Online Supplement to “Identification and Inference

With Nonignorable Missing Covariate Data”

Wang Miao and Eric Tchetgen Tchetgen
Peking Unwversity and Harvard University

July 27, 2017

This supplement includes identification results for the pattern-mixture parametriza-

tion, efficiency issue for , useful lemmas, and proofs of the theorems.

A. Identification Results for the Pattern-Mixture parametriza-

tion

Considering a model pr(z,y, z,7;60) indexed by 6, we assume Assumption [1} i.e., there
exists a one-to-one mapping between the parameter space and the joint distribution
space. Parallel to the identification framework for the selection model, we must rule
out values of 6 that result in the identical distribution of observed data, which are

characterized by

pr(z;61) = pr(z;62)
pr(y,r=0]261) = pr(y,r=0]z6),
pr(z,y,r =1]261) = pr(z,y,r=1]z6).



We have have the following condition for identification.

Condition A.1. The parameter 0 is identified, if for any two values 61 and 02 of 6 such
that pr(z;601) = pr(z;02) and pr(y,r = 0| z;61) = pr(y,r = 0 | z;02) almost surely, the
following inequality holds with a positive probability

pr(x,y | zZ, T = 0701) C exp{OR(x,y | 2701)}
X )
pr(z,y | z,7 = 0;62) exp{OR(z,y | 2;02)}

with

= M — :1.
OR(z,y | 2;0) = log ir(x,y 2 — Oje)pr(ﬂc _07?} | 2,7 = j9)

encoding the degree of departure between the two data patterns corresponding to r = 0,1

respectively, and

Elexp{—OR(z,y | z;61)}
}

0]
Elexp{—OR(z,y | z;02) 0

I

Condition[Ad]is a sufficient condition for identification. One can verify that inequal-

| 7
| 7

ity is in fact equivalent to pr(z,y,r = 1| 2;601) # pr(z,y,r = 1| z;05). However,
provides a useful access to check identification of the pattern-mixture parametrization
where one specifies a parametric/semiparametric model for pr(z,y | z,7). In particular,
when one has available a fully observed shadow variable z for the missing covariate x,
i.e., ZILR| (X,Y), one can verify that

pr(r=0|z,y;0)pr(r=1|z=0,y;0)
pr(r=1]|z,9;0)pr(r=0|z=0,y;0)’

OR(z,y | 2;0) = log

which is a function only of (x,y). As a result, the right hand side of does not vary

with z. We have the following identification result for pattern-mixture model.
Proposition A.1. Considering models pr(y | x,z,7;60) and pr(z|z,r;§), if for 61 # s,
the ratio pr(z,y | z,7 = 0;01,&1)/pr(z,y | z,r = 0;62,&) varies with z for all &, &,

then the parameter 6 indexing the outcome model is identified.



The proposition follows from the fact that under the shadow variable assumption,
the right hand side of is not a function of z, and thus must hold if the ratio
pr(z,y | z,r = 0;01,&)/pr(z,y | z,7 = 0; 62, &) varies with z for distinct values 6; and
5. Assuming the generalized liner models f for pr(z | z,7 =0) and pr(y | z,z,r =
0) respectively, one can apply the results of Theorems 1-3 to check identification of

pattern-mixture models.

B. Efficiency for (8)

We apply Newey and McFadden| (1994] Theorem 5.3) to derive the optimal choice of G

leading to the efficient estimator that solves . We let
U(G,a) = {r/m(z,y;0) — 1} G(z, ).

The IPW estimator & in this paper in fact solves E{U(G7 @)} = 0. From Newey and

McFadden| (1994, Theorem 5.3), the optimal choice Gopt satisfies
E{oU (G, ao)/(?ozT} = B{U(G, ao)U(Gopt,a0)’}, for all G(y, z),
with ag the true value of o. Thus,
E {G(y, 2) {(r/ﬂ'(x,y; ag) — 1)% x Ggpt + /7% (2, y; o) X On(x, y; ao)/ﬁaTH =0,
for all G(y, z). As a consequence, we have
E {(r/ﬂ(x,y;ao) — 1)2 X Gopt + r/m2(z,y; 00) X O (2, y; ap) /Ot | y,z} =0,

and thus

Gopt(y,2) = —1/E{(r/m(z,y;00) — 1)* | y, 2} x E {r /7 (@, y; 000) x Om(, y; 000)/Dex | y, 2} ,



and the variance of the corresponding estimator is

Vopt = [E{U(GoptaaO)U(GoptyaO)T}]71

~1
|:E {{T/TI'(J), Y, Oéo) - 1}2 X Gopt(ya Z)Ggpt(y7 Z)}:| .
Under the shadow variable setting Z1LR | (X,Y), we have

