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Abstract: The naive importance sampling estimator, based on samples from a single
importance density, can be numerically unstable. We consider generalized impor-
tance sampling estimators where samples from more than one probability distri-
bution are combined. We study this problem in the Markov chain Monte Carlo
context, where independent samples are replaced with Markov chain samples. If
the chains converge to their respective target distributions at a polynomial rate,
then under two finite moment conditions, we show a central limit theorem holds for
the generalized estimators. We develop an easy-to-implement method to calculate
valid asymptotic standard errors based on batch means. We provide a batch means
estimator for calculating asymptotically valid standard errors of |Geyer[s (1994)
reverse logistic estimator. We illustrate the method via three examples. In par-
ticular, the generalized importance sampling estimator is used for Bayesian spatial
modeling of binary data and to perform empirical Bayes variable selection where
the batch means estimator enables standard error calculations in high-dimensional
settings.
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1. Introduction

Let 7(x) = v(x)/m be a probability density function (pdf) on X with respect
to a measure p(-). Suppose f : X — R is a 7 integrable function and we want
to estimate Erf := [, f(z)m(z)u(dz). Let mi(x) = v1(x)/m1 be another pdf on
X such that {z : m1(z) = 0} C {z : 7(z) = 0}. The importance sampling (IS)
estimator of E; f based on independent and identically distributed (iid) samples
X1,...,X, from the importance density 7r1 is

> iy F(Xa)v(Xa) /va(Xi) gfx /m)/( 1(z)/ma)mi(z) p(de)
> i V(X)) /r(Xa) fx )/ (v1(z)/ma)mi(z) p(dx)

= Exf,
(1.1)
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as n — oco. This estimator can also be used in the Markov chain Monte Carlo
(MCMC) context when X7, ..., X, are realizations from a suitably irreducible
Markov chain with stationary density m; (Hastings (1970)). Note that
requires the functions v and v; to be known. On the other hand, it does not
depend on normalizing constants m and mq, which are generally unknown.

In this article, we consider situations where one wants to estimate F f for all
7 belonging to a large collection, say II. This situation arises in both frequentist
and Bayesian statistics. Although provides consistent estimators of Ej f
for all 7 € II based on a single Markov chain {X,},>0 with stationary density
w1, it does not work well when 7 differs greatly from m;. In that case the ratios
v(z)/vi(z) can be arbitrarily large for some sample values making the estimator
at unstable. In general, there is not a single good importance density m;
which is close to all m € II (see e.g. Geyer| (1994)). Hence a natural modification is
to replace 7 in with a mixture of densities where each density in II is close to

a subset of the k reference densities. To this end, let 7 = Zle(ai /|a|)mi, where

a = (ay,...,ax) are k positive constants, |a| = Zle a;, and m;(x) = v;(x)/my
fori =1,...,k are k densities known up to their normalizing constants. Suppose
further that ni,...,ny are positive integers and d; := m;/m; for i = 2,...,k,
with d; = 1. Then define the (k — 1) dimensional vector
m2 my
d=(— —). (1.2)

ml,...,ml

Finally for I = 1,...,k, let {X } , be an iid sample from m; or realizations
from a positive Harris Markov chain w1th invariant density m; (for definitions see
Meyn and Tweedie| (1993))). Then as n; — oo, for all { =1,...,k, we have

_ a v X(l (X(l) )/( a (l)) )
_<Z Z b asvs(XY)/d, Zmz < x\")/d,
L <Zal/f "”>( v m(x)u(cm)/

3 1asVs T)/bs

v(z)
(g o ) u(dw)>

= x y(x)ﬁ x x Mfr T T)=
= [ 1020w utde) | [ 2ha0) i) = B (13

The generalized IS estimator ([1.3) has been discussed widely in the litera-

ture, e.g. applications include Monte Carlo maximum likelihood estimation and
Bayesian sensitivity analysis. (Gill, Vardi and Wellner| (1988), Kong et al. (2003),
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Meng and Wong| (1996)), [Tan, (2004), and Vardi (1985) consider estimation using
based on iid samples. The estimator is applicable to a much larger class
of problems if Markov chain samples are allowed, see e.g. Buta and Doss (2011)),
Geyer| (1994)), and Tan, Doss and Hobert| (2015), which is the setting of this
paper.

