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Supplementary Material

In the Supplemental Material, we provide some details on the eight log-linear models given in
Table 2 of the the paper, the details on the ignorable nonresponse models for an incomplete
I x J table, detailed results of simulation studies and data analysis that were omitted in Section
5 of the the paper, the proofs of Theorem 1-3) and 4) in the paper, the details on the log-linear
models for incomplete three-way contingency tables, and the details on a nonignorable selection
model for an incomplete two-way contingency table.

This Supplement is organized as follows. Section S1 provides the expressions of aij, Bi;
and g defined in Eq (2.1) of the the paper for each of the eight log-linear models given in Table
2 of the the paper. Section S2 gives the details on the ignorable nonresponse models (MCAR
log-linear model and MAR selection model) for an incomplete I x J table. Section S3 presents
the closed forms of #5511, Mit12 and 74521 in Eq (4.1) and (4.2) of the the paper. Section S4
specifies the values of parameters for simulation studies in Section 5.1 of the the paper and
presents the results of simulation studies for N=10000. Section S5 provides the estimates of the
expected cell counts for the eight nonignorable log-linear models and the ignorable nonresponse
models fitted to two real data sets, the first data set used in Section 5.2 of the the paper and
the second data set an additional real data example. The proofs of Theorem 1-3) and 4) in
the paper are given in Section S6. Section S7 provides the details on the nonresponse log-
linear models for incomplete three-way contingency tables and the model selection guideline.
Section S8 provides the details on a nonignorable selection model for an incomplete two-way
contingency table and illustrates its performance for two real data sets. Finally, the proofs of

Theorems given in Section S7 and Section S8 are presented in Section S9.

S1 «;; and B;; for the eight nonignorable log-linear
models in Table 2

Table presents the expressions of a;; and §;; defined in Eq (2.1) of the the paper for the
eight nonignorable log-linear models in Table 2 of the the paper. Note that the expression of g

is the same for all eight log-linear models, g = exp[4AR, r,]-
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Table S1:  «;; and $3;; for the eight nonignorable log-linear models in Table 2

Model notation
(-, Bi.) aij =expA\g — Mg, + AR p, — AR R, T )‘?11%1 - A.inlRl]
Bij — exp[)\fb — )\}%2 + )\}3211?2 — )‘}%11 Ro + )\1,Y21R2 - Alﬁ}le]
(aj,B.5) @ij = explA, = AR, + AR R, ~ AR, T Angl - /\ng1]
Bij - eXpP\?ﬁ — A}?z + A}?Qle — )\}211 Ro + XleRz - X%{sz]
(@i, B.5) aij = expAR, = AR, + AR R, ~ ARyry T )‘.%1111 - )\.?11{1]
Bij - eXp[)\?h — A}?z + A}?Qle — )\%211 Ro + )\JYsz - X]Ysz]
(aj,Bi) Yij = eXp[)\%l N )\}31 + )‘%11122 - )‘}%111%2 + )\:]32111 - /\jngl]
Bij = expM\h, — Ak, + AR Ry — MRi Ry T Y R, — AV R,
wmy oD Ak MMl
Bij = exp\f, — b + AR o A A2 5 -0 ]
(., B.) j = exp[)\%l - /\}%1 + ,\%11122 _ )‘}2111%2] . ]
Bij = expAh, — A, A2 — A w2 L
(ai‘7ﬂ") iy = eXpP\QRl - A}h + A%%llRQ - A}?11R2 + )\iY21R1 - /\iY11R1]
Bij = expM\%, — Ak, T AR Ry — \R\Ro)
(a.5,8-) o eXp[)\}l B )\1}%1 + )\1%11132 - )\Ele + )\J\?le - X%}le]
ﬁij ~ EXp[)\Rz — )\Rz + )\Rle — )\Rle]

S2 Ignorable Nonresponse Models for an incomplete
I x J Table in Table 1

As the important baseline models for an incomplete I x J of Table 1 in the paper, one can

consider the ignorable nonresponse models, the MCAR model and the MAR model.

S2.1 MCAR log-linear model

The MCAR model for the cell probabilities @ = {m;jxe} is represented as the log-linear model
without any interaction term(s) between the row and column variables (Y1 and Y2) and the two

missingness variables (R and Raz),
IOg Mijke = )‘§/1 + )‘{/2 + )‘11921 + )\%2 + Aizle + )‘Ilv%éle . (82'1)

i j k ¢ ij ke ke
where > M}’l:Zj A%@,:Ek AR, = > AR, = D /\%Ygzzg‘ A% YQZZk AR, Rzzze ARy R, =0
The missing data mechanism assumed in Eq. (S2.1)) is MCAR because the probability that
an observation is missing does not depend on the unobserved realization of a random variable
(Baker, Rosenberger and Dersimonian, 1992). That is, the parameterizations concerning the
Tij21 Tij12

dependence of R; and Rz on the two response variables, denoted as a;; = — -~ and B; = et
ij ij

are both independent of both subscripts i and j:
Qij = eXPP\?ﬁ - )\}al + >\2R11R2 - A%zlleL Bij = exp[)\%l - A}al + A?QIIRz - )\}alle}-

We denote this MCAR log-linear model as (a.., 8..).
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We have also studied the property of the MCAR model (c..,(..) in Eq. in terms
of the nonresponse odds, u(j,j/) and w(i,i/), and the response odds intervals, OI” (j,j/) and
OI”(i,i/) (i.e., Eq (3.1), (3.2) and (3.3) in the paper). Since the model («.., 8.,.) has the same
forms of v;(j,5'), v(4, "), w;j(4,4') and w(i,i") as the model (a., B.;) in the absence of all A\ 5 ’s
and )\jyi R, S, both H (4,7") in Table 8 of the paper and H* (i,4") in Table S12 of this Supplemen-
tal Material (Section S6) are 1. In addition, M., (4,5') > 1 and M,/ (j,5’) < 1 for all pairs (4, ')
of Yo, and M (i,4i') > 1 and My (i,1') < 1 for all pairs (4,7") of Y;. These results mean that
v (G, 3V G ) = Y G, )M, 3') > 1 and v, §) /(i 7') = HY G, )M, 37) < 1 for all
pairs (j,j’) of Ya. Similarly, wm(3,7")/w(i,") = HY (3,7 )M (3,4') > 1 and wy(4,3")/w(i,3")
H* (i, )M (i,i") < 1 for all pairs (4,7") of Y1. Therefore, the MCAR log-linear model (a.., 3...)
has the following property:

Suppose that 7w = {m;;ke} for an I x I x 2 x 2 table is modeled by the MCAR
log-linear model, («..,(..). Then

w(i,i/) € OI“’(i,i/) for any given pair (z’,i/) of Y1,
u(j,j,) € OI"(j,j/) for any given pair (j,j/) of Ys.
Note that, for an I x J x2x 2 table with I # J, the properties above still hold for the identifiable
MCAR log-linear model.
The ML estimators of m;j11, miy12 and 74 21 under the MCAR log-linear model need to
be obtained by numerically solving the likelihood equations because their closed forms are not

available.

S2.2 MAR selection model

Any MAR model for an I x J x 2 x 2 table must satisfy all the three conditions (Molenberghs
et al., 1999):

P(Ri=1,Ry=2|Yi=i,Ya=j)=P(Ri =1,Ry =2 | Y1 =), (S2.2)
P(Ri=2Ro=1|Y1=4,Ys=5)=P(Ri =2, Ry =1|Ya =), (52.3)
P(Ri=2Ry=2|Yi=i,Ya=4)=P(Ri =2,Ry =2). (S2.4)

It can be shown that when any log-linear model for an I x J x 2 X 2 table contains interaction
term(s) between the two outcome variables (Y; and Y2) and the two missingness variables (R
and R2), such a model cannot satisfy at least two of the three conditions above and thus the
assumed missing data mechanism cannot be MAR. That is, any MAR model for an I x J x 2 x 2
table cannot be represented as a log-linear model.

Therefore, we have employed a selection model approach to the MAR mechanism for an
I'xJx2x2 table. That is, a MAR selection model decomposes the cell probabilities w = {m;;jxe}

as follows:

Tijke = Tij Ok, eli,j (82.5)
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where m;; = Pr[Y1 = i,Y2 = j] and ¢p,; = Pr[R1 = k,Ro = { | Y1 =14,Y2 = j|. The
MAR mechanism for the missingness of Y7 and Y2 assumes that the probabilities of missingness
depend on only observed outcomes (i.e., missingness of one variable is only affected by observed
outcomes of the other variable). Then the nonresponse model in Eq. can be written as

12105 = P121i> P21lis = P2,11j> P26 = P2,2, G1,116,5 = 1 — 1,216 — P2,115 — P2,2-

Note that the MAR selection model in Eq. (S2.5) is saturated.

The log likelihood for 7 = {m;;k¢} is represented as

Iy I J
L = Z Z Yiji1 log mijin + Z Yi+12 log mit12 + Z Yijo1 log myjo1 + yyr22logmi o2
i=1j=1 i=1 j=1
1y I
= Z yij11{log mij +1log(1 — @121 — P15 — ¢2,2)} + Zyi+12{10gﬂ'i+ +log ¢y 25}
P i
J

+ > yrjor{logmi; +log éa1;} + yirazlog éa,a,

J

where
Tiv12 = E Tij12 = E TijP1,20i,5 = E TijP1,2)s = Wit P1,2)45
j j j
Tij21 = E Tijo1 = E TijP2,1)i,; = E Tijh2,1); = T+jP2,115

1
Tyq22 = E E Tijo2 = E E TijP2,20i,5 = E E Tij$2,2 = P2,2.
% J J J

% 12

The closed form of the ML estimator for 7;; is unavailable, and Chen and Fienberg (1974)

used an iterative scheme: the estimates of m;; at the (v + 1)th step, denoted by 7?1(;+1), is
A~ (v) ~ (v)
~ (v 1 g Tij
7r§jJr1> = —— { Yij11 + yi+12% + y+j12%
N — ypq22 iy e

where N = Zi,j,k,é Yijke. Using the ML estimates of 7;;, denoted by 7;;, Molenberghs et al.
(2008) provided the closed forms of the ML estimates of 7;jxe:

Yijll . Y12 Ty . Y421 T . Y422 .
N ) 771]12 - N 7?["_;'_7 71-1321 — N 7?‘__‘__7 7T7,]22 - N 71-7,]-
K2 J

Mij11 =

Note that we could not study the property of the MAR selection model above with re-
spect to the proposed nonresponse odds and the response odds intervals. This is because the
conditional probabilities of missingness ¢y, ¢;,; in the MAR selection model did not need any
specific parameterization, unlike the nonignorable log-linear models in Table 2 of the paper and

the nonignorable selection model presented in Section S8 of the Supplementary Material.
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S3 ML estimators for 7;j11, 7112 and 74591 in Eq (4.1)
and (4.2)

The ML estimators of mi;11, mit+12 and 74,21 in Eq (4.1) and (4.2) of the the paper, denoted by
Tij11, Ti+12, and 74j21, can be obtained by the closed forms of the ML estimators for m;j11, aij
and (3;; in Eq (2.1) of the the paper, which are given in Baker, Rosenberger and Dersimonian
(1992). Table presents the closed forms of 7;j11, Tiy12 and 7y 21 for the eight nonignorable

log-linear models.

Table S2: Forms of 7?(7‘3‘1], 7%1'_‘,_]2 and 7%4_,‘21

Model i1t Tig12 Tyj21
(cir Bi)s (ais B3)
e yijll/N Yir12/N y+j21/N
(g, Bi), (g, Bj)
. X Yijll Y+j+1Y++11 . Z'yijll Y+i+1Y4+421
(a.., Bl')’ (a"’ ﬁj) N Y4j11Y+++1 y”lz/N N Y4i11Y4++1
. . Yij1l Yit14Y+411 205 Yidll Yig14Yqq12 )
(al" B)’ (a'j’ 5) IJV yl+11y++1+ JN y:+11y++1+ y+]21/N

S4 Simulation studies

Section S4.1 provides the parameter values used for the four saturated nonignorable log-linear
models, (a.j, B.5), (., Bi.), (a.j, Bi) and (., B.;), considered in the simulations studies of

the paper. In Section S4.2, the simulation results for N=10000 are presented.

S4.1 Parameter values used in Section 5.1

Tables[S3] and[S6]show the parameter values used in the four simulation models (cv.;, 8.;),
(i, Bi.), (v, Bi.) and (a., B.;) for the 2 X 2 x 2 x 2 table. Note that the parameter values
are chosen so that the response rate and the nonresponse rate are about 77.5% and 22.5%,
respectively (i.e., my411 & 0.775, m1412 &~ 0.1, m4421 ~ 0.1 and w4422 = 0.025), and the odds
ratio between Y7 and Y> for the respondents (R1 = Re = 1) is 2.23.

The magnitude of the nonignorable missingness assumed in each model is determined by
the magnitudes of two interactions between (Y1,Y2) and (Ri, R2), each with four levels, 0.05,
0.1, 0.2 and 0.4. The odds ratios of the corresponding values of the interactions are 1.22, 1.49,
2.23 and 4.95, respectively. For example, for the model («.;, 8.;) with both A%}QRI and )‘%/lszv

there are 16 pairs of ()\{}231, A%RQ) and the odds ratios of the interactions )‘%’12131 and /\%éRQ

mT1111/71211
T1121/71221

T1111/T1211
T1112/T1212

are and , respectively.
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)\;1 )“11’2 )‘}31 )‘}32 A%/llyz )‘}?lle )“11’1231 Ai}sz
0.2 0 0.89 0.9 0.2 0.1 0.05 0.05
0.2 -0.05 0.89 0.9 0.2 0.1 0.1 0.05
0.2 -0.15 0.91 0.9 0.2 0.1 0.2 0.05
0.2 -0.35 0.99 0.9 0.2 0.1 0.4 0.05
0.2 -0.05 0.89 0.9 0.2 0.1 0.05 0.1
0.2 0.1 0.89 0.9 0.2 0.1 0.1 0.1
0.2 0.2 0.91 0.9 0.2 0.1 0.2 0.1
0.2 0.4 1 0.9 0.2 0.1 0.4 0.1
0.2 0.15 0.88 0.93 0.2 0.1 0.05 0.2
0.2 0.2 0.88 0.93 0.2 0.1 0.1 0.2
0.2 0.3 0.905 0.93 0.2 0.1 0.2 0.2
0.2 0.5 1 0.93 0.2 0.1 0.4 0.2
0.2 0.35 0.89 1 0.2 0.1 0.05 0.4
0.2 0.4 0.9 1 0.2 0.1 0.1 0.4
0.2 0.5 0.92 1 0.2 0.1 0.2 0.4
0.2 0.7 1.03 1 0.2 0.1 0.4 0.4
Table S4: Parameter values for the model («;., 5;.)
)“11’1 /\%’2 )‘}31 A}?z A%’llyz )‘}?11132 )“11’1131 )‘%’lle
0.1 0.1 0.89 0.89 0.2 0.1 0.05 0.05
0.05 0.1 0.89 0.89 0.2 0.1 0.1 0.05
-0.05 0.1 0.9 0.89 0.2 0.1 0.2 0.05
-0.25 0.1 0.97 0.89 0.2 0.1 0.4 0.05
0.05 0.1 0.88 0.89 0.2 0.1 0.05 0.1
0 0.1 0.88 0.89 0.2 0.1 0.1 0.1
-0.1 0.1 0.9 0.89 0.2 0.1 0.2 0.1
0.3 0.1 0.97 0.89 0.2 0.1 0.4 0.1
-0.05 0.1 0.89 0.9 0.2 0.1 0.05 0.2
0.1 0.1 0.89 0.9 0.2 0.1 0.1 0.2
0.2 0.1 0.905 0.9 0.2 0.1 0.2 0.2
0.4 0.1 0.985 0.9 0.2 0.1 0.4 0.2
-0.25 0.1 0.88 0.98 0.2 0.1 0.05 0.4
0.3 0.1 0.88 0.98 0.2 0.1 0.1 0.4
0.4 0.1 0.905 0.98 0.2 0.1 0.2 0.4
0.6 0.1 0.99 0.98 0.2 0.1 0.4 0.4
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Table S5: Parameter values for the model (a.;, 8;.)

Ay Ny MRy Ary My, Amiry Mgy Mim,
0.15 0.05 0.89 0.89 0.2 0.1 0.05 0.05
0.15 0 0.89 0.89 0.2 0.1 0.1 0.05
0.15 -0.1 0.91 0.89 0.2 0.1 0.2 0.05
0.15 -0.3 0.99 0.89 0.2 0.1 0.4 0.05
0.1 0.05 0.89 0.89 0.2 0.1 0.05 0.1
0.1 0 0.89 0.89 0.2 0.1 0.1 0.1
0.1 -0.1 0.9 0.89 0.2 0.1 0.2 0.1
0.1 -0.3 0.99 0.89 0.2 0.1 0.4 0.1
0 0.05 0.89 0.9 0.2 0.1 0.05 0.2
0 0 0.89 0.9 0.2 0.1 0.1 0.2
0 -0.1 0.9 0.9 0.2 0.1 0.2 0.2
0 -0.3 0.99 0.9 0.2 0.1 0.4 0.2
-0.2 0.05 0.88 0.98 0.2 0.1 0.05 0.4
-0.2 0 0.88 0.98 0.2 0.1 0.1 0.4
-0.2 -0.1 0.9 0.98 0.2 0.1 0.2 0.4
-0.2 -0.3 0.99 0.98 0.2 0.1 0.4 0.4

Table S6: Parameter values for the model («;., 3.5)

Ay Ay, ARy My Mive  Amry  MWirg Mo
0.15 0.05 0.9 0.88 0.2 0.1 0.05 0.05
0.1 0.05 0.9 0.88 0.2 0.1 0.1 0.05
0 0.05 0.905 0.88 0.2 0.1 0.2 0.05
-0.2 0.05 0.985 0.88 0.2 0.1 0.4 0.05
0.15 0 0.9 0.88 0.2 0.1 0.05 0.1
0.1 0 0.9 0.88 0.2 0.1 0.1 0.1
0 0 0.905 0.88 0.2 0.1 0.2 0.1
-0.2 0 0.985 0.88 0.2 0.1 0.4 0.1
0.15 -0.1 0.9 0.9 0.2 0.1 0.05 0.2
0.1 -0.1 0.9 0.9 0.2 0.1 0.1 0.2
0 -0.1 0.905 0.9 0.2 0.1 0.2 0.2
-0.2 -0.1 0.985 0.9 0.2 0.1 0.4 0.2
0.15 -0.3 0.89 0.99 0.2 0.1 0.05 0.4
0.1 -0.3 0.89 0.99 0.2 0.1 0.1 0.4
0 -0.3 0.905 0.99 0.2 0.1 0.2 0.4
-0.2 -0.3 0.98 0.99 0.2 0.1 0.4 0.4
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S4.2 Simulation results for N=10000 in Section 5.1

Table [S7 shows the number of the cases in which each of the four saturated models was chosen
by AIC, BIC, G?, and the proposed method in Corollary 1 when 1000 tables of size N=10000
are generated from each of the four saturated simulation models (i.e., four types of nonignorable

missingness).

Table S7: Number of the cases where each of the four saturated models was chosen by
AIC, BIC, G? and the proposed method in Corollary 1 under the four simulation models
with N=10000.

Simulation Fitted saturated models Simulation Fitted saturated models
(as., Bi-) (ej,B.5)

Miry Mg, (@i Bi) (@i B5) (a5, 8i) (g, 8.5) || Mgy Mg, (@i, Bi) (i, B) (g, Bi) (g, B5)
0.05 0.05 1000 1000 1000 1000 0.05 0.05 999 999 1000 1000
0.1 0.05 1000 1000 1000 1000 0.1 0.05 882 882 1000 1000
0.2 0.05 1000 999 1000 999 0.2 0.05 0 0 1000 1000
0.4 0.05 1000 1000 1000 1000 0.4 0.05 0 0 1000 1000
0.05 0.1 1000 718 1000 718 0.05 0.1 1000 1000 1000 1000
0.1 0.1 1000 732 1000 732 0.1 0.1 870 870 1000 1000
0.2 0.1 1000 708 1000 708 0.2 0.1 0 0 1000 1000
0.4 0.1 1000 716 1000 716 0.4 0.1 0 0 1000 1000
0.05 0.2 1000 0 1000 0 0.05 0.2 1000 1000 1000 1000
0.1 0.2 1000 0 1000 0 0.1 0.2 862 862 1000 1000
0.2 0.2 1000 0 1000 0 0.2 0.2 0 0 1000 1000
0.4 0.2 1000 0 1000 0 0.4 0.2 0 0 1000 1000
0.05 0.4 1000 0 1000 0 0.05 0.4 1000 1000 1000 1000
0.1 0.4 1000 0 1000 0 0.1 0.4 852 852 1000 1000
0.2 0.4 1000 0 1000 0 0.2 0.4 0 0 1000 1000
0.4 0.4 1000 0 1000 0 0.4 0.4 0 0 1000 1000
Simulation Fitted saturated models Simulation Fitted saturated models
(civy Bg) (a.j,Bi)

Miry Mg, (@ Bi) (@i B5) (a5, 8i) (g, 8.5) || Mgy AR, (@i B8i) (i B5) (a5, Bi) (g, B.5)
0.05 0.05 1000 1000 1000 1000 0.05 0.05 1000 1000 1000 1000
0.1 0.05 1000 1000 1000 1000 0.1 0.05 846 845 1000 999
0.2 0.05 1000 1000 1000 1000 0.2 0.05 0 0 1000 1000
0.4 0.05 1000 1000 1000 1000 0.4 0.05 0 0 1000 1000
0.05 0.1 1000 1000 1000 1000 0.05 0.1 1000 708 1000 708
0.1 0.1 1000 1000 1000 1000 0.1 0.1 857 629 1000 719
0.2 0.1 1000 1000 1000 1000 0.2 0.1 0 0 1000 712
0.4 0.1 1000 1000 1000 1000 0.4 0.1 0 0 1000 712
0.05 0.2 1000 1000 1000 1000 0.05 0.2 1000 0 1000 0
0.1 0.2 1000 1000 1000 1000 0.1 0.2 861 0 1000 0
0.2 0.2 1000 1000 1000 1000 0.2 0.2 0 0 1000 0
0.4 0.2 1000 1000 1000 1000 0.4 0.2 0 0 1000 0
0.05 0.4 1000 1000 1000 1000 0.05 0.4 1000 0 1000 0
0.1 0.4 1000 1000 1000 1000 0.1 0.4 864 0 1000 0
0.2 0.4 1000 1000 1000 1000 0.2 0.4 0 0 1000 0
0.4 0.4 1000 1000 1000 1000 0.4 0.4 0 0 1000 0
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S5 Data analysis

This section presents the results of real data analysis omitted in Section 5.2 of the paper and

an additional real data example.

