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S1 Simulations

In this section, we conducted two sets of Monte Carlo simulations to evaluate the finite-
sample performance of 6 by using four different evaluation measures.

In the first set, we simulated datasets from ETFLR given by
1
Y =05 / | sin(4rt)| Z(#)dt + BV + an + e,
0

1
logit[Pr(6 = 1)] = ¢Y — / sin(4nt)Z (t)dt — W + g,
0

where W ~ N(0,1), e ~ N(0,02), Z = Z(t) is the standard Brownian motion, and Z, W,

and € are mutually independent. Moreover, we set a; = 0 and 51 = 0.5, whereas o, as
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and ¢ were varied for comparison purposes. We used as to determine the missingness
rate and ¢ to measure how the model is different from MAR. Moreover, we set t =
{0,0.01,...,0.99,1} and K = 100, and approximated [ f(t)dt =~ 3% £(0.01k) x 0.01.
The values of o and ¢ are key factors for controlling the missingness rate in each scenario.
Specifically, the missingness rates are 66%, 60%, 56%, and 52%, when (¢, a) takes the
values (1,—1), (2,—1), (1,-0.5), and (2, —0.5), respectively. For each simulated dataset,
we used GCV to select k,, € {1,2,---,20} and empirically fixed h = n13¢ and wy =
1/2. Moreover, the Gaussian Kernel K (t) = exp(—0.5t?)/y/27 is utilized in (2.9).

We considered four competing estimates as follows:
e (i) MCAR. Use complete observations to estimate the parameters.
e (ii) MNAR(k,). Set ¢ as the true value ¢y.
e (iii) MNAR(gZ;, l%n) Calculate ¢ according to the first approach in subsection 2.2.3.
e (iv) MAR. Set ¢ = 0.

We simulated S = 5,000 data sets for each combination of («, ¢,n, N/n), in which
n and N denote the total sample size and that of validation dataset, respectively. Each
test set has the same size as the training set. Let QZ(S), 9(5), B(S), and &; represent the

i-th predicted response, the estimated @, 3, and «4 in the s-th simulation, respectively.

We consider four evaluation criteria as follows:

e The prediction bias:

Bias = ST Y5 |, (5 — 4y /nl;
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e The nonfunctional bias:

Bias, = S™ 2% [t 0 (B — 0.5)W + a8]);

Mean integrated squared error (MISE):

J

MISE,; = Median[{Z(@(S) (t;)—0(t;)2(tj—tj_1)}s<s] ~ Median| / (B(t)—06(t))%d].
j=1

Median integrated squared error (MISEs):

J
MISE: = Mean({3 (6" (t;)  8(t))°(t; ~ tj-1)}cs] ~ Mean [ (8(t) - (1) *at]
j=1

e Mean squared error for nonfunctional:

MSE = Mean{(3® — 0.5)2 + (&\* — 0)%},<s.

Table A summarizes the simulation results in all scenarios. In terms of Bias, Bias,,
and MSE, MNAR(k,) outperforms all other methods and MNAR(¢, k) is the second
best, indicating the advantage of incorporating the nonfunctional part estimation and re-
sponse prediction for the MNAR methods. When either ¢ or ¢ becomes larger, MNARs
are much better than their competing methods. As both n and N/n increase, the per-
formance of MNAR(¢, k,,) is more similar to that of MNAR(ky,). In terms of MISE; and
MISEy, MNAR and MAR have similar performance, whereas MCAR is not very stable
and has large MISE; particularly when n is small.

In the second set, we generated simulation data sets from ETFLR given by
Y =0.5(0,2) + iW + a1 + ¢,

logit[Pr(6 = 1)] = ¢Y — (g, Z) + f2lV + az,
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where € ~ N(0,02). We fixed 1 = 82 = 0, a1 = 0, and ap = —1. We consider an image
pool consisting of 1457 two-dimensional images and randomly selected Z;(-)'s from the
pool. Figure A (left) presents several randomly selected images.

We consider two scenarios for (8,¢g). In both scenarios, we randomly selected an
image from the image pool for each simulated data set. In the first scenario, we chose
7 images for 0 from the image pool. For each 6 image, we generated 1000 simulated
data sets. In the second scenario, we generated 5,000 simulated data sets and randomly
selected @ from the image pool in each simulated data set. We evaluated MNAR(I%H),
MCAR, MAR and MNAR((ZS, l%n) by using the prediction Bias and MISE4, since they are
close to Bias,, and MISE,, respectively, in the second set.

Table B presents the simulation results for both scenarios. MNARs outperform
MCAR and MAR, indicating that selecting the correct missing data mechanism can im-
prove both prediction and estimation accuracy. Figure A (right) presents some randomly
selected estimated 6’s. These 8’s can be quite different from @ since the basis functions
constructed from FPCA may not accurately capture the variation of 8. However, for
missing data problem, it remains largely unclear how to choose a set of efficient basis
functions to accurately recover both the missing data and the functional signal. We will

address this issue in our future research.

Table A. Simulation results based on 5000 replications for the first simulation setting.
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test (¢, ,0°), (n,N/n) MNAR(k,) MCAR MAR MNAR(®,kn)

Bias  (1-1,25)  (300,1/30) 0.090 0.159  0.158 0.144
Bias,  (1-1,25)  (300,1/30) 0.129 0.188  0.192 0.179
MISE;  (1,-1,.25)  (300,1/30) 0.166 1336 0.186 0.195
MISE;  (1,-1,25)  (300,1/30) 0.065 0.070  0.065 0.066
MSE  (1-1,25)  (300,1/30) 0.011 0.017  0.018 0.017
Bias  (1-1,64)  (300,1/30) 0.137 0.376  0.378 0.242
Bias,  (1-1,64)  (300,1/30) 0.189 0411  0.393 0.278
MISE;  (1,-1,.64)  (300,1/30) 0.223 3.340  0.199 0.205
MISE:  (1,-1,.64)  (300,1/30) 0.077 0.099  0.089 0.082
MSE  (1-1,64)  (300,1/30) 0.024 0.070  0.067 0.042
Bias  (2-1,25)  (300,1/30) 0.200 0.534  0.536 0.267
Bias,  (2-1,25)  (300,1/30) 0.262 0.608  0.563 0.324
MISE;  (2-1,25)  (300,1/30) 0.179 3.260  0.165 0.158
MISE;  (2,-1,25)  (300,1/30) 0.074 0.101  0.077 0.074
MSE  (2-1,25)  (300,1/30) 0.033 0.132  0.117 0.047
Bias  (2,-1,64)  (300,1/30) 0.138 0.260  0.264 0.187
Bias,  (2-1,64)  (300,1/30) 0.174 0.301  0.272 0.213
MISE;  (2-1,64)  (300,1/30) 0.097 1.349  0.104 0.099
MISE;  (2-1,.64)  (300,1/30) 0.062 0.069  0.066 0.062
MSE  (2-1,64)  (300,1/30) 0.014 0.034  0.030 0.020
Bias  (1,-1,64)  (600,1/10) 0.116 0.375  0.377 0.166
Bias,  (1-1,64)  (600,1/10) 0.160 0.406  0.397 0.204
MISE;  (1,-1,.64)  (600,1/10) 0.143 0.798  0.130 0.140
MISE;  (1,1,64)  (600,1/10) 0.072 0.089  0.077 0.075
MSE  (1-1,64)  (600,1/10) 0.065 0.070  0.069 0.065
Bias  (1-1,64)  (300,1/10) 0.137 0.376  0.378 0.200
Bias,  (1,-1,64)  (300,1/10) 0.189 0.406  0.393 0.240
MISE;  (1,-1,.64)  (300,1/10) 0.223 1.443  0.199 0.202
MISE;  (1,-1,.64)  (300,1/10) 0.077 0.088  0.089 0.079
MSE  (1,-1,64)  (300,1/10) 0.024 0.068  0.067 0.032
Bias  (1,-0.5,.64) (300,1/30) 0.105 0.315  0.318 0.203
Bias, (1,-0.5,.64) (300,1/30) 0.153 0.352  0.340 0.237
MISE;  (1,-0.5,.64)  (300,1,/30) 0.207 3.912  0.190 0.211
MISE;  (1,-0.5,.64)  (300,1,/30) 0.072 0.089  0.077 0.075
MSE  (1,-0.5,.64) (300,1/30) 0.016 0.052  0.050 0.031
Bias  (1,-0.5,.25)  (600,1/3) 0.059 0.134  0.134 0.078
Bias,  (1,-0.5,25)  (600,1/3) 0.094 0.159  0.162 0.112
MISE:  (1,-0.5,.25)  (600,1/3) 0.095 0.131  0.103 0.096
MISE, (1,-0.5,.25)  (600,1/3) 0.057 0.057  0.058 0.057
MSE  (1,-0.5,25)  (600,1/3) 0.005 0.011  0.011 0.006
Bias  (2,-0.5,.25) (300,1/30) 0.103 0.216  0.220 0.150
Bias, (2,-0.5,.25) (300,1/30) 0.140 0.257  0.239 0.180
MISE;  (2,-0.5,.25)  (300,1,/30) 0.094 1.100  0.098 0.099
MISE;  (2,-0.5,.25)  (300,1/30) 0.059 0.067  0.061 0.060
MSE  (2,-0.5,.25)  (300,1/30) 0.010 0.025  0.023 0.015
Bias  (2,-0.5,.25)  (300,1/5) 0.103 0.217  0.219 0.131
Bias, (2,-0.5,.25)  (300,1/5) 0.140 0.251  0.239 0.166
MISE; (2,-0.5,.25)  (300,1/5) 0.094 0.335  0.098 0.094
MISE;  (2,-0.5,.25)  (300,1/5) 0.059 0.062  0.061 0.059
MSE  (2,-0.5,25)  (300,1/5) 0.010 0.024  0.023 0.012
Bias  (2,-0.5,.25)  (600,1/2) 0.092 0.217  0.219 0.110
Bias,  (2,-0.5,25)  (600,1/2) 0.131 0.252  0.248 0.149
MISE;  (2,-0.5,.25)  (600,1/2) 0.078 0.136  0.079 0.076
MISE; (2,-0.5,.25)  (600,1/2) 0.055 0.056  0.056 0.055
MSE  (2,-0.5,25)  (600,1/2) 0.007 0.023  0.022 0.009
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Figure A. The image pool used in the second simulation setting (left); and the selected 7 images in
the second simulation setting—true value and their estimates (right), where the 5 columns repre-
sent the corresponding image estimates using the MNAR(I;:,L), MCAR, MAR, and MNAR(gZ;, l%n),

and the true image, respectively.
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Table B. Simulation results based on 2-dimensional image covariates for the second simulation setting.
Seven identification (ID) numbers were assigned to 7 randomly chosen images (see Figure A) each
producing 1000 replications of data sets. ID="-’ indicates data set were generated with randomly

chosen image coefficient in each replication.