Alternative importance weights have also been proposed. In the case when
the normalizing constants m;’s are known, the estimator resembles the
balance heuristic estimator of Veach and Guibas (1995]), which is revisited in
Owen and Zhou| (2000) as the deterministic mizture. The standard population
Monte Carlo algorithm of|(Cappé et al.| (2004)) uses a weighted ratio of the target 7
and the proposal 7; it was drawn from (evaluated at the sample itself). However,
when iid samples are available from 7;,j = 1,2,..., k, |[Elvira et al| (2017) shows
that the normalized estimator (m;’s known) version of always has a smaller
variance than that of the population Monte Carlo algorithm. Further, it may be
difficult in practice to find fully known importance densities that approximate
the target densities. Indeed, applications such as in empirical Bayes analysis
and Bayesian sensitivity analysis routinely select representatives from the large
number of target posterior densities to serve as proposal densities, and they are
known only up to normalizing constants. See Buta and Doss| (2011]), |Doss (2010),
as well as Section 5 for examples. Although there is no known proof for the self
normalized estimator (Elvira et al. (2017)), p. 18), it is reasonable to assume the
superiority of over estimators corresponding to other weighting schemes.

As noted in , the estimator 7 converges to E, f as the sample sizes in-
crease to infinity, for iid samples as well as Markov chain samples satisfying the
usual regularity conditions. Now for samples of finite size, it is of fundamental
importance to provide some measure of uncertainty, such as the standard errors
(SEs) associated with this consistent estimator. For estimators that are sample
averages based on iid Monte Carlo samples, for example, it is a basic requirement
to report their SEs. But the very same issue is often overlooked in practice when
the estimators have more complicated structure, and when they are based on
MCMC samples, largely due to the difficulty of doing so. See, for e.g. |[Flegal, Ha-
ran and Jones| (2008) on the issue concerning MCMC experiments and Koehler,
Brown and Haneuse| (2009) for more general simulation studies. For calculating
SEs of 7 based on MCMC samples, [Tan, Doss and Hobert| (2015) provide a so-
lution using the method of regenerative simulation (RS). However, this method
crucially depends on the construction of a practical minorization condition, i.e.
one where sufficient regenerations are observed in finite simulations (for defini-
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tions and a description of RS see Mykland, Tierney and Yu| (1995))). Further,
the usual method of identifying regeneration times by splitting becomes imprac-
tical for high-dimensional problems (Gilks, Roberts and Sahu (1998)). Hence,
successful applications of RS involve significant trial and error and are usually
limited to low-dimensional Gibbs samplers (see e.g. Tan and Hobert| (2009); Roy
and Hobert| (2007))). In this paper we avoid RS and provide SE estimators of
7 using the batch means (BM) method, which is straightforward to implement
and can be routinely applied in practice. In obtaining this estimator, we also
establish a central limit theorem (CLT) for 7 that generalizes some results in
Buta and Doss| (2011)).

The estimator 7 in depends on the ratios of normalizing constants, d,
that are unknown in applications. We consider the two-stage scheme studied in
Buta and Doss| (2011) where first an estimate d is obtained using Geyer/s (1994)
“reverse logistic regression” method based on samples from 7;, and then, inde-
pendently, new samples are used to estimate F f for w € II using the estimator
fi(d) in (1.3). Buta and Doss| (2011) showed that the asymptotic variance of
ﬁ(ci) depends on the asymptotic variance of d. Thus we study the CLT of d
and provide a BM estimator of the asymptotic covariance matrix of d. Since d
involves multiple Markov chain samples, we utilize a multivariate BM estimator.
Although, the form of the asymptotic covariance matrix of d is complicated, our
consistent BM estimator is straightforward to code.