S5.1 Bone mineral density and family income

Table presents the estimates for the expected counts m = {rh;;x¢} under the eight nonignor-
able log-linear models in Table 2, and two ignorable nonresponse models (MAR selection model
and MCAR log-linear model). Note that the log-linear models with either one of «;. and S.;,
or both produced undesirable results such as poor model fit to the observed data (i.e., mij11)
and/or occurrence of nonresponse boundary solutions in estimation. When the models with a;.
are fitted, Mmiyoq = Zj,e Mijor = 0 for at least one and at most two values of Y. Similarly,
Myjt2 = sz Mijr2 = 0 for at least one and at most two values of Y2 when the models with
B.; are used. Note that the two models with perfect fit to observed data are («.;, 3;.) and the
MAR selection model although they produced different predictions of the unobserved outcomes

(i.e., diﬁerent values Of mijlz, mijzl and mijzz).

S5.2 Smoking and birth weight

An incomplete 2 X 2 table in Table[S9]is the data from a study of pregnant women to investigate
the association between perinatal factors and the subsequent development and course of abnor-
malities in the offspring (Baker, Rosenberger and Dersimonian, 1992). This table is classified
by newborn’s weight Y7 and mother’s smoking status Y2 with supplemental margins.

To assess the types of nonignorable mechanism assumed in the saturated log-linear mod-
els for the data, we check the two conditions C; and Cs of Corollary 1 by computing 2;(7, j')
and ©(j,;') for the models (ai., Bn) and (c.;, Bo), and @;(i,7') and @(i,4’) for the mod-
els (ag, Bi.) and (am, B.;). We found that the condition Ci does not hold, but Cz holds:
©(1,2)=1049/1135=0.924 € 5?’/(1, 2)=(21009/24132, 4512/3394)=(0.871, 1.329) for a pair
(1,2) of Y2, but &(1,2)=142/464=0.306 ¢ é\lw(l, 2)=(3394/24132, 4512/21009)=(0.141, 0.215)
for a pair (1,2) of Y1. By Corollary 1, thus, two saturated models are plausible, (a;., (;.) and
(a5, Bi.)-

To assess the uncertainty of the accuracy of the proposed method, we perform the bootstrap
resampling by generating 100,000 samples from each selected saturated model. We then compute
the percentages of bootstrap samples satisfying the conditions C'; and C2 in Corollary 1 and the
values are (C1,C2) = (8.68,99.97) for (c., B;.) and (8.83, 99.97) for (a.;, B:.). These results
confirm the accuracy of the proposed method.

The result of the proposed method above also is consistent with the model selection results
of G2, AIC and BIC, as shown in Table That is, the two saturated models (a.;, 8;.) and
(., Bi.) have a zero value of G* and they have the smallest values of AIC and BIC among all

saturated models.
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Table S8: Estimates for the expected counts m = {m;;x¢} for BMD and FI data

Model Ra=1 Rp=2
Yo=1 Yo=2 Yo=3 Yo=1 Yo=2 Yo =3
Y1=1 620.8 257.1 317.1 70.1 29.0 35.8
Ri=1 Y;=2 260.0 131.0 117.0 35.3 17.8 15.9
Y1=3 93.0 30.0 18.0 17.8 5.7 3.4
(ag., Bs.) Y= 456.1 188.9 232.9 23.4 9.7 11.9
R1=2 Yj=2 0.0 0.0 0.0 0.0 0.0 0.0
Y1=3 0.0 0.0 0.0 0.0 0.0 0.0
Y= 611.1 290.0 284.0 144.9 0.0 0.0
Ry=1 Yy =2 265.9 131.0 117.0 63.1 0.0 0.0
Y1=3 97.0 30.0 18.0 23.0 0.0 0.0
(ojr B.5) Y= 286.1 100.3 180.3 28.2 0.0 0.0
Ry=2 Y1=2 124.5 45.3 74.3 12.3 0.0 0.0
Y1=3 45.4 10.4 11.4 4.5 0.0 0.0
Y1=1 613.3 255.8 315.9 134.8 10.2 0.0
Ri=1 Y1 =2 265.1 131.5 117.0 58.3 5.2 0.0
(@ss B.1) Y1=3 97.2 30.2 18.0 21.4 1.2 0.0
v Y= 454.4 189.5 234.1 41.8 3.2 0.0
Ry=2 Y1=2 0.0 0.0 0.0 0.0 0.0 0.0
Y1=3 0.0 0.0 0.0 0.0 0.0 0.0
Y= 621.0 290.0 284.0 70.2 32.8 32.1
Ri=1 Y;=2 260.0 131.0 117.0 35.3 17.8 15.9
(i) B,) Y1=3 93.0 30.0 18.0 17.8 5.7 3.4
T Y= 290.7 100.3 180.3 13.5 4.6 8.3
Ry=2 Y1=2 121.7 45.3 74.3 6.8 2.5 4.1
Yy=3 43.5 10.4 11.4 3.4 0.8 0.9
Yi=1 617.6 264.4 314.5 69.7 29.8 35.5
Ry=1 Yy =2 258.6 119.4 129.6 35.2 16.2 17.6
Y1=3 92.5 27.4 19.9 17.9 5.3 3.9
(ees Bi) Y= 294.1 125.9 149.8 13.6 5.8 6.9
Ry=2 Y1=2 123.1 56.9 61.7 6.8 3.2 3.4
Yy =3 44.0 13.0 9.5 3.5 1.0 0.8
Y= 607.8 264.4 314.5 144.9 0.0 0.0
Ry=1 Y1 =2 264.5 119.4 129.6 63.1 0.0 0.0
(o) B2 Y1=3 96.5 27.4 19.9 23.0 0.0 0.0
T Y= 289.4 125.9 149.8 28.2 0.0 0.0
R1=2 Y1=2 125.9 56.9 61.7 12.3 0.0 0.0
Yy =3 45.9 13.0 9.5 4.5 0.0 0.0
Yy=1 614.1 254.3 313.6 76.9 31.9 39.3
Ry=1 Yy =2 262.4 132.2 118.1 32.9 16.6 14.8
Y1=3 98.5 31.8 19.1 12.3 4.0 2.4
(., 8- Y= 456.1 188.9 232.9 23.4 9.7 11.9
Ry=2 Y1=2 0.0 0.0 0.0 0.0 0.0 0.0
Yy =3 0.0 0.0 0.0 0.0 0.0 0.0
Y= 614.2 286.8 280.9 76.9 35.9 35.2
Ry=1 Yy =2 262.4 132.2 118.1 32.9 16.6 14.8
Y1=3 98.5 31.8 19.1 12.3 4.0 2.4
(g B Y= 287.2 99.3 178.7 14.7 5.1 9.2
R1=2 Y1=2 122.7 45.8 75.1 6.3 2.3 3.9
Y] =3 46.0 11.0 12.1 2.4 0.6 0.6
Y= 621.0 290.0 284.0 69.7 29.9 35.5
Ri=1 Y;=2 260.0 131.0 117.0 35.1 16.2 17.6
Y1=3 93.0 30.0 18.0 17.9 5.3 3.9
MAR
Yy=1 287.2 99.3 178.6 14.9 6.4 7.6
R1=2 Yj=2 122.7 45.7 75.2 6.4 2.9 3.2
Y1=3 46.1 11.0 12.2 2.4 0.7 0.5
Y= 610.6 261.8 311.0 76.5 32.8 39.0
Ry=1 Yy =2 260.9 120.5 131.1 32.7 15.1 16.4
Y1=3 98.0 28.9 21.3 12.3 3.6 2.7
(@ B) Y= 290.7 124.6 148.1 14.9 6.4 7.6
Ry=2 Y1=2 124.2 57.4 62.4 6.4 2.9 3.2
Y1=3 46.7 13.7 10.1 2.4 0.7 0.5

For the significance of the interaction parameters in the selected saturated models, we
fit the two selected saturated models, («;., Bi.) and (a.;, B:.), and the corresponding nested
models, (a.., B:.), (i, B.) and (a.j, B.). From the results of LRT, G*, AIC and BIC, the
nested model (a.., (;.) is also plausible. Note that the other two nested models (., S..) and
(a4, B.) have large values of G2, AIC and BIC, compared to (.., £;.). The results from these
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Table S9: Birth weight (Y7) and Smoking status (Y2)

Ry =1 Ry =2
Y> = 1 (smoker) Y> = 2 (non-smoker) Y>
Ry =1 Y1 =1 (< 2500 grams) 4512 3394 142
Y1 = 2 (> 2500 grams) 21009 24132 464

Ry =2 Y1 1049 1135 1224

analyses indicate that the models (ap, B;.) are suitable for the data. Note that the models
(ao, B.;) that are not considered by the proposed method have large values of G? (due to poor
fits to observed data or occurrence of the boundary solutions for the estimates for the expected

counts). The estimates for the expected counts under the eight log-linear models in Table 1 are
provided in Table

Table S10: Model selection for smoking data. Here, (Cy, C2) represents the percentage

of bootstrap samples satisfying the conditions C; and C5 in Corollary 1

Saturated Nested Proposed method P-value G? AIC BIC
model model (Cq, C2) for LRT

(a4, 8.5) 12.5 158,451.0 158,451.7
(e, B.) < 0.001 30.1 158,466.7 158,467.3
(a.., ﬂj) 0.888 12.5 158,449.1 158,449.6

(v, Bi) +/ (8.83, 99.97) 0 158,438.6 158,439.2
(a.5,8..) v < 0.001 30.1 158,466.7 158,467.3
(0., Bs.) v 0.888 0.02 158,436.6 158,437.2

(., Bi.) /(8.68, 99.97) 0 158,438.6 158,439.2
(ai., B..) 4 < 0.001 30.1 158,466.7 158,467.3
(0., Bs.) Vv 0.888 0.02 158,436.6 158,437.2

(a.5,B.5) 12.5 158,451.0 158,451.7
(a.j,B.) < 0.001 30.1 158,466.7 158,467.3
(a.., B5) 0.888 12.5 158,449.1 158,449.6

We also fitted two ignorable nonresponse models to the data, the MCAR log-linear model
(a.., B..) and the MAR selection model. The values of the G2, AIC and BIC are (30.12,
158,464.7, 158,465.2) for (a.., B..) and (0, 158,438.6, 158,439.2) for the MAR model, which
clearly shows that the MAR model performs better than the MCAR model. The estimates for
the expected counts under the MCAR and MAR models are given in Table

From all the analysis above, we can see that the plausible nonignorable log-linear models
are (ag, (). We also observe that the MAR selection model has the same fit to the data
as the saturated nonignorable log-linear models selected by our proposed method, (a.;,5:.)
and (a., B:.), with respect to G, AIC, BIC and the estimates for the observed data, ;1.
Thus, the fitted MAR model is the MAR counterpart of the selected saturated log-linear models

(Oé.j7ﬁz‘.) and (Oél7ﬁl)
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Table S11: Estimates for the expected counts m = {r;;¢} for smoking and birthweight
data

Model Re=1 Ry =2
Ys =1 Yy =2 Ys =1 Yy =2
=1 4512.0 3394.0 81.0 61.0
=1y _, 21009.0 24132.0 215.9 248.1
(i i) Y, =1 176.3 132.6 156.2 117.5
m=2 3 5 872.7 1002.4 442.3 508.1
=1 4546.1 3394.0 107.9 0.0
Ri=1 Y =2 20974.9 24132.0 498.0 0.0
(@3, 85) Ro_, Yi=1 186.9 139.9 218.0 0.0
R 862.1 995.1 1005.9 0.0
R, n=1 4546.1 3394.0 107.9 0.0
1T oy =2 20975.0 24132.0 498.0 0.0
(@5 B5) Yy, =1 177.9 132.8 207.5 0.0
Bi=2 4 871.1 1002.2 1016.4 0.0
ro_q, V=1 4512.0 3394.0 81.0 61.0
=% yy=2 21009.0 24132.0 215.9 248.1
(e, Bi:) Ro_o Yi=1 185.5 139.9 163.4 123.3
T2 yi=2 863.5 995.1 435.5 501.8
Y, =1 4511.7 3394.2 81.0 61.0
Ri=1 1y _» 21007.6 24133.5 215.9 248.1
(.., Bi.) Ry Ni=1 185.8 139.7 163.7 123.1
T2 yi=2 864.9 993.6 436.1 501.0
Y. =1 4545.8 3394.2 107.9 0.0
Ri=1 'y _» 20973.6 24133.5 498.0 0.0
(@2 B5) Ro_g N=1 187.2 139.7 218.0 0.0
1T oy =2 863.5 993.6 1005.9 0.0
Y: =1 4541.2 3415.9 51.9 39.0
Bi=1 y o 20985.2 24104.7 239.7 275.4
(@i ) ov=1 176.5 132.8 98.9 74.4
Ri=2 Y =2 872.5 1002.2 489.0 561.7
Y, =1 4541.2 3415.9 51.9 39.0
Ri=1 y o 20985.2 24104.7 239.7 275.4
(e, 8.) Y, =1 186.6 140.9 104.6 79.0
Ri=2 y _, 862.4 994.1 483.3 557.1
o vi=1 4512.0 3394.0 81.0 61.0
MAR B=1 y _» 21009.0 24132.0 215.9 248.1
Y, =1 186.6 140.9 104.8 78.8
Ri=2 y _, 862.4 994.1 484.2 556.2
Ry V=1 4540.8 3416.2 51.9 39.0
Y, =2 20983.7 24106.3 239.7 275.4
(e ) Y =1 187.0 140.6 104.8 78.8
Ri=2 y 863.9 992.5 484.2 556.2
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S6 Proof of Theorem 1 in Section 3

In this section, the proofs of Theorem 1-3) and 4) in Section 3 of the paper are provided. To
prove them, we first establish the following lemma, and then accomplish the proof based on the

lemma.

Lemma 1. For a I x I x 2 x 2 incomplete contingency table, the following inequalities hold

under all nonresponse models in Table 2 of the the paper. For all pairs (i,i') of Y1,
. p g ) y M g .
)‘nyYQ - Ay, > /\313/2 - A}y, and /\iqjyz - AWy, < )\%YQ - MWive
where m and n are subscripts corresponding to wm (i,1’) and wy,(i,1"), respectively.

Proof. For sake of space, we only show the proof for the model (., 3.;), as the proofs for the
other models are similar. Suppose that m;;x¢ is parameterized by the model («;.,3.;). Then,

w;j(i,1') can be expressed by

.. Tij11 i i ij i’'j i i’
Wy (Z, Z/) = % = exp (Ayl - )\y1 + )\Y]vlyz - >\Y1JY2 + A}}1R1 - /\Y11R1> (861)
i411
for each pair (i,4') of 1. Comparing w;(i,3’), wm(4,7") and wy(7,7’) in terms of Eq. (S6.1)) gives
Agf}@ - %;1"{/2 > )\i,jl Yy ™ )\é}?yz because wy, (z, ') > w;(i,7') for all j by the definition of w,(3,17’).
Similarly, we also have Ay/y, — Yy, < My, — Ay, because wy(i,1') < w;(4,4’) for all j by
the definition of wy, (i,1). O

We are now ready to prove Theorem 1-3) and 4).

Proof. For all models in Table 2 of the the paper, let Ry, (i,1') = wm (4,1) /w(i,i’), and R% (i,i') =
wn(3,7") Jw(i,7"). Then, Ry, (i,7") and R (i,3") are decomposed into two parts according to each
model in Table [S12] : Ry, (4,i') = H“(i,7') M (i,i') and Ry (i,7') = H*(i,7)My (i,i'). By
Lemma |1} for all eight models, My (i,i') > 1 and M2 (i,i') < 1 for all pairs (i,i") of Yi.
Note that M (i,i') and Mg (i,i') are equal to R¥ (i,4') and R¥(i,i'), respectively, under the
assumption of MY, g, = 0 for all 4’s (which makes H*(4,7") equal to 1 for all i’s).

Under the models (am, 8i.) (i.e., (a.j,B:.), (i, B:), and (a..,Bi.)), we show below the
necessary and sufficient condition for w(i,i’) € OI*(i,i'). First, w(i,i’) € OI¥(4,4) is the
same as “R% (i,4') > 1 and R (7,i') < 17. Since Ry (i,4") = H* (3,4 )M (3,4') and Ry (3,1') =
H* (3,9 )M (i,4"), “R&(i,4") > 1 and R%(i,i') < 17 is equivalent to that H“(i,i') is larger
than M2 (i,7')~" and less than M (i,i')!, and thus —log M& (i,3') < 2()\1;12132 — MR, =
log H* (i,i') < —log My (i,i'). Since w(i,i’) ¢ OI¥(i,i') is the complement of w(i,i') €
OI*(i,1), it is straightforward to show that the necessary and sufficient condition for w(i,’) ¢
OI“(i,i') is “log H*(i,i') = 2(\yg, — A2 r,) < —log M (i,i) or log H*(i,i') = 2(A\y2g, —
AP R,) > —log My (i,i')".

For the models (ag, 8.;) (i.e., (a;.,B.5), (a.j,8.5), and (a.., B.;)), R (i,3') = M (3,1") and
Ry (i,4") = My (i,i') because H“(4,1') = 1 for all pairs (i,4’) of Y1 as shown in Table[S12] Since
M (i,4") > 1 and Mg (i,i') < 1, we have w(i,i’) € OI(i,i') for all pairs (i,4') of Y.
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. .. - .y
Table S12: Decomposition of RY (4,4") and R¥(i,i")
Model H* (i, M (i, M (3,4
9 m 3 n )
- - 7 - T
Qi Pi- i/ i j M ATy =A™ ) i (V AT _ailn )
E ¢ ’gT ; exp (2)\;121:{2 — 2A§,21R2) 2 e"p( Yo Ty, vy ~ Y Yy 3j exp Yo T2y, vp ~ Y Ys
.., B;. 7 7 - 7 7
X exP(A Jr>"1’1‘1’27>\%*’71LY2 Xj exP(k > PAvi v, 72 Y1Y2)
J j1 i’j J j1 i’
(a0, Bs) exp (2>\i'2 A2 ) Py CXP(*Y Ao Ry T Y v, — Aif{%) 2 CXP(’\Y AR Ty vy — *iflnyg>
-js Pi- X YiRo — i R - — - — -
1H2 12 =5 exp<,\JY AL LAl i y> Zvexp(/\] S - )
2Ry 1Y2 1Y2 J Y YoR1 ' TY1Yp Y1Y2
) s .
) J _ ) J 5
(@i, B.) 1 xj e’(p(A +AY1Y2 M*’fr';’z) Ej eXp(AY2+AY1Y2 M1’171‘*’2)
i B . =
) _ ) J ij i
2 exP( Y2+>‘Y1Y2 )‘QLYQ) 2 GXP()‘YQJr)‘YlYQ Ai%yg)
Ad Al —ai/m A Al A
(a.g, B..) 1 exP( + Y2Rl+ Y1Y2 Y1 Y: 2) "SXP( + Yle+ Y1Y27 Y1Y2)
B
eXp( Jr>‘3’21~’?1+>\')’1Y2 Xg’TYQ) exP( Jr>\'3’2Rl+>\‘1’1'1’2 Y1Y2)
Eai"g.j; 1 GXp( +AY2R2+)‘Y1Y2_’\§’1"3L’2) X 6'Xp( +)‘Y2R2+’\Y1Y2_A§’1"Y2>
Q.. 0.5
FXp( +XY2R2+)‘Y1Y2 AYlyz) 'veXp( +)‘Y2R2+/\Y1Y2 A‘1’1"2)
(g, B5) 1 Z:‘SXP(AY2+AY2R1HY2RQ+AY1Y27>‘€1’1W}L’2) % eXp(AY2+AY2R1+AY2R2+>‘Y1Y27>‘%>’1WY2>
J gl Jj2 ij @ . J Jjl Jj2 ij i
z eXP(AY2+AY21?1+>\Y2RQ+>\Y1Y27>‘§;TY2) X eXp(AY‘z+>\Y2R1+>\Y2R2+>‘Y1Y2 VY’b’z)

For the models (., 3..) and (av.;, 3..), H* (i,i)=

and R (i,4)=M;; (i,1"), which means w(i,7") € OI¥(3,7').

ST

1 for all pairs (4, 1) of V1. So, R%, (i,

i')=M; (i, 1)

O

Nonresponse Log-linear Models for Incomplete Three-

Way Contingency Table and Model Assessment

To study the generalizability of the proposed method for a more than two-dimensional con-

tingency table with supplemental margins, we considered hierarchical log-linear models for the

two types of incomplete three-way contingency tables: the first type is a three-way contingency

table with only one variable subject to missingness (S7.1) and the second type is a three-way

contingency table with two supplemental margins summarizing missing data on two variables

(S7.2).

S7.1 Model assessment for an I x J x K x 2 table

S7.1.1 Nonresponse log-linear models

Let Y2 be an incompletely observed variable with J categories, and Y7 and Y3 be completely

observed variables with I and K categories, respectively. Let Ry be an index variable of miss-
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ingness for Y2 such that Ry = 1 if Y5 is observed and R2 = 2 otherwise. The full array of Y1, Y2,
Y3 and Rs produces an I x J x K x 2 table with the cell probabilities @ = {7i;xe} and the cell
counts y = {ysjre} where it =1,...,1,5=1,...,J,k=1,...,K and £ = 1,2. But, we observe
only yobs = {yijm, Yi+k2} where a ‘+’ in the subscript denotes summation over j. Table
shows the 2 x 2 x 2 x 2 table.

Table S13: 2 x 2 x 2 x 2 table

Ro=1 Ry =2
Yo=1 Yo =2
Yi=1 Y1111 Y1211 Y1+12
Y5=1
Y1 =2 Y2111 Y2211 Y2412
Yi=1
Ys =2 1 Y1121 Y1221 Y1422
Y1 =2 Y2121 Y2221 Y2422

Assuming that the observed cell counts are generated from a multinomial distribution with

the cell probabilities 7 and the fixed total count N =37, .\, ¥ijke, the log likelihood of mr is
{= Z Z Z Yijk1 108 Tijk1 + Z Z Yitrk2 log Tiyro
ik ik

where mijre = miij/Zij k

account of plausible patterns of missing data mechanism, as shown in Table we consider

0 Mijke and m = {m;;r¢} are the expected cell counts. To take

six nonresponse log-linear models for the expected cell counts m in the I x J X K x 2 table. The
sum of each A-term over each of the superscripts in each model is constrained to be zero. Note
that the first three models containing three-way interactions are saturated for an I x I x I x 2
table (i.e.,, I = J = K).