test  ID (¢,02), (n,N/n)  MNAR(k.) MCAR MAR MNAR(¢,k,)

Bias 1 (1,25) (600,1/10) 0.060 0.077  0.071 0.059
MISE; 1  (1,25)  (600,1/10) 0.636 0.901  0.704 0.634
Bias 2 (1,25) (1000,1/10) 0.063 0.081  0.076 0.062
MISE; 2  (1,.25) (1000,1/10) 0.689 0.902  0.751 0.696
Bias 3  (1,25)  (600,1/10) 0.064 0.082  0.076 0.063
MISE; 3  (1,25)  (600,1/10) 0.731 0.958  0.770 0.737
Bias 4 (1,25)  (600,1/10) 0.060 0.078  0.072 0.059
MISE;, 4  (1,25)  (600,1/10) 0.660 0.910  0.726 0.669
Bias 5 (1,25)  (600,1/10) 0.060 0.078  0.072 0.059
MISE; 5 (1,25)  (600,1/10) 0.642 0.899  0.701 0.649
Bias 6  (1,25)  (600,1/10) 0.064 0.083  0.077 0.064
MISE; 6 (1,25)  (600,1/10) 0.673 0.893  0.758 0.674
Bias 7  (1,25)  (600,1/10) 0.064 0.082  0.076 0.064
MISE, 7 (1,25)  (600,1/10) 0.733 0.934  0.767 0.741
Bias -  (1,25)  (600,1/5) 0.065 0.082  0.077 0.064
MISE; - (1,25)  (600,1/5) 0.671 0.814  0.746 0.670
Bias - (1,64)  (600,1/5) 0.114 0.200  0.192 0.113
MISE: - (1,64)  (600,1/5) 0.707 1141 0.960 0.708
Bias - (2,25)  (600,1/5) 0.074 0.097  0.093 0.074
MISE; - (2,25)  (600,1/5) 0.629 0.778  0.686 0.630
Bias -  (1,.64)  (1000,1/3) 0.114 0.199  0.194 0.113
MISE; -  (1,64)  (1000,1/3) 0.676 0.885  0.867 0.676
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S2 Assumptions

Let C be a generic constant.
(A1) 0(-) € L2([0,1]) = {f : [0,1] — R| fol f2(t)dt < oo},

(A.2) The function Z € H, is centered: E(Z) = 0 and has the decomposition

Z() =Y Vi),
j=1

where the ;’s are independent real random variables with zero mean and unit variance.
For all §,1 € N, there exists a constant b such that E|¢;|' < I10'2E(|¢;|?)/2.

(A.3) A\j — Ajy1 > Cj~*'for j>1anda>1.

(A.4) (6g,v;) < Cj~lforj>1and b>1+a/2.

(A.5) For any C' > 0, there exists a 79 > 0 such that

sup {E(Z(t))°} < oo and  sup Elt; — to| | Z(t1) — Z(t2)|¢ < 0.
s€[0,1] t1,t2€[0,1]

(A.6) max{E(||W|?),02?} < C < oo, and € is independent of Z and W.

(A7) Kk, — oo and k>*F3n~t — 0 as n — oo.

(A.8) 3 2 B(W®?) - Y50, B(We)BWTE) > 0,

(A.9) The true value ¢ = ¢g is known.

(B.1) There exists a constant C; such that max(||Z||, ||W||) < C;.

(B.2) There exists a monotone and continuous function G; : R — R such that
G1(G(Z,W)) < ||IZ|| + ||W|| and the Lipschitz’s condition holds such that |G(Z1, W7) —

G(Z2,Wa)| < C([|1Z1 — Za|| + ||W1 — Wa]|).
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(B.3) K is a kernel of type I (Martinez, 2013) if the function K : R — [0, c0) satisfies
Jo© K(u)du = 1 and there exist constants ¢; and ¢y € R such that ¢11,¢0,1) < K(u) <
CQlue[o,l] holds for 0 < ¢1 < o < 0.

(B.4) There exist a function 1 and a constant § > 0 such that V7 € (0,0) and
(z,2) € Hy £ {(2,2)|z € H,x € RP,max{||z|, |z||} < C1}, we have v, .(7 > (1) > 0,
where 1 4(r) £ Pr{(Z,W) € {(5,8)] |7 — 2]l < 7, 7 — 2l] < 7}].

(B.5) k&t [h+1/y/ny(h)] — 0 as n — cc.

(B.6) The weight parameter wg € (0, 1).
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S3 Proofs

Lemma 1-Lemma 9 and Lemma 10-Lemma 13 are listed in the following for proofs of
Theorem 1 and 2, respectively. Proofs of Lemma 1, 2, and Lemma 3- (i) can be found
in Lemma 3.3 of Hall and Hosseini-Nasab (2009), Theorem 3 of Hall and Hosseini-Nasab
(2006), and Proposition 18 of Crambes and Andr (2013), respectively. Before continuing,
we define the following operators and notations.

First we define =, < y, or x, = Op(y,) for random sequences (z,) and (y), if
for any 7 > 0, there exist M, > 0,and N > 0 such that for any n > N, Pr(|z,/yn| >
M:) < T; xp = yn, O Yy = Op(zy), if for any 7 > 0, there exists M, > 0 such that
Pr(lyn/an| > M;) < 75 2y < yp OF Ty, = 0p(Yp), if for any 7 > 0, Pr(|zy,/yn| > 7) — 0;
Ty, > Yn O Yp, = op(xy,), if for any 7 > 0, Pr(|y,/xn| > 7) = 0; zp ~ yp, if 2, < yy, as
well as x,, = y,. Second, for an arbitrary bivariate function f : ®, x D, — R, random
variables £ : Q — D, and n : Q — D, if E[f(z,n)] < oo for any x € D, define the

notation E_¢ f(&,n) by E_¢f(&,n) = g(§) where g : D, — R, g(x) = E[f(z,n)] for any

z € ©,. Note that if £ and 7 are independent, E_¢f(£,n) = E[f(&,n)|¢]. Third, we

denote
o D10 M (Yi, Zi, Wiy vg; By ) + (1= 8i)miy i (Yi, Ziy Wiy w55 Bro)]
J n)\j ’
o 2 i [06M(Ys, Zi, Wi, w55 By o) + (1 — 0i)mn, 0] (Yi, Zi, Wi, w55 By o)

J .
nA;

Yo = —¢0, ¢ = ming<; |\t —Ag41/, and define F'((Z;, 60), G((Z;, W;)), W;) as the following
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conditional expectation
E(E[(Z1, 60)d; exp(10Y1)| Z1, Wil|{Z1, 00), G({Z1, W0)), W)).

Furthermore, since Z;,7 = 1,2,--- ,n are n independent and identically distributed re-
alizations of Z, from Assumption (A.2), there exist random variables 53@,1' <n,jE€Zy
such that Z; = Z;’il \/)ijj(.i)vj,i,j € 74, where 53@,2' = 1,2,---,n are n indepen-
dent and identically distributed realizations of ;, and éj(.i) are mutually independent
for i < n,j € Z4. Finally, for a kernel function K : R ~ [0,+0c0), and K} : R

[0,+00), K(-) = K(-/h) we define random functions K,(Ll)(-) as
K () = K ()8 exp(10Y1) (7, 60),

and IN{,(Z)() as

K () = Kin(-)dexp(roY),
forl=1,2,--- ,nand j € Z,.
Lemma 1. Assume that with probability 1, X is left-continuous at each point (or right-
continuous at each point), and that Conditions (B3) and (B4) hold. Then, for each
C > 0, B(|K = K||€) < constant * n=C/2 where K and K are the covariance and the

sample covariance function of the process Z(-), and

HIC — lCH é \//[0 1]2[16(81, 82) — /C(Sl, 82)]2d81d82

Lemma 2 Under Assumptions (A.2) and (A.3), we have

19 = vjll < 82K = K| for any j.
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Lemma 3

(i) Under Assumptions (A.2) and (A.3), when j is large enough,

0 < constant x j~* < \j < constant x jfl;

(ii) under Assumptions (A.2) and (A.5), we have

Pr( lim L<Jk A = Al > (A = Aje1)/2) = 0,

which implies

Pr( lim U ;\j < )\j+1) = 0.
<k

k—o0 |

Proof of Lemma 3, (i).
From E(Z,Z) = Z;‘;I(z,vﬁ = > 521 Aj < oo, we have \; < j71; from \; =
> rej( Ak = Ak41) and Assumption (A.3) we have \; > j~¢.
(]

Lemma 4. Under Assumptions (A.1), (A.2), (A.6) and (A.9), we have

(i)
m?\Z’m(Yu Wii By ) = BIM(Y:, Wi B1.0)|0: = 0, Zi, Wi);
(i1)
Ly = % Z[(SZM(Y;’ Wi; ,6170)4‘(1_5@‘)7”%471-77(}/;7 Wi; ﬁl,O)]_EKOOv Z>W] = Op(l/\/ﬁ)

i=1
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Proof. Part (i) is shown in the following.

E{0: M (Y;, Wi B1,0) exp(vY3)| Zi, Wi}
E{0; exp(vY3)|Zi, Wi}

E{E[6; M (Y:, Wi; By o) exp(VY2)| Zi, Yi, Wil| Zi, Wi}
E{E[d; exp(nY))|Zi, Yi, W;]| Zs, W5}

E{E[6i] Z;, Wy, Yi]M (Y:, Wi; By ) exp(YY:) | Zi, Wi}
E{E[6;:|Zi, Wi, Yi] exp(vYi)| Zi, Wi}

E{Pr(5; = 1|Y;, Zi, Wi) M (Y;, Wy By o) exp(vY3)| Zs, Wi}
E{PI‘((S - 1‘Y;7ZZ>W)eXp(7Y)|ZZa W}

E{Pr(5 _0|}/’L7Z’MW’L) (}/:L’WZ’IB]_ 0)‘Z7,7W}
E{Pr(6; = 0|Y;, Z;, W) |Z;, Wi }

E{(1—d)M (Yu Wi; B10)Zi, Wi}

B B{(L— 02 Wi — E[M(Y;, Wi By 0)|6; = 0, Zi, W,

m?\z7i77(Y}, Wi; B1p) =

To prove (ii), first we calculate the expectation as below.