The problem of estimating d, the ratios of normalizing constants of unnor-
malized densities is important in its own right and has many applications in fre-
quentist and Bayesian inference. For example, when the samples are iid sequences
this is the biased sampling problem studied in (Vardi (1985))). In addition, the
problem arises naturally in the calculations of likelihood ratios in missing data
(or latent variable) models, mixture densities for use in IS, and Bayes factors.

We consider the problem of estimating d using Geyer/s (1994) reverse logistic
regression method. Specifically, we study the general quasi-likelihood function
proposed in (Doss and Tan| (2014))). Unlike Geyer[s (1994) method, this extended
quasi-likelihood function has the advantage of using user defined weights that are
appropriate to situations where the multiple Markov chains have different mixing
rates. We establish the CLT for the resulting estimators of d and develop the
BM estimators of their asymptotic covariance matrix.

Thus we consider two related problems in this paper: estimating (ratios of)
normalizing constants given samples from k densities; estimating expectations

with respect to a large number of (other) target distributions using these samples.
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In both cases, we establish CLT's for our estimators and provide easy-to-calculate
SEs using BM methods.

Prior results of Buta and Doss (2011)), Doss and Tan| (2014])), |Geyer]| (1994),
and [Tan, Doss and Hobert| (2015) all assume that the underlying Markov chains
are geometrically ergodic. We weaken this condition in that we only require the
chains to be polynomial ergodic. To this end, let K;(x, -) be the Markov transition
function for the Markov chain ®; = {Xt(l)}tzl, so that for any measurable set A,
and 5,t € {1,2,...} we have P(X), € A| X! = 2) = K!(x, A). Let || || denote
the total variation norm and II; the probability measure corresponding to the
density m;. The Markov chain ®; is polynomially ergodic of order m where m > 0
if there exists W : X — R with E;, W < co such that

K} (2, ) — ()| < W(z)t™.

There is substantial MCMC literature establishing that Markov chains are at
least polynomially ergodic (see Vats, Flegal and Jones| (2016) and the references
therein).

We illustrate the generalized IS method and importance of obtaining SEs
through three examples. First, we consider a toy example to demonstrate that
BM and RS estimators are consistent and investigate the benefit of allowing
general weights to be used in generalized IS. Second, we consider a Bayesian
spatial model for a root rot disease dataset where we illustrate the importance
of calculating SEs by considering different designs and performing samples size
calculations. Finally, we consider a standard linear regression model with a large
number of variables and use the BM estimator developed here for empirical Bayes
variable selection.

The rest of the paper is organized as follows. Section 2 is devoted to the
problem of estimating the ratios of normalizing constants of unnormalized densi-
ties, that is estimating d. Section 3 contains the construction of a CLT for # and
describes how valid SEs of 7 can be obtained using BM. Section 4 contains a toy
example illustrating the benefits of different weight functions. Section 5 consid-
ers a Bayesian spatial models for binary responses. The empirical Bayes variable
selection example is contained in the supplement. We conclude with a discussion
in Section 6. Proofs are relegated to the online supplementary material.

2. Estimating Ratios of Normalizing Constants

Consider k densities m; = v;/my,l = 1,..., k with respect to the measure p,
where the v;’s are known functions and the m;’s are unknown constants. For each



1084 ROY, TAN AND FLEGAL

I we have a positive Harris Markov chain ®; = {Xfl), ... ,X,(Lll)} with invariant
density m;. Our objective is to estimate all possible ratios m;/m;j, i # j or,
equivalently, the vector d defined in .