Table S14: Nonresponse log-linear models

Notation Model

(Y1Y2Y3, Y1Y3R2) log Mijke = )\;/1 + )\J + )\ + )\ + )\2,1 Yo + A? Y3 + A{/EY3 + A:J]kYZYS + )\yl Ro + Az? Ry + A;’%ZY&RZ

(Y1YaYs, Y2YsR2) log mijre = Ay, +,\7 +/\ +/\ +le2 +/\y1Y3 +AYEY3 +Ay]1y2y3 +/\Y2R2 +’\Y3R2 + M5 v Ry

(Y1YaYs,Y1YaRs) log mijre = Ay, + ,\J +AY, AR, AWy, + A vy + AY vy T A”]kYZYS + 2 g, + /\YZR2 + AV, vy Ry
(Y1Y2Ys, Y1 R, YsRa)  logmijre = Ay, + v + /\ + Nay + My, + /\§,’“1Y3 + X3 ;%’Yd A Yoy T A Ry + A Ry

; H ijk 5 ke

(Y1Y2}/3,Y2R2,Y332) logmi,ju :A?l +)\§/2 +)\ +>\ +>\le2 +>\32Y3 “FA]% +AJ]7€Y2Y3 +)\};2R2 +>\¥}R2
(Y1Y2Y3, Y1 Ry, YaRo) logmijre = Ay, + +/\ +/\ /\iﬁly2 + A% v, +/\Y2YS + M vovs T AV Ry T MgR,

S7.1.2 Properties of nonresponse log-linear models in Table

For a detailed analysis of the features of the log-linear models in Table we first define the
response odds and nonresponse odds based on the cell probabilities 7v in the I x I x I x 2 table.

For a given pair (i,i’) of Y1 and k of Y3, we define the response odds and nonresponse odds
to be

wi(i,i' k) = “9EL i k) = Sitk2 (S7.1)
T3 jk1 T4+ k2
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Similarly, for given a pair (k,k’) of Y3 and i of Yi, the response odds and nonresponse odds
are defined to be

ik, ki) = ZOEL (ke ki) = k2 (S7.2)

Tijk’1 Titk'2

We also denote the response odds intervals containing w; (4,4, k) in Eq. (S7.1) and ~;(k, k', )
in Eq. (S7.2) by, respectively,

OI°(i,i' k) = (wn (i, i, k),wm(i,i', k), O (k, k', i) = (yn(k,k',), ym(k,k',i))  (S7.3)
where wy, (3,4, k)=min; w; (i, , k), wm (4,1, k)=max; w;(i,4’, k), v (k, k', i)=min; v, (k, k', 1) and
Ym (K, k', i)=max; v, (k, k', ).

Theorembelow presents the theoretical properties with respect to the inequalities relat-
ing the nonresponse odds (Eq. (S7.1) and Eq. (S7.2))) to the response odds intervals (Eq. (S7.3))

to enable identification of the informative missingness assumed in the nonresponse models of
Table [S14]

Theorem S1. Suppose that w={m;jke} in an I x I x I x 2 table is modeled by

1) the model (Y1Y2Y3,Y1Y3R2). Then
(1) for each pair pair (i,4") of Y1 and k of Y3, one and only one of the following must hold:

(1) w(i,i' k) € OI*(i,i k) if and only if
—0.5log M (1,1, k) < (A\v2r, — A2 ky) + (N2 Ry — A3 R,) < —0.51log MY (3,7, k)
(1)  w(i,i' k) ¢ OI“(i,4',k) if and only if
AiPr, = A2 Ry) + N ry — M3 R,) < —0.5log My (i,4', k) or
(Niry = MWamy) + AiVar, — Wivan,) > —0.51log My (3,1, k)
where M (3,1, k) = wm (3,4, k) /w(i,i', k) > 1 and My (3,7, k) = wn (3,7, k) Jw(i, i, k) < 1
in the absence of all /\ifl R, s and /\éffysm’s.

(2) for each pair pair (k,k’) of Y3 and ¢ of Y7, one and only one of the following must
hold :

(i)  ~(k,k',i) € OI"(k,k',4) if and only if

—0.5log M, (k, k',i) < (MeZ, — M2r,) + VER R, — NF2 k) < —0.51og M) (K, K, 4)
(1) ~(k,k',3) ¢ OI"(k,k',i) if and only if

(2, — A2 )+ (WVE2 5, — NF2 1)) < —0.51og M, (k, K, 4) or

(2 — A2 ) (NE2 ) — A2 ) > —0.51log M (K, K, 1)

Where M;rfz(kv klvi) = 'Ym(k, k,,Z)/’Y(k, k/vi) > 1 and M;Z(ka klvi) = fyn(kv k/a Z)/’Y(k7 klvi) <

: k£ ) ikl )
1 in the absence of all A\y; p,’s and Ay y, g, ’s.
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2) the model (Y1Y2Y37)/2Y3R2). Then
(1) w(i,?', k) € OI*(i,i', k) for any given pair (¢,i’) of Y7 and k of Y3

(2) for each pair (k, k') of Y3 and ¢ of Y1, one and only one of the following must hold :

(i)  ~(k, k' i) € OI"(k,k',4) if and only if
—0.5log M, (k, k', i) < M2, — M2 g, < —0.51og M) (k, k', i)
(ii)  y(k,k',3) ¢ OI" (k,k',i) if and only if
A AL < —0.5log M, (k, k' i) or M2, — M2g, > —0.51og M (k, k', 4)

where M), (k,k',1) = ym (k, k', 3) /v(k, k' ,i) and M;] (k, k', i) = yn(k, k', i) /v(k, k', i) do not
depend on any /\Y3R2 but do depend on )‘%/23{31%2 nd A{,’;%Rz for all j’s, and M) (k, k',3) >

1 (M), (k,k',i) < 1) guarantees existence of positively (negatively) large value of )\Y2 ViR~

k2
Msysr, for at least one j.

3) the model (Y1Y2Y3,Y1Y2R2). Then
(1) for each pair (i,i’) of Y1 and k of Y3, one and only one of the following must hold :

(1)  w(i,i’, k) € OI*(i,i', k) if and only if
—0.51og M2 (i, k) < A\o2p, — N2 g, < —0.5log M (i, 4, k)
(i1)  w(i,i',k) ¢ OI“(i,i', k) if and only if
AR, — A2 R, < —0.5log ME2(i,', k) or Ay2p, — A2 p, > —0.5log M (i, ', k)

where M (3,1, k) = wm (3,7, k) /w(i,i', k) and My (3,4, k) = wn(i,4', k) /w(i,i, k) do not
depend on any \Y g, , but do depend on )\Z;ljf@ R, and )\iffﬁRz for all j’s, and M;f(iv,/i’/, k) >
1 (M (3,7, k) < 1) guarantees existence of positively (negatively) large value of )‘;1]12/21%2 —

/\ifl?‘Y2 R, for at least one j.
(2) y(k,K',i) € OI" (k, k', i) for any given pair (k,k’) of Y3 and i of Y.

4) the model (Y1Y2Y3,Y1R2,Y3R2). Then
(1) for each pair pair (i,4") of Y1 and k of Y3, one and only one of the following must hold:

(i) w(i,i’, k) € OI*(i,i', k) if and only if
—0.5log M (i,i', k) < \y2p, — M2 g, < —0.5log MY (i, 7, k)
(i1)  w(i,i' k) ¢ OI“(i,i', k) if and only if
NS, — A2 p < —0.51og M2 (i, k) or Ai2n, — A2 g, > —0.51log MY (i, i, k)

where M (3,1, k) = wm (3,7, k) /w(i,i', k) > 1 and My (3,7, k) = wn (3,7, k) Jw(i, i, k) < 1

in the absence of all /\Y1 Ry S

(2) for each pair pair (k,k’) of Y3 and i of Y7, one and only one of the following must
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hold :

(i) (kK i) € OI"(k,K',i) if and only if
—0.51log M, (k, k', i) < AiZ, — 25, < —0.51og M) (k, k', 7)
(i1)  ~y(k,k',4) ¢ OI" (k,k',i) if and only if
A — A2 L < —0.5log M, (k, k', i) or M2, — M2 r, > —0.51og M (k, k', i)

Where M':/n(k7 k/vi) = ’Ym(k'7 klal)/ﬂ}/(ky kl7 7’) > 1 and M,,’Z(k, k:l77:) = ’Y”l(kv kl7 Z)/’Y(k, k/ai) <
1 in the absence of all )\%Rz"s.

5) the model (Y1Y2Y3, Y2R2, Y3 R2). Then
(1) w(i,i', k) € OI“(i,i', k) for any given pair (i,7") of Y1 and k of Y3
2) for each pair pair (k, k) of Y3 and i of Y7, one and only one of the following must
( y g
hold :
(i) (kK i) € OI"(k,K',i) if and only if
~0.5log M), (k, k',i) < MWk, — Wanr, < —0.51log M, (k, k', )
(i1)  ~y(k,k',3) ¢ OI" (k,k',i) if and only if
A — A2 < —0.5log ML (K, k', i) or M2, — M2 r, > —0.51og M (k, k', 4)

Where M:ﬁ(k’ k/7i) = ’Ym(k‘7 klal)/’}/(ky kl7 7’) > 1 and M’Z(kv kll77:) = ’Yn(k7 kl7 Z)/FY(IC’ k/7i) <
1 in the absence of all )\%RQ’S.

6) the model (Y1Y2Y3,Y1R2,Y2R2). Then
(1) for each pair pair (i,4") of Y1 and k of Y3, one and only one of the following must hold:
(i) w(i,i', k) € OI“(,i k) if and only if
—0.51og M2 (i, k) < Ao2p, — X2 g, < —0.5log M (i, k)
(ii) w(i,i',k) ¢ OI(i,i',k) if and only if
AR, — A2 R, < —0.5log M2(i,' k) or Ay2p, — A2 p. > —0.5log M (i, ', k)

where My (3,1, k) = wm (3,4, k) /w(i,i', k) > 1 and My (3,7, k) = wn (3,7, k) Jw(i, i, k) < 1
in the absence of all /\ifl Ry S

(2) v(k,k',i) € OI"(k, k', i) for any given pair (k, k') of Y3 and i of Y;.

Proof. See S9.1. (I

From Theorem 1)-3), we have two interesting observations: First, the nonresponse
odds w(i,i’, k) and the response odds interval OI*“(i,4’, k) are designed to identify the models
including (two-way/three-way) interactions associated with Y7 and Rz. Second, the nonresponse
odds v(k,k’,7) and the response odds interval OI”(k, k’,i) is able to identify the models with

(two-way /three-way) interactions concerning Y3 and Rp. These observations indicate that the
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first three saturated nonresponse models in Table [S14] can be differentiated by the inequalities
relating the nonresponse odds in Eq. and Eq. to the response odds intervals in
Eq. .

For the model (Y1Y2Y3,Y1Y3R2), if there exist at least one pair (i,i') of Y; and k of Y3
satisfying w(i,i’, k) ¢ OI“(i,i’,k) and at least one pair (k,k’) of Y3 and i of Y satisfying
~v(k,k',i) ¢ OI"(k,k', 1), the model has strong (two-way and/or three way) interactions associ-
ated with both Y7 R2 and Y3Rs, compared to the models with zero values of A%ﬁlR;S, )\%RQ’S
and Ay, r,’s. In terms of the model (Y1Y2Y3, Y2Y3Rs), the existence of at least one pair (k, k')
of Y3 and ¢ of Y7 satisfying v(k,k',7) ¢ OI" (k, k', 1) is equivalent to the existence of a subset of
parameter space such that the value of | A’;;QRZ — M2 R, | (and possibly | /\1’2;%31%2 — )‘2’2%’31%2 ) is
far from zero, and thus the presence of strong interaction effects concerning Y3 R,. In the same
way, if there exist at least one pair (i,i") of Y1 and k of Y3 satisfying w(i,i’, k) ¢ OI¥(i,i', k)
under the model (Y1Y2Y3,Y1Y2R2), then the model has strong (two-way and possibly three-way)
interactions related to Y1 Rs.

Theorem 4)-6) also show that the last four unsaturated nonresponse models in Ta-
ble [S14] are distinguishable with respect to the inequalities relating the nonresponse odds
in Eq. and Eq. to the response odds intervals in Eq. . For the models
(Y1Y2Y3, Y1 Ro, Y3 R,), if there exist at least one pair (4,1’) of Y1 and k of Y3 satisfying w(i, ', k) ¢
OI%(i,i',k) and at least one pair (k,k’) of Y3 and i of Y; satisfying v(k,k’,i) ¢ OI"(k, k', i),
the model has strong two two-way interactions associated with Y;R2 and YsR2. Under the
model (Y1Y2Y3,YaRs, Y3R2), the existence of at least one pair (k, k') of Y3 and i of Y7 satisfy-
ing v(k,k',i) ¢ OI"(k,k',i) is equivalent to the existence of a subset of parameter space such
that the value of | )\’xfzf& - )‘I;/ng | is far from zero and thus the presence of strong two-way
interaction effects concerning Y3 Rs. Similarly, if there exist at least one pair (,7') of Y1 and k
of Y3 satisfying w(s, ', k) ¢ OI*(i,4’, k) under the model (Y1Y2Y3, Y1 Ra, Y2R2), then the model
has strong two-way interactions related to Y1 Ra.

Under the first three saturated models of Table for an I x I x I x 2 table, we can
easily obtain the ML estimators of the response odds and nonresponse odds in Eq. and

Eq. (§72)

50,1, k) = 2L (i i k) = P2 (57.4)
Yi’jk1 Yi' 4 k2

Ak, K i) = LI A, ki) = L2 (S7.5)
Yijk'1 Yitk'2

We let the estimators for the response odds intervals in Eq. (S7.3]) be denoted by, respectively,
OI"(i,i', k) = (&n(i,i', k), & (.8, k) ,OI" (k, K ,6) = (A (k, K, ), Am (k. K ,6)  (ST.6)

where @y, (3,4, k)=min; @; (i, , k), Om (4,1, k)=max; ©;(i,4', k), 4n(k, k', i)=min; 4, (k, k', 1) and
Am (k, k', i)=max; ¥; (k, k', 7).

Using Theorem above and the closed-forms of the ML estimators of the nonresponse
odds and response odd intervals in Eq. (S7.4)), (S7.5) and (S7.6]), we can identify the informa-
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tive missingness assumed in the nonresponse models of Table [SI4] as shown in the following
Corollary [S1}

Corollary S1. Given an I x I x I x 2 table, suppose that the estimates in Eq. (S7.4)), (S7.5)
and (S7.6) are computed. Define the two events E, and E. as

E, = {&@,i k) € (/)\Iw(i,i/, k) for all pairs (i, i/) of Y7 and all values of k of Y3},
B, = {4(k, ki) € OI ' (k, k', i) for all pairs (k,k ) of Y and all values of i of Y1}.

Then,

1) if neither E,, nor E, occur (i.e., “©(i,i', k) ¢ é\Iw(i,i',k) for at least one pair (i,i/) of
Y; and one value of k of Y3”, and “§(k,k’,i) ¢ OI (k,k’,i) for at least one pair (k,k )
of Y3 and one value of ¢ of ¥7”), the plausible models would be (Y1Y2Y3,Y1Y3R2) and
(Y1Y2Y3,Y1R2,Y3Rs).

2) if E,, does not occur and E, occurs, the plausible models would be (Y1Y2Y3,Y1YsRs),
(YHYQY:;,Y'leRg), (Ylya))@,Y1R2,Y3R2) and (Y1Y2Y'37Y1R27Y2R2).

3) if E,, occurs and E, does not occur, the plausible models would be (Y1Y2Ys,Y1Y3Rs),
(Y1Y2Y3,Y2Y3Ry), (Y1Y2Ys, YiR2, Y3R2) and (Y1Y2Ys, YaRo, Y3R2).

4) if both E., and E, occur, the plausible models would be (Y1Y2Y3, Y1Y3Rs), (Y1Y2Y3,Y1Y2Ro),
(Y1Y2Y3,Y2Y3Rs), (Y1Y2Ys, YiR2,Y3Ra), (Y1Y2Ys,YiR2, YaRa), and (Y1Y2Ys, Yo R, Y3 R2).

S7.2 Model assessment for an I x J x K x 2 x 2 table

S7.2.1 Nonresponse log-linear models

Let Y1 and Y2 be incompletely observed variables with I and J categories, respectively, and Y3
be a completely observed variable with K categories. Let R; be an index variable of missingness
for Y7 such that R1 = 1 if Y7 is observed and R1 = 2 otherwise. Let R2 be an index variable of
missingness for Y2 such that Ry = 1 if Y is observed and Ry = 2 otherwise. The full array of Y7,
Ya, Y3, Ry and Ry produces the I x J X K X 2 X 2 table with the cell probabilities ® = {m;jkem }
and the cell counts y = {yijkem} where i =1,...,1, j=1,...,J, k=1,...,K, £ =1,2 and
m = 1,2. But, we observe only yobs = {Yijk11, Yitk12, Y+jk21, Y++k22}. Table [S15| presents a 2
X 2 X 2 x 2 X 2 table.

For observed cell counts, we assume a multinomial distribution with the cell probabilities

7 and the fixed total count N = Zi’j’k%m Yijkem- Then, the log likelihood of 7 is

{ = Zzzyijkll logﬂ'ijkll + ZZyi+k12 log Ti+k12
i j ok ik

+ Z Zy+jk21 log 7y jro1 + Zy++k22 log 74 4 k22
Jj k k
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Table S15: 2 x 2 x 2 x 2 x 2 table

Ry =1 Ro =2
Yo=1 Yo =2
Ri—=1 Yi=1 Y11111 Y12111 Y1+112
Y3=1 Y1 =2 Y21111 Y22111 Y24112
Ry =2 Y+1121 Y+42121 Y++122
Vs =2 Ri=1 i=1 Yy11211 Yy12211 Y14+212
Y1 =2 Y21211 Y22211 Y2+212
Ry =2 Y+1221 Y+2221 Y++221

where 7 jkem = Mijkem/ Zi,j,k,[,m Mijkem and m = {m;jrem } are the expected cell counts.

For illustrative purpose, we consider the four hierarchical log-linear models for the expected

cell counts m as given in Table The sum of each A-term over each of the superscripts in each

model is constrained to be zero. Note that these four models are saturated for an I x I x I x2 x 2
table (i.e., I = J = K). The four models in Table are the extensions of the four saturated

models for an incomplete two-way contingency table considered in Table 1 of the paper because

Y3 is additionally considered in each of the four saturated models in Table 1.

Table S16: Nonresponse log-linear models

Notation

Model

(Y1YaY3,Y1Y3R1,Y1Y3Ra, Y3 R Ra)

(Y1Y2Y3,Y2Y3R1,Y2Y3Ra, Y3 R1 Ra)

(Y1Y2Y3,Y1Y3R1,Y2Y3Ra, Y3 R1 R2)

(Y1Y2Y3,Y2Y3R1,Y1Y3R2, Y3 R1 Ra)

. Y 7 k 7 m ] ik Ik ijk
log Tuklm —kz)\yl + Al]?[ + >\y3 +,)\R1 + +kAR2 + XYJkYQ + kylyg + Ay2y3k(+ >\y1 YaYs
k2 v k2 m e TRM m m
+>‘Y1R1 + )‘YSRl + )\YIYBRI + >‘Y1 Ro + AY3R2 + )\YIYSRZ + ARI Ra + )‘YSRl Ro

B i j k ’ m ij ik ik ijk
log mijkem = Ayy + Xy + A5y + Mgy + FAF, + Ay, + 20y, + M8 + A0S,y
it ke ik? im km Jkm im kem
+AY2R1 + /\3’3R1 + )\Yl vary T AY2R2 + /\Y3R2 + )\YZYSR2 + /\Rl Ry T )‘Y3R1R2
log 1 + AL AL bR AL AT AT AR R yik
EMijktm = Ay Yo Y3 Ry Ry Y1 Ys Yy Y3 Yo Y3 Y1YoYs
it ke ik? jm km jkm im fetm
FAYV Ry T ARy T AV YR, T MoRry T AYSRy T Mpvare T AR Ry T AV3 Ry Ry
log m; =L AL AE AL AT AT AR IR Z\UR
& Mijktm = Ay Yo Y3 Ry Ry Y1 Yo Y1Yy Yo Y3 Y1YaY3
je ke jket im km ikm m kem
FAvr, T AR T A var) T ARy T AVaRy T AV YRy T AR Ry T AV R Ry

S7.2.2 Properties of nonresponse log-linear models in Table

For a detailed analysis of the features of the nonresponse log-linear models in Table [SI6] we

first define the response odds and nonresponse odds based on the cell probabilities 7 in the

I xIxIx2x2table:

For a given pair (i,i’) of Y1 and k of Ys,

wii, i k) = T (i k) = T2 (S7.7)

il jk11 Tl 412

For a given pair (j,j') of Y2 and k of Y3,

vi(4,j' k) =

Tijk11 .. T4jk21
S (G, k) = (S7.8)
Tij' k11 T4/ k21
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For given a pair (k,k’) of Y3 and i of Y1,

’Yj(k’,k‘/,i) — M ’Y(k,k/,’i) — M (879)

7Tij1c'117 Titk/12
For given a pair (k,k’) of Y3 and j of Ya,

mik, k' 5) = KLk k) = —HR2L (S7.10)

Tijk/11 Tjk/21

We denote the response odds intervals containing w; (,4’, k), vi(4, 7', k), v; (k, k', 1) and n; (k, k', 5)
by, respectively,

OI(i,i' . k) = (wa(i,i', k), wm(i,7, k))
Or'(G,j' k) = (va(d', k), vm(G 5" k) (S7.11)
OI”(k,k’,z) = ('yn(k,k’,i),wm(k,k’,i))
OI"(k,K',j) = (nu(k, K, 5)m (R, K, 5))

where wy, (4,4, k) = min; w; (4,7, k), wm (3,7, k) = max; w; (3,7, k), v (4,7, k) = min; v;(5, 7, k),
V(o7 K) = max v;(j, 5 K), (ks Ky3) = ming v (B, K 6), (R, Ky3) = max, 3 (k, K, ),
na(k, k', 5) = min; n;(k, k', 7) and 1, (k, k', 5) = max; n;(k, k', 7).

Theorem below presents the theoretical properties with respect to the inequalities re-
lating the nonresponse odds (Eq. (S7.7), (S7.8), (S7.9), (S7.10)) to the response odds intervals
(Eq. ) for identification of the informative missingness assumed in the nonresponse mod-
els of Table

Theorem S2. Suppose that w={m;;xe} in an I x I x I x 2 x 2 table is modeled by

1) the model (Y1Y2Y3, Y1Y3R1, Y'1}/31'?027 Y3R1R2) Then

(1) for each pair (4,7’) of Y1 and k of Y3, one and only one of the following must hold :

(1) w(i,i' k) € OI*(i,i k) if and only if

—0.5log M2 (i, k) < (Ae2ry — A2 ry) + (A2 py — AE2 r,) < —0.51log MY (3,4, k)
(1)  w(i,i' k) ¢ OI“(i,4' k) if and only if

Wiy = Wika) + A Tare = Wiira) < —0.510g M (i, 7, k) or

(Ailry — A2 Ry) + A\ Ry — MAaR,) > —0.51og MY (3,4, k)

where My (3,1, k) = wm (3,7, k) /w(i,i' k) > 1and My} (3,7, k) = wn (3,7, k) /w(i,i', k) < 1

in the absence of all A\Y]'g,’s and A%%T%Rz’s.