E[6:M (Y;, Wis Bro) + (1= 8i)mSy . (i, Wis B o))
= E{0M(Yi, Wit Bro) + (1= 6)B[M (Y, Wis 81010 = 0. Z:, Wi |
= Pr(6; = DE[M(Y;, Wy B1,0)|0; = 1] + Pr(8; = 0)E{E[M (Y;, Wi; B 0)|6; = 0, Z, Wi]|6; =
= Pr(6; = DE[M(Y;, Wy B1,0)|6; = 1] + Pr(8; = 0)E{M (Y, W;; B1,0)|6; = 0}

= E[M(Y;, Wi 81)] = E[(60, 2)W].
Second we calculate the variance, using the independence across different subjects.

1o, . —~
E2{ﬁ Z[&M(Yi, Wi; B10) + (1 — 5i)mg;17177(3/2, Wi; B10)] — E[(60, Z)W ]}
i=1

1 e~
= B2 {[GM(Y;, Wi Brg) + (1= i)miy, (Vi Wiz B1,0)] — E[(80, 2) W]}

= %Ez{[éﬂ(n VVz‘;,@LO) +(1- 5¢)m(]]\~4’m(Y;, Wi;ﬁm)] — E[(60, Z) V]
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1 —
< SE2[0M(Y: Wi Bro) + (1= 0:)miy . (Vi Wi B o))
1 — —
= EEQ{&M(Y?;, Wi; Bro) + (1 = 6)E[M(Y;, Wi; By 0)[0; = 0, Zi, Wil }

2 BN (i, Wit B,0))} = Opl1/).

IN

Finally, we have

% Y16 M (Yi, Wi Bro) + (1= 8)mS, , (Yi, Wis Bro)] = E[(80, Z)W] + Op(1/ V).

i=1
[l
Lemma 5. Suppose (Z,W,Y,§) is independently and identically distributed with (Z;, W;,Y;,0;),1 =

1,2,--- ,n. Then under Assumptions (A.1), (A.2), (A.4), (A.6), (A.7), and (A.9), we

have
(1)
Ers = (80, v;).
(ii) Ly 2

Proof. Similar to the proof of Lemma 1, we have

Erf = EM;(Y;, Zi, Wi, vj;81)/Nj = (00, v5); (S3.1)
kn

Uy 2 ED (60,0)[6W(Z,v;) + (1 - 0)
7=1

E{6(Z,v;)W exp(7Y)|X, V}]
E{dexp(7vY)|X,V}

k., 00

(80, v;)E[(Z,v;)W] = E[(8, Z Z (80, v;)E[(Z,v;)W]
7j=1
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Hence (i) has been proved. To prove (ii), using the independence of (Z,W,Y,d) with

(Zi, W, Y;,6:),i=1,2,---  n, and following (S3.2)), we have

S E{0(Z,v;)W exp(yY)| X, V'}
Ly = E;E(rj)[5W<Z,vj>+(1—5) (5 exp(7V)[X.V] ] — E[(60, Z)W]
= Uy —E[(60, 2)W] =~ > (60,0,)E[{Z,v;)W].
j=kn+1
It follows that
Ls| = Y (80, v))E[(Z,v)W] = > /Aj(00,0;)E(&W)
j=kn+1 J=kn+1
< V(60,050 /E(W?EE2 = VEW?2 Y~ /X;(60,v).
J=kntl j=kat1

Together with \; < j~! in Lemma 3 and (6, v;) < j~° in Assumption (A.4), we have
Ly = O(ky*7"). O

Lemma 6. Under Assumptions (A.1)-(A.7), and (A.9), we have

()
kn
ij)\j(r;‘ —(00,v;))? = O (k:T"/n), for any x > —1.
j=1
(ii)
sup G| Aa(r))| = Op(ky ™" /v/n),
J<kn
where
> i [0:M;(Yi, Zis Wiy vgs By) + (1= 6i)ymSy o (Yi, Zi, Wiy vj; 81)]
Aalry) =1, - . i -
n)\j
(iii)

kn
D Al = P = Op (k20" 4k );
j=1
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(iv)
iE[i Yoy (0WilZiy v5) + (1 = 8)BE(Wi(Zi,v5)| Zi, Wi, 6; = 0))]7 0(1);
j=1 A
(v)
1 ) 1 )
sup Gl > 5z‘Wz‘<Zz’7va‘—Uj>|+81;P - D B, [GIWilZi, 0j—v)) | Zss Wi, 6 = 0] = Op(1/3/).
=1 =1
(Ui) L6 £
kn
- EAl > ri[6WilZi, v5) + (1 = 6:)E_g,{(Zs, 0;)W| Zs, Wy, 6; = 0}]
7=1
—_ Op(k2a+1n_1/2 +k,;b),
where

kn
{ rj (5 W ZZ,U] ( — (Si)E,{,j{<Zi,@j>W‘Zl‘,Wi,éi = 0}] }
7=1

j=1

kn
{Z?”j [51Wz‘<Z¢,ﬁj> + (1 — (51')E,@].{<ZZ', ﬁj)W’Zi, Wi, 0; = O}] }

Jj=1

k'fb
{ZT; [(51Wi<ZZ',’Uj> + (1 — 6¢)E{<Z¢,vj>W\Z¢, Wi, 0; = 0}] } .
Proof of Lemma 6 (i). Using conclusion 1 of Lemma 5, we have
E Z] A (15— (00,v;))?

s 0iM (Y, Zi, Wiy vgs By) + (L= 8)my, ;- (Yi, Zi, Wi, v5: B1)
S wis

- )‘j 0 , Uj 2
pa n\/x \/7< 0 >>

o YVwZZaW/’LaU]a/Bl) <00’Uj>)
- S ey
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i (L= 0;)(mfy ;. (Yi, Zi, Wi, 053 B1) — Aj<6’o,vj>))2

_|_
VA
Ky
< gijE(éi(Mj(YiaZhWi,vj;ﬁl)_)‘j<0070j>))2
n j=1 A /)\j
(mM z (}/Z7ZZ7W’L7/U]7/81) <007Uj>) 2
+ = .rE Y 24~ A(G’l) +B(6’1) )
Z] o e )
In the following the order of A(®1) and B are calculated separately.
}/z Zi, Wi, v5; 8 ) <007U’>)
EA(G,l) — :JcE ) » V55 P1 J/)N\2
Z] v )
T Y;,ZZ,W“U,ﬂ )“077)‘
< Zj 2E J 1)) +(( ]< 0 ]>))2]
VA VA
k
~ . (Z,v)((0,Z) +€) o . _1/2-b\2
< J’”2[E( )7+ )l

= 2312 (&((6,2) + ) + (/27"

IN

K.
(\/Eifil E((8,Z) + €)* + constant) Z]x O( k:lJ“‘
J=1

BR6D kZ jop 0= BB 2, Wi vy 5%\22-, Wiy 6 = 0) = (60, 3)
< ijQE (K,ZZ,WM%O!Z@,WM ))QJF((/\j%-?}j)))z]
< ZﬂzE (E’ZZ’AfVZ’UJ’Bl)!Zi,Wi,&=0)+(W\/%Uj>))2]
< ijTE %Zz,/%uv],ﬁl)) +((>‘j<\6)0)\;;j>))2]20(k;”),

Combine them together, and we have E Z?;l 7N (s —(6o, vi))? = O((AGD4BED) /n) =

O(k1+2 ). O
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Proof of Lemma 6 (ii). Denote
Do (M;(Y;, Zi, Wi, 055 By)) = M;(Yi, Zi, Wi, 055 B1) — M;(Yi, Zi, Wi, 055 84),
and
A2(mgz[,-,m(yia Zi, Wi, 055 81)) = mg/.rj,i,y(yia Zis Wi, 053 B1) — mg/.rj,i,y(yia Zi, Wi, vj; By)-

From Lemma 3 (i) we have Aj/Aj41 < ki~ when j is sufficiently large. Then sup,<;, Aj/Ajp1 <

ka—l

n

when k;, is sufficiently large. Together with Lemma 3 (ii) we have Esup;<;, (jA;j|Aa(r;)] <

EngnZ@A [10: 80 (M;(Yi, Zi Wi, 055 B1))] + (1 = 8)) Do (miy, s (Vi Ziy Wiy 853 8y)) ]
g .

< 7ZESEE C])\ 41 [|6 A?( (}/Z’Zlvvvzavjaﬁl))’+|(1_5i)A2(m(])\/[_7~,i,'y(Yi7Ziuvviaﬁj;ﬁl))u
i=1 J>Rn J
Aj
= E Sil]? Cj)\ 1 H(S A2( (E? ZMWHUJMBI))‘ + ‘(1 - 5 )AQ(mM z*y(le, ZZawlavjaﬁl))H
J= J
Aj
S ESUP Cj |A2( (YZ,ZZ,VV“UJ,,Bl))]—I—ESUp Cj |A2(mM 'L"/(YYMZZvW’LaU]aﬂl))‘
<k A] <k, Ajtl
Aj
S sup 7[E sup C]’AQ( (E7ZZ,W1,U],/61))|+ESUP C]’AQ(mM z'y(}/wZ’HVI/Zu’U]a/Bl))”
J<k, Nj+1 J<kn J<kn
< constant * ka l[E sup CJ|A2( (Y;7227W17U]a161))‘ +E Sup CJ|A2(mM z'y(Y;a ZhWZav]n@l))”

1<k,

2 constant * k91 (A2 4 B6:2)y,

Next the two terms A®2) and B2 are calculated separately. It follows from the

Cauchy’s inequality that

A2 = B sup (Zi, 05 —v;)((Z:, 0) + )|

J<kn

= Esup (((Z;,0) +€:)Z;, ((0; — vj))]
J<kn

< W sup |(((Zi, 0) + €)Zi, ((Zi, 0) + €) Zi) (G (85 — v;), G (85 — v7))]

J<kn
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= VE(Z,2)((Z,0) + E)Q{ESI;p Gllo; — vi*}2 (1 + o(1)).