Geyer/s (1994) reverse logistic regression is described as follows. Let n =
> ny and set a; = ny/n for now. For [ = 1,... k define the vector ¢ by

G = —log(my) + log(a;)

and let
vi(z)es

S vg(x)els

Given the value x belongs to the pooled sample {Xi(l), i=1,....n,1=1,..., k},

pl(ﬂ?, C) = (21)

pi(z,¢) is the probability that = came from the I distribution. Of course, we
know which distribution the sample x came from, but here we pretend that the
only thing we know about z is its value and estimate ¢ by maximizing the log
quasi-likelihood function

k ny
(€)= log(m(x".¢)) (2:2)

I=1 i=1
with respect to ¢. Since ¢ has a one-to-one correspondence with m = (mq, ...,
my), by estimating ¢ we can estimate m.

As |Geyer, (1994) mentioned, there is a non-identifiability issue regarding
l,(¢): for any constant ¢ € R, 1,,(¢) is same as [,,(¢ + cl) where 1j is the vector
of k 1’s. So we can estimate the true ¢ only up to an additive constant. Thus,
we can estimate m only up to an overall multiplicative constant, that is, we
can estimate only d. Let ¢y € R¥ be defined by [¢o); = [¢]; — (Zizl[ds)/k,
the true ¢ normalized to add to zero. |Geyer| (1994) proposed to estimate (o
by é’ , the maximizer of I, subject to the linear constraint ¢'1, = 0, and thus
obtain an estimate of d. The estimator d (written explicitly in Section 2.1),
was introduced by |Vardi| (1985), and studied further by |Gill, Vardi and Wellner:
(1988), who proved that in the iid setting, d is consistent and asymptotically
normal, and established its efficiency. Geyer| (1994) proved the consistency and
asymptotic normality of d when ®;, ..., Py are k Markov chains satisfying certain
mixing conditions. In the iid setting, [Meng and Wong (1996), [Kong et al.| (2003),
and [Tan (2004) rederived the estimate under different computational schemes.

None of these articles discuss how to consistently estimate the covariance
matrix of d, even in the iid setting. Recently, Doss and Tan (2014) address this
important issue and obtain a RS estimator of the covariance matrix of d in the
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Markov chain setting. They also mention that the optimality results of |Gill,
Vardi and Wellner| (1988) do not hold in the Markov chain case. In particular,
when using Markov chain samples, the choice of the weights a; = n;/n to the
probability density v;/m; in the denominator of is no more optimal and
should instead incorporate the effective sample size of different chains as they
might have quite different rates of mixing. They introduce the more general log
quasi-likelihood function

k ny
Q) =Y w Y log(p(x,¢)), (2.3)
=1 =1

where the vector w € R* is defined by w; = an/n; for I = 1,...,k for an
arbitrary probability vector a. (Note the change of notation from [ to ¢.) Clearly
if a; = ny/n, then w; = 1 and becomes .

When RS can be used, Doss and Tan (2014) proved the consistency (to
the true value ¢p) and asymptotic normality of the constrained maximizer é’
(subject to the constraint ¢ 1, = 0) of under geometric ergodicity. They
also obtain a RS estimator of the asymptotic covariance matrix and describe an
empirical method for choosing the optimal a based on minimizing the trace of the
estimated covariance matrix of d. However, their procedure requires a practical
minorization condition for each of the k Markov chains, which can be extremely
difficult. Without a minorization condition, we show d is a consistent estimator
of d, show d satisfies a CLT under significantly weaker mixing conditions, and
provide a strongly consistent BM estimator of the covariance matrix of d.