(2) v(4,5', k) € OI"(j,j', k) for any given pair (j,5’) of Y2 and k of Y3
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(3) for each pair (k,k’) of Y3 and i of Y1, one and only one of the following must hold :

(i)  ~(k, k' i) € OI"(k,k',i) if and only if
—0.5log My, (k, k', i) < ()\136//321%2 - )\%RQ + (/\&;32/3132 - >\§L?Y3R2) + (Alfflgllglm - >\’§,5le2)
< —0.5log M, (k, k', 1)
(i1)  ~(k,k',3) ¢ OI"(k,k',i) if and only if
(o2, = A2p) + W2 r, = NF2 ) + OR2 R, — AM2 1) < —0.51og M, (k, K, i) or

(A]§/32R2 - A};’il‘b) + ()"%12’332 - )‘1;6123’3132) + (Allc/sllglRQ - A116%21311‘32) > —0.51log My (k7 k/a l)

where M), (k, k', 1) = ym (k, k', 3) /v(k, k' ,i) > 1 and M;) (k, k', 3) = v (k, k', 1) [v(k, k', 1) <

1 in the absence of all /\If/?RQ’s, /\§51”5}3R2’s and )\%71’%132 ’s.

(4) for each pair (k,k’) of Y3 and j of Y2, one and only one of the following must hold :

() n(k,K,j) € OI"(k, k', j)

—0.51og M7, (k, K, 5) < Wk, — M2r,) + Ok 5y — MWhyny) < —0.5log M (K, K/, 5)
(i1) n(k, k', j) ¢ OI"(k,k',7) if and only if

A, = M2r)) + OV vy — M2k r,) < —0.510g My (k, k', §) or

O = A28 + O R Ry — M2k o) > —0.51og M) (k, K, §)

if and only if

where M) (k, k', 7) = nm(k, k', 5)/n(k, k', j) and M (k,k',7) = nn(k, k', 5)/n(k, k', j) do

ke kem ik’ ikl -
not depend on any Ay, g, and Ay/k, g, but do depend on Ay y, g, and Ayy, g, for all i’s,

and M (k,k',j) > 1 (M}, (k,k',j) < 1) guarantees existence of positively (negatively)

large value of )\ﬁi/ﬁs Ry — §512y3 R, for at least one i.
2) the model (Y1Y2Y3, YéY3R1, Y2Y3R27 Y3R1R2). Then
(1) w(i,i’', k) € OI“(i,i', k) for any given pair (i,4") of Y1 and k of Y3
(2) for each pair (j,5’) of Y2 and k of Y3, one and only one of the following must hold :
(i) wv(4,4',k) € OI"(4,5', k) if and only if
—0.51og My, (7,5, k) < (A2, — M2 R,) + (A0 R, — Mi3,R,) < —0.5log My (5,5, k)
(1) v(4, 4, k) ¢ OI"(4,4',k) if and only if

M2k, = M2p) + (M0 R, — MES,R,) < —0.5log My, (j, 5", k) or

My, = Mom) + (Novar, — Mivm,) > —0.510g My (5,5, k)

Where M#L(ij’vk) = l/m(j,j/,k)/l/(j,jl,k) > ]- a'nd M’Z(]’]/’k) = I/n(j,jl,k)/l/(j7j,,k) <

. T jke s
1 in the absence of all Ay, g,’s and Ay y, 5 ’s.
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(3) for each pair (k,k’) of Y3 and i of Y1, one and only one of the following must hold :

(@)

(i)

v(k, k' i) € OI" (k,k',4) if and only if
—0.5log M, (k. K, i) < Mk, — AWar,) + (A m,
v(k, k' 1) ¢ OI"(k,K',i) if and only if

— Mk ry) < —0.51og M) (k, k', 0)

(N2, — A2 )+ (W2 5 — A2 ) < —0.51og M, (k, ', d) or

(AYars — MWWary) + AV, Ry — MaRyky) > —0.5log M, (k, K, 0)

where M), (k,k',3) = vm(k,k',1)/v(k,k',7) and M) (k, k' i) = vn(k,k',3)/v(k,k',i) do

. .
not depend on any Ay, and /\%71%11%2 but do depend on A{,’;ng and )‘%/’;7;31%2 for all

J’s, and M) (k,k',i) > 1 (M), (k,k',i) < 1) guarantees existence of positively (negatively)

_ \Jk2

jk'2 . .
large value of Ay y. . YoysR, lOT at least one j.

(4) for each pair (k,k’) of Y3 and j of Y2, one and only one of the following must hold :

(4)

(i)

n(k,k',j) € OI"(k,k',j) if and only if

—0.5log ML (k, K, §) < (M, — A2g)) + (N2 5,
< —0.5log M) (k, k', 7)

n(k,k',j) ¢ OI"(k, k', 4) if and only if

O, = AW2Ry) + 38k, — N8 k) + AR Ry

k'2 k2 jk'2 jk2 k'21
(/\Y3R1 - /\YsRl) + ()‘YngRl - )‘Y2Y3R1) + ()\YsRlRQ

jk2 k'21 k21
— Maver,) T (AR Ry — AViRiR,)

— Aok, ry) < —0.5log M (k, k', j) or
— X2k Ry) > —0.51log M (k, K, j)

Where M'gl(kak/?j) = nm(kvkl7.7)/n(k7kl7.7) > land M;Z(k,k/,]) = nn(k7k/7])/n(k7k/a]) <

: . 174 ) ) kém .
1 in the absence of all Ay, r,’s, Ay y, g, ’s and AV, R r,’s.

jkm )

3) the model (Y1Y2Y3, }GY3R1, Y2Y3R27 Y3R1R2). Then

(1) w(i,i', k) € OI“(3,i', k) for any given pair (i,7") of Y1 and k of Y3

(2) v(4,5', k) € OI” (4,7, k) for any given pair (4, ;') of Y2 and k of Y3

(3) for each pair (k,k’) of Y3 and i of Y1, one and only one of the following must hold :

(4)

(i)

v(k,k',i) € OI" (k,k',i) if and only if
—0.51og My, (k, k' ,i) < (A% Rk, — A¥2R,) + (OS2, 1y
v(k,k',3) ¢ O (k,k',i) if and only if

— ANi %, Ry) < —0.5log M (k, K, i)

(A2, — A2 )+ (W2 h — A2 ) < —0.51og M, (k, ', i) or

(AI;:/;;QRQ - AI;%RQ) + ()\1;,311%1 Ry — )‘1;‘13%?1 Rg) > 70510g M;Z (k7 kla Z)

Where M%(k,k‘l,Z) = ’Ym(k',kl,l)/’y(k,k/,’b) and Mg(k,k/,’b) = ’yn(k7k3/,l)/’y(k7kl7l) dO

jk'm

not depend on any )\’{/;”Rz and )\%’{{11{2 but do depend on Ay, y., and A{,’;%Rz for all

j’s, and M) (k,k',i) > 1 (M,),(k,k’,3) < 1) guarantees existence of positively (negatively)

_)\dk2

jk'2 .
large value of Ay y, r, Yavs R, lOT at least one j.
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(4) for each pair (k,k’) of Y3 and j of Y2, one and only one of the following must hold :

(i) n(k,k',5) € OI"(k,k',j) if and only if

—0.5log My, (k, k', j) < (A%2R1 — \ir,) + ()‘116//321%1R2 — M2k, Ry) < —0.5log M) (k, K, §)
(i1) n(k, k', j) ¢ OI"(k,K',7) if and only if

(W — M2r,) + O3 Ry — M Rry) < —0.510g M3 (k, K, 5) or

(A\Vir, — AR + WA Ry — M2k, Ry) > —0.5log M (k, K/, )

Where Mgl(ka kl?j) = nm(k7k/7])/n(k7k/a]) and M:l’(ka k”?j) = nn(k7k/a])/n(k7k/a]) dO
not depend on any )\Ifff; r, and )\%TI"MRQ but do depend on )\@kl/{ism and /\éffygm for all ¢’s,

and M (k,k',j) > 1 (MJ.(k,k',j) < 1) guarantees existence of positively (negatively)

" .
large value of )\’ykl 32/331 - /\§512y3R1 for at least one 1.

4) the model (YEYQY37 YVQY3R1, }/1};3]'%27 YgRle). Then

(1) for each pair (4,7’) of Y1 and k of Y3, one and only one of the following must hold :

i) w(i,i, k) € OI“(i,i,k) if and only if
(1) w( y
—0.5log M2 (i, k) < (Aery — A2 Ry) + (A2 py — AE2R,) < —0.51og MY (4,4, k)
i) w(i,i, k) ¢ OI“(i,i, k) if and only if
(43)  w(
ARy = M Ry) + (At ry — MWisry) < —0.5log M (4,4, k) or

(AgffRQ - AiY%lRQ) + ()‘gflkl%;;RQ - )"gileY\'gRQ) > 70510g M’V“:(% 7:,7 k)

where My (3,1, k) = wm (3,4, k) /w(i,i', k) > 1 and My (5,7, k) = wn (3,7, k) Jw(i, i, k) < 1

El

in the absence of all A\Y'r,’s and Aiﬁ“{{ﬁgm S.

(2) for each pair (j,5’) of Y2 and k of Y3, one and only one of the following must hold :

(i) v, 4, k) € OI"(4,5', k) if and only if

—0.5log My, (j, ' k) < (Mr, — Mig,) + (Moo r, — Mivar,) < —0.5log My (4,4, k)
(1) v(j, 4 k) ¢ OI"(4,4',k) if and only if

Mare = Mary) + MaYar, — Mavar,) < —0.5log My, (j, j', k) or

My, = Mom,) + (Ng¥yr, — Mivym,) > —0.510g My (5,5, k)

where My, (4,5, k) = vm (3, 5", ) /v (4, 5", k) > 1 and My (5,5', k) = va (3,5, k) /v (4, 5", k) <
: 2 ) 424 ’
1 in the absence of all A¥, 5, ’s and M,y Ry S
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(3) for each pair (k,k’) of Y3 and i of Y1, one and only one of the following must hold :

i) (kK i) € OI"(k,k',4) if and only if
(@) A
—0.51og My, (k,k',i) < (AW, Ry — Wars) + (AVivars — AVovars) T+ AV, R Ry — Aoy 1a)
< —0.5log M) (k, k)
i k. k') ¢ OI"(k, k' i) if and only if
(i)  ( y
()‘15’3232 - AI{’LE,RQ) + ()‘%32’332 - )‘g’kl%’?,RJ + (AI;’;I%RQ - )‘I;’ﬁth) < _0'510g M,l(k, klvi) or

(AI;’?,QRz - AéiRz) + ()‘g/kl32’3R2 - )‘g/kl%{%Rz) + (AI§/311%1 Ry ™ AI)C%%'J Rz) > _0'510g M,:Z (kv k/7 Z)

Where M;{L(k7 k/a 7’) = 'Vm(k, kl? Z)/’V(k, kl? 7’) > 1 a‘nd M;L{(ka kl? 7’) = ’Y’“«(ka k/7 Z)/’Y(k‘7 k,a 7’) <

: km ikm ) kém 5
1 in the absence of all A\Y'r,’s, A\y;V,r,’s and A\y,R, r,’s

(4) for each pair (k,k’) of Y3 and j of Y2, one and only one of the following must hold :

(i) n(k,k',7) € OI"(k,k',j) if and only if
—0.510g My (.1, 5) < (e, = MWom) + ¥ my = Mibam,) + (s = M5hum,)
< —0.5log M) (k, k', 5)
(i1) n(k, k', j) ¢ OI"(k,K',7) if and only if
M = A + 5 ry = M ry) + Ok s, — MWohum,) < —0.51og MY (k, K, j) or

ARy — Mar) + (N2 R, — MR + AR re — MRy Ry) > —0.5log Ml (k, K, 5)

where M, (k, k', j) = nm (k. k', §)/n(k, k', j) > 1and Ml(k, k', j) = nn(k, k', §)/n(k, K, j) <

. ke ) Jjkm ) kfm )
1 in the absence of all Ay;r,’s, Ay y. g, ’s and AYV,R g,’s.

Proof. See S9.2 O

From Theorem we see that each nonresponse odds and its associated response odds
interval are able to identify the models with (two-way/three-way) interactions concerning the
missingness of an incompletely observed outcome variable and other outcome variable : (i)
(w(i,i', k), OI“ (3,4, k)) for interactions associated with Ry and Y1, (ii) (v(j,5, k), OI" (4,7, k))
for interactions associated with Ry and Ya, (iii) (y(k, k’,4), OI" (k, k', 1)) for interactions associ-
ated with Rs and Y3, (iv) (n(k, &', j), OI"(k, k', j)) for interactions associated with R; and Y3.
Therefore, as summarized in Table the nonresponse models in Table can be differen-
tiated by the inequalities relating the nonresponse odds in Eq. (S7.7), (S7.8), (S7.9), (57.10)
to the response odds intervals in Eq. (S7.11).

Table S17: Properties of the nonresponse log-linear models in Table

Notation (w(i, i, k), OI¥ (3,4, k)) (v(4,7,k), OI"(4,5',k)) (v(k,k',i), OI"(k,k’,4)) mn(k,k",j), OI"(k,k,7)
(Y1Y2Y3,Y1Y3R1,Y1Y3R27Y3R1R2) A O A A
(Y1Y2Y3,YaY3R1, Y2Y3 R, Y3 R1 R2) O A A A
(Y1Y2Y3,Y1Y3R1, Y2Y3R2, Y3 R1 R2) O O A AN
(Y1YaY3,Y2Y3R1,Y1Y3Ro, Y3 R1 Ro) A A A A
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In Table [EI7] O means the nonresponse odds always lies in the response odds interval.
The symbol A represents that whether or not the nonresponse odds lies outside the response
odds interval depends on the existence and magnitudes of the (two-way/three-way) interac-
tions between the missingness of an incompletely observed outcome variable and other outcome
variable.

As the nonresponse models in Table are saturated for an I x I X [ X 2 x 2 table, we
can easily obtain the ML estimators of the response odds and nonresponse odds in Eq. ,

S7.8), (S7.9), (S7.10) :

oy (0,1 k) = LEU i, k) = L2 (87.12)
Yi'jk11 Yi' +k12

DG, k) = LI p (g5 k) = SR (57.13)
Yijrki Y4j'k21

’?j(k‘,k/,i): M, &(k,k/,i): M’ (87.14)
Yijer11 Yitk'12

ik, K, §) = Lk k) = YHRRL (S7.15)
Yijk'11 Y+ik'21

We let the estimators for the response odds intervals in Eq. (S7.11]) be denoted by, respec-

tively,

(z i'vk) = (On(i, 7, k), Om(i,i' k)

o1 (m’,k) = (0n(.5 k), om (5, k) (S7.16)
OI" (k, K',i) = (n(k, K ,3), Aom (K, 1))

o1 (kvk/a]) = (k. k', 5), i (K, K, 7))

where @y, (1,4, k) = min; ©;(i,4', k), @m (3,4, k) = max; ©; (3,7, k), Dn (4,5, k) = min, (4, §', k),

ﬁm(j,j/,k) = maxi&i(jvjlvkL ’A}/n(kvk/J) =
mini f]’b(ka k/7j) a'nd f]m(ka k/7j)

ﬁn(kv klaj) =

min; 4, (k, k',

= max; 1; (k, K, j).
Using Table (based on Theorem and the closed-forms of the ML estimators of the
nonresponse odds and response odds intervals in Eq. (S7.12)), (S7.13)), (S7.14)), and (S7.15)), we

i)7 ;Ym(k7 k,7

1) = max; 4, (k, k1),

can identify the informative missingness assumed in the nonresponse models of Table

To further develop a complete data analytic guideline to distinguish between plausible

nonresponse log-linear models for an I x J x K x 2 X 2 table and a multi-way incomplete contin-
gency table, it is required to find a complete list of estimable hierarchical nonresponse log-linear

models. We think this task is beyond the scope of the present paper and calls for future studies.
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S8 Nonignorable Selection Model for An Incomplete
Two-way Contingency Table

S8.1 Nonignorable selection model

In order to investigate the applicability of the proposed method to nonignorable nonresponse
models outside the framework of the log-linear model, we consider a nonignorable selection
model proposed in Fay (1986) and Molenberghs, Goetghebeur, Lipsitz and Kenward (1999).
We denote this model as NNS-FM.

A selection model decomposes the cell probabilities 7 = {m;;x¢} of an incomplete two-way

contingency table (such as Table 1 of the paper) as follows:
Tijhkt = TijPr e|i,j (S8.1)

where 7jpe = Pr(Y1 = i,Y2 = j,R1 = k,R2 = {), mi; = Pr(Y1 = i,Y2 = j) and ¢y gpi; =
Pr(Ri =k,Ry =4 | Y1 =14,Y2 = j). In the NNS-FM model, ¢ ¢;; in Eq. (S8.1)) is defined
using the conditional decomposition components, p1(%,j), p21(%,j) and p2o(z, ) (Fay, 1986):

¢1,1\i,j = Pl(iJ)le(iJ)a ¢’1,2\¢,j =Dp1 (7:7j)[1 - p21(i,j)}7
¢2,1\i,j = [1 *pl(i»j)]p20(i7j)7 ¢2,2\i,j = [1 *pl(i»j)][l *p20(i,j)],

where p1(i,j) = Pr(R1 =1 | Y1 =4,Y2 =), p1(4,j) = Pr(Re =1 | Y1 =¢,Ya = j,R1 = 1),
and p2o(i,7) = Pr(R2 =1 | Y1 =4,Y2 = j, Ry = 2). For the three decomposition components
p1(%,7), p21(i,7) and pa2o(i, 7), a logistic parameterization is used (Molenberghs et al., 1999):

. : y p1(i,j . .
logme = Xy, + M, + My o8 T2 — ool o,
p21(ig) i p0(i,4)  _
lOg 172121(7;’].) = o + Ofyl + CMY2, log TO(%J) = Qas,

where mi; = mi;/ >, i mij, m = {m;} is the expected cell count for the I x J table obtained
by collapsing the hypothetical complete data over the four missingness patterns, and ). oy, =
Siad, =3 A, =30, =30y, =3, A, = 0. Note that the NNS-FM model above
is saturated and each missingness is assumed to depend on both Y7 and Ya.

We will examine the NNS-FM model with respect to the odds of cell probabilities in
Eq. (2.1) of the paper and the inequalities relating the nonresponse odds to the response odds
intervals in Eq. (3.1) - Eq. (3.4) of the paper.
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S8.2 (Odds of the cell probabilities

Under the NNS-FM model, the three odds of the cell probabilities can be expressed as

oy = Tzt Tl =P 9)lpo(ing) exp(as)(1 + exp(az +ad, + a3,)) 7
i mijp1 (i, j)p21(i; ) exp(an + az + 204, +2ad, )(1 + exp(as))
g, = Fuz_ migp1 (6, J)[L = p2r (3, 5)] _ L .
Tiji1 migp1 (4, §)p21 (4, J) exp(az + oy, +ad,)
Gii = myntyz _ _Pulhg) 1-polhd) exp(as — az + o, + a{@).

Tij12Ti521 1 —p21(i,5)  p20(4,5)
We can see that ouj, Bi; and gi; depend on both ¢ and j, unlike the eight nonignorable log linear

models shown in Table S1.

S8.3 Inequalities relating the nonresponse odds to the response
odds intervals
In the following Theorem [S3] we present the theoretical behaviors of the NNS-FM model with

respect to the nonresponse odds and the response odds intervals in Eq.(3.1), (3.2), (3.3) and
(3.4) of the paper.

Theorem S3. Suppose that 7w = {m;jke} for an I x J x 2 X 2 table is modeled by the NNS-FM
model in S8.1. Then,

1) for each pair (j,j’) of Y2, one and only one of the following must hold
(1) v(4,5") € OI"(5,5") if and only if | a{}z - a{é |< A
(2) v(j,§') ¢ OI'(j,7) ifand only if | o, —ad, |> As
where A, is a constant over a{}z.
2) for each pair (i,3') of Y1 , one and only one of the following must hold
(1) w(i,i') € OI°(3,7') if and only if |, — ag;l < Ay
(2) w(i,i') ¢ OI(i,i") if and only if | o, —ab, |> Ay
where A; is a constant over O‘%ﬁ‘
Proof. See S9.3.1 and S9.3.2 below. O

From Theorem we can see that, for the NNS-FM model, the existence of at least one
pair (j,5') of Ya satisfying v(j,5') ¢ OI”(j,7’) is equivalent to the existence of a subset of
parameter space such that the value of | oz{,2 — oz{,; | is far from zero and thus the presence of
a strong effect of a{,z (i.e., positively/negatively large value of a{,z). In the same way, if there
exist at least one pair (i,4") of Y; satisfying w(i,i') ¢ OI“(i,7’), then the selection model has a

strong effect of a%;l.
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As the NNS-FM model is saturated, the ML estimators of v;(j,5'), v(j,5"), OI"'(5,7),
wj(i,4"), w(i,i'), and OI*(3,i') are

(4, 5) = L (4,51 = S 017 (5, 5) = (904, 5, P (G, 5)) (S8.2)
Yijr11 Yqjr21

@i,") = L2 6(,d) = YEE 017 (0,1') = (@n(i,1), @m (i,1) (88.3)
Yi’j11 Yi’+12

where 0, (7, 7' )=min; 2;(4, '), Pm (4, 7" )=max; ;(J, j'), On (7,1 )=min; ©;(i,7") and @m, (i,7" )=max; @;(i,1’).
Using Theorem and the closed forms of the ML estimators in Eq. and ([S8.3)),

therefore, we can identify the informative missingness assumed in the NNS-FM model, as shown

in the following Corollary

Corollary S3. Given an I x I x 2 X 2 table, suppose that the estimates in Eq. (S8.2)) and (|S8.3])

are computed.

1) If 2(5,5') ¢ OI (j,7') for at least one pair (j,j ) of Y, the NNS-FM model (with large

|an2\ values) would be plausible,

2) If &(i,i') ¢ OI (i,7') for at least one pair (i,i ) of Yi, the NNS-FM model (with large

|y, | values) would be plausible.

Note that if one is interested in nonignorable nonresponse models different from the NNS-
FM model above (e.g., different logistic parameterizations for p1(i,7), p21(%,5) and pa2o(i,J)
in S8.1, as given in Molenberghs, Goetghebeur, Lipsitz and Kenward (1999)), one needs to
analytically check the applicability of the proposed method for each model one by one.

S8.4 Data analysis using the NNS-FM model : BMD data and
Smoking data

We here illustrate the performance of the proposed method under the model NNS-FM in S8.1
with two public health data sets, the first data set used in Section 5.2 of the the paper and the
second data set analyzed in S5.2 of the Supplemental material.

First, we evaluate the suitability of the NNS-FM model for the BMD data by computing
the nonresponse odds and the response odds intervals in Eq. and . We observe the
same results as those in Table 6 of the paper (Page 15) because the NNS-FM model is saturated
. 0(4,7") ¢ O (j,5') for two pairs (j,j") of Ya and &(i,i') ¢ OI  (,i) for three pairs (i,4') of
Yi1. By Corollary thus, the NNS-FM model with strong effects of o&l and a{,Q would be a
plausible nonignorable model, along with the selected saturated log-linear models (a.;, 8;.).