From Lemma 1 and Lemma 2, {Esup,< QfHﬁj — vj||?}/? < constant * n~'/2. Then

A62) = 0,(1/4/n). Using Lemma 4, by Jensen’s inequality, we have

B2 — g { SUp G| B, [(Zi, 05 — v;)((Zi, 0) + €)| Zs, Wy, 6; = OH}
ISKn

IN

E {E_(ila)[sglg) CJ’<Z17,[)J - vj>(<Zia 0> + 61)||Zla Wi, 0; = 0]}
JISKn

= B {E—(ﬁl,-~~)[$2]£) [(({Z:,0) + €i) Zi, G (vj — vj))[| Zi, Wi, 05 = 0]}
ISKRn

< EV(Z,2)(Z,0) + {EE_, .. sup GFlog — v P32 (1 + o(1)

= EV(Z,2)((2,0) + G)Q{Esb}p Gllo; —vs P2 (1 + o(1)).

Then B2 = 0,(1//n). O
Proof of Lemma 6 (iii). From definitions of 7;, 77, and As(r;) in Lemma 6, (ii),

we have

1 1.
=15l < 1Ba(rg)[ + 11— 5\*Mj|?”}7|~
A

It follows that

k
- 11 e,
ZA Iry =) < 1D M 2(8a(ry)? + (5 = )%rs?)]
=1 A
o W T T
22/\ Do)+ 2(5 — )N, 2 AG3) 4 p63)
j=1 oA

Next the two terms A©3) and B62) are calculated. From Lemma 3, we have EA(6:3) <

k., n
B Al (05 — ) ((2:,00) + )/ )
j=1 i=1
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k n
+ QE(Z Aj\; ZEfﬁj (Zi, 05 — v)((Zi, 80) + €)| Zi, Wi, 6; = O] |7/ A))

k n
"1
< 2sup E|(Z;,0; — Z;,00) + €
sup Ag+1 jzlnz (Zi, 05 — v;)((Zi, 80) + &)
s k. 1 n
+ ! =3 EE?, [(Zi,0; — v;)({Zi, 00) + €)| Zi, Wy, 6; = 0])
i<k >\j+1 ano
)\ k. 1 n
< 2sup —— — E|{Z;,0; —v;)({(Z;,00) + ¢€; 2
pr e (;nig [(Zi, 05 — v3)(( )+ &)%)
1% 1 n
2 — Y EE_ [(Zi, 0 — v;)*((Zi, 00) + €)?| Zi, Wi, 6; = O
+ ]Sf,? AJH (;n; U Zi, 05— v5)"((Zi, 00) + )7 1)
k., 1 n
< tant * k21 T =N E[(Z;, Z; Z;, 0 ;
< constant * ;nZ; , Zi |05 = w3l ({Z:, 60) + )]

n

~1
+  constant x k2! Z - Z \/E<Zz’, Zi)2({Zi, 00) + e)*\/E[[|0; — vj][*]

IN

constant * k21 Z( 7l = Okt Z]3a+2/n O(klat2p=1),
7j=1

The last inequality holds from Lemma 1 and Lemma 2. Next, from Lemma 3, we have

B6:3) —
k
- 1 1
D 2(— — =)
k’ ~
NV,
= 22 . 22 ’ (] (00,vj) <007UJ>)2)‘J
j=1 j
k
(A — A A
< 24( J )\2]+1) ( <00,’U] )\ _'_24 )\2]+1) <00,U]> )‘j
]:]_ ] ]—1 -7
kn kn,
< 24(Tj <007vj>)2>‘j+z <00’UJ> )‘J
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k'n

kn
< constant x Z/\J 77 — (00, vj) 2+Zj_lj_2b]
j=1 =

= Oplha/n) + Oplky®) = Oplka/n + k).

Finally we have E(Z?;l )\j|rj—r;|2) = AC3 4+ B63) = O(kAa+2 In+k,; 2).

Proof of Lemma 6 (iv). The left side of the equation is equal to or less than

’“Z" 1 iE@-vai,v» (1= 8)E(Wi(Z:,v,)| Zi, Wi, 6 = 0))?
Aj

IN

fZEEM/V Zi, o)A+ — ZZE (1 = 8 E(WilZi, v;)| Ziy Wi, 6; = )2/,

j=1i=1 J 1i=1
A(674) _|_ B(674)’

(1>

We only need to calculate the order of A4 and B(64) separately. We have A64) =

k n
1
— [(5‘Wi < Zi,?}j >]2/)‘j
7=1 n =1
ka kn
1 2
. Z [§:We ! Z 2 <EWY,
j=1 =1 =1
and B(64) =
kn 1 n
EZ[; > (1= G)E(Wi(Zi,v;)| Zi, Wi, 6 = 0)2 /)
j=1 " i=1

n

E[E(W;(Zi,v;)|Zi, W;,6; = 0)]°/);

VAN
S

<
Il

—_
-
I

—_

3

EEW2(Zi,vj)?| Zi, Wi, 8; = 0)] /A

IN
S

<
Il
-
-
Il
-

I
||Pﬁ?v
3\’*

kn
Z eV =SBl < BW?.
i=1 j=1
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Proof of Lemma 6 (v). Using Lemma 1 and Lemma 2, we have

EsupC]|fZ(5 Wi Zi, 05 — vj)]

JERW2(Z:, Z;) \/Esup§2||v]—vj||2 0,(1/v/n),

and
ESUPCJFZE—” i(Zi, 05 — v5)| Zi, Wi, 6 = (]|

< EsupEZE_@j[@\szi,@j—vj>|!Zi7Wi,5i:o]
J i=1

< EE_,(W2(Z:. Z)|Wi. Zi,6: = 0)] \/EE_ sup G107 — vj|?
J

= 0,(1/vn).

This uses the similar technique to A(%2) in the proof Lemma 6 (ii).

Proof of Lemma 6 (vi). Denote

kn k"n kz
AL (EWilZi o)) = Y (Wil Zi, 97)) = > r5(6iWilZi,v;)).

Then we have the following decomposition.
kn
=1

% STAY (Wil Zi, 65))]
i=1 J

kn, k., n
= Z 25W Zl,vj v-)+Z(rj—r;f)%26iwi<Zi,vj>
J=1 j=1 i=1
kn kn n
+ Z( 00,’0] Z(SW Zl,UJ ’U'>+Z<90,Uj>%z5im<zi,@j—vj>
J=1 Jj=1 i=1

[1>
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Next we bound the A6:6) B6:6) (6.6) and D6:6) separately.

From the Cauchy’s inequality, by conclusions 3 and 4 of this lemma, we have

|B(6,6)| <
kn kn 1 n
Z i Z[ngsz‘Wz(ZuUﬁ]Q//\j
j=1 j=1 " i=1
= ORI 4 b )0,(1) = Op (210 Y/2 4 by,
and |A69)| <

kn

ZAQ (rj)— Z(SW (Z;, 05 — vj)]

7j=1
By g 1« .
+ 2015, = Pl = GoeplIT S0z - )
=N i=1
kn 1 . 1< .
+ Zly*Tlf\jl<aoavj>||gZ‘SZ’WZM“W*”j>|
Y

J =1

.
||

[I>
N
S5

7)+A§676) +A§616)7

where Ag(rj) was defined in Lemma 6, (ii). To bound A65) e only need to bound
A§6’6), Aé6’6) and A(36’6) separately. From Lemma 6, (ii) and Lemma 6, (v), we have

n kn

6,6 1 . at2 —

Ag : < SEE CjAj‘AQ(rj)’ Slll? Cg|g E 5iWi<Zi7vj — ’Uj>‘ E 1/()\]C]2) = Op(kﬁ 2p 1).
ISKEn JISKEn i=1 .

By the Cauchy’s inequality, we have

f—fu/ +1/
A<“+rc“\<{2 Cf VA7 (1} = (0, v5))?

7j=1

K

Do GOiWiZi, U5 — vi) 191005

X Z[ : e
i=1

n
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Using the fact that

1 1< a
(’)\* - ;\*|)\j/\/)\j + 1/\/)\j)2/<j2 < constant x (j2)%j?*72 = constant x 7342
i

implied by Lemma 3, together with Lemma 6, (i), and Lemma 6, (v), we have

6,6 a a
AP 41009 = [0, (K83 /) Oy(1/n) = Op (W92 ).
Similarly, we have

66>+|D66|—Zy—b/<] (1/v/n) = Op(max(k&+2? log n)n~"/2).
7j=1

Therefore, 2 377 1A1[Z 1 15 (6iWi(Zi, 05))] =

A§6’6)+Ag6’6) —I—Agﬁ’ﬁ)—l—

(6,6)| _ Op(kia+1n_1/2 + k;b)

Similarly,
1 kn,
- S OAID (1= 8B, (WilZi, 0)|Zi, Wi, 6 = 0)] = Op(k2* 0% 4+ k).
i=1 j=1
Finally Lg =

n k n k
1 “ ) 1 " )
- A (Wil Zi, 6))] + - SO (1= 6B g, (Wil Zi, 0)| Zi, Wi, 6; = 0)]
=1 J=1 i=1 j=1
which is O, (k20+1n=1/2 4 k. ?).
O

Lemma 7. Under Assumptions (A.1)-(A.4), (A.6), (A.7) and (A.9), we have L7 =

72{2 0:Wi(Ziyvj) + (1 — ) E{(Zi, ;)W | Zi, Wi, 6; = 0}]}
=1 j=1
kn

= B{Y_rj0W(Z, ;) + (1 = O)B{(Z,0;)W|X, V.6 = 0}]} = Op(\/kn/n).
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Proof. We use the following decomposition.

n kn
S Wl Ze ) + (1= 8)B{(Z:, 1)W1 2, Wi, 6 = 0)])

i=1 j=1
kn
— B r0W(Z,v)) + (1 - 6)B{(Z,v;)W|X, V, 5 = 0}]}
j=1
= . Z{Z — (v5,00)) [0:Wi(Zi, vj) + (1 = 6;)B{(Zi, v;)W | Z;, Wi, 6; = 0}]}
i=1 j=1

k7l
+ ) (B0, v5)] Zéw (Zi,v5) + (1= 8)E((Zi, v)W| Zi, Wi, 6; = 0)
j=1

— B{W(Z,v)}] é A( )+ B,

Denote

kn n 2
By (:L > [6WilZiyvg) + (1= 6)E(Zs, 0,)W| Zi, Wy, 6; = 0) — B{W(Z, vj>}]) -

j=1 i=1

Using the Jensen’s inequality and the Cauchy’s inequality, after algebraic calculations,

(1) _

we have B

kn
%ZE[@WMZ@%) + (1 - 5i)E(<Zi7Uj>W‘Zia I/Viu 6i = 0) - E{W<Z7 vj>}]2

jfl

< 2 Z W(Z,v;))? + E(E(W(Z, ;)| Zi, Wy, 6; = 0))% + E2(W(Z,v;))]

< %Z)\ (EW?E + EW?E + E*(W¢))) < ZA \/Wﬂ%4 O(1/n).
j=1

It follows that

En
B < ngo,% )B{" < 160]lv/B1 = Oy(1/v/n).