Vopt = [E {{T/W(ﬂcaya ) — 1}2 X Gopt (Y Z)GoTpt(yaz)H -

= [B{B{(r/m(z.y,a0) = 1)? | 2,y} X E{Gopi(y, )Gl (y,2) | 2,9} }]

[E {{1/7r(x,y7a0) - 1} X E{Gopt(yv ) opt(y7 ‘ T y}}]

[E {1/7T(.’E, y,ao) - 1} X Gopt(yv Z)Ggpt(ya Z)}]i

The optimal choice G,p¢ and the variance Vip, depend the shadow variable Z. A choice
of Z such that E {1/m(x,y,a0) — 1} X Gopt(y, 2)GL (4, 2) } is large is desirable to max-
imize efficiency. Construction of Gopt depends on the unknown true data generating
process and nuisance parameter pr(x | y, z). A feasible approach is to plug-in consistent
nuisance parameter estimates, but it is still difficult in particular for continuous y or z

because pr(z | y, z) may be very complicated.

C. Proofs of Theorems

We prove the identification results of Theorems [IH3] by verifying the condition of Propo-
sition [1} i.e., the ratio pr(y,x | 2;0)/pr(y,x | z;6’) varies with z for § # ¢, which is
determined by functions 71,72, By, Bs of models 7. We first describe four lemmas

about these functions.

Lemma 1. Suppose pr(z | z) follows model and (', N) # (v,), then the ratio

pr(z | z;9, X)) /pr(z | z;7v, ) varies with z.



Proof. The proof proceeds by contradiction. Suppose the ratio pr(z|z;+/, ') /pr(z|z; v, A)

does not vary with z, and

pr(z]z;y', )

pr(z|z;7y, ) = M=),

for some h(z) # 1, then we have
/pr(m | z;79, \)dz = /pr(x | z;79", N )dx = /pr(x | 239, \h(z)dx = 1,
x x x

for all z, and thus [ pr(z|z;y,A\){h(z) — 1}dz = 0 for all z, i.e.,

/exp{x ) 771(Z§’V) _ABI(WI(ZVY)) + Al(x,)\)} {h(x) _ l}dx — 0’ (2)

for all z. Under the full rank condition for the exponential family, X is complete for
pr(z | ) (Shao| 2003, Proposition 2.1, page 110), i.e., E{f(X) | z} = 0 for all z implies
f(X) = 0. Thus, from (2)), we must have h(z) = 1, which contradicts (7', \') # (v, ).

As a result, pr(z | z;7', X)) /pr(z | z;7,A) must vary with z. O

)

Lemma 2. Suppose the third order derivative function of Bs denoted by BéB is not a

constant and let g = Bé?’). If B%g(a + Bt) = B?g(a + B't) for all t, then we must have
1. B=p; or
2. B=—-F"#0, and g(a+ Bt) = g(a’ — Bt) for all t.

Proof. If B8 = 0, B?g(a’ + B't) = B%g(a + Bt) = 0 for all . Because g is a nonzero
function, we must have 8’ = 0;
For 8 # 0, we must have 8’ # 0. For |3/3| < 1, letting s = f3t, because B3?g(a +

Bt) = B?g(a’ + B't) for any t, we have

gla+s)=(8'/B)*-gla' +6'/B ),



and thus

glats) = (8'/8)* - gla+(a/ —a)+ /B s)
(B'/B)" - g’ + B'/B(a" —a) + 572/5% - 5).

By iteration, we have g(a + s) = 0 for all s, which is impossible for a nonzero function
g. So we have |3’/0| > 1, and similarly, |3’/8] < 1. As a result, we have |8| = |5'| > 0.

If 5 =0 #0, we have g(a + 8t) = g(o’ 4+ t) for all ¢t. If 3 = —f’ # 0, we have
g(a+ Bt) = g(o/ — Bt) for all ¢.