To verify our finding, we also applied the BMD data to the NNS-FM model, and com-
puted the ML estimates for the parameters : (;\%/1,;\5/1,5\#2,5@2,5\%5/2,5\%5/2, 5@}1)’2,5@215/2,
u, G2, b3, Gy, , 63, , Gy, 63, )=(0.938, 0.166, 0.629, -0.339, -0.128, -0.010, -0.149, 0.030, 0.685,
1.944, 2.971, 0.250, 0.060, 0.015, 0.274). Note that the corresponding estimated standard er-
rors are (0.055, 0.061, 0.042, 0.052, 0.051, 0.063, 0.058, 0.070, 0.068, 0.091, 0.153, 0.103, 0.115,
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0.051, 0.064). We can see that the estimates for alyl and ozf/Q are positively large relative to
their standard errors, i.e., 2.427(=0.250/0.103) and 4.281(=0.274/0.064).

Table S18: Estimates for the expected count for BMD data

Ro=1 Ro=2
Model
ode Ya=1 Ya=2 Ya=3 Ya=1 Ya=2 Ya=3
Yi=1 621.0 290.0 284.0 68.2 24.6 42.3
Ri=1 Yi=2 260.0 131.0 117.0 34.5 13.4 21.1
, Yi=3 93.0 30.0 18.0 17.9 4.4 4.7
Selection . N
vi=1 253.6 89.3 162.8 13.0 4.6 8.3
Ri=2 Yi=2 131.1 49.6 83.3 6.7 2.5 4.3
Yi=3 71.4 17.1 19.8 3.7 0.9 1.0

The estimates for the expected counts for the BMD data under the NNS-FM model are
given in Table As the NNS-FM model is saturated, the corresponding maximized log
likelihood, G2, AIC and BIC are exactly the same as those of the selected saturated log-linear
model (a.j, Bi.). However, the estimates of the expected counts for (R1, R2)=(1,2), (2,1), (2,2)
are different for both nonignorable models (see Table of Section S5 in the Supplemental
Material).

We now assess the suitability of the NNS-FM model for the smoking data by comput-
ing the nonresponse odds and the response odds intervals in Eq. and . We
found that (1,2)=0.924 € OI (1,2)=(0.871, 1.329) for a pair (1,2) of Yz, but @&(1,2)=0.306
¢ 6\1w(1, 2)=(0.141, 0.215) for a pair (1,2) of Y;. This indicates that, by Corollary the NNS-
FM model with strong effect of a@l would be a plausible nonignorable model, along with the
selected saturated log-linear models (., 8;.) and (as., 3;.) in S5.2 of the Supplemental material.

To confirm this result, we fitted the NNS-FM model to the smoking data and obtained the
ML estimates for the parameters: (x%/l,5\%/2,5\%/11)/2,@1,@2,@3,@%/1, d§2):(—0.851, 0.035, 0.105,
2.583, 4.298, 0.579, -0.281, 0.020). Note that the corresponding estimated standard errors are
(0.007, 0.006, 0.006, 0.031, 0.048, 0.036, 0.049, 0.022). We can see that the estimate for 0‘%’1 is
negatively large relative to its standard error, i.e., -5.73(=-0.281,/0.049).

Table S19: Estimates for the expected count for smoking and birthweight data

Ry =1 Ry =2
Model

o Yo =1 Yo =2 Yo =1 Yo =2
Ri—=1 Y1 =1 4512.0 3394.0 79.7 62.3

. e Y =2 21009.0 24132.0 211.4 252.6

Selection

R 9 Y = 288.7 226.1 161.8 126.7

e Y = 760.3 908.9 426.1 509.4

Table[S19|shows the estimates of the expected counts for the smoking data under the NNS-
FM model. As the NNS-FM model is saturated, the corresponding maximized log likelihood,
G?, AIC and BIC are exactly the same as those of the selected saturated log-linear models,
(a.j, Bi.) and (., B:.). However, the predictions for the unobserved outcomes, the estimates
of the expected counts for (R1, R2)=(1,2), (2,1), (2,2), are different. Please see Table of
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Section S5.2 in the Supplemental Material for the estimates of the expected counts under the
models (a.j, 8:.) and (., 8:.).

S9 Proofs of Theorems in Section S7 and Section S8
S9.1 Proof of Theorem in S7.1.2
1) Model (Y1Y2Ys,Y1Y3Rs)

(1) By the definition of wy, (3,7, k) and wy, (3,7, k), wm (3,3, k) > w;(i,i, k) for all j(# m)
and wy (4,7, k) < w;(i,7', k) for all j(# n) lead to two inequalities in Eq. (59.1)) and (S9.2):

-/ ./ -/ -/ ia . i :
] i'm i'jk i'mk %] im ijk imk
)\Y1Y2 ~ Ay, T )‘Y1Y2Y3 “ MYy > )‘Yle My, T )‘Y1Y2Y3 — AV YaYs (89.1)
)\i'j _\in + Xi’jk _ )\ink < AU —Ano 4 L _ )\ink (89.2)
Y1Ys Y1Ys Y1YaY3 Y1Y2Ys Y1Ys Y1Ys Y1Y2Y3 Y1YoYs: .

We now express wi, (4,4, k) /w(i,i’, k) and w, (3,4, k) /w(i,?, k) as follows :

w. (i,i/,k) v . ., . o
om TR e (202, — N y) + 205,y — My ) X MG, )

w(i, i, k)
.,
wn (3,3, k) i'2 2 i'k2 ik2 W (s o
Wl k) = exp <2(’\Y1R2 =AYV Rr,) + 20 YRy — )‘Y1Y3R2)> x M, (3,4, k).
b b
where
J ik i'i _ yi'm i’jk _ \i'mk
M (i,i' k) = >, exp()\Y2 + /\Y2Y3 + /\Y1Y2 Ay )‘Y1Y2Y3 Ao vy)
m\t - j jk ij i ijk _ \imk ’
225exp(Ay, + Mgy, + Ay, — ATy, A v — A Y vy)
J ik i'i _ yi'n i’jk _ yi'nk
MY (,i' k) = >, exp()\Y2 + /\Y2Y3 + /\Y1Y2 Ay, )‘Y1Y2Y3 Ao vy)
n (5,7, =

J ik ij _\in ijk __ yink :
> EXP()‘YZ T A%y T A ve T AV ve TAY vy )‘Y1Y2Y3)

By Eq. (59:1) and (S9:2), My (i,i',k) > 1 and My (i,i',k) < 1 in the absence of all A\Y g,’s
and A%/IiZYBRQ’S' Thus, the necessary and sufficient condition for w(i,i’, k) ¢ OI“(i,4', k) (i.e.,
emlll) < Lor 2altil) > 1) is (AP 7R, — AR Ry) + MY Ry — M3 R,) < —0.5log M (i, 7', k)
or (A\yPr, — A Rry) + (AR, — AW35R,) > —0.5log My (1,1, k).

2) In a similar fashion, by the definition of ~,,(k,k’,i) and v, (k,k',1), ym(k,k',i) >
v;(k, k' 4) for all j(#£ m) and v, (k, k', 1) < ~v;(k, k', 4) for all j(# n) result in two inequalities in
Eq. (59.3) and (59.4):

jk’ )\mk/ )\ijk, Aimk/ Ajk )\'mk )\ijk )\zmk 9.3
)\Y2Y3 Ay T A Yy T ey 2 Yovs T A2y T AY v v T AV YaYas (59-3)
ik’ ynk’ ijk’ _ yink’ ik ynk ijk _ yink
>‘Y2Y3 )‘YzYs + )‘Y1 YaY3 )‘Y1Y2Y3 < )‘Y2Y3 ’\Y2Y3 + )‘Y1Y2Y3 )\Yl Y2Y3: (59.4)

We represent v (k,k',7)/v(k, k', 1) and v, (k,k',7)/v(k, k', i) as follows :

Y (k7 k/’ 1) / i . .
W = exp (2(A11€/321%2 - )‘%32) + 2(/\%32/31-22 - )\35123/3132)) X M, (k, k', i),
Yo (k, k', 9)

D exp (2005, = M2r,) + 20858, r, — M3y, ) X M1 (K, K,0).
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where
Fi ij gk’ K ijk’ im k'’
7 ;. Zj '3XP()‘Y2 + )‘Y1Y2 + >‘Y2Y3 - ATS%Yg_ + >‘y1y2y3 - )‘;TYQ)%)
My, (k k,5) - = 7 7] ik mk Wik imk )’
2 exp()\y2 T T Ay A T A vy AY1Y2Y3)
J ij gk’ K/ ijk’ ink’
5 ;. _ 225 eXP()‘yz + )‘Y1Y2 + >‘Y2Y3 - >‘§L/2Y3 + >‘Y1 YoYs — /\ly’} Y2Y3)
M) (k, ki) =

35 PO, + M v, + My, — My, + M v, — AR,y

By Eq. and , M) (k,k',i) > 1 and M, (k,k’,i) < 1 in the absence of all )\%R27S
and /\ﬁfl@yg_]b’s. Thus, the necessary and sufficient condition for vy(k, k',i) ¢ OI"(k, k') (i.e.,
Ll < 1or B S 1) is (A, — M2r,) + (W Rk, — MR ry) < —0.5log My, (K, K, 4)
or (MeZe, — M2g,) + (NE2 5, — NB3Ry) > —0.510g M) (K, K/, 4).

2) Model (Y1Y2Y3, Y2Y3Ro)

(1) Since wim (3,4, k) > w;(i,i', k) for all j(#£ m) and w, (3,1, k) < w;(i,4', k) for all j(# n),
we have two inequalities in Eq. (S9.5) and (59.6):

» " o " iy ) iy .
i i'm i’k i'mk i im ijk imk

AVive T A ve T AV vays ~ Avivays > AVive ~Avive TAY vovy T Avivavyo (89.5)
s -/ -/ o/ .. . .. .
i i'n ik i'nk i in ik ink

Avive T Ave T AV vevs T Aviveys < AV T Avive TAY vovy T Avivavye (89.6)

Now we can represent wy, (1,7, k) /w(i,i', k) and w, (3,4, k)/w(i,i’, k) as follows :

o S exp(M, + AE_ 42 4 AJk2 + NI yilm + Ak _ \ilmk )
wm (4,4, k 5 exp(Ay, Yo Yy Yo R YoY3R Y1 Y v, Y: Y] Yo Y Y1 YaY:
_ 2 213 212 2¥3n2 112 1¥2 1¥27¥3 1Y2¥3
i gl - J jk Jj2 jk2 ij _\im ijk _ \imk ’
w(i, ¥, k) 2 exp(Ay, A% vy A Ry T A Ve R, T AV Y, — AV Y, T AV vavs — AV Y vs)
. J ik J2 k2 i’y i'n i'jk i'nk
wa(iyi' k) 28PN, F Ay A R, T ARy T A v, T AV Y T AV vy T A Yavy)
i1 - J jk Jj2 jk2 ij _y\in ijk _ yink .
w(i, &', k) 2 exp(Ay, AV vy A Ry T A Ve R, T A Y, ~ AV v T A vavs — AR vs)

By Eq. (59.5) and (S9.6)), we can see % > 1 and % < 1, and thus w(i,i', k) €
OI%(i,i k).

(2) By the definition of vm (k, k', %) and vy (k, k', 1), ym (k, k', 3) > v;(k, k', 2) for all j(# m)
and vy, (k, k', 3) < 7;(k,k,7) for all j(# n) result in two inequalities in Eq. (59.7) and (59.8):

M = AT Ay — My MR, — Mar, (89.7)
> Movs = Mavs + MWy — MWitavs + Mohan, — AaYan,:
)‘J‘Y’;/\’?, - /\T;’s;ﬁ% + A11!2.1163,’21’3 - Ai’?iﬁ’s + /\{’I;/;s Ry — /\T;’s;’ls Ro (89-8)
< A{/];Y3 - )‘;’26”3 + )‘iz1kY2Y3 N /\i’rﬁ’z"s + )‘i’zleRz - )‘;,2631’3132'
We express Vo, (k, k',1)/v(k, k',1) and v, (k, ki) /v(k, k', 1) as follows :
ym (ks k', 1)
y(k, k', )
Yn (K, k', 7)
v(k, k', 1)

exp(2M 2, — 202 1) x M (k, K ),

’7
= exp(2A\k, — 2M2g,) X M (kK ,4)
where
o s/
>, exp(A™ (i, 4, k') + 2>‘J\1:22\’3R2) B 3= exp(A" (4, 4, k) + 2)\%1;22‘(3112)

MY (kK i) = - s MY (kK6 = ;
4 5, exp(Am (i, . k) + 2ME2, ooy 3, exp(A™ (i, 4, k) + 200y 1 ,)

)

mo.o. _ j ij j2 ik ymk ijk _ yimk jkl _ ymkl
AT, g k) = )‘YQ + )‘Y1Y2 + )‘YQRQ + )‘Y2Y3 /\Y2Y3 + /\y1y2y3 )‘Y1Y2Y3 + )‘Y2Y3R2 AYQYBRQ’

A" (4,5, k)

J ij j2 ik nk ijk ink jk1 nkl
Ay A v, T A, R, T >\Y2Y3 —Avpyy + Aylyzya —Aviveys T >‘Y2Y3R2 — AY,Y3Ro
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Note that, by Eq. and (S9.8), A" (i,4,k") > X" (4,4, k) and A" (4,4, k') < A™(4, j, k) for all
j’s. However, when M), (k,k’,3) < 1, there exists at least one j such that A{,’;é& - A{,E2Y3R2 is
negative (i.e., ,\J';;'ﬁst, — M3 R, < 0.5(A™(i,4,k) =A™ (3,4, k') < 0). Similarly, M, (k, k', i) > 1
guarantees the positivity of )‘{’233 Ry — )\{,22},3 r, for at least one j (i.e., )\{,’; 33 Ry — A{,’; 23,3 Ry >
0.5(\" (3,7, k) — A" (3,4,K")) > 0).

Therefore, the necessary and sufficient condition for v(k, k', 1) ¢ OI" (k, k', 1) (i.e., % <
lor % > 1)is A%, — A2 R < —0.51og My, (k, K, i) or A2 — M2 > —0.51og M) (k, k', 4)
where My, (k, k',i) and M; (k,k',i) depend on A2 & and MF2, . for all js.

3) Model (Y1Y2Y3, Y1Y2R2)

(1) By the definition of wy, (3,4, k) and wy, (3,4, k), wm (3,3, k) > w;(i,i', k) for all j(# m)
and wy (4,7, k) < w;(i,4', k) for all j(# n) lead to two inequalities in Eq. (59.10)) and (S9.11]):

Agljyz - A%;l";@ + Ai:f’k’zys - Agﬁ’g”s + Ai:f‘}’sz - Al;qu’lsz (89.9)
> Ayly2 - )\;T\/z + )‘izlkyzyg - Ai’?‘lk’zya + A§211Y2R2 - )‘iqlil’sz
)‘gijyfz - /\7;1713’2 + /\i:f;c’zya - ’\i//fg% + )‘7;1]‘31’21?2 - )‘7;171;21?2 (89.10)
< Ayﬂ’z - )‘i’T’iYQ + )‘izlkyzys B Ai’qliﬁys + )\i%leRQ - Ai’rlil"zRQ'

We now express wi, (1,4, k) /w(i,i, k) and wy (3,4, k) /w(i, 7, k) as follows :

Wm (i’ ilv k)

exp(2AV 2R, — 202 ) X MY (i, i, k),

w(i, ', k)
wn (4,4, k) o o -,
——————= = exp(2)] — 2\ « MY (i k
w(i, ¢, k) p( Y1R2 Y1R2) (3,1, k),
where
i, j iz s i'j2
M2 (i Ky = 3, exp(A (@4, k) + 20853, p ) MEG K = 3, exp(A (1 4. k) + 203 )
m ) ’ - . . ij2 E} n 5 3 = - - oo ;
E]- EXP()\T“(7/7]7 k) + 2)\1\']’1\121:{2) Zj EXP()‘"(LJ, k}) + 2)\1\‘]’1Y2R2)
. : ik i2 . i ik ik il i1
AT R) = Ny + My F AR, A Y, T A, T A vavs T AV Yays F AV va Ry T AV Vo R
no. . P " i2 ii in ik ink i -
(i, 5, k) = A{{2 + >\JY2Y3 + >\JY2R2 + k‘)lez - )\Y1Y2 + )‘}ZlYng - )\Y1Y2Y3 + )\Y?IY2R2 - )‘YlYQRZ'

Note that, by Eq. (59.10) and (S9.11), A™ (', 4, k) > A™ (4,4, k) and \"(¢', 4, k) < A" (4, j, k) for
all j’s. However, when M, (4,4, k) < 1, there exists at least one j such that /\ijim - AiﬁszRz is
negative (i.e., ,\l;fisz — AR, < OB (i, 4, k) =A™ (', j,k)) < 0). Similarly, M (i,i, k) > 1
guarantees the positivity of )\2;532,2 Ry — )‘3123/2 R, for at least one j (ie., Aﬁf?,z Ry — iﬂfyz Ry >
0.5(A" (4,4, k) — \"(i', 4, k)) > 0).

Therefore, the necessary and sufficient condition for w(s, ', k) ¢ OI*(i,i', k) (i.e., % <

lor H > 1) is Ap2p, —A2 g, < —0.51log M (i, k) or \y2p, —AE p. > —0.51log MY (i, ', k)

where M (i,i', k) and M (i,i’, k) depend on Ay72 . and A%, . for all js.

(2) Since ym (k, k', ) > v;(k,k',4) for all j(#£ m) and v, (3,3, k) < v;(k, k', 1) for all j(# n),
we have two inequalities in Eq. (59.11) and (S9.12)):

o ‘ -y . . g )
jk mk ijk imk jk mk ijk imk

Aays T ALY T AV oY T AYIYaYs > Avayy T Aoy TAY vovs T Avivayye (89.11)
e ’ PN . ’ . e .
ik nk ijk ink ik nk ijk ink

Aovs T Aoy TAY vovs T Ay < Avyvy T Avovs TAY vovg T Avivavy: (89.12)
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Now we can represent v, (3,4, k)/v(i,i', k) and vy, (3,4, k) /v(i,i’, k) as follows :

X j ij 52 ij2 ik’ k' ijk! imk’
Y (ks k') 2, eXp()‘Yg A vy T MRy T AV vory T Mavy — Aoy T AV vayvy — AV Y vs)
/g - J ij j2 ij2 ik k ijk imk ’
vk, K, 4) > exP()‘YZ T A ve T MoRs TAY Yo R T Ay — Aovs T AY vovy — )‘ifrlnyzyg,)
. j ij j2 ij2 gk’ K’ ijk ink’
Yok, k' i) 225 eXp()‘Y2 + )‘Y1Y2 + )‘Y2R2 + )‘Y1Y2R2 + /\Y2Y3 - )‘92\/3 + )‘ylyzya - )‘;71)/21/3)
" = 7 i 72 ij2 ik & ik ink :
v(k, K, 9) > exp()\y2 A v, T AR, T A YRy T A,y — Ay H A vavy — AV Y2Y3)

By Eq. (S9.11)) and (S9.12), we can see % > 1 and % < 1, and thus y(k, k',4) €
oI (k, ', 0).

4) Model (Y1Y2Y3, Y1 Rz, Y3R2)

(1) By the definition of wp, (3,7, k) and wy, (3,7, k), wm (2,7, k) > w;(3,i', k) for all j(# m)
and wy (3,7, k) < w;(i,4', k) for all j(# n) lead to two inequalities in Eq. (59.13)) and (S9.14)):

. . e . . ) - .
i g _yi'm i'jk __yi'mk ij _yim ijk _ yimk

Ay, AN T A vy, T MYevs > Ay, T A T Ay, AV Yeyss  (89.13)

)\i’j _ )\i/n + )\’i/jk _ yi'nk < )\ij _\in + )\ijk _ yink (Sg 14)
Y1 Ya Y1Y2 Y1Y2Y3 Y1Y2Y3 Y1Ys Y1Y2 Y1Y2Ys Y1YaYs® :

We now express wm (1,4, k) /w(i, i, k) and wy (i,4, k) /w(i,i, k) as follows :

Wm (i’ ilv k)

exp(2AV 2R, — 202 ) X M (0,1, k),

w(i, i, k)
wn (3,7, k) i ; .
ﬁ = exp(2)\§,12R2 - 2)\23211_22) x M2 (3,1, k).
b b
where
Z ex ()\j + )\jk + )\i’J _ )\i/m + )\’i/jk _ )\i/mlc )
M (i i k) = j PNy, YoY3 YiYs YiYs Y1YaoY3 Y1YoYs
mihts = J 7k i ; ik imk )
Zj exp()\Y2 + )\Y2Y3 + >\Yl Yy T /\%Yz + >\Y1 YaYz /\%Y2Y3)
J ik 5 i'n iP5k yi'nk
M (i i k) = Zj exp()\Y2 + )‘Y2Y3 + )‘Y1Y2 )‘Y1Y2 + )‘Y1Y2Y3 /\Y1Y2Y3)
nAn Y - J Jk ij i ijk ink :
Zj eXp(}‘Yz + AY2Y3 + )\Y1Y2 - )\%;:LLYQ + AY1Y2Y3 - XQ;Y2Y3)

By Eq. (S9.13) and (S9.14), My (3,4, k) > 1 and My (i,i',k) < 1 in the absence of all \¥, z,’s.

Thus, the necessary and sufficient condition for w(z,i', k) ¢ OI*(i,i', k) (i.e., %ﬂl/k’;) <1or

enltiBh) 5 1) is AY2r, — M2 g, < —0.5log M (3,7, k) or \y2p, — M2 g, > —0.5log My (i, 7, k).
(2) In a similar fashion, by the definition of ., (k,k’,i) and v (k,k',7), vym(k,k',3) >
v;(k, k' 4) for all j(# m) and v, (k, k', i) < ~v;(k,k’,4) for all j(# n) result in two inequalities in

q. (S9.15) and (S9.16)):

gk’ mk ijk’ imk’ jk mk ijk imk

Aovs T AV T A vy T AIYeys Ay ~ Ay T AV vy T Avivavss (59.15)
ik’ nk’ ijk’ ink’ jk nk ijk ink

Mnys TA%Y T A Y, T MWAYYs < Ay T ALY T A vy, T AW Yevse (59.16)

We represent Vi, (k,k',7)/v(k, k', 1) and ., (k,k',7)/v(k, k', i) as follows :

vm (k, k', 1)
~v(k, k', i)
Yn(k, K, )
~v(k, k', 1)

= exp@AfF,, — 202 5 ) X MY, (k, K 9),

exp(2MY. %z, — 202 p,) X MY (k, K, i).
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where

S exp(M, + N, 4 MEL Ak AR ik
MY (kK i) = J Y2 Y1Yp Y2Y3 YaYs Y)Y Y3 Y1 YaYs

m\fvs vy = - Tk -
S exp(My + ALy +AE L AR NI -k )

ij nk’ ijk’ ink’
MK D) = > exp()\y2 +27y, + )‘Yzys AR ATy, = AR L)
n R, R, > ex ( )\z] +>\Jk _ \nk +)\1]k \ink )
i P RERE Y2Ys YaYs V1YaYs T MYy

By Eq. ) and (S9.16| m MY (kK ) > 1 and M, (k,k’,i) < 1 in the absence of all )‘%Rz ’s.
Thus, the necessary and sufficient condition for y(k, k',1) ¢ OI"(k,k',4) (i.e., kLD o o

5 (koK)
1lERD > 1) is Myr, — M2g, < —0.51log M7, (k, K, i) or My, — Mg, > —0.51og My (k, K/, 4).