J=1
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Before we continue with A7), first we denote

n [l Z:’L—l (51W1<ZZ, Uj> + (1 — 51)E{<ZZ, Uj>W1|ZZ', Wi,éi = 0}):|2

7 n Lai=
TS :
i J
7j=1
2
™ kn Z?:l [E(51W1<ZZ, Uj> + (1 — 52)E{<Zu 'Uj)Wi’Zi, Wi, 0; = 0})}
EAD <
- n)\j
7j=1
kn
_ Z E(WZ?(ZZ', Uj>2 -+ E(E2{<Zi,'uj>Wi|Zi, Wi, 0; = 0}))
=1 Aj
- i E(W2(Zi,0;)? + E(E{(Zi,v;)2W2| Z;, W;, 6; = 0}))
= )\j

Jj=1
k 2¢2 kn
n 2E(Wi fj)\j) n 99 9
— Zix = 2B(GW?) < 2EW?

j=1 J j=1

Then the following equation

JZA — (17, 00))2 A7 \/O (kn/n)Op(1) = Op( %n),

holds by the conclusion 1 of Lemma 6.
Finally we have Ly < A + B = O,(y/kn/n).
O
Lemma 8. Under Assumptions (A.1)-(A.7) and (A.9), we have

kn
I Z 705 =

Jj=1 Jj=

kn
90,1}] 1;]” - (kia/2+3/2/\/ﬁ+ kz/2+1/27b)'
1

Proof. First we make the decomposition of the formula.

K kn
”ZTJ Z 6o, v;)vj]

j=1 j=1
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90, 'U]

H‘HZ — (60, v;))vj]|
+ | Z<907vj>(@j — ;)| & A®)
j=1

+ B® L o®),
We will discuss A®)
” Z] 1(

®) and C® gseparately. To calculate A® we define A®)
— (80, 0;)) (B —v;)|, and Ay £ || 52

lI>

1(rj —77) (95 — ;). Using the conclusion
of Lemmal, Lemma 2, and Lemma 6, (i), we have AP

JZA — (B0, u))?/ (2N quww — O, (24 /)0y (ko /)

»(k
which equals O (kga/ a2 /n); using the conclusion of Lemma 1, Lemma 2, and Lemma 6
(iii), we have AP

Ky
J Z Aj(rj =

P n
which equals O (k7a/2+5/2/ e/ b/\f) Put them together and we get

\l Z Hf)] — UjH2/)‘j = \/Op(k%a%—?/n +k 2b> (k3a+3/n)
=1

A® < 4B 4 4B =

o) (k5a/2+3/2/n+k;zl/2+1/2—b/f)
To calculate B®) we define B

2|28 (5 = (B0, v)vyl, and B
)vj||. Using the conclusion of Lemma 6, (i), we have B

2| 5 (r
(8) o

JZA — (00.07))2/ % =\ Op (k5" /m) = O, (kD2 /)

using Lemma 1, 2, and 6, (iii), we have B

8
3 <
kn
Z Aj (7
j=1

kn
JZ loj12/2; = \/Op(kf‘ﬂ“/nJr k)0, (k)
j=1
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which equals Op(k g 232 ) a4+ kY2270 Put them together, and we have
B® < B§8) —|—B§8) _ Op(kia/2+3/2/\/ﬁ+kz/2+1/27b)_
Using Lemma 1 and Lemma 2, the following inequality holds for C'(®).
kn kn
HC( Z 71/2 90,1)j>‘ < Z a+1-— bO( 71/2) < O(k(a+2 b) +/\f)
: j:l
Finally, we have

[ Zrm Z 00, v;)v;]| < A® 4 B® 1 C®) = O, (k3/243/2 )\ /i 4 |2/ 2H1/270),

7j=1

Lemma 9. Under Assumptions (A.1)-(A.9), we have

10U (B0)/0(B™) = 31| = 0p(1).

Proof of Lemma 9. After straightforward algebraic calculations, U (8,)/9(87) =

n k
1 n N
= EWiW] + (1= 6)E(WiW] | Zi, Wi, 6; = 0)] R(0;, W)R(0;, WT) /),
ni4 j=1
where
1 n
R(f)j, W) = E Z((Sl<ZZ7®J>Wl + (1 — (5@)E<<Z¢,ﬁj>Wi‘Zi, Wi, 0; = 0))

i=1
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It follows that OU(B,)/9(8T) —J =

1 n
{; S EWiW]T + (1= 6)EWiW] | Z;, Wy, 6; = 0)] - EWW T}
=1

ks, kn
— 7R, W) =Y 7R, W}
j=1 j=1
ky, kx
- {ZF;R(UJJ/VZT) - [E<Za UJ>W][E<Za U]>W ]/)‘J}
j=1 J=1

Jj=kn+1
where
) ZX;J@A%(ZuWGﬁ%)+(1—-&ﬁn%%kxzuﬂﬁﬂ%ﬂ
Yo ni; |
e S 0 M (Zi, Wiy vg) + (1= 0iymSy (Zi, Wi, v))]
J nA; '

and M;(Z;, Wi, v;) = (Z;,v;)W;. Note that || A®)|| = 0,(1) holds by law of large numbers;

B(g) = Z(f] ’F;)[ﬁ Z<ZZ, ({)J UJ»WZT]
j—l i=1
n kn 1 n
+ Z Z<Zi, vy Wil + il > AZi, 05— vy Wi,
Lt j=1 i=1

which equals Op(k,%““n_l/ 2 4 k¢=0=1) using the technique similar to the proof of Lemma

6, (vi); similar to the proof of Lemma 7, ||C|| = Op(y/kn/n); ||D?|| = o(1) since
> [E(Z, v)WIE(Z, v )WT/\; = ZE@WE@WT <EWWT
j=1 j=1

holds by Assumption (A.8). In conclusion,

10U (B0) /(") =3I < AP + BV + [CO + D[] = 0, (1).
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Proof of Theorem 1. First we denote e 2 9U(B)/03T — J. From Lemma 4-

Lemma 7, we have
U(Bro) = Ls = La+ Lg + Ly = Op(ky 012 4+ k)/270),

where the ‘L;’ is defined in Lemma 4,9 = 4,5,6,7. Then from |le]| — 0 of Lemma 9,

together with Equation (1.5) of Stewart (1969), we have ||B1’0 -

I 0B < I T8 = 16+ o) T B1)]
< 0@+ =3+ R IIT G < 1+ =317+ VI @, i~
I e U g1
B s ywes, i < TR~ 0,006,001

which also equals O, (k2% n=1/2 + k! 271)). Then the first part of the theorem is proved.

For the second part of the theorem, we make the following decompositions. 0(,31) —

00 =
kn [e's)
{Z ri(By) —73(B1,0) UJ}+{Z7"J B1,0)0; Z 0o, vj)vit + {— Z (60, vj)v;}
Jj=1 Jj=1 Jj=1 j=k,+1

A ATl +BT1 +CT1.

From Lemma 8, we have |BTY|| = O kza/ 2+3/2 n + kf}/ 2+1/2-0 . Therefore we only
P

need to calculate the three terms AT, BT! and CT!. Note that

o0

ICTH =VAC.C) = | Y (B0,v))2=0( | > i) = Op(k}/*™),
j=kn+1 J>kn

and AT? has the following decompositions, AT? = (AT + AT 4 AT+ AT1)(3, —B1.0);
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where
AT = Z(fj — E(Z,v;)W/\;)(0; — vj); AT = Z(fj — E(Z,v;)W/Aj)vj;
jfl i=1
ki,
AT — ZE Z,0;)W/Xj(0; — v;); AT =Y E(Z,v;)W/A\jv;.
j=1

In the following we will calculate the four terms ATY, AT AT! and AT!. We have

1A <

kn

k k,
- ~ a - 1 a
BY (2020202 3 1 = w512 = Op(ke /%) |0,(3°1/¢2)~ = Oy (K972 /)

j=1 j=1 j=1

using Lemma 1, 2 and the Cauchy’s inequality; we have ||AT1|| <

k" n
EZ(Z, vj)2W2/)\§ = ZE(E?WQ)/AJ‘ — Op(kSL“HW)

j=1 Jj=1
by Assumption 2; similar to Lemma 6, (i), we have

Z]x)\ — E(Z,v))W/X\)? = Op(kiT/n), for any x # —1,

so that the following equation holds,

kn
AT 2 | ST17 — B(Z,0)W/A)2 = Op (kD7)

J=1

similar to Lemma 6, (iii), we have
Z)\ |T‘] T- (k4a+2 -1 +l€ 2b)

so that the following equation holds,

kn,

145 & [7j — )2 < ZA 42/ A,

Jj=1

\/Op(k%a-ﬂn—l 4 k'r;%)Op(k%) _ Op(k2/2a+1n_l/2 + kff/z‘b);

N
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consequently, we have [[ATL|| < [|ATL||+ AL = Op(k,({l“)/ ?). Similar to the derivation
of ||AT1||, we can prove that ||AT(| = O,(]|ATY]]).

In all,

IATH < JATH + AT + AT + ATH1By — Byo

= Op(k;glaﬂ)/z)op(kiaﬂn—m + k,}I/Z—b) _ Op(k2/2“+3/2n_1/2 + k711+a/2_b)‘
and finally, we get

16(B1) — Boll < [IAT| + IBT| + O™

Op(k2/2a+3/2n_1/2 + k711+a/2—b>.

Lemma 10. Under Assumption A.1-A.9 and B.1-B.5, we have
(1)

F((Z1,60),G((Z1,W1)), Wi) = E[(Z1, 00)01 exp(~0Y1) | Z1, Wi;

(ii) for any C1 > 0, there exists a constant Cy > 0, such that

OF(x1, 29,23
sup max |—( 87 ’ )] < Oy, sup F(x1,29,23) < Cs,
T2, llel|<cy ShB3 i T2, llealI<Cs

holds.
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Proof of Lemma 10 (i) By algebraic calculations, we have

E[(Z;, 60)0; exp(YY))|Z1, W]

= (Z;,00)E[Pr(0; = 1|12, W}, Y}) exp(70Y1)| Z1, W]
exp(G(Z;, W)
1+ exp((g, Z1) + (B0, Wi) + ¢0Y1)

/ (21,60 exp(G(Z, W) 1 (= {70 80) = BioWi)?
L+ exp(G(Z, W) + boy) Vor 2

= (Z1,00)E{ | Z1, Wi}

)dy,

which is a measurable function of (Z;, 8¢), G(Z;, W;) and W.
]
Proof of Lemma 10 (ii) Continue with Lemma 10, (i), and we obtain the explicit

form of the function F' in the following.