O

Lemma 3. Suppose the first order deriwative function of ny denoted by ngl) is not a
constant and let g = nél). For arbitrary ¢,¢' > 0, if 8/ - gla+ 5t) = '/¢" - g(a/ + 5't)
for all t, then we must have

1. B=p'; or

2. B==p"#0,¢=¢", and g(a + Bt) = —g(a’ — Bt) for any t.
Proof. We first prove that |3’| # |8| is impossible by an argument of contradiction.
Suppose 8 # 0. For |5'/8] < 1, because /¢ - gla + 5t) = p'/¢" - g(a/ + p't) for any ¢,
letting s = St, we have g(a+s) = 3'/8-¢/d - g(a/ + /B s). By iteration of the former
formula, 8/¢ = '/¢' and g(« + s) must be a constant, which contradicts that g = 7751)
is not a constant. Thus, |3’/8| < 1 is impossible and similarly |3’/8] > 1 is impossible.
Thus, if 8 # 0, we must have |3| = |5’|. By switching («, 8,¢) and (¢/,8’,¢’) in the
above argument, if 3’ # 0, we have |3| = |8’|. As a result, we have |8'| = |5].

If further 8 = —f" # 0, we have g(a + t) = —¢' /¢ - g(o/ — Bt) for all ¢, and thus

gla/ = Bt) = —¢' /o - g(a + Bt) for all t. We let s; and so denote two points such that



9(s1),9(s2) # 0, and let t1,ts denote two values such that o/ — ft; = o + fta = s1, and
of — Bty = o+ Bty = s3, then we have g(s1)/g(s2) = g(a’ — Bt1)/g(a + t1) = —¢'/¢,
and g(s1)/g(s2) = gla+ Bta)/g(a’ — Bta) = —¢/¢d’. As a result, we must have ¢ = ¢’,
and thus g(a + ft) = —g(o/ — Bt) for all ¢.

O

Lemma 4. Suppose the third order derivative function of Bs denoted by Bés) is not

a constant and let g = Bég). If gla + Bt) = g(a/ + B't) for all t, then we must have

18] = 18']-

Proof. We prove |B| = |5'| by an argument of contradiction. Suppose 8 # 0, because

g(a+ ft) = g(a/ 4+ g't) for all ¢, by letting s = St, we have
gla+s)=g(d +p5/B-s), foralls. (3)

For |8'/B| < 1, by iteration of (3)), we have g(a + s) = g{a + S B/8)k (@ — @)}
Thus, g(« + s) is a constant, which is a contradiction. Thus, |5'/8] < 1 is impossible,
and similarly, |8'/5| > 1 is impossible. STherefore, if 8 # 0, we must have 8] = |5’].
By switching (o, 3) and (o/, 8’) in the above argument, if 3’ # 0, we have || = |3|. In

summary, we have |3'| = |3].

Proof of Theorem [i]
According to Proposition[I} we prove the identification results of Theorem [I] by show-
ing that the ratio pr(y, z|z;0)/pr(y, z|z; 0’) varies with z when particular components of

two different parameter sets § and 6’ are not equal. Letting L(y, z,z) = log{pr(y, |



2;0)/pr(y,z | z;6')} and assuming models ([@)—(F), we have

Liy,z,2) = y.(7;_?)_{32;772)_32;:7%)}+x.{11\1_13\%}

(a)

B {31(771) _ Bi(n1)
A N

} T {Aa(y.§) — As(y. )} + {Ar(a, N) — Ay (&, X)),

Letting

?’L B

_ 5 Bi_ )
0y0z 10)

7751)(/30 + Bz + fox) — gﬁz (By + Biz + Bax),

if 92L/(0ydz) is not equal to zero, then L(y,x, z) varies with 2. We prove identi-
fication of 31/¢ by showing that 2L /(0y0z) # 0 for 31 /¢ # B, /¢'.

If )5 is a linear function, i.e., 7751) is a nonzero constant, then 9>L/(0ydz) cannot

equal zero for 81/¢ # B1/¢’. Thus, 81 /¢ must be identified.

We first prove identification under (i) 82 = 85 = 0. We then prove identification
under (ii) B2 = B5 = 0 does not hold, by showing that 93L/(8%x0z) # 0 for
(B, B2, ¢) # (B1, B3, &)

Under (i), we have Y1l X|Z, and thus pr(y | z,z) = pr(y | 2) can be identified from
the observed data, thus, (81, 82, ¢) is identified.

Under (ii), we prove identification of (81, 82, ¢) by applying Lemmas [2| and [4] to

show that 93L/(0%x0z) # 0 for (B1, B2, ¢) # (B}, B, ¢').