5) Model ()/1Y2Y3, YQRQ, Y3R2)

(1) Since wm (3,7, k) > w; (1,4, k) for all j(# m) and wn (3,7, k) < w;(4,4', k) for all j(#£ n),
we have two inequalities in Eq. (59.17)) and (S9.18):

vy i’ jk _yi'mk ijk _ yimk

>‘Y1Y2 Y1Y2 + >‘Y1Y2Y3 AV Yavs > ’\Y1Y2 Y1Y2 + AYIYQYS Y1YaY3o (59.17)
i J i'n i ]k i'nk ij in ijk ink

)\YIYZ Y1Y2 )\Yl Y2Y3 /\Yl YaYs < /\Y1Y2 vive )‘Y1Y2Y3 ’\Yl YoY3: (59.18)

Now we can represent wy, (3,7’ ,k)/w(z}i', k) and wy (4,4, k) /w(i, 7, k) as follows :

Wiy k) X exp(M] v T /\y2y3 MR+ AYle AP ATy, = ATTRE L)
w(i, 7, k) YexpMy + M8 A2 H A A Ay, A )
wn (3,4, k) _ Zj eXp( Agfleg + /\gfiRg + >‘Y1 Yo AgﬁnYz + /\51].;6’21/3 Ag/lnykzys)
w(i’ &, k) Zj exp( A%/];YS» + A§/22R2 + )‘yl Yo Aﬁ% Yo + )\iilkYQYS A%@2Y3)

By Eq. ( and (S9.18)), we can see %j,k’;) > 1 and “:(EZ; kk)> < 1, and thus w(s,i', k) €
OI“ (3,4 ,k).

(2) By the definition of vy, (k, k', 7) and vy, (k, k', 1), Ym (k, k', 1) > v;(k, k', 4) for all j(# m)
and v, (k, k', 1) < 7;(k, k', 4) for all j(# n) result in two mequahtles in Eq. - ) and ([S9.20):
ik’ ijk’ imk’ ik ijk i
)\‘§/2Y3 >‘Y2Y3 + AY71Y2Y3 - )\%{32}/—3 )\‘§/2Y3 >‘Y2Y3 + A)zlYng, - A%LS%Y;;? (89'19)
K’ ijk’ ink’ ijk ink
)\‘;25/3 AYZYB + >\Y71Y2Y3 - AY1Y2Y3 < )‘Y2Y3 AY2Y3 + >\Y71Y2Y3 - Ay1y2Y3~ (8920)
We express vm (k, k', 1) /v(k, k' i) and v, (k, k', i) /v(k, k', 1) as follows :
’ym(k, k/, l) ’ .
W = eXP(2A1§/32R2 - 2)‘])%1%2) x My, (k, k', 4),
In(k, k', 9) ' )
Eraonai exp(2M\Y %k, — 2M2g,) X M (kK ,4)
where
32 K’ mk’ ijk’ imk’
MY (k K 9 Z] exp( Y2 + >\Y1Y2 + AY2R2 + )‘Y2Y3 >\Y2Y3 + AY1Y2Y3 >\Y1Y2Y3)
m\vs vy 2 k Jk ’
Z] exp( )‘31 Yo + A§’2 Ro + A§’2Y3 )‘%kys + )‘;’1 YaY3 )‘Y1 1]ﬁz Y3)
K’ ijk' K’
MY (K, 0) = > exp(/\y2 + >\le2 + /\y2n2 + AYM — APy + /\YlkYQYS ”Y?me
Z exp( Y1Y2 + AY2R2 + )‘Y2Y3 >\$§Y3 + AZY?IYZYS Xgﬁleys)
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By Eq. (S9.19) and (S9.20)), the necessary and sufficient condition for v(k, k',i) ¢ OI"(k, k', 1)
(le., Tmilad < 1 or 2800 > 1) s M p, — AR, < —0.5log M, (k, k') or \yp, = Mg, >

—0.5log M, (k,K',1).
6) Model (KYQYS, YiRQ, Y&RQ)

(1) By the definition of w, (3,7, k) and wy, (3,4, k), wm (3,3, k) > w;(i,i, k) for all j(# m)
and wy (4,7, k) < w;(i,7', k) for all j(# n) lead to two inequalities in Eq. (59.21)) and (S9.22)):

y y . g - ) - )
i'j _yi'm i'jk _yi'mk ij __yim ijk __yimk

Avive “ATY: T A vavs ~AVYaYs > AViy, — ATV T AY vavs T AV Yavys (89.21)
i'j i'n i’jk i'nk ij in ijk ink

Mive T MY T A vy T M vays <Ay, T A T AY vy T A Yavs (S9.22)

We now express wi, (1,4, k) /w(i,i’, k) and w, (3,4, k) /w(i, 7, k) as follows :

om K)o A2 — 2N ) x M (i B),

w(i, i, k)
.,
% = exp(2Ay2g, — 202 ) X MY (6,4, k).
where
¥, exp(N, + May, + M2 g, + Al;jy -, + )‘Z;jigf v, ~ W y,)
M ()i k) = j Y ‘:3 22 2 1'12 YiYs ¢'1k23 YiYoYs
> exp(\),. + >‘§/2Y3 + /\ZYQRz + A}il va My, T /\}£1Y2Y3 - Ang}ZYg)
M (i, 247 k) = Zj exP()‘;’z + )‘;/IZYg + /\%:’22132 + )‘?fyz B )‘Z;ln‘iﬁ + /\?1].5/23’3 B )‘?173@23’3) )
Zj exp(Xy, + Ai’ZYs + )\%/221?2 + A% Yy Aﬁ% vy T X%kYzYs - )‘igliéys)

By Eq. (S9:21) and (S9:22), Mg (i,4', k) > 1 and M (i,i',k) < 1 in the absence of all A} g,’s.
Thus, the necessary and sufficient condition for w(i,i’, k) ¢ OI*(i,i', k) (i.e., %fk’;) <1lor

“;((7,5)) > 1) s Ap2g, — M2 p, < —0.5log M (i, k) or Av2p, — N2 . > —0.5log M (i,4', k).

(2) Since ym (k, k', 1) > v;(k, k',7) for all j(# m) and v, (3,4, k) < v;(k, k', 1) for all j(#£ n),
we have two inequalities in Eq. (S9.23]) and (S9.24)):

gk’ mk’ ijk’ imk’ jk mk ijk imk

Moyy ~ ATy T AW vavs — AMITaYs T Moy T MY T A vy — AV Yayy  (59:23)
k' nk’ ijk’ ink’ jk nk ijk ink

Aovs “ ALY T A vy T ALY < Ay T ALY TAY vy T AV Yays (59.24)

Now we can represent v, (3,4, k)/v(i,i', k) and v, (3,4, k) /v(i,i’, k) as follows :

. J ij j2 ik’ I’ ijk’ imk’
ym (kK i) 25PNy, AV, T AV Ry T Ay — AT T AV vy — A Yays)
7 - J ij j2 ik k ijk imk ’
(kK5 4) Zj eXpo\Yz + AY1Y2 + AYsz + /\Y2Y3 - >\7{’lzy3 + AY1Y2Y3 - Azglyzya)
. J ij j2 gk’ K’ ijk’ ink’
n(k, K, Z) _ Zj eXp()‘Yz + AY1Y2 + )‘Ysz + /\Y2Y3 B >\7{’2Y3 + )‘Y1Y2Y3 B XSZY2Y3)
/g - J ij j2 gk k ijk ink ’
v(k, K,) Zj eXp()‘Yz + )\Y1Y2 + )‘Y2R2 + )\Y2Y3 - )\ngs + )‘Y1 YaYs )\%YQY:‘))

By Eq. (59.23) and (S9.24)), we can see % > 1 and % < 1, and thus v(k,k',7) €
O (k, k', ).
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S9.2 Proof of Theorem S2 in S7.2.2

1) Model (Y1HY3, Y1Y3R1, Y1Y3R2, Y3R1R2)

(1) By the definition of wy, (3,7, k) and wy, (3,4, k), wm (3,3, k) > w;(i,i, k) for all j(# m)
and wy (4,1, k) < w;(i,4', k) for all j(# n) lead to two inequalities in Eq. (59.25) and ([S9.26)):

i'j i’ i’ jk i mk ij i ijk imk
)\Yly‘z 75/;7;/2 + )\Y1 YaY3 )\73’;7;/25/3 > )‘Y1 Yy %Yz + )‘Y1Y2Y3 )‘Z}ZILYng,: (8925)
i y ok ) ik
Alez ive T >\Y1Y2Y3 Ny, < Ay ARy, HALy, - MRy, (89.26)
We now express wm (i,1, k) /w(i,i’, k) and wy (3,4, k)/w(i,i, k) as follows :
wm (3,1, k) i’ k2 ik2 P
W = eXP( (>\Y1R2 )‘Yle) + 2\ Ve Ry — ZY1Y3R2)> X My, (i, 7, k),
b b
wn(i,7, k) _ 2 )\i’2 22 2 )\i’kQ 2\ik2 MY ik
m = exp (2( YRy — Y1R2)+ ( Y1Y3Ry YlngQ) X My (3,1, k).
b b
where
ik i’y i'm i'jk i’ mk
w e et Z] eXp( )‘Y2Y3 )‘Y1Y2 )‘Y1Y2 + )‘Y1Y2Y3 )‘Y1Y2Y3>
MG ) = e
2 exp (AYQ + Mhv, Ay, — My, + MYy — Y1Y2Y3>
jk i'n i'jk i'nk
M (i i k) = ZJ exp (/\ AY2Y3 + AY1Y2 )‘Y1Y2 + >\Y1Y2Y3 /\Y1Y2Y3>
n ’ bl - /ij k
eXp( Y2Y3 + )‘Y1Y2 - A%Yz + )‘Y1Y2Y3 Xi’qyzys

By Eq. (59.25) and (S9.26), M2 (i,4',k) > 1 and MY (i,4,k) < 1 in the absence of all
%fl Ry ’s and )\QZYSRZ’SA Thus, the necessary and sufficient condition for w(i, ', k) ¢ OI* (i, , k)
. wm (1,3, k wn (4,3 k i’ i W
(l €, w(z( i’,k)) <lor w(g,i’,k)> 1) is ()‘Yle )‘Y1R2) ( Y1Y3R2 /\15123’3132) <-05 lOng(’L,Z,7k)

(AY1R2 A%RQ) + ()‘91161%3132 - AY1Y3R2) > —0510g M’:}(Z?Z 7k)

(2) By the definition of vy, (4,5, k) and v, (5,5, k), vm (4,7, k) > vi(4,7', k) for all i(# m)
and v, (4,5, k) < vi(4,7', k) for all i(# n) lead to two inequalities in Eq. (S9.27) and (59.28):

ij mj ij'k mj'k ij mj ijk mjk

)‘Y1Y2 B )‘Y1Y2 + )‘Y1Y2Y3 )‘Y1Y2Y3 > )‘Y1Y2 o /\Y1Y2 + )‘Y1Y2Y3 )\Y1Y2Y3’ (59.27)
ij nj ij'k nj'k nj ijk njk

)\Y1Y2 )\Yle T A vy ~Mveys < )‘Y1Y2 My, T A vavs — A vays- (S9.28)

We now express vm (4,5, k)/v(5,5', k) and v, (4,5, k)/v(j,5, k) as follows :

vm (5,5's k) _ 2, exp ()\I + )\Yl vs T )\Yl Ry T Agﬁlgys Ry T )‘%’11 Ry T )\&113’31?2 + )\’?IIYZ’ )\WY?YQ + Ayl,f/zys )\ﬂYTl]Y};YEx)
v(3, 3" k) Z €xp (AYl + >‘Y1 Y3 + /\7321 Ry + X¢12Y3R1 + )‘Yl Ro + /\735111’31%2 + AY1 Y2 )‘Y1Y2 + XiglkYzYs ﬂYzJ;jz)%)
Vn(j’j/’ k) _ Z €xp ()\Yl + AY1Y3 + )\YlRl + /\é’@le3R1 + AY1R2 + )\§E11Y3Rz + )\Y1Y2 - )\?’13@ + /\yllikszs A%é%)
v(g,5", k) > exp ()\g,l + )\’Ykl s + A%?l R, T Ai,’“fyde + Ayl Ry T >‘y1 Y3 Ro + )‘Yl Yo )‘;L/Z v, t AylkYng, )\;L/Zk;/ZYJ) .

By Eq. ( and (S9.28)), we can see % > 1 and % < 1, and thus v(j,5', k) €
o1 (5,4’ Jf)-

(3) In a similar fashion, by the definition of vm(k,k,7) and vn(k,k',4), vm(k, k' 2) >
v;(k, k' 4) for all j(#£ m) and v, (k, k', 1) < ~v;(k,k’,4) for all j(# n) result in two inequalities in
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Eq. (59.29) and (59.30):

gk’ ijk _ yimk' Jk ijk _ yimk

Moy — )‘Y2Y3 T MWiveys ~Aays > Ay >‘Y2Y3 T Mivays ~ A avss (59.29)
Jk’ ijk’ _ yink’ Jjk ijk _yink

Ayyvy )‘Y2Y3 + M vy ~ MWy < Avgyy — APhy, + M Yavs — MWivayye  (59.30)

We represent Vo, (k, k',7)/v(k, k',i) and ., (k,k',3)/v(k, k', i) as follows :

Ym (ks k') k2 2 K12 -
fryrzk,k:’,i) - ( (AY3R2 Miry) + 208 Y r, — M35 R,) + 208 R, R, — /\Y3R1R2)> x MY, (k, k', ),
(kK i) ik'2 k2 k12 /.

NI R (2()‘Y3R2 Mar) + 208 Y ry — Mg r,) + 2088 R, — >‘Y3R1R2)) x M) (k, k', ).
where
ik’ K’ ik’ k
MY j/ k) = Z] exp( Y2 + >\Y1Y2 )‘%’25’3 /\%Y3 + A%Yzys A’?ILY?,YS)
m b k) - k . k
Z] €xXp ( Y1 Yo + AY2Y3 )‘%Ys + )\21;1 YoYs — Y”ILYZY3>
ij K k' ijk’ K
MYG, k) = ZJ exp( AYle )‘Y2Y3 A%Ys + )‘Y1Y2Y3 Aiylyzys)
n ) ) -

n ijk in
Zj exp (>\ + AYI Y2 + )\Y2Y3 >\Y§Y3 + A)zl YaY3 >\Y1 Y2Y3)

By Eq. (S9.29) and (59.30), M), (k,k’,i) > 1 and M, (k,k’,i) < 1 in the absence of all
Alfzg”RQ’s, )\%E{}V}SR;S and )\%’EIRZ’S. Thus, the necessary and sufficient condition for v(k, k', 1) ¢
017(k’k,’i) (i'e" m’i]fi’;ﬁ]‘;) <lor % > 1) ()\YSRZ )\YBR2) + (%3’1]%2’332 >‘Y1Y3R2) +
(M5, — MWihiny) < —0.5log M(k, K1) or (\Wh, — M2r,) + OW¥R, — Midgn,) +

(AR, ry — Mahy ry) > —0.5log M, (k, k', ).

(4) By the definition of 0, (k, k', j) and nn(k k. 7), nm(k, k', 5) > ni(k, k', 7) for all i m)
and nn(k, k', §) < ni(k, k', §) for all i(# n) result in two inequalities in Eq. (S9.31] 37 ) and (59.32)

ik! vk ijk’ mijk’ ik’1 mk’1 ik’1 mk’1
)‘Y1Y3 )‘Y1Y3 + )‘Y1Y2Y3 B )\Yl YaY3 + )‘Y1Y3R1 /\Y1Y3R1 + )‘Y1Y3R2 )‘Y1Y3R2
ik mk ijk mjk ikl mk1 ikl mk1
> )‘YIYS — Ay, vy T )‘Yl Yy Y3 )\Ylyz,yd + Ay, Y3Rq Aylyde + )\Yly?,R2 )‘YIYSRQ’ (89.31)
ik! nk’ ijk’ njk’ ik’1 nk’1 ik’1 nk’1
Avivs T Ay T AV Yy T AYIYays T AVIVaR T AVivary T AYVIVaRy T AVivaR,
ik ijk njk ikl nkl ikl nkl
< )‘Y1Y3 - >‘Y1Y3 + Ay1y2y3 - )‘Y1Y2Y3 + )‘Y1Y3R1 - )‘Y1Y3R1 + )‘Y1Y3R2 - )‘Y1Y3R2' (89.32)

We represent 1., (k, k', 7)/n(k, k', j) and n,(k, k', 7)/n(k, K, j) as follows :

nm (k, k', §) E'21 ’o
—2 s = eXP( (Angl A2 R) + 2088, ry — Angle)) x My, (k, K, 5),
n(k, k', )
nn(kvk/vj) k’21 i
— = eXP( (>‘Y3R1 Y3R1) +2(A\Vy Ry Ry — >‘Y3R1R2)) x Myl (k, k', 7).
n(k, k', )
where
s o
MYk ) = S exp(A™ (i, 4, k') + 20 Y R, ) MK D) = S exp(\ (4,4, k') + 205 Y v, )
m (R 32 exp(A™ (i, 5, k) + 202y ) o Soiexp(An(i, 5, k) + 202y g ) '
mo. . i2 mk ijk mjk ikl mkl ikl mk2
A", 4, k) = >‘Y1 + )‘ylyz + )‘YlRl + >‘Y1Y3 - )‘Y1Y3 + )‘)Zly2Y3 - )‘y1'7Y2y3 + >‘Y1Y3R1 - >‘Y1Y3R1 + >‘Y1Y3R2 - )‘Y1Y3R1’
nosos i2 ik nk ijk njk ikl nkl ikl nkl
A"(4,5, k) = )‘Yl + /\y1y2 + /\YlRl + >‘Y1Y3 - )\YIYS + )‘sfly2y3 - )‘Yiy2y3 + )‘Y1Y3R1 )‘Y1Y3R1 + )‘Y1Y3R1 )‘Y1Y3R1

Note that, by Eq. (59.31) and (S9.32)), \™ (3, 7, k') > A\™ (3,4, k) and A" (i, 5,k") < A\"(34, 4, k) for

all i’s. However, when M’ (k, k', j) < 1, there exists at least one i such that )\@kl,fstl 7A§/"€12y3R1 is
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negative (i.e., NEZ p —AE3. p < 0.5(A"(i, j, k) = A™(i, j, k') < 0). Similarly, M (k, K, 5) > 1
guarantees the positivity of )@51/;2/31{1 — )‘&121/31?1 for at least one i (i.e., )‘&1/12/31%1 - §/]?12}/3R1 >
0.5(A\" (3,4, k) — A" (i, 5, k) > 0).

Therefore, the necessary and sufficient condition for n(k, k', j) ¢ OI"(k, k', j) (i.e UEA U]

7 (kK 5)
1or 7”&% 2> 1) is Mir, — M2r, + M re — MWokiry < —0.5log M7 (k, K/, j) or M7, —

M2g, + A’;j%le — M2k r, > —0.5log M1 (k, k', j) where M}, (k, k', j) and M;!(k,k’,j) depend

on )‘Y1 var, and )\3}“121/31%1 for all 4’s.
2) Model (Y1Y2Y3, 1/2Y3R1, Y2Y3R27 Y3R1R2)

(1) By the definition of wy, (3,7, k) and wy, (3,4, k), wm (3,3, k) > w;(i,i, k) for all j(# m)
and wy (4,7, k) < w;(i,4', k) for all j(# n) lead to two inequalities in Eq. (59.33)) and ([S9.34)):

i 7 i'm 7 ]k i'mk %) im ijk imk

Avive Y1Y2 TAivays ~ ey Ay, T A T A Yy T AViYavys (59.33)
i 1 Jk __yi'nk ijk __yink

>\Y1 Yo Y1Y2 +A\ivays ~ Avayy < )‘Y1 v, — Y1 Yo T A, vavs — AWAYavs- (59.34)

We now express wm (1,1, k) /w(i,i', k) and wy (3,4, k) /w(i, i, k) as follows :

wm (1,7, k) B Zj exp (A] + )‘Y2Y3 + AYQRl + )‘{’il}’sRl + )‘YQRQ + Agfi%ﬁ,RQ + )‘iiljsa A%/T)lfz + Aiiljf@,yg A%/Z?}L/IEYP,)
W(i’ ¥ k) Z j 6XP (Agf )\%’Izya + A%/12R1 + )\i/];/SRl Ag’iﬁz + A%’ZQYS R2 + )\Yl Yo A;ILY2 + Ai/jlkyzya }ZLYZYS
wn (6,7, k) Z exp <)‘Y2 + )‘YQYg + )‘Y2R1 + /\%/21)/31::1 + )‘Y2R2 + )‘%/ZQYSRQ + )‘Y1Y2 A%,i"YZ + Al;{f’éYg )‘gffykz)g)
w(i, ¥, k) Zj exp ()\{,2 + )\§’2Y3 + A§’12R1 + )\%/211’331 + )‘§’22R2 + /\y;zys Ro + )‘Y1Y2 A%;Ll Ya + AylkYzYs /\%@2‘%)

By Eq. (59.33) and (S9.34]), we can see %ﬂz/k’;) > 1 and % < 1, and thus w(s,7', k) €
OI“(i,i', k).

