0.962 1.000 1.000 1.000

400 0.234 0.832 1.000 1.000 1.000 1.000
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Table 27: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a Toeplitz matrix with p = 0.5,
and the random error are generated by a X; 3", X; 1 X;N(0,1)/(p — 1) distribution.

B

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.082 0.324 0.792 0.964 0.992 0.996
400 0.068 0.542 0.968 0.998 1.000 1.000

200 200 0.094 0.376 0.818 0.980 0.996 1.000

400 0.068 0.520 0.968 1.000 1.000 1.000

500 200 0.054 0.326 0.846 0.990 1.000 1.000

400 0.060 0.620 0.976 1.000 1.000 1.000

EL-INV 100 200 0.070 0.318 0.790 0.960 0.990 0.996
400 0.062 0.532 0.966 0.996 1.000 1.000

200 200 0.068 0.370 0.822 0.980 0.996 1.000

400 0.060 0.514 0.966 1.000 1.000 1.000

500 200 0.054 0.346 0.856 0.990 1.000 1.000

400 0.056 0.630 0.978 1.000 1.000 1.000

EL-LASSO 100 200 0.070 0.340 0.810 0.972 0.994 0.996
400 0.068 0.554 0.972 0.998 1.000 1.000

200 200 0.084 0.402 0.844 0.982 0.996 1.000

400 0.064 0.550 0.978 1.000 1.000 1.000

500 200 0.056 0.376 0.884 0.994 1.000 1.000

400 0.064 0.656 0.982 1.000 1.000 1.000

Wald 100 200 0.250 0.652 0.960 0.996 1.000 1.000
400 0.236 0.852 0.996 1.000 1.000 1.000

200 200 0.256 0.680 0.976 0.998 1.000 1.000

400 0.204 0.874 0.998 1.000 1.000 1.000

200 200 0.198 0.688 0.992 1.000 1.000 1.000

400 0.274 0.902 1.000 1.000 1.000 1.000

Score 100 200 0.228 0.620 0.944 0.994 1.000 1.000
400 0.192 0.816 0.996 1.000 1.000 1.000

200 200 0.222 0.644 0970 0.998 1.000 1.000

400 0.190 0.840 0.998 1.000 1.000 1.000

500 200 0.188 0.650 0.986 1.000 1.000 1.000

400 0.236 0.876 1.000 1.000 1.000 1.000
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Table 28: Empirical size and power of the proposed EL-based test procedures and two
existing procedures under the homogenous case. In this table, covariates are generated by
a multivariate normal distribution with covariance given by a block diagonal matrix with
p = 0.5, and the random error are generated by a X; > -7_, X; 1 X;N(0, 1)/(p—1) distribution.

B

Method p n 0 0.1 0.2 0.3 0.4 0.5
EL-KFC 100 200 0.064 0.592 0.952 0.992 1.000 1.000
400 0.068 0.842 1.000 1.000 1.000 1.000

200 200 0.076 0.556 0.962 0.998 1.000 1.000

400 0.066 0.856 1.000 1.000 1.000 1.000

500 200 0.070 0.602 0.992 1.000 1.000 1.000

400 0.060 0.874 1.000 1.000 1.000 1.000

EL-INV 100 200 0.050 0.574 0.954 0.992 1.000 1.000
400 0.060 0.844 1.000 1.000 1.000 1.000

200 200 0.056 0.550 0.960 0.998 1.000 1.000

400 0.060 0.862 1.000 1.000 1.000 1.000

500 200 0.066 0.584 0.992 1.000 1.000 1.000

400 0.062 0.878 1.000 1.000 1.000 1.000

EL-LASSO 100 200 0.060 0.600 0.958 0.994 1.000 1.000
400 0.070 0.862 1.000 1.000 1.000 1.000

200 200 0.068 0.568 0.966 0.998 1.000 1.000

400 0.064 0.868 1.000 1.000 1.000 1.000

500 200 0.070 0.612 0.996 1.000 1.000 1.000

400 0.066 0.886 1.000 1.000 1.000 1.000

Wald 100 200 0.226 0.842 0.996 1.000 1.000 1.000
400 0.208 0.970 1.000 1.000 1.000 1.000

200 200 0.226 0.828 0.996 1.000 1.000 1.000

400 0.232 0.966 1.000 1.000 1.000 1.000

500 200 0.240 0.850 1.000 1.000 1.000 1.000

400 0.220 0.982 1.000 1.000 1.000 1.000

Score 100 200 0.212 0.808 0.994 1.000 1.000 1.000
400 0.182 0.962 1.000 1.000 1.000 1.000

200 200 0.204 0.802 0.996 1.000 1.000 1.000

400 0.208 0.954 1.000 1.000 1.000 1.000

500 200 0.214 0.832 1.000 1.000 1.000 1.000

400 0.204 0.972 1.000 1.000 1.000 1.000
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