Because 75 is a linear function, from (a) we have 81 /¢ = ;/¢" and

3L / / /
220z 7%{55353) (Bo + Brz + Ba) — BEBSY (B) + Biz + )}

Because Bf) is a nonlinear function, B§3) is not a constant. We consider the

following three cases for (ii).



(b1) If |31] # |81, from Lemmal[2} 3L/ (9?xdz) # 0.

(b2) If By = —B% # 0, letting 2 = —(Bo + Pax)/P1, we have

93L /
92xdz _%BS{BES)(O) - Bés)(ﬁo — Bo — 20Bax)}.

) )

2) . . . 3) .
Because Bé is not a linear function, i.e., Bé is not a constant, from Lemma

it is impossible that 93L/(8?x0z) = 0 for all x.

(b3) If By = B4 # 0 and (B1, ¢) # (B, ¢'), we apply Lemmato show 0°L/(9%20z) #

0. We have
83L 3 ! !
P10z _sz {Bég)(ﬁo + Pz + Bow) — Bé?)) (By + Bz + Box)}.

Because 75 is a linear function, we have proved that £1/¢ = Bi/¢’ in (a).
Because ¢, ¢ > 0, 81 and ] must have the same sign. For fixed z, from

Lemma O3L/(0%x0z) # 0 for By # By or ¢ # ¢'.

From (b1)—-(b3), we have shown that under (ii), 93L/(8%x0z) # 0 for (B1, Ba, ¢) #
(81, B%, @"). Thus, applying Proposition (81, B2, @) must be identified under (ii).

Therefore, we have proved that when 7 is a linear function and Béz) is a nonlinear

function, (81, B2, @) are identified.

(c) We first prove identification under (i) 8; = 87 = 0. We then prove identifica-
tion when (ii) 31 = 8] = 0 does not hold, by showing that 9?L/(dydz) # 0 for
(B1, B2, ¢) # (B1, B, ¢')-

Under (i) 81 = 81 =0, we have Y117 | X. Noting the shadow variable assumption

ZIR | (Y,X), we have ZILR | X, and thus

pr(z | z;7, \) ¢ log pr(y | ; B2, ®)

L(y,x,z) =1o .
o2) =log ey T8 oty T2 )



If (v, A) # (v, X), from Lemmal [1]} pr(z | z;7,A)/pr(z | 2;7/, ') varies with z, and

so does L(y,x, z).

If (v,\) = (7, N), we note that pr(y | z) is identified and

pr(y | 2) = / pr(elz; 7 pr(y | ; B2, 8)dz = / pr(z | 2)pr(y | z; B, ¢')d,

x x

i.e., for all z, we have the following integral equation

Jeww o P )+ Ar(a ) oty |3 52,0) iy | 355, =,

thus, by completeness of the exponential families under the full rank condition
(Shaol, [2003, Proposition 2.1, page 110), we have pr(y | x; 82, ¢) = pr(y | z; 55, ¢').
As a result, we have shown identification of (81, 82, ¢) under (i).

Under (ii), we apply Lemma |3| to prove identification of (81, 82) by showing that

0?L/(0ydz) # 0 for (B1,B2) # (B}, B5). We consider the following three cases.

(c1) Because 79 is a nonlinear function, 7751) is not a constant. If |8;| # |B1|, then
from Lemma |3} 0>L/(0y0z) # 0.

(c2) If By = —f31 # 0, we show that 9?L/(dydz) cannot equal zero for all .
If By = =81 # 0 and ¢ # ¢/, from Lemma 0%L/(0y0z) cannot equal zero
for all z.
If 1 = =B #0, ¢ = ¢, and Po # — B4, letting z = — (B + Bax)/B1, we have

0%L
ydz %[né”«n + 1" (B + By + (B2 + Bi)a})

which cannot equal 0 for all x because 7751) is not a constant.

If By = =p1 # 0 and (¢, B2) = (¢',—f3), we let g(z,2) = n2(Bo + Prz +

Bax) —n2(B — Bz — Bax). If Dg(w, 2) /02 # 0, we have 92L/(0ydz) = 1/¢ x

10



9g(x,z)/0z # 0; otherwise if dg(x, 2)/0z = 0, i.e., g(z,x) = g(z) is a function
only of z, we let z = (5 — Bo — 282x)/(261) and then we must have g(x) =
ne{(Bo+84)/2} —n2{(Bo+15,)/2} = 0 for all z. Therefore, n2(Bo+S12+B22) =
m2(By — P1z — Pax) for all z and for all . Note that ¢ = ¢, then the
two different sets (8o, 1, B2, ¢) and (B(, 51, Bs, ¢') must index the identical
distribution pr(y | z, ), which contradicts Assumption [1| that we assume a

one-to-one mapping between parameters and the joint distribution.