(2) By the definition of v, (5,5, k) and v, (4,5, k), vm (4,7, k) > vi(4,5", k) for all i(# m)
and v, (4,5, k) < vi(j,7', k) for all i(# n) lead to two inequalities in Eq. (S9.35) and (59.36)):

. . .. .
g _ ij'k _\mj'k ij _ ijk _ ymjk

>‘Y1Y2 )‘Y1Y2 + >‘Y1Y2Y3 /\Y1Y2Y3 > /\Y1Y2 >‘Y1Y2 + >‘Y1Y2Y3 >‘Y1Y2Y37 (89.35)
(%] nj ij'k nj'k nj ijk njk

)\Y1Y2 )‘Y1Y2 + )\Yl YaY3 /\Y1Y2Y3 < /\Y1Y2 >\Y1 Y2 + )‘Y1Y2Y3 >\Y1 YaY3® (89.36)

We now express v, (4,5, k)/v(4, 7', k) and v, (4,5, k)/v(4,7 . k) as follows :

-,
% = exp (2()\}/21{1 - )\ifigl) + 2()\{’;331%1 /\{,223,31%1 )) x MY (4,5, k),
o
% = exp (20478, ~ Mg + 2082 5, - M p))) X MEGLSSR).
where

ML (5,5, k) = 2 exp (A My A§£1Y2 AWYQ + Wl?fzvs Q]nys) 7

2o exp (AYI FAE AT, AT N - 7}’/1]}2}/3)

MY (i, i k) = 2 exp (A b My, ATy, — A, MYy, - Ag{&%yg))

> exp (A Y T )\Y1Y3 + /\y1Y2 - Ay1y2 + Aylyzy3 )\?,1’;,2},3)
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By Eq. (S9.35) and (59.36), M%(j,7',k) > 1 and M%(j,5',k) < 1 in the absence of all
)\{éRl ’s and A{,’;%Rz ’s. Thus, the necessary and sufficient condition for v(j, j', k) & OI"(4,5', k)
e vm(idk vn (4,3, : /2 j2 i/ k2 k2 v s
(ie, 2258 < Lor 22850 > 1) is (Mg, — MR, )+ (MY m,—Miter,) < —0-5log My (5. 4", k)
j’2 2 i’ k2 j k2 Vs o
or (M, p, — Mor,) T (MLm= Mayar,) > —0.5log M/ (4,5, k).

(3) In a similar fashion, by the definition of vm(k,k',7) and vn(k,k',4), vm(k, k' 2) >
v;(k, k', 4) for all j(#£ m) and v, (k, k', i) < ~v;(k, k’,4) for all j(# n) result in two inequalities in
Eq. (589.37) and (S9.38)):

o 7 L) . ’ ! ’ e ’
ik mk ik imk K1 mk1 k1 mk’1
)‘Y2Y3 - >‘Y2Y3 + )‘Y1Y2Y3 - )‘Yl Yo Y3 + >‘Y2Y3R1 - >‘Y2Y3R1 + )‘Y2Y3R2 - )‘YQY:;RQ
ik mhk ik imk k1 mkl k1 mkl
> Ayvy T Avavs TAY Yavy T AVivavs T AVovaRr, T AvavsRr T AVavaRe — Avayzryo (59.37)

o ’ - . 7 ! ’ N !
k nk ijk ink K1 nk'1 iK1 nk'1
AVavs ~ AMvovs TAY vavs ~ Avivevs T Aovar; ~ Avavsry T AVovs Ry T AvaviRo
gk _ ynk ijk _yink k1 ~ ynkl jk1 ~ynk'1
< Moy Ay T A vevs T AV Yy T AR, AVavs Ry T ALY Re — AVyyyrye (59:38)

We represent ym (k, k', 1) /v(k, k', i) and vn (k, k', 3)/v(k, k', 4) as follows :

ym (ks k', 4) &2 k2 &'12 k12 s
W exp (2()‘Y3R2 —MNary) T 2(AY, R Ry — )‘Y3R1R2)> x My, (k, k', 1),
b b
n(k, k', 3) K'2 k2 k12 k12 s
W = €exp (2(>\Y3R2 - )‘Y3R2) + 2(>\Y3R1R2 - >‘Y3R1R2)> X M7 (k, k')
’y b b
where
mos ool jk'2 n(sos ot jk'2
MY (kK i) = 2y PO F) + 25 vgmy) MY (kK i) = 25 P (05 K) 22, vgr, )
m (K, k7 = P k2 » Mn R - n(j i jk2 ’
Zj exp()\ (4,4, k) + 2A§2Y3R2) Zj exp()\ (7'7 s k) + 2>‘JY2Y3R2)
7 P j L 2 jk k ijk imk k1 k1 jk1l k1
A", 5, k) = )‘§/2 +)‘§£1Y2 +)‘JY2R2 +)‘§’2Y3 *A%YB +>‘7lﬁ1Y2Y3 7)\1YTY2Y3 +>‘JY2Y31?1 7>‘7;}2Y31?1 +)‘§’2Y3R2 7A§’VL2Y3R2’
s j ij 2 jk k ijk ink jk1 k1 jk1 k1
N0, k) = M, F Ay, F AR, T Ay — Ay T AV Yavs T AV Yavs T A var, — Ay, T A vaRy — Moy Ra-

Note that, by Eq. (S9.37) and (S9.38), A (4, j, k") > X" (4, j, k) and X" (3,4, k") < A" (3,4, k)
NEL R, 18 megative (ie, ME2 o — N o< 0.5(A™(i,4,k) — A™(i,4,k)) < 0). Similarly,
M (k,k',i) > 1 guarantees the positivity of A{,IZ;ZRQ — A{,’;Q)%RQ for at least one j (i.e., )‘{’2331%2 —
¥ Ry > 0.5(A" (4,5, k) — A" (i, 4,K')) > 0).

Therefore, the necessary and sufficient condition for y(k, k', i) ¢ OI" (k,k',%) (i.e., % <
Lor 2L 5 1) is M, — M2g, + M2 R — Mihir, < —0.5log M, (kK i) or Ay, —
A2 A2 o — M2 L > —0.510g M) (K, K, i) where M, (k,k',i) and M (k,k',4) depend

jk'2 jk2 .
on Ay, y. g, and Ay y, 5, for all j’s.

for all j’s. However, when M, (k,k’,i) < 1, there exists at least one j such that A

(4) By the definition of ., (k, k¥, j) and n,(k, k', ), nm(k, k', 5) > ni(k, k', j) for all i(£ m)
and 1, (k, k', j) < n:(k, k', 7) for all i(# n) result in two inequalities in Eq. (59.39) and (59.40):

ik’ mk! ijk! mik’ ik mk ik mik
)‘Y1Y3 - AY1Y3 + A'1’1Y2Y3 - >‘Y1Y2Y3 > )\Yl Y3 AY1Y3 + A"’1Y2Y3 - AY1Y2Y3’ (89.39)

ik! nk’ ijk! njk’ ik nk ijk njk
)\Ylyg, - >‘Y1Y3 + Ay1y2y3 - )‘yl Yovy > >‘Y1Y3 - v vz T /\yl YoYs )‘Yl YoYs© (89.40)
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We represent 1., (k, k', 5)/n(k, k', j) and n.(k, k', 7)/n(k, k', j) as follows :

nm (k, k', §) k2 k2 K2 k2 ,
;Zk K, j) = exp (2()\Y3R1 >\Y3R1) + 2()\%/23/331 - /\§’2Y3R1) + 2()‘Y31%1R2 - /\Y3}21R2)> X Mg (k, klm?)v

(k. K, 5) k2 k2 k21 ,
n(k, k', 5) (2(>\Y3R1 )‘Y3R1) + Q(A%’ngRl A§’2Y3R1) + 2(>‘Y3R1 Ry — )‘Y3R1R2)) x M;j! (k‘, klv 7)-
where
k' ijk’ mjk,
M (kK j) = 2 &XP ( Y1Y2 + )‘Yle Ag’nlys + AY1Y2Y3 Y1Y2Y3>
m K b - k . k k
ZZ exp (AYI + >\Y1 Y2 + )\g’lys /\% Y3 + /\’;1 YaYs $1JY2Y3>
K’ ijk’ njk
MOk, K,f) = >, exp (A b F AT L XEL —pk R Aylym)
n \v ) - nk ik jk
exp (A Y1 X;zl Y2 + )\Yl Y3 >\Y1 Y3 + /\’;1 Y2Y3 A;i Y2Y3)

By Eq. (S9.39) and (S9.40), M (k,k',5) > 1 and M;!(k,k’,j) < 1 in the absence of all
)‘]‘f’i& s, A@Z@SRl ’s and )\%TﬁlR;s. Thus, the necessary and sufficient condition for n(k, k', j) ¢
N /e m (kK7 n(k,k' 5 k2 ik2
OI"(k, k', j) (ie., W <1lor W > 1) is (>‘Y3R1 Air,) + (/\§/2Y3R1 Navar)
Wiy — AWhym,) < —0.5log M (k,K',j) or (M, — A2R,) + ¥, — MiYar) +

(B2 R, — M2 Ry) > —0.51og M (K, k', j).

3) Model (Y1}/2Y37 )/1Y3R1, 3/2)/3]{27 )/3R1R2)

(1) By the definition of wy, (4,4, k) and wy, (3,7, k), wm (3,3, k) > w;(i,i, k) for all j(# m)
and wy (4,7, k) < w;(i,i', k) for all j(# n) lead to two inequalities in Eq. (59.41)) and (S9.42)):

NI Y N NI s N R gk (89.41)
AL S AR AR L AURE < N - A, H AR L (59.42)
We now express wm (1,4, k) /w(i, i, k) and wy (3,7, k) /w(i,7, k) as follows :
wm (i, 7, k) j eXP ( Y2Y3 + AY2R2 + )\%’ZQY:sRQ + )\ngz MYR’Q + )‘;1]2)’3 Ai’ﬁ’ﬁ’%)
wih i k) xp ( )‘;ZYz A§’22R2 + A%/IZQYBRz + )\Y1 Y2 XSZLYz + Aglkyzys X%L{%YS)
wn(i,7', k) j €XP ( Y2Y3 + )‘Y2R2 + A%/TYgRQ + )‘;sz Alylnyz + )‘ifljxkgys ’VYln)l%Yg>
w(i, ¥, k) Zj €xp ()‘Y2 + )‘g’I;YS + AYsz + )\%’221’31?2 + )\’;;1 Yo © Xg’nl Y2 + )‘izlkYﬁ’s Y1 Y2 Ys)

By Eq. (S9.41)) and (S9.42)), we can see 7‘“7”("7,"/”“) > 1 and 7“7L(.i’,f/’k) < 1, and thus w(i, i, k) €
w(z,i,k) w(s,1’,k)
OI“(i,i, k).

(2) By the definition of v, (5,5, k) and vn (4,5, k), vm (4,7, k) > vi(4,5', k) for all i(# m)
and v, (4,5, k) < vi(j,7', k) for all i(# n) lead to two inequalities in Eq. (S9.43) and (59.44):

ij mj ij'k mj'k ij mj ijk mjk

)‘Y1Y2 - )‘Y1Y2 + )‘Y1Y2Y3 )‘Y1Y2Y3 > My, "My, T )‘Y1Y2Y3 )‘Y1Y2Y3’ (59.43)
ij nj ij'k nj'k nj ijk njk

)\Y1Y2 )\ylyz T A vy ~ Miveys < )‘Y1Y2 My, T A vavs — A vays- (S9.44)
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We now express v (4,5, k)/v(4, 5, k) and v, (4,5, k)/v(4,7 , k) as follows :

Um (j,j’, k’) i €XP ( /\’351 Y3 AZ)% Ry )‘gﬁl Y3 Ry + >\Y1 Y2 )\Y1Y2 + /\7;;1 116/23’3 ;ZJYI;YQ,)
V(j7jl7 k) exp </\ + )‘Y1 Y3 + AY1 Ry + )\Y1Y3R1 + )‘Y1 Yo )‘$1Y2 + /\gfyzys A$13§2Y3>
Un (j,j/, k) _ exp ()\@1 + >\Y1 Y3 Ag;l Ry Ai/l?l Y3 Ry + AYI Y2 >\Yl Y2 + X;zl ;6’23/3 ;L/Z)I’czya)
v(j:3"5 k) > exp </\Z + >‘Y1 Y3 + >‘Y1 R T )‘YlYg,Rl + >‘Y1 Ys >‘Y1Y2 + /\glkYQYB 7)3{’;’21/3)

By Eq. (59.43) and (S9.44]), we can see % > 1 and % < 1, and thus v(j,5', k) €
O1"(j,5', k).

(3) In a similar fashion, by the definition of v (k,k,i) and . (k,k',4), vm(k,k',i) >
'yj (k, k 1) for all j(# m) and 'yn(k k', i) < v;(k, ki) for all ](;«ré n) result in two inequalities in
59.46) and (S9.47)):

ik’ mk’ ijk’ imk’ Jk'1 mk’1
)\YQY3 >‘Y2Y3 + Aylygyd Ay Yovy T AYQYJRQ >‘Y2Y3R2 (89.45)
ik ijk imk AIkL mkl
>‘Y2Y3 )‘YQY3 + )‘Y1Y2Y3 >‘Y1Y2Y3 +A YoY3Ro — )‘YQYBR2>
’ ’
ik nk ijk’ ink’ Jk'1 nk’1
Aays ~ Aovs T AV vavy T AV vavs T AY,vaRe — AYovaRa (89.46)

Jjk nk ijk ink Jk 1 nk’1
<AMvy T Avavs T Ay T Aiveys T A, vary T Avavary

We represent ym (k, k', 1) /v(k, k', i) and vn(k, k', 3)/v(k, k', 4) as follows :

Ym (ks k', 4) K2 k2 k12 k12 .
W = eXP( ()‘Y3R2 )‘Yg,Rg) (/\Y3R1R2 )‘Y3R1R2)> x My, (k, k', 9),
n (ks k', 4) &2 k2 k12 k12 o
S = ov (2(AYSR2 — M2 R )+ 20 R R, — /\YSRIRJ) x M (k, k', 5).
’Y K b
where
s/ s/
;. Zj exp(A\"™ (4,5, k') + 2A¢22Y,5R2) ’o Zj exp(A" (3, 4, k') + 2A¢2§(3R2)
MY (kK i) = — Tk s MY (kK i) = — jk2 ’
Z cexp(A™ (¢, 7, k) + 2/\Y2Y3R2) Z cexp(A™ (4,4, k) + 2)‘Y2Y3R2)
2 .. k k k k1l k1l
N5, k) = 5 T )‘Y1Y2 + >‘Y2R2 + )‘Y2Y3 - /\;"Lng + A;;1Y2Y3 >‘;’TY2Y3 + ’\i’zYst - /\;";YSRz’
ng.o . nk ink k1 nkl
(i, 4, k) = 5 T /\Y1Y2 + /\Y2R2 + )‘Y2Y3 Ay, vy T A'1’1Y2Y3 AV vpvs t A{1’2‘1’31’% Avovs Ry

Note that, by Eq. (59.46) and (S9.47), A™ (4,5, k") > A™ (4,4, k) and X" (4, 4, k") < A" (4, j, k) for
all j’s. However., \:vhen M (k, k' i) < 1, there exists at least one j such that A{V’;%RQ A{,’;QYd R, 18
negative (i.e., \J¥ 7 p =M% o < 0.5(\™ (4,5, k) =A™ (i,4, k")) < 0). Similarly, M7 (k, K ,i) >
e k2 k2 o k2 "2
guarantees the positivity of Ay y. o — M.5. 5, for at least one j (i.e., ANy y. g, — Moy,r, >
05(An(z7]a k) - )‘n(zv.% k/)) > O)
Therefore, the necessary and sufficient condition for v(k, k’,i) ¢ OI"(k, k', 1) (i.e., % <

1 or % > 1) is M, — A2g, + A2 R, — M o < —0.51log My, (k, K, i) or A2, —
A2 A2 o — A2 L > —0.510g M) (K, K, i) where M, (k,k',i) and M (k,k',4) depend

jk'2 k2 .,
on Ay, y. g, and Ay y. p, for all j’s.

(4) By the definition of ., (k, k¥, j) and n,(k, k', 5), nm(k, k', ) > ni(k, k', j) for all i(# m)
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and 1, (k, k', j) < n:(k, k', j) for all i(# n) result in two inequalities in Eq. (59.48) and (59.49):

)‘251/3’3 - )‘7‘71]63/’3 + /\iﬁf/}/’zY:s - )‘ngya + )‘7;1/31’3 Ry )‘117/71k3/’3131 (89.47)
> )\’;191 Y3 )‘gikys + )‘izlkYz Y3 )‘T;ij‘gyg + )‘§511Y3R1 - Aﬁlks}BRl’
)\ilcl,YS - /\T;’f;’s + Ailjlkézys - A;L’i];';)% + /\i’kll)l’sRl - /\;I;;%aﬂl (89.48)
< >‘§’k1Y3 - )\;IICYIS + )\izlkYQYS» a /\7;’{’;’23’3 + AilClleRl - )‘;,1631’3131'

We represent 1., (k, k', 5)/n(k, k', j) and n,(k, k', 7)/n(k, K, j) as follows :

nm (k, k', §) K2 k2 k21 k21 o
K P <2()‘Y3R1 —Aar,) +2(MR, Ry — Angle)) x My, (k, K, 5),
n(k, k', 5)
(k. k', 5) k2 k2 k21 k21 I
T <2(>‘Y3R1 —Mary) T 200, Ry Ry — >‘Y3R1R2)) X Mk, K, 5).
n(k, k', 5)
where
.. ik’ L !
MYk K f) = > exp(A™ (4, 5, k') + 2>‘.IY1"12Y3R1) MYk KL ) = >, exp(A" (4, 4, k') + ZA“\',‘lzyaRl)
m =, oo (i, k) + 20 2y q ) " > exp(A™ (4,4, k) + 2052y ¢ )
my. . 7 g 12 ik mk ijk mjk ikl mkl
AT (0 k) = Avp Al;1Y2 T AR T AY1Y3 — Ay vy T A)Zl YaYs )‘Y1]Y2Y3 + AY1Y3R1 B >‘Y1Y331’
mng. - 7 g 72 ik nk ijk njk ikl nkl
A g k)= Ay /\‘;13’2 TR T A vy ~ Ay )‘\>71Y2Y3 - )\YZYQYS +Aivary ~ Avamy

Note that, by Eq. (59.48) and (S9.49), \™ (3, 7, k') > A\™(4, 4, k) and A\"(i,5,k") < A\"(3, 4, k) for
all i’s. However, when M (k, k&, j) < 1, there exists at least one i such that )\ifkl,%sRl —)\@klzysm is
negative (i.e., N2 n, — A% r, < 0.5(A™ (i, 5, k)= A™(i, 5, k') < 0). Similarly, M (k, K, j) > 1
guarantees the positivity of /\%132/31{1 — A%LCIQYSRI for at least one i (i.e., )\%}2/31%1 - )\@]“123/331 >
0.5(A\"(4, 5, k) — X\"(i, 4, k') > 0).

Therefore, the necessary and sufficient condition for n(k, k', j) ¢ OI"(k, k', ) (i.e.,

nm(k,k/,j)
- , , n(’f,k’,j)
Lor n;(gck,}ck’,;])) > 1) is AI§’32131 - Al;iRl + )‘1%21%1132 - )‘%3?11132 < —0.51log Mﬁn(k,k/,j) or A136/321'%1 -
)x’{%Rl + )\%2}%11{2 — )\’{%%@111{2 > —0.51log M1 (k, k', j) where M} (k, k', j) and M;!(k, k', j) depend

L, ) )
on )\%12@121 and )xi}“fngl for all é’s.

<

4) Model (Y1Y2Y3, YaYs Ry, Y1Y3Ra, YaRi Rs)

(1) By the definition of wy, (3,4, k) and wy, (3,4, k), wm (3,3, k) > w;(i,i', k) for all j(# m)
and wn (4,7, k) < w;(i,4', k) for all j(#£ n) lead to two inequalities in Eq. (S9.49) and (59.50):

i'j i'm i’ jk i'mk ij im ijk imk

AY1Y2 Ay, T AY1Y2Y3 - )\Y1Y2Y3 > )‘Y1Y2 — iy, T )\Y1Y2Y3 - Ay1y2y3, (59.49)
i'j i'n i’'jk i'nk ij in ijk ink

Ay, T AY: T A vy T AITRYs < Ay, T A T A vy — AV Yayy  (59.50)

We now express wm (1,4, k) /w(i, i, k) and wy (i,4', k) /w(i,i, k) as follows :

wm(iv il: k)
w(i, i, k)
wn (4,7, k)

w(i,d, k)

y ) , . o
exp <2(>‘1Y12R2 - )‘ggle) + 2()\§/1}€32/3R2 - Al&/ﬁ%@m)) x Mg, (i, i, k),

exp <2(>‘§’12R2 - )‘iY21 Ry) T 2()‘@1]6}2/3132 - >‘§/kl2Y3R2)> x MY (i, 1, k).
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where
ik k1 -/ . v i ik E
M (i i k) = ZJ exp Y2 + )\%/23’3 + >\Y2R1 + >\§/2Y3R1 + )\i[fY? B Ag’lrr{’z + Agﬁjyzys Ag’ﬁ’zys.)
m\& - k 1 k1 17k
z] exp ( /\%’23’3 A%’2R1 + A§2YBR1 + )‘Y1Y2 - nglyz + A%YZYS }ZLY2Y3)
jk1 i'j i’ jk k
MoK = ZJ exp ()\YQ + Moy, + Mam, + Maver, + Wy, MY, Ny, - ’VYfLYQYg)
nAnTo ex )\J + )\Jk + >\J1 + )\Jkl + )\ij _ )\zn + )\ij )\znk
P YaYs Ya Ry YaY3 Ry Y1Ys Y1 Ya Y1 YaYs Y1 YaYs
By Eq. (59.49) and (S9.50), My (i,4',k) > 1 and MY (i,i,k) < 1 in the absence of all

ifl r,’s and )\iffys R, Thus, the necessary and sufficient condition for
ik2
Y1Y3Ro

Wi (2,1 ,k wy (2,1 ,k i/
(1 e, mltlh) < or W > 1) is (A 2R, — AR g, )+(AVFE, R, — A

w(z i k)
(/\Y1R2 AP R,) + ()‘ZiffszstQ — MWA4uR,) > —0.51log M (i, 4, k).

w(i,i', k) ¢ OI“(i,i' k)
) < —0.5log My (3,1, k)

(2) By the definition of vy, (4,5, k) and v, (7,5, k), vm (4,7, k) > vi(4,7', k) for all i(# m)
and v, (4,5, k) < vi(4,7', k) for all i(# n) lead to two inequalities in Eq. (S9.51) and (59.52):

. Ik e i ik ik
A%Yz - )\Y1Y2 + A%Yzye, - )\nyzjyzYs > )\?13’2 - AY1Y2 + A%Yzya 737’11JY2Y3’ (59.51)
. Iy v - A "
N N NI L N L < N AW AR A L (59.52)
We now express vm (4,5, k)/v(5,5', k) and v, (4,5, k)/v(j,5, k) as follows :
Vm(jvj/7k) _ 2(}\] 2 )\32 )+2()\J "k2 _yJk2 ) % MY ( ./ k)
l/(j7j/7 k) = &Xxp Yo Ry Y2 Ry YaY3 Ry YoY3 Ry m\J: 7 %)
Vn(]}j/,k) j'2 j2 k2 jk2 -
v A (2(/\Y2R1 M2 ) +20382 L~ YngRl)) x MY (5,7, k).
where
k1 "k k
MY G k) = >0 exp (>‘ + >‘Y1Y3 + )‘ ViRy T ’\3)/1Y3R2 + >‘Y1Y2 /\Y1Y2 + Aleng ;ZJYQY3>
m\JDJ > - k k k
2i exp (/\Yl + /\ZY1 vs T )‘Y1 Ry T /\Yl YaRy T )‘Y1Y2 )‘;/nl]Yz + )\11;1 YoYs AQJYZYS)
ikl ij’ nj ij'k nj k
MY (5 4! k) = Zl cxp (A Yy + )\Y1Y3 + )‘Y1R2 + A§’1Y3R2 + )\Y1Y2 )\Y1Y2 + AY1Y2Y3 )\Y1Y2Y3>
n\J>J > - k 1 k1 ik k
22 exp (>‘ v, + >‘ZY1Y3 )‘gﬁRz + >‘§/1Y3R2 + >‘Y1Y2 )‘Y1Y2 + Ale2Y3 ;iY2Y3>

By Eq. (S9.51) and (59.52)), M}, (j,5',k) > 1 and M}/(4,5',k) < 1 in the absence of all
)\{éRl ’s and )‘ée)ngQ’s Thus, the necessary and sufficient condition for v(j, ', k) & OI"(4,5', k)

vin (5,57 k Vn k i’2 i2 i’ k2
(ie., u(a(Jﬂ iy <lor u(gja]' i > 1) is (Mgr, —M3 2 ) H MY R, —
2 2 k2 k2 v -
r (Ag/QRl - /\§/2R1) ()‘§/2Y3R1 A§’2Y3R1) > —0.5log My (5,5, k).