T o \2
x1 exp(z2) (y — z1 — Bip23)
F(x1,22,73) = / exp(— ’ )dy,
V2r ) 1+ exp(xs + B3 073 + doy) 20°
and
OF (z1,r2,23) / exp(z2) oxc (_(y s 5{0m3)2)d
O0xy V21 ) 1+ exp(ze + doy) P 202 Y
N / T exp(xg) exp(— (y —z1 — ,31T,0x3)2)y -1 — 51T,0x3d
Var ] T+explea+doy) " 202 o2 v

Note that both F' and 0F /01 are continuous functions of (21, x2, x3) within the compact

set

3
{(1,m9,23)| > [|lzill < C1}.

=1

Therefore, there exists Ca 1 > 0,2 > 0 such that

OF (x1,x2,x3)
_ sup \%! < Co1, sup  F(z1,22,23) < Czp
Y llill<C 1 S <G
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Similarly, there exist constants Cy; > 0,7 = 2,3 such that

aF(l‘l, T, l’g)
sup [

Oz | < CQ,Z'J
i lmll<Cy L

and then we have

aF(:Ul) x2, 1"3)
sup  max|————————=

| < maX(C2,i)
2 Jlall<or 0x; i<3 ’

which completes the proof. O

Lemma 11. Under Assumption A.1-A.9 and B.1-B.5, we have

(i) Given a constant function z € H, a constant vector x € RP, and a constant wy €

(0,1), there exist constants 0 < ¢; < cg < 00 such that

kn
1t o (h) <E[Kn(wo, | > (Z = 2,05)2 + (1= wo) [W —z))] < cagu(h/(1 = wp)),
ji=1

where 1, .(h) is defined in Assumption (B.4) and ¢.(h) = Pr(W € {7| |7 — 2| <

h}).

(i) The following two inequalities

n ! n
e Y2t KD (woy /S5 1421 = 23,0302 + (1= wo) Wi = Wi)
sup
o E[Kh(MO\/Zfl":MZ = Zi;v5)% + (1 = wo) [W = Wil])| Zi, Wi]
— B((Zi,00)0:exp(1Y0)| Zi, W) |*|Zs = 2, Wi = x|

1
Lgll) < constant x (h* + ——),

nip(h)

[I>
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and
E{[l/anll w0\/2J1—1 = Zi,v3,)* 4 (1= wo) Wi — Wil])
sup
S B[Kn(woy/Sh(Z — Z0j,)2 + (1= wo) [W = Wil 2, W
— E(6;exp(7Y3)| Zi, Wi)] | Zi = 2, W; = x}
2 '3 < constant x (h% + ! )
e ny(h)
hold.

Proof of Lemma 11 (i). From Assumption (B.3) and the definition of type I

kernel in Martinez C. A. (2013), we have

E[Kh(IUoJ Y (Z=20) 4 (1= wo)|W - z|)]

Ky
> o Pr((Z,W) e{zwaJZzzv] + (1 —wo)||Z — || < h})
7=1
kr
> e Pr((Z,W) € {(3, )| Z Z—2,0)2 < h,|# —z|| < h})
> aPr((Z,W) e {(z2)| ||Z - ZH < [T = zf] < h}) = 1tz o (h),
and
kn
E[Kh(WOJ Y AZ =202 + (1= wo) W — z|)]
ji=1
Ky
< CQPI’((Z,W)G{Z.TU)O\J —2z,05)%+ (1 —wo)||Z — z|| < h})
j= 1
< Pr((Z,W) e {(2,2)] (1 —wo)l|z — x| < h}) = c20a(5 _th%

which complete the proof. O
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Proof of Lemma 11 (ii). Before the proof, note that from Assumption (B.3) the

kernel function K(-) satisfies,
/K(t)dt =1; /tK(t)dt = 0;/K2(t)dt < constant.

We divide the proof into two parts. In Part 1, we calculate the bias while in Part 2 the
variance is calculated.

Part 1. For simplicity, denote

Dl(i) = wo Z< 1= Ziy03,)? + (1= wo) Wi — Wil
=1
. kn
R = B[Ry (wo, | Y (7 = Ziyv;,)2 + (1= wo) [W = W;)| Zs, W),
n=1

and

E(()i) = E((Zi, 00)di exp(10Yi)|Zi, Wi).

In this step we calculate the bias A1) (Z;, W;) first. Using Lemma 10, (i), Assumption
B.3, and Lemma 11, (i), we have

M K0 /3, K (D)

RY R}
L Kn(D)s Y1){(Z,0 .
- pp D) >§§Xp<% CALIPRAIT
- {1/nZKh E[§ exp(y0Y:)(Z1, 00)|Zi, Wi, Z1, Wi)| Zis Wi}/ R)) — E
= 1/nZKh F((Z,00), G(Z1,W1), W)\ Z:, W3] | RY) — E”

— E[l/n Z Kn(DI)1 o o, F (21, 80), G(Z1, Wh), W)\ Zs, Wil RS —
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< 1/"2Kh R Liz—zg< 2 liw-wi< 2 . F((Z1,60), G(Z, Wh), W)\ Zi, Wil /R — By

< l/nZKh 0\ Zi, Wi)[F((Zi, 00), G(Z;, W), W) + constant x h]/RY — E"
— RY( g> + constant x h)]/RY — B (S3.3)

which equals constant x h. Next we prove that this constant exists uniformly for Z; = z

and W; = w; in other words, there exists constant C such that

Pr(sup A (Z;, W;) < Ch) = 1.
Zi, Wi

From Assumption (B.1), we have [(Z;,00)| < || Z;]|||00]] < constant and ||W;|| < constant;
from Assumption (B.2), we have |G(Z,W)| < Gy (||Z]| + |[W]|) < constant. It follows

from Lemma 10, (ii) that there exist constant Co, such that

\F'({Z1,00), G(Z1, W), W) — F'({Zi, 60), G(Zi, W;), W;)|

IN

[F({Z1,00), G(Z1, W), Wi) — F((Zi, 00), G(Z1, W1), Wi)|
+ [F((Zi,00),G(Z1, W), W) — F((Zi, 00), G(Zi, W;), W)
+ [F({Zi,00),G(Zi, Wi), W) — F({Z;, 60), G(Zi, W), Wi)|
< G2 — Zi],00) + |G(Z1, W) — G(Z;, Wh))| + [[Wr — Wi]]
< constant x [(|Z; — Z;|,00) + || Z; — Zi|| + ||Wi; — Wil + ||Wi — Wi]|],
The last inequality holds from the Lipschitz’s condition in Assumption B.2, and the
constant here is irrelevant to Z;, Z;, W; and W;. So that
Lizi—z< 2 Yywiewi < s ({2 B0), G(Z0, W), W)

< 1HZz—ZiIISUi—L 1||W1—WiH§#[F(<Zi’ 00)7 G(Zi, Wz’), Wz) + constant X h],
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and the constant here is irrelevant to Z;, Z;, W; and W;. This illustrate the constant in

(S3.3)) is irrelevant to Z;, Z;, W; and W;. It follows that

Pr(sup A (Z;, W;) < Ch) = 1.
Z:, Wi

Part 2. First we calculate
BU(z;, W;) 2 B[[K\"(D{)?|Z:, Wi /[R{P2,

for [ # 4. Using Lemma 10, (ii), we have BUD(Z;, W) =
E[K3(D")ilexp(0Y1)(Zi, 00))°| Zi, Wi]
[RYP?
= E[KZ(D"){Z1,60) x E[6 exp(270Y1) (Z1, 00)| Zi, Wi, Z1, Wil Zi, Wi] /[RY)2

= E[KZ(D") exp(10Y))(Z1, 00) F((Z1, 80}, (Z1, 9), Wi 290)| Z:, Wi] /RS
= constant x E[K2(Dy)|Z;, Wi]/[RY)?

constant x E[Kh(Dl(i))\Zi, VVZ-]/[R((;)]2 = constant x %

IN

The last inequality is from Assumption (B.3).

Then for Iy # i, we have

" l 7 7
Var[1/n Y (K (D)) R 1 Z:, W)
=1

0 i 1 0 i i
————nVar[[K\(D{V)]| 2, W] = ﬁVar[[K,(f (DN RS | 2:, W)

(4) (4) _ 1
ﬁE[KI%(DlO )/[Ro ]Q‘ZmVVi] = Op(@)a

IA

where the O, 0, term and the relevant constant hold uniformly with respect to Z;, W;

by Assumption (B.1).
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Finally, we have

IN

n )
1 K’ (D
Sup [A(H)(Zi>Wi)]2 + sup Var( /n Zl:1 h (Do)
ZiaWi Z'hWi RO

1
< constant x (h* + sup ——
( Z.,W, Wz,:,xi(h))
1
< constant x (h? + ——).

nip(h)

1
L§1) | Zi, W5)

It can be proved in the same way that

1
nap(h)

Lﬁ) < constant x (h? +

).