As a result, if 81 = —B] # 0, 9°L/(9ydz) cannot equal zero for all .

(e3) If By = B} # 0 and By # B4, we show 9?°L/(0ydz) # 0. For 31 = B} # 0, we

have

O*L 1 1
D0z b1 {¢U§1)(50 + Brz + Ba) — &Tlél)(ﬂ() + Bz + ﬂéx)} .

Letting z = —(Bo + S22)/P1, we have

0%’L
Oy0z

1
¢

=8 { s (0) — %7751){66 — Bo+ (B — ﬂm}} :

which cannot equal 0 for all z because nél) is not a constant. Thus, 9*°L/(dydz) #

0.

From (c1)-(¢3), we have shown that under (ii), 0L/ (0y0z) # 0 for (81, B2) #

(84, 85). Thus, applying Proposition [I} (31, 82) must be identified under (ii).

Therefore, we have proved that when 7, is a non-linear function, (31, 52) are

identified.

Proof of Theorem 2]

Assume the normal models: Y | X, Z ~ N(By + 1z + fox,¢) and X | Z ~

11



N(y0 + 712, A), then we have the following conditional distribution

X |Y,Z ~ Ny +72+ 7y, N),

with
r_ B2A(Bo + Bayo) ;o BB+ Bamn)
Yo = 70 ¢+ﬂ§)\ ) Y1 =7 ¢+,622A )
;B2 ;P
BT T oAy

Because X 11 Z | Y if and only if 7 = 0, the shadow variable assumption is satisfied when
v # 0, i.e., B182/® # v1/A. Under such a condition, because pr(z | y, z) follows a normal
model, Miao et al.| (2015 proved that for any two candidate models pr(x | y, z) and pr’(z |
y,2), the ratio pr(z | y,2)/pr’(z | y,2) must vary with z. Thus, pr(z,y, z)/pr'(z,y, )
must vary with z, and therefore, all parameters (5o, 51, 82, @, A, a, @1, 2) are identified.

Proof of Theorem [3]

(a) If By = B =0, i.e., YILZ | X, then from the shadow variable assumption Z1lR |

(Y, X), we have ZILR | X, and thus

pr(z | 279, A) pr(y | ; B2, ¢)
L(y,x,z) =log + log .
,:2) pr(z | 29, X) pr(y | 2383, ¢')
If (v, A) # (v, X), from Lemma 1} pr(z | z;7,A)/pr(z | 2;7/, ') varies with z, and

so does L(y, z, z).

If (v, A) = (v, \'), we note that pr(y | z) is identified and

MMdZ/MWWNmMm@WW=/Mﬂ@MMm%MW,

x

i.e., for all z, we have the following integral equation

[ {o Py e5) + i) | or(y | 032, 0)-prty | 03850 )de = 0

12



thus, by completeness of the exponential families under the full rank condition

(Shao,, 2003| Proposition 2.1, page 110), we have pr(y | x; 82, ¢) = pr(y | x; 55, ¢').

As a result, we have shown identification of (82, ¢) for model [6]

(b) If B2 = B4 = 0, we have Y1L.X|Z, and thus pr(y | z,2) = pr(y | z), which can
be identified from the observed data. As a result, (5o, 51, ¢) are identified under

model [

Proof of Theorem [4]
We prove that and @[) are unbiased estimating equations, when both pr(r =1 |

x,y;a) and pr(y | x, z; B) are correctly specified. Under the shadow variable assumption

ZILR | (X,Y), at the true value o of o, we have

e 11 0e0] = 2 [P (g 1) ot

E [E{W(T)—l | xy} x E{G(z,y) | m,y}].

z,y; a0

When pr(r = 1 | z,y;a) is correctly specified, E{r/m(z,y;a’) — 1| z,y} = 0, and thus
E [{T/W(m,y;ao) - 1} G(z,y)] =0, ie., is an unbiased estimating equation for a.

Furthermore, under true values (a?, 3%, ¢°), we have

E{WS(z,y;B,(b)} = E{E<Wlx,y>xs(w,y;ﬁ,¢)}
E{S(z,y;8,9)},

which equals zero under correct specification of both pr(r = 1 | x, y; &) and pr(y | z, z; 3).

Thus, @D is an unbiased estimating equation for (3, ¢).

13
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