) In a similar fashion, by the definition of ~m(k, K,

'y] kk i) for all j )and'yn(/ck i) < vk, K,
S9.54)) and (S9.55)):
)‘i’zl"s - )‘7‘1’12)6;’3 + )‘11;1kY2Y3 B Ai’T‘k’;Y3 /\JYZ)%R 1
> )‘;’2 Yz )‘;’nzkys + )‘§Z1kY2 Y3 A;T;c’z vy T )‘i’zleﬁ’ 1
My, = Mavy + AN, — MWihavs + MaY R, -
A%Ys A?};Ys + )‘iglkYz Y3 Ag’qiﬁ‘% + )‘31’23}3131

NF2 L) < —0.51og MA(, ', )

i) and v, (k,k',1), ym(k, K

mk’1
/\Y2Y3R1
mk1l
)‘YZY3R17

nk’1
’\Y2Y3 Ry

k1
)\Tl
YaY3Ry®

Q) >

1) for all ](;é n) result in two 1nequahtles in

(S9.53)

(89.54)
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We represent Vo, (k, k',7)/v(k, k',i) and ., (k,k',3)/v(k, k', i) as follows :
s (k’k »/L) ik’ ik k' k :
W = exp ( (AngQ )‘Y3R2) + 2(”&/1)2/332 - )‘§/12Y3R2) + 2()‘1/311%11%2 - )‘Ygleg)) X M, (k, k', i),
Yn (ks k', 4) ik'2 ik2 K12 k12 i s
SR eXP( ()‘YgRg M2 p,) + 208 % Ry — AL R,) + 2083 R, — )‘YgRle)) x M7 (k, k', 4).
where

Z ex ( )\U )\.71 + )\Jk _ )\mk/ + )\l]k )\mG + )\]k 1 _ )\mk 1 )
MG, j k) j €XP Y1 Y2 Ya Ry YaY3 YaY3 Y1Ya2Y3 Y1Y2Ys YaY3 Ry Y2Y3 Ry

k
X ew (’\ + ’\Y1 va F Mary T Mav, — M, Ay, — My, T Mivar, — ’\%Ysm)
j1 Jk’ K’ ijk’ K’ jk'1 k1
MG, 5\ k) ZJ exp ( Y1 Y2 AYle )‘Y2Y3 /\$2Y3 + >\Yl YaY3 Xi;bl Y2Y3 )‘Y2Y3R1 >\§7}2Y3R1>
n\JrJ > k ijk jkl k1 '
Z exp </\ + )‘Y1Y2 + )‘Yle + AY2Y3 )‘$2Y3 + AY1Y2Y3 o Xi}‘lyzyg + )\YQYZSRI N A§2Y3Rl>

By Eq. (S9.54) and (S9.55), M, (k,k’,i) > 1 and M, (k,k’,i) < 1 in the absence of all
)\If/g"Rz’s, )\ﬁff{ﬁs R, s and A%’,’él R,’S. Thus, the necessary and sufficient condition for v(k, &', 1) ¢
017(/6,;@'72-) (e, I < 1 or 220 > 1) i (AY3R2 A2p) + (A?f%SRQ - A;’j@BRz) +
(/\]?311%1132 - )\’f{fljﬁRg) < *0-510gM%(k,k/7i) or (/\Y3R2 - )‘Y3R2) ()\23/512/3}22 - )\%2&122) +
(A;c/gl}%lRQ - A@ég?le) > _O5log M’!’Z(k7 kl77:)'

(4) By the definition of 7., (k, k', j) and n,(k, k', 7), nm(k, k', 5) > ni(k, k', j) for all i(#£ m)
and 1, (k, k', j) < n:(k, k', 7) for all i(# n) result in two inequalities in Eq. (59.56) and (59.57)):

ik! mk’ ijk’ mijk’ ik’1 mk’1
Avivs T Avivs T A vavs T AV vavs T AV 3Ry — AV V3R, (59.55)
i ijk mik ikl mk1
> Ayivy — )‘Y1Y3 + AV vovs ~ AV vevs T AYIY3Ry — AYiY3Roo

ik’

nk’ njk/ ik’1 nk’1
Avivs ~Avivy /\Y1Y2Y3 ~AYivovs TAYIv3Ry ~ AYiY3R, (89.56)
nk ijk _ ynik ikl nkl
> /\Y1Y3 ’\Yl vz T ’\Y1 YaYs3 )‘Y1Y2Y3 + )\Yl Y3 Rg )\Yl Y3Rg®

We represent 1., (k, k', 7)/n(k, k', 5) and n.(k, k', 7)/n(k, k', j) as follows :

;.
777;2&}57 ;j)) = exp < (>‘Y3R1 YJRl) + 2(/\5;331%1 - >\§/IZ2YSR1) + Q(Alff;%%l]zg >‘Y3R1R2)> x My, (k, k', 5),
;o
D) e (208, — M) + 2045, — M, + 208 ry — MRy ) X MK K ).
where
ML (kK ) = 22 exXp < Y1 v, T AR, + )‘YlYg A%kl;g + A?f)’/m A?fﬁys + )‘%/31/31%2 AT&ZICY;RQ) ,
> exp (>\ Y1Y2 Azyll Ry A%flya X}Z’%/S + Aziﬁlkyzya - x}ZJYngS )\7i/1611Y3R2 )‘Y1]€)}3R2)
MUk K ) = i €XP </\Y1 + )‘Y1Y2 + )‘Y1R2 + )\Y1Y3 /\%;@ + /\;jf}/fgm )‘%I;fz)@, + )\g’]?l}lfg,RQ A%Yém)
)

ij 1 ik nk ijk njk ikl
> exp <)‘1 + /\Y1Y2 + >‘ZY1 Ry T )\§/1Y3 - /\Y1Y3 + )‘Y1Y2Y3 /\Y1Y2Y3 + A3

By Eq. (S9.56) and (S9.57), M\ (k,k',5) > 1 and M;!(k,k’,j) < 1 in the absence of all

)\%Rl S, )\g/];l;,?’Rl ’s and )\%Tﬁl Ry’s- Thus, the necessary and sufficient condition for n(k, k', j) ¢

N /e m (kK G (kK i’ k2 ik2
OI"(k,k'J) ( nn(l(c,k’,j;> <lor % (gc k' ]J)) > 1) (>\Y3R1 >‘Y3R1) + (/\§/2Y3R1 - A%Y;;,Rl) +
(M5 Ry — AYSRM < —0.5log ML (k, K, 5) or (M, — M2r,) + O\ n, — Mid,p,) +

(A2 R, — MB2% Ry) > —0.51og M (K, k', j).

Y1Y3Ra Y1 Y3 Ro
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S9.3 Proof of Theorem S3 in S8.3

S9.3.1 Proof of Theorem 1)

Since mij11 = mizp1(3, 3)p21 (3, J),

. Tij11 ; v . .
vi(4,3") = P— = exp (/\%/2 )‘% + >\y1y2 - >\§£1YQ) x exp(2a3, — 203;,)

1+ exp(a1 + a¥, + a{,;) 1+ exp(az + a¥, + ag/;)
- - X - ——
L+exp(an +af, +ay,) 1+exp(as+aj, +a3,)

By the definition of ,(j, ') and vu(j. 5°), va(j,5') < vi(3,5') < vm(js ') for all i(# m,n).
Thus, the followings hold:

. _ }
% = &p ()\g’nl]Yz - )\g’nl]Yz X;zle + )\Y1Y2)
1+exp(a1+ay1+aY2> 1+exp(a2+ay1+ayz)
Ltexp(ar+af? +ad,)) 1+cxp(az+ay1+ay2)
% L+exp(ar+a, +af)) x L+exp(az+al, +ay2)
Ltexp(ar+af, +ad,) L+exp(aztal, +ai, )

1+exp (a1 +ay + Oéy2

& exp (A%Yz — )‘;ZjYz) X )
1+exp (al + O‘Yl + O‘Y2)

14+exp(az +ayl +&Y2 )

m J
> exp (MWy, = Aih, ) x Lrexp(on +ofi og,) | rew(oatod tedy) g o)
Y1Y2 Y1Y2 1+ ex a +Oéi +Oé] 14exp(astal +a :
p (a1 Y1 Yo Y, 7Yy
1+exp(a2+ayl +04Y2)
and
s
vn(J,5") ( nj ng’
el = exp (Mly, — My, — My, +)‘YY
V’i(‘%],) 1Y2 1Y2 1Y2 1Y2
1+exp(cv1+04Y1 +aY2> 1+exp (az+o¢y1 +ay2>
« 1+exp ( 1+0‘Y1 +aY2) y 1+exp(o¢2+ayl +ay2)
1+exp(a1+a§,1 +o¢{,,2) 1+exp(az+ayl +ay2)
1+exp(a1+ayl +aY2) 1+exp(a2+ayl +ay2)
i ng’ 1+exp (al tay + aY2)
< exp (Ayy, — Ayly, ) X
14 exp (a1 + ayl + O‘Yg)
1+exp(a2+ayl +ay2)
n J
> exp (M, — MWy, ) % Ltexp(antad, £ody) | thew(oateftedy) g o
YR T2 Ty exp (an + ad, + o Ltexp(azta, +ay
p \a1 Y1 Yo Y1 T %
1+exp(a2+ayl +aY2)
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As w501 = (1 — p1(3,7))p20(3, 7), the nonresponse odds v(j, ;') is

i j ij 1 exp(ag)
exp (Ay, + A, +AYy,) % rexp (a1 tap, taly) X 1+cxp(a3)}

i 1 exp(ag) ’
exp ()\Yl + A + AYlYQ) 1+exp(0<1+a +ad, ) x 1+exP(i‘3> }

)N
—~
S
<
N

|
3
+
<
IS
i
f—/H —_——

Now, by Eq. (S9.57) and (S9.58)), the forms of v, (4,5")/v(j,7") and vn(4,5")/v(j,7") are
expressed as follows:

vm (4, 5') 1+ exp(az + o +ai,)

v(4,3')

1+ exp(az + oy, + a{,z)

i’ 1+exp a1+a;,"1 +ay2
Zi {exp ( + >‘Y1Y2 >‘Y1JY2) ( ) }

1+4+exp (al +ozy1 +o¢y2 )
X

mi 14exp(ay+at* +aj ’
Z {exp ()‘Yl +)‘Y1Y2 AYIJYQ) pE ' o YZ;}

14exp(ay +o¢§,1 +a§,2

1+ exp(az + ay, + aY2)

. v
exp (204{,2 - 2a{,2) X

> ,
(by Eq. [§957)) 1 +exp(az + ¥ +a3,)

1+exp| ag +0¢Y1 +04Y2>

. 1+cxp(a1+a§,"’ +o¢j ) 1+pr((‘12+a"" +ad
mj 1 Yo Yz
E¢ €Xp ()\Yl + )\YIYQ )‘YIYQ) X (

1+cxp(a1+04%,1 +a{,2) 1+exp a2+ayl +oz )

14exp (a2 +ayl +ay2

’
X . . l+exp(ai+a +a
> {exp (A, + Ay, — AP,) X (o2 boty +od,) }

1+exp(a1+ayl +ay2)

) v
14+exp (0424’!11)'/1 +O¢JY2 )

A Y AT . ,
Zi exlpw‘»(ex‘:(oqilaiz +oj;1 YZ) x eXp (20&%;2 N 20[{//2) X 1+exp(a +o¢i +aj )
. Y)Yy 2Ty T, (89 59)
Z {exp()x +>\Y1 Yo >\Y1jy2> } '
i -

1+exp (al +O¢Y1 +O¢JY2)
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vn (4, 4") — exp (2a _ogd ) y 1+ exp(az + oy, + 043@)
v(4,5") ¥ ¥ 14 exp(az + a¥, +o3,)

ot 1+exp(a1+ozy +o¢y )
ij nj 1 2
Z {exp( )‘Yle >‘Y1Y2)

1+exp (a1 +0¢Y1 +ay

X

)
o O A ) 7 )

14+exp(ay +ayl +ocy2

14 exp(a2 + ay, + aY2)

exp (2&{,2 — ZCM{,;) X

< -
(by Eq. (5958)) 14 exp(az + af +o3,)

o (oatat rod, )
) - n B
Sidexp (A, + A%y, — AV, x 1+exp(al+a¥‘+ay2 +exp(a2+ayl+a )
i 1 1Y2 1Y2 1+exp(a1+a§,l+ay2 1+exp(a2+ay +ad, )
1+exp(o¢2+o¢yl+ocyz)
X

. .. - 1+cxp(a1+ay +ay ) ’
S {exp (0, + Wiy = M) x Tt |

v
exp (A}, +A32 -2 . . 1+€Xp<a2+a§/1 +aY2>
Zi { ( 1Y Yy Y;Yz) X exp (2&{,2 _ J ) X

1+ +od, +ad 20, 1+ tod, +o]
exp(a1tay, +ay, exp(az+ay, +ay,

Zi {EXP( ‘VY1+>‘§’.1Y2 AY1Y2>}

1+exp (al +°‘Y +o<Y2 )

} (S9.60)

We can see that the numerator and the denominator in Eq. (S9.59) and (S9.60|) are the

. » 1+exp(o¢2+a§,l +a{,,2)
same except for an additional term in the numerator, exp (204{, — 203, ) . ~
2 2 1+exp(o¢2+a§,l +a§,2)

and the magnitudes of Eq. (59.59)) and (S9.60|) depend on how far is the additional term from 1.
Therefore, the necessary and sufficient condition for v(4,5') € OI"(5,7") = (Wn(4,5"), vm(J, 7))

I

. -/ ’ ]
. j j e . j
is | a3, — a3, |< A2 for a pair (j,j ) of Y2, where As is a constant over ay, .

S9.3.2 Proof of Theorem 2)
Since mij11 = mi;p1 (7:7_7.)1721(1‘7].)’

) Tij11 i i ij i'j i i
wj(i,i") = = e (/\Y1 = Ay, + My, — ANy, ) X exp(2ay, — 2ay,)
7511

1+ exp(aq + a%% + a{}z) 1+ exp(as + a%ﬁl + a{,z)
- - X - ——
1+exp(an + a3, +a3,) 1+exp(as+ a3, +a3,)

By the definition of wm (i,4') and wy (i,1"), wn(4,7') < w;j(i,i') < wm(4,7’) for all j(# m,n).
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Thus, the followings hold:

14+exp| a2 +ayl +aY2

wm(3,7) im ij i'j
wj (i, ’L") = €&Xp (>‘Y1 Yo T >‘Y1 Y2 T \YY1Ys + >‘Y1 Yg)
1+exp(a1 +ayl +ocy2) 1+exp(a2+a§il +o¢¢2)
1+exp(a1+ayl +o¢’” ) 1+exp(a2+ayl +o¢’” ) S 1
X
1+exp( 1+o¢Y1 +aY ) 1+exp(a2+o¢y1 +0¢Y2)
1+exp(a1 +o¢Y1 +0‘Y2) 1+exp(a2+a§1 +0¢{,2)
v
g 1+ exp(aq + oy, + o)
& exp(Ai,fY2 /\Yle) T+ explon ¥ ai’l . ajg)
1 Y, Yo
S 1+exp(a1+ay +ay)
7 1 2
> eXp(AY1Y2 AY1Y2) 1+ exp(a1 Tl + o ) X
Y1 Y2
Wn, (7'7 Z/) _ in
wj (i, i’) = &xp ()‘Y1Y2 )‘Y1Y2 - >‘Y1Y2 + >‘Y1Y2)
1+exp(a1 +o¢§;1 +o<$2) 1+exp(a2+a§;1 +o¢$2)
1+exp(a1+ay +a 1+exp(a2+a§,l+a;52) < 1
1+exp( 1+D¢Y +04Y2) 1+exp(a2+a§;1 +a{,2)
1+exp(a1 +D¢Y1 +04Y2) 1+exp(a2+a§,1 +a{,2)
v
1+ exp(aq + oy, + ay,)
g eXp(AY1Y2 AY1 Y2) Z-/l 7 ?
1 +exp(an + af, +a3,)
. 1+explal +ab +ab)
< eXp(/\iﬁIY2 - A y,) X L 22 %

1+exp| a2 +o¢Yl +04Y2

(

1+exp (ag +aY1 +a Y
(
(

)
; (S9.61)
)

1+exp| a2 +o¢Yl +ay2

1+exp| a2 +0‘Y1 +04Y2

1+exp( a2 +aY1

1+ exp(a1 + oy, + a{,Z)

)
g (S9.62)
)

(
(

1+exp (az +ocY +ay
(

1+exp| a2 +ocY1 +04Y2

Since m;j12 = mi;p1(4,7)(1 — p21(3,7)), the nonresponse odds w(i,i’) is presented by

3 J
exp(al +0‘in +ay2) 1 v
1+exp(a1+o<7i,1 +aJY2) 1+cxp(a2+a§,1 +o¢§,2)
il J ’
exp(alJraYl +aY2) y 1 } .
1+eXP(a1 +a§;1 +a§,2) 1+exp(aztay, +aJyZ)

Z] {exp ()‘Y1 + /\Yz + )‘Yle)

-/) _ Ti+12
i/ 412
Y, {exp (M, + M, + AV, )

w(i, 1

Now, by Eq. (S9.61) and (59.62)), the forms of wm (4,i')/w(i,i") and wy(4,4)/w(i,i’) are
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expressed as follows:

wm (1,1")

w(i, )

1+ exp(az + Oéyl +ay,)
1+ exp(az +af, +a¥?)

exp (2&@1 — 2a§;1)

y B

. 1+exp a1+a§/ +ay exp(ai+ajy. +ai )

5, exp (M, + Ay, — A, ) x el o) et
1+exp(o¢1+ay +ay2) 1+eXp(a2+ayl+ay2)

X -
1+exp(ai+al, +a exp(ai+al. +al, )

>, exp (M, + Y Yz_)\Y1Y2>>< ( by tets) X By
1+exp(o¢1+ay +aY2) l+exp(o¢2+ayl +ocy2)

1+ exp(az + ozi/l +ay,)
1+ exp(az + ai, +aft)

. v
> ex (20/ — 203 ) X
by Ba @@ET) NI

1+exp (al +a§, +o¢$2 )

14exp +ay1 +O‘Y2

exp(a +al, +aY2>

1+exp(&1+a +aY2)

{GXP )‘Y2 + )‘Y1Y2 - Y1Y2) x

1+cxp(a2+a§;1 ol )
X
14exp (a2 +ayl +aY2)

1+cxp(a2+a§;1 +aY2)

1+exp(as +ay1 +O‘Y2 )

Z

1+exp (a1+ay +o¢’" )

exp(ay +a§,1 +a{,2 )

€xp (A] + )‘Y1Y2 - )‘Y1Y2)

im
eXp( Yo +>‘Y1Y2 >‘Y1Y2)

1+exp (al +°‘Y1 +ay2)

—

1+exp(ag +o¢§,1 +a{,2 )

J
./ Zj { (1+exp(a1+o¢§,1 +ay2)) (l+exp(o¢2+a§q +a<,2)) X exp(al + CMY2)}

exp(c&1 —ay,)

eXp( Yo +>\Y1 Yo A;T/YQ)

’

-/

exp(a?}l — oy, ).

J
Z rmtorion, ) e ) X sl + o)}

(9.63)
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wn (i,1")
w(i, )
X

<
(by Eq. (59:57))

= exp (20&/1 — 2a§:1)
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1+ exp(az + Oéyl +ay,)
1+ exp(az +af, +a¥,)

.7 ;i
i'n 1+exp(a1+ayl +ay2) exp(a1+a§,l+a§,2)
exp >‘Y Yy T ALY | X X i tad
J 1Y2 1+exp(a1+ayl+ay2) Itexp(aztay, +ay, )
eXp A in ) 1+exp (al +ay1 +D¢Y ) y exp(aq +o¢§,1. +a'§,2.)
J iy — nYe 1+exp(o¢1+ay +D¢Y2) 1+9XP(042+0/§/1 +0¢‘§/2)

1+ exp(az + c&l +ay,)
exp 2ay1 2ay1) X 1 - —
+exp(az + o}, +af,)
14exp o<2+ay1 +ay2)
exp )\ )\ _ yin ) y l+exp(o¢1+a§,1 +o¢7;,2) 1+CXP(02+Q +ay2) y cxp(a1+ayl +aY2)
Y1Y2 pERL 1+cxp(a1+a§,1 +oz§,2) 1+exp(o<2+a’ ) 14-exp( 042+ay1 +D‘y2)
1+cxp(a2+a§,1 +ch2)
. X 1+exp(a1+ai +alt ) exp(a1+ai +o¢j ) ’
J __\in Yy Yo Yy Yo
Z exp (/\ )\ylyg Y1Y2) Lexp(aital, +ad, ) 1texp(aztai, +o3,) }
eXp( Y2+’\Y1Y2 ’\quYz) j
. . X € e «
BRI e e ) (s ez R
Y, T @y; )
eXp( Y2+>‘Y1Y2 >‘Y1Y2) J
Zj { (1+exp(a1+o<§,1 +ay2)) (1+exp(o¢2+a§/1 +a{/2)) X eXp(al + aY2)
exp(ay, — a%il). (S9.64)

We can see from Eq. (S9.63) and (S9.64) that the necessary and sufficient condition for
wn(i,1") < w(i,i") < wm(i,i') (ie., w(i,i’) € OI“(i,i")) depends on the magnitude of the differ-

) . .
ence between a3y, and oy, i.e., | ay,

over ay, .

— 0/;1 |< A; for a pair (i,i/) of Y1, where A; is a constant
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