2.1. Central limit theorem and asymptotic covariance estimator

Within each Markov chain [ = 1,...,k, assume n; — oo in such a way that
ny/n — s, € (0,1). To obtain the CLT result for d, we first establish a CLT for
¢. Note that the function g: R¥ — R*¥=! that maps (o into d is given by

641743 a3/a/1
9(¢) = . ; (2.4)
6417@“ a’k/al

and its gradient at {p (in terms of d) is
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dy d3 ... dj
—d2 0 ... 0

D= 0 —dz ... 0 |, (2.5)
0 0 ... —dj

Since d = g(¢o), and by definition d = g({), we can use the CLT result of ¢ to
get a CLT for d.
First, we introduce the following notations. For r =1,...,k, let

YD = (XY ¢0) = En (pr(X,C0)),  i=1,...,m. (2.6)
The asymptotic covariance matrix in the CLT of C , involves two k x k matrices
B and ). The matrix B is given by

k
By = Z ajETrj (pr(Xa C)[l - pT’(Xv C)]) and
j=1
k
By = — Zajij (pr(Xv Cps(X, C)) for r # s.
j=1
Let © be the k x k matrix defined (for r,s =1,...,k) by

2 0
-y B Y 4 3 B (YD) + Z B (v
=1

=1

(2.7)

(2.8)

Remark 1. The rlght hand side of involves terms of the form Er {Y] (rd)

1 o } and Em{Y1 } For any ﬁxed l,r, s and i, the two expectations are

the same if X 1( ) and Xf_?_l are exchangeable, e.g. if the chain ®; is reversible. In
general, the two expectations are not equal.

The matrix B will be estimated by its natural estimate B defined by

k n;
B => (£ 3 p (X O-p(x0.0)] ) and

n
=1 L

k ng
Ers:_zal< Zpr z aC)) for r # s.
1

=

(2.9)

To obtain a BM estimate Q, suppose we simulate the Markov chain ®; for
n; = e;by iterations (hence e; = e,, and b; = by, are functions of n;) and define
forr,l=1,...,k,
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Z(rl) . = ) = _ _
Zy ._bl_z pr(X;7,¢)  form=0,....,e—1.
Jj=mb;+1
_ _ _ T
Now set ZT(,ZL) = (ZT(,%’I),...,Z,(TILC’I)) form=0,...,¢,—1. Forl =1,... k,

= = - T = N
denote Z®) = (Z(l’l), e Z(k’l)> where Z(h) = >y pT(Xi(l)7 ¢)/n;. Let

N b _ _ _ _ AT
o2 0 _ 70 OE0) _
% 61_17712:0[277; Z } [Zm Z } for 1=1,...,k, (2.10)
(1) 0
S AT o
0 S ®)

and define the k x k? matrix

Ay, = <—‘ /Eaﬂk — \/Tasz cee \/Takjk) ) (2.12)
ni ng ng

where I, denotes the k x k identity matrix. Finally, define
Q=24,5A". (2.13)

We are now ready to describe conditions that ensure strong consistency and
asymptotic normality of d. The following theorem also provides consistent esti-
mate of the asymptotic covariance matrix of d using BM method. Consistency of
d holds under minimal assumptions, i.e. if ®1,..., ®y are positive Harris chains.
On the other hand, CLTs and consistency of BM estimator of asymptotic covari-
ance require some mixing conditions on the Markov chains. For a square matrix
C, let C' denote the Moore-Penrose inverse of C.

Theorem 1. Suppose that for eachl =1, ..., k, the Markov chain {X{l), Xél), .
has tnvariant distribution .

1. If the Markov chains ®1,..., Py are positive Harris, the log quasi-likelihood
function has a unique mazimizer subject to the constraint ¢'1;, =
0. Let é’ denote this mazximizer, and let d = g(é’) Then d %5 d as
Nniy...,Ng — OQ.

2. If the Markov chains ®1,..., P, are polynomially ergodic of order m > 1,
asni,...,ng — 00, /n(d —d) 4 N(0,V) where V= D" BIQBD.

3. Assume that the Markov chains ®1, ..., 9y are polynomially ergodic of order
m > 1 and for alll =1,...,k, by = |nj| where 1 > v > 0. Let D be the
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matriz D in (2.5) with d in place of d, and B and Q are giwen by (2.9)
and (2.13), respectively. Then, V := DTBYQB'D is a strongly consistent
estimator of V.

