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Supplementary Material

This supplementary material consists of: (1) derivation of the Conditional Maximum Like-
lihood Estimator (CMLE); (2) proof of Proposition 4; (3) proof of Proposition 6; (4) details on
the test functions used in numerical experiments. Equations that are specific to this supple-
mentary file are labeled as (S*). All other referenced equations correspond to those in the main

manuscript.

S1 Derivation of the CMLE

By the Woodbury formula,

K™' = (K — k(x0)k(x0, %) k(%)) 7!

K_lk(XO)k(Xo)TK_I

=K :
T (%0, %0) — k(x0)T K Tk(x0)

Therefore,

k(Xo)TK_lk(X())k(Xo)TK_I 1

k(xo) K™ = k(xo) K" + k(0. %0) — k(x0)TK—k(x) 1 — p(x)?

k(XQ)TK_l.

(S1.1)
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Thus, by differentiating the conditional log likelihood (3.2) with respect

to yp, we get

Ollvo) _ ! — )T K k(xg) = ! — )T K k(x
T R N (e e R

from (S1.1). Thus, when k(xq) # 0, solving 0l(yo)/0yo = 0 leads to

Yo =B+ k(xo)" K~ ' (y — p1).

p(Xo)?

S2 Proof of Proposition 4

Proof. From the conditional distribution of y given Y (x0) = yo ((3.1)),

A

E[ (Yk(x0) = Y (x0))* [ ¥ (x0) = yo]

(k(x0)" K~ 'k(xq0))”
]{J(Xo, Xo)

= k(x0)T K k(x0) — k(xo)" K~ k(Xo))

]{Z(Xo, Xo)

+ (yo — B)° (1 -
and

E[ (Yaink (%0) — Y (%0))* | Y (x0) = %o ]

k(xo)TK—lk(xo))2
k(xq,Xo) ’

= k(x0, %) — k(x0)" K 'k(x0) + (3o — B)? <1 - \/
(S2.1)
Now since yo ~ N(f3, k(x0, X)),

~

E[(Yk(x0) — Y (x0))%] = k(x0,%0) — k(x0)" K'k(x¢) and
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E[(Y/SiNK(XO) — Y(Xo))2] = 2]{5(X0, Xo) — 2\/1{3(X0, Xo)k(Xo)TK_lk(Xo)
2 Y 2
= mE[(YI{(XO) —Y(x0))7].

by the definition of p(xq). O

S3 Proof of Proposition 6

Proof. Let p = p(xp). From (S2.1),

E[(Yi(x0) — Y (x0))*[S(x0)] = k(0. %0)(p* = p* + S(x0)*(1 = p°)*) and

E[(Vaink (%0) — Y (x0))?[S(x0)] = k(x0, %0)(1 = p* + S(x0)*(1 — p)?).

Using
IS0 |S() > M) = ;g [ o(s)ds = AT R,
we get the inequality for p > —1+ /14 (1 — ®(M))/(M¢(M)). [

S4 Test Functions

S4.1 Borehole Function (Morris, Mitchell, and Ylvisaker (1993))

27TTu(Hu - Hl)
fx) = LT, T,
log(r/ry) (1.5 T et ez T T’”)

The ranges of the eight variables are r,, : (0.05, 0.15), » = (100, 50000), T,

= (63070, 115600), H, = (990, 1110), T} = (63.1, 116), H, = (700, 820), L

= (1120, 1680), and K,, = (9855,12045).
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S4.2 Welch (Welch et al. (1992))

Flox) = =22

— 1 n o + 5(1’4 — 1’20)2 + Ty + 40!13'?9 — 5:13’19

+ 0.0525 + 0.0873 — 0.03x6 + 0.0377 — 0.0929 — 0.01219 — 0.0721; + 0.2527,

—0.04214 + 0.06215 — 0.01217 — 0.03215, x € [—0.5,0.5]%.
S4.3 Friedman (Friedman, Grosse, and Stuetzle (1983))
f(x) = 10sin(rz129) + 20(z5 — 0.5)% + 1024 + 525, x € [0, 1]°.
S4.4 Robot Arm (An and Owen (2001))
F(x) = (w? + %)

where u = i L; cos (élﬁj-), v = iLi sin (jélﬁj), and

i=1 i=1
X = (91,...,94,[/1,...,[/4) € [0,271']4 X [0,1]4
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