O

Lemma 12. Under Assumption A.1-A.9 and B.1-B.5, we have

(i)
up (A Qg (7)) = Op(k ™t /v/n),
J<kn
where
. . Z?:l[éiMj(Yia Zi, Wia”j%ﬂl,o) +(1- 5i)mM7‘,i"y(YL', Z;i Wi, Uj5:31,0)]
Ao(F)) = 7j = - ;
n)\j
(it)
kn
D ONjlR = 7P = Op(kpt 0T + k)
j=1
(iii)

o 1
APt — 2 =0, [h2 + ———1.
g 1 =il = O )
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(iv) L12 é
1 n k. n
=~ A0S > 7 [0WilZi 05) + D wio(Zi Wis 1) (2, 9) Wi
i=1 j=1 1=0
— Op(kgla+1nfl/2+k5b+k§b4a+3)/2n71/2[h+ 1 ])’
ny(h)
where

kn
Zf] [6:Wi(Zi, b)) +szo Zi, Wiz 1)(Z1, 05) W]

-
3

= 7 [0Ws < Zi, 05 > +Zwl,o(Zi,Wi;’Y)<Zz,@j>Wz}
1=0

<.
I
—

Mw

Aj[éW(ZZ,vj +szo Zi, Wiz y)(Zy, 0;) W]
=0

<.
I
—

Proof of Lemma 12 (i). The proof is exactly the same as Lemma 6, (ii) except

that it uses Ag12,1) to replace A§6’2), where Aém’l) is expressed in the following (here

1(3 £ wyo(Zi, W;; ) which is defined by (2.7)). ASQ’I) =

E[sup (; szo (Z1, 05 — v;)({Z1, 00) + €]
1<k, =1

= Z Pr(arg max wl(g lo )E[sul? Ci(Zi,, 05 —v;)((Zy,,00) + €,)| arg max wl(fg =]
lo=1 J<kn <

< sup E[sup (;(Z,, 0; —vj)({Z,,00) + €,)| arg max wl(lg =0
lo<n  j<k, I<n ’

= E[sup (;(Z,,0; — v;)({Z1,,00) + €,)| arg max wl(zg = lo]
.Sk_n lgn I

j
< B2 D200 - Panaeaty =
\/E[SUPC |95 — v;|? \argmaxwl(g lo]

J
< constant x Op(n_1/2),
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O

Proof of Lemma 12 (ii). The proof is exactly the same as Lemma 6, (iii), except

using

A(12.2) _ 22)\ Ao (7

to replace A63) where its expectation is calculated in the following (here w; 0

which is defined by (2.7)). Since wl(g is positive, we have >"" ; (w, (i )) < (X0 w

and it follows that EA(12:2) —

k, n
o A A
E(Y Ml (20 = v)((Z6,60) + )P/ A))
j=1 i=1

kn,
2O S w25, — 02100 + /A
j=1

i=1 [=1

(i) &

(k,;lla+2n71).

Aj Fn 1 & R ,
: Q(Jsglgl )\JH) x (;n;EKZ“U] v;)({Zi, 60) + €)[7)
N (SIS RS w2 .
+ 2(sup A )X (ZEZE‘ Zwl,OKZl’Uj —v;)((Z1,00) + &)]|")
i<k, Nj+1 = 1 =1
< 2sup ) x (30 LSRN0 (200 + )
- jsglg )\]+1 j:lni_l i Vj J iy Y0 7
Moo I I
+ 2(sup = )X(Z;ZEZ(W%)QZKZZ,@—
J<kn Nj+1 il Y —
s kn 1 n
< A(sup 370 (30 ST BIZ 05— 05) (26, 60) + e)])
g<kn A3+l =1 =1
kn 1 n
< constant x k™'Y oY El(Z Zi)o; — vil*(Zi: 80) + )]
]Zlnz:l
ki
< constant x k%~ 1ZC 2=l = O(ke~ 12]3a+2/n
7j=1

O

(4)
0

wy0(Zi, Wiz )

)2_17

v;))((Z1, 00) + €))?)
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Proof of Lemma 12 (iii). After straightforward algebraic calculation, $%» i ]( P

r;f)z =

>
3

n

Z mM7,l ’70(}/7,7 Zla WZ; UJHBl 0) mM ,4,Y0 (Y;7 ZZa W17U]’161 0))]

=1

<.

l

H
:\H

3

Z mM z'yU(YzaZzanavngl) mM zyo(YleZaWz’UijlO)) .

=1

IN
3\*—‘

Il
—

J

Next we calculate |1y, i, (Ys, Zi, Wi, vj5 81) — m(}%?im(Yi, Z;, Wi, vj; 81)]. Denote

n k;n

AP = 1S K (wo | S A2~ Zivvg,)? + (1 —wo) [W — Wil)),
— ji=1
n 0 k.

B — 1/nZK£><wo\ N2~ Zivi,)? + (1 —wo)[Wi — W),
=1 71=1

CI*D = B(6; exp(10Y:) (B0, Zi)| Zi, Wi), D) = B(8; exp(0Y)| Z:, W),

2

and

K
El(12 3) _ — B[K(wo Z<Z = Zi,vj)% 4+ (1 = wo) ||W — W;|)| Zi, Wi).
Ji=1

(12,3)

By Condition (B.1), we have D, >

inf E(51|Zz =z, Wi = .73)

max{||z||,[|lz[ }<C1

. oy + G(z,x) L (BT o (0,2))?
= inf e~ 3W=B1,0r—(00,2))* 4
max{] || ||z}<cl/ 1 +exp(¢oY; + G(z,2)) /2r Y

> constant > 0.

The last inequality is because the integral is a continuous function of (z, G(z, ), (z, 0p))

and each item of z, G(z,x), (2, 00) is positive in a compact set from Condition (B.1) and
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(B.2). From

4023)  ~(123)

‘mMjﬂ'v’YO (E’Z'“W“/U]”Bl) - ,rrl'(])u_j»i’“/o(Yi7 Zi’ I/I/Z’U]?/Bl)| = <Zi,’l)j>|BZ(12’3) - Dl(12’3)‘
i 7

1

n l n
1/ Sy KN (wor /SR () — Zi,03,)2 + (1= wo) [Wi = Will){Z1 — Zi, 05)
pB12:3) ’

(2

_l’_

~ 12,3
we have Y52 SO [1ivag, i (Yis Zis Wiy v B0) =Sy s o (Vi Zi, Wi vy B1)[2/m < B4

FQ(IQ’S), where

n (12,3) (12,3)
(12,3) o A; & 2,
F - Z <Z“UJ>’B(12,3) N D(12,3)| '
— A A

)
j 7
0

F2(12,3) _ Z

SN

[y
=

<
=

n l "
2 [1/nZz:1 Kf(L)(WO\/Zi:MZl —Z,-,vj1>2+(1—w0)HWl—Wi|y)(Zl—Zi,vj>]2
n

12,3
= B{'*?

—_
=

<

12,3)

Next we calculate the two terms F1(12’3) and F2( separately. By Lemma 11, (ii), the

following equations hold uniformly with respect to (z, ).

4123) (123) 1 p12:3) 1
z - <L tant R4+ —) =2 ——-D; < tant h? + ——.
Ei(u’?’) ; < constant x 4 [ (h? + nw(h))’ Ei(u’g) < constant X + o ()

It follows that sup, , ]A§12’3)/BZ-(12’3) - 01(12’3)/DZ(12’3)| =

A(.12’3)/E.(12’3) _ o123) o123) (D(12,3) B B(12,3)/E(12,3))

% %

| |
D§12’3) n (31(12,3)/Ei(12,3) _ D§12’3)) [DZ(12,3) n (31(12’3)/]551273) _ D§12’3))]D(1Q’3)

i

1

< constant x h? + )
W o)
Then we have
FI%3) < constant x (h2 + ! )il n(Z V2 = 0, (h% + : )
< constan — Vi) = —).
1 () 2 25T = O Sy

Note that F2(12’3) can be simplified as

n l

2 I 1/ iy K (woy /S (2 — Ziws, )2 + (L= wo) Wy = Will)|1 20— 2]
ﬁz[ B(12:3) ]
i=1 ;

(2
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which equals (similar to Lemma 11 (ii))

l kn
p & /n iy K (woy/ SRy (2= Ziyvi)? + (1= wo)lWe = Wil Lz, < . 120~

Zi||?
2

- 12,3
nia Bf )

= Op(hQ)-
Finally, we have

P ) 12,3 12,3 1
Z/\2 (7 —r1)? = PP L B — 0, (k% + ——).

nip(h)
O
Proof of Lemma 12 (iv). Denote
kn k. kn
MY #(6Wil Zi, o)) = > #3(6iWil Ziy 03)) = > #5(6i Wil Ziy vy)),
J=1 7j=1 7=1

and

k., n k. n kn, n
Ay A wiodWi(Z o)) = D0 753 wioSiWilZu 03) =) 75 (D wiodiWilZi, v;)).-
j=1 =1 j=1 =1 j=1  1=1

We have the decomposition similar to the proof of Lemma 6, (vi).

1 n kn
R;Alg (Wil Zi, ;)]
kn, 1 kn 1 n
= Z(f] - 72;)% Z(SiWi<Zz‘7@j — 1)j> + Z(TA'] — f;)ﬁ Z‘SiWi<Zian>
j=1 i=1 j=1 i—1
k., 1 n k. 1 n
+ Z(fj — T’ ﬁ Z@Wz(zuﬁj — Uj) + Z(T: — (00, vj>)ﬁ Z(S’LWZ<ZM @j — Uj>

i=1 j=1 i=1

7j=1
kn,
+ Z 60, v;)— Z §;WilZi, o) — v;) 2 A2 4 gU2d) | 00124 | p(24) | p24)

Similar to the proof of Lemma 6, (vi), and using Lemma 12, (i), and Lemma 12, (ii),

we have AU24) 4 p(124) 4 pU24) 1 pO24) — O (k2e+1n=1/2 4 kb)) We only need to
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12,4)

calculate the order of the term C( Using the Cauchy’s inequality and Lemma 12,

(iii), we have

kn,
ct> < JZV (Fx =73 QZ %Z i(Ziy 05 — v5)) [ ]?

7j=1
. " ké4a+3)/2[h+ %]
— o2t —— 15 1/¢2/N2 x 1/n = .
Then we have % o Al[Z?ll 75 (0WilZ;, 05))] =
k(4a+3)/2 1
A0249) 4 p(124) L ~(124) 4 p(124) | p(124) _ Op(l{:rzlcwdnfl/z_H{:;b_F n [+ ).
vn ny(h)
Similarly, we can also prove
1 n kn n
= AD KO wi0aWilZi,9))]
i=1 j=1 =1
- 0O (k2a+1 71/2+k b+k(4a+3)/ 1/2[h+ 1 ])
n(h)
The conclusion holds based on the above results. [l
Lemma 13. Under Assumption A.1-A.9 and B.1-B.5, we have
Lis 2 *Z{Z P[5 (Ziy v;) + szo Zi, Wi 7)(Zy, v5) Wil }

=1 j=1

n k.,
_ %Z{Z Tﬂ(siWi<Zi,Uj> + (1 — 51)E(<Z¢,Uj>W|Zi, Wi, 51 = 0)’}

i=1 j=1

= 0,(k"D/2[h 4 1/\/mip(R))).
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Proof of Lemma 13. First we decompose L3 in the following.

< f2{2| — 75 X |B((Zs, 0 )W Z5, Wi, 6 = 0) = > wio(Zi, Wes v){Zi, ) Wi}
i=1 j=1 =0

L3

- f§]§] — 73| % [6WiZi, ) + (1 — 6)E((Zs, vj)W| Zi, Wi, 6; = 0)]

21]1

+ fZ{Zv (80, v;)| X [B((Zs, v;)W|Zi, Wi, 6; = 0) — > wio(Zi, Wiz 7){(Z1, v;) Wi}

i=1 j=1 =0
1 n kn n
+ EZ{Z (80, v7)| X [E((Zi, )W Zi, Wi, 6; = 0) = > wio(Zi, Wi 7) (Wi, v)) Wi}
i=1 j=1

lI>

A08) L g(13) L ¢(13) . p(13)

Define I?}(Ll)() = Kj(-)d; exp(70Y;)W;. Similar to the proof of Lemma 11, (ii), we have

BRVOVEL R (wor/ SR (21— Ziy0)2 + (1= wo) [Wh — Wil
sup

E[Khwwzj;;l 7~ Zivj)? + (1 — wo)|[W — Wil))|Z:, W
— ]ED(VVz(SZ exp(’yY})|Zi, Wi)]2|Zi =z, Wi = 1‘}

1
< constant x (h*> +
)

).

Consequently, similar to the proof of Lemma 12, (iii), we get
kn

n 1
Z (Zi,vj)W|Z;, Wy, 0; = 0) —Zwl,o(zi,W¢§’Y)<Zl,vj>Wl‘2 :Op<h2+m)'

Then from Lemma 6, we have

kn
C19) < |37t — (80, 05))?
7=1

k. n
x Z ((Zi, v )W | Zi, Wi, 65 = 0) = Y wio(Zi, Wis 7)(Z1, 0;) Wi 2

_ atl ), Lo (a+1)/2,,~1/2
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and

kn
13 S Z 00’1}]

k., n
J > B Zi, vy W Zi, Wi, 6 = 0) = > wio(Zi, Wis ) (Z1, v;) Wi 2

j=1 1=0
1 1
= \/Op(l)()p(h2 + Tﬂ(h)) = Op(h+ 77“/}(}0).

Similarly, using the Cauchy’s inequality and Lemma 12, (iii), we have

k.
A13) < 1" —1"
7=1

k., n
J > B Zi, vy W Zi, Wi, 6 = 0) = > wio(Zi, Wis ) (Z1, v) Wi 2
j=1 =0

1
nap(h)

D

1 1 a
= \/Op(k%a[hz + mp(h)])op(hz + mb(h)) = Op(kn[hz +

Similarly, using the Cauchy’s inequality and Lemma 6, (iv), we have

En
B < J 2 A0 =)
j=1

k. n
J Z{% D 16WilZi,vg) + (1= 8)E((Zi, v5) W Zi, Wi, 6; = 0)]}2/ A2
j=1 =1

1 a B a 1
= \/Op(h2 + W)Op(an) = Op(ki D202 + W])-

Finally, we get L1z = O,(A"3) + B13) 1 c(3) 1 p(3)) = O, (K, (a+1)/2 [h+1/\/np(h
U

Proof of Theorem 2.
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From Lemma 4, 5, 7, 12 and 13, we get

0(51,0) = L5 —Ly+ L7+ Li2 + L3
Op(k}l/Q_b +knn—1/2 _i_k?%a-i-ln—l/Q —i—k’;b—i- k7(14a+3)/2n—1/2[h+ jj}(h)] +k7(1a+1)/2[h+ 1/ /n¢(h>])
n
= Op(ky/* ™+ kp ™2 4 KV 4 1/ /i (h)),

where the ‘L;’ is defined in Lemma 4,7 = 4,5,7,12,13. Similar to Lemma 9, we have
1620 (B1,0)/ (981981 ) — 3| = o(1). Then we have
181 = Buoll = 137 T (B10) 11+ 0,(1))
= Op(ky/* "+ iy 12 4 kIR [0 4 1/y/np(R))),

and the first part of Theorem 2 is finished.

We continue with the second part of the theorem. For 6 = Z?;l rj(Bl)f)j, we have

60— 6
kn _ kn
= {Z(Tj(ﬁl) 7 (B10) UJ}+{Z7"J B1,0)0; Z 6o, v;)v;}
Jj=1 7j=1 j=1
0o k. _ _
+ {= D (Bo,v)uit+ ) (7(B1) = 75(81))d5}
=k +1 j=1

(1>

AT2 4 BT2 L 0T2 4 DT2,
By the proof of Theorem 1, [[CT2|| = [CTY|| = O, (kv/*7%); | BT2| = | BTY|| = O, (ki *™/ ) /n+
kfl/2+1/2_b); and
IAT2|| < ||AT? + AT + AT? + AT?[1B, — Byl
= Op(Ky IO, (k™2 4 1270+ k(D2 [0 41/ /()

= Op(ky 2320 V2 4 R0 4 kG ot 1/ (),
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where AT?2 = AT AT? = AT AT?2 = AT and AT2 = AT!, and AT? are defined in
Theorem 1, for i = 1,2,3,4. So that we only need to calculate || DT2||. First we define

- M (Zi, Wiy ) + (L= Gy (Zi, Wi, 05)]
T = = >

n)\j

and
Z?:l [51MJ(ZZ> W’iv Uj) + (1 - 5i)mMj7i,»y(Zi7 Wi> Uj)]

n)\j

>

*

ﬁ

j )

where the definition of M;(Z;, W;,%;) can be found in the proof of Lemma 9. Then

similar to the proof of Theorem 1, we have

. N N Ko . N
||DT2H = Z[fj(ﬁﬂ - Tj(ﬁl)P = Z[fj(ﬁl,o) - "”j(ﬂl,o) + ("33' - fj)(131 - 51,0)]2
j=1 j=1
kn kn
< Z (Bro) — 1 (Bro)]* + Z — B1))? £ DI? + D32

J=1

By the conclusions of Lemma 12, (ii), Lemma 12, (iii), Lemma 6, (iii), and the Cauchy’s

inequality, we have

IN
(17
—
Qﬁ>
|
>
S.x
N—
)
+
_—
7
—~
.
|
uﬁ*
N~—
)
+
17
—~
3
I
33
N—
[\

&
&

VAN
>
<
—~
bﬁ>
|
X
SN—r
V)
+
>
<o
—~
<3
|
uﬁ*
SN—
&)
w>:3‘ =
+
>
<
—~
&j
|
Qﬁ
S~—
&)

1
_ \/Op(kgﬁznq 4k x ket \/Op(hg n ) x k2ot
n

SOyt g k) gt

= Op(kp/PH32n =12 4 o270 4 ot 12l ———),
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Similar to the calculation of DI, we have

kn

S (7 = 7P = Opkie/2+3/2 =112 4 plral2b oy ot /2y 4 ———).
1 n (1)

J

Note that D3? = \/Zf:ﬂ(;] - fj)]2|’,é1 — Bill, which implies D3?* = 0p(DT?).

Finally, we get the conclusion.

16 — 6oll < |A™2|| + |BTZ]| + |C™2| + |ID™2|

- 0 ]{:5(1/24—3/2 —1/2+k1+a/2—b+k,a+1 h+ .

Proof of Theorem 3

First of all, minimizing the following expression
(Y = Z*r —=WB)TS(Y — Z*r - WB) + (Z2*r)T (I, - ) Z*r,
where ¥ = {D + diag [E(In — D)ln]} , is equivalent to solving the following eqnarray

lZ*T {D + diag [E(In - D)1n} } (Y -Wg) — EZ*TZ*r — 0,
! n ($3.4)

%WT {D + diag[Z(I, — D)1,,|} (Y — Z*r — W) = 0.

Z1 Vi,

From the definitions of Subsection 2.2.2 of the main text, Z* = : , where
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Z’Z é (Zi,lvziﬂa'” aZin)7i: 1727"'

)

,n, and

iy (1= 8w

=(I, - D)1, — Yo (T = 65)way

i (1= 0i)wni

Then we have the following equivalence.

%Z*T {D + diag[E(I, — D)1,]} (Y - Wg) — %Z*TZ*T =0

<
T
Z1\Vi,
1 - -
- diag{(51 —i—Z(l — 0j)w - - - 75n+2(1 _5i)wn,i}
i=1 i=1
Zn‘_/kn
Y1 - W8
X —Ar=0
Yn - Wnﬁ
<

i=1 k=1 i=1 k=1

=

1 o _

- > (ZiVi,)T6(Yi = WiB) + Y (ZiVe,)" (1 = d)win(Yi — Wil3)
i=1 i,k<n

=i+ (1= G)wig] =T =0
i=1 k=1

PROOFS51
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R -
2 (ZiVk, )T6:(Y; = WiB) + Y (ZVh, )T (1 = 6w (Y — WiB)

i=1 i,I<n
— Xn:[éz + Zn:(l - 5k)w k]ér =0

; “n

i=1 k=1
=
e~ ., ==
EH[@-(ZV DY —wiB) + Zw,z ZVi )T (Y, — Wi B8)]

Z i + Z(l —0;))wy|—r =20

i=1 =1
=

5\17‘1
fZ{a (ZiVie )T (Y; — W, 8) — : |+ (1—06;) x
Ak, Tk,
XlTl
an ZVie) (Y= WiB) — . r=o0
j\knrkn
Z[&%(Yi, Zi, Wisr, B1) + (1 = 6;)1n, i 4(Ys, Zi, Wisr, B1)] = 0,
i=1
where

5\17°1
V1 (Yi, Zi, Wisr, By) = (ZiVi,,) " (Y; — WiB3) —

)‘knrkn



S3. PROOFS53

is a discretized form of

(Zi,01)(Y; — WiB) — iy

(S3.5)
(Zi, 0,) (Y — WiB) — A, 7,
Similarly, the second equation of is equivalent to
zn:[(%i/}z(}ﬁ, Zi, Wisr, By) + (1 = 0i)1ivy, i1 (Yi, Zi, Wiy, By)] = 0,
i=1
where o(Y;, Zi, Wi;r, B1) = [Y; — BYW, — Z;Vi, 7]W; is a discretized form of
W'Y — B{W; — i ri(Zi, ;). (S3.6)
j=1
Compare (S3.5) and ([S3.6) with (2.5), and we get the conclusion in Theorem 3.
O

Proof of Corollary 1

The proof is the same as that of Theorem 2 if we use

V() = inf e (0): () = P2, W) € {(2,)| woll2 =2l + (1= ) -] < ),

to replace of the corresponding notation in Theorem 2.

g
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