3. IS with Multiple Markov Chains

This section considers a CLT and SEs for the generalized IS estimator 7.
From " 77 = ﬁ[f] (7'['; a, d) = @[f] (71—7 ™5 a, d)/'lAL(ﬂ', ;5 a, d)a where

k un
5= plf] ca.d =S X4 (xD. q.d) and
v =oY(m,m5a,d) ;nl i:1v (X,";a,d) an
. (3.1)
a=a(m,m;a,d) = Z —IZU(X l),a,d)
=1 bt
with
olf] (z;a,d) = f(z)u(z;a,d) and u(z;a,d): = —; V(@) (3.2)
D=1 asvs()/ds
Here, @ converges almost surely to
k
S aBuiad) = [ RO 2 T (g
=1 Zs 1 asvs(w)/(ms/ma) mi
as ni,...,n, — oo. Thus @ itself is a useful quantity as it consistently estimates

the ratios of normalizing constants {u(w,m1) = m/mq|r € II}. Unlike the esti-
mator d in Section 2, @ does not require a sample from each density m € II. Thus
@ is well suited for situations where one wants to estimate the ratios wu(m, )
for a very large number of 7’s based on samples from a small number of skele-
ton densities, say k. This method is particularly efficient when obtaining samples
from the target distributions is computationally demanding and the distributions
within IT are similar.

In the context of Bayesian analysis, let 7(z) = lik(z)p(z)/m be the posterior
density corresponding to the likelihood function lik(z) and prior p(z) with nor-
malizing constant m. In this case, u(m, ) is the so-called Bayes factor between
the two models, which is commonly used in model selection.

The estimators @ and ¢ in depend on d, which is generally unknown
in practice. Here we consider a two-stage procedure for evaluating @. In the 1st
stage, d is estimated by its reverse logistic regression estimator d, described in

Nz

Section 2, using Markov chains ®; = {Xll with stationary densities m;, for

Il =1,...,k. Note the change of notation from Section 2 where we used n;’s to
denote the length of the Markov chains. We use il’s and N;’s to denote the stage
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1 chains and their lengths, respectively. Once d is formed, new MCMC samples
= {X}}} iz1,l = 1...,k are obtained and u(m,m)(Exf) is estimated using
u(7r,7r1,a,d) (7 (7; @, d)) based on these 2nd stage samples. Buta and Doss
(2011) propose this two-stage method and quantify its benefits over the method
where the same MCMC samples are used to estimate both d and u(w, 7).

3.1. Estimating ratios of normalizing constants

Before we state a CLT for u(m,1;a, d), we need some notation. Let

72(m; a, d)=Varr, (w(X{"; a,d))+2 > Covy, (u(X{"; a,d), u(X{) ;a,d)) (3.4)
g=1
and 72(m;a,d) = Zle(a?/sl)nz(w; a,d). Define ¢(7;a,d) as a vector of length
k — 1 with (j — 1)th coordinate

a;vi(x

lc(m;a,d)]j—1 = u(r, 7F1 / S /d m(x)dx for j =2,...k, (3.5)
s= la’SVS

and é(m;a,d) as a Vector of length k — 1 with (j — 1)th coordinate

() O]
ajav (X )vi(X;7) :
[¢(m;a,d)]j—1 = E g j forj=2,...,k. (3.6)
: (S (X0

Assuming n; = e;by, let
8[71

Z [am(aa d) - ﬁ(a, d)]2 ’ (37)

m=0

by
e —1

7 (m;a,d) =

where 1u,,(a,d) is the average of the (m + 1)st block {u(X

@
UX (1)
u(Xflll),a, d)}. Here, b and ¢; are the block sizes and the number of blocks,

respectively. Finally let 7%(7;a,d) = Zle(al?/sl)f'f(ﬂ; a,d).

mb +1’a' d)
a,d)}, and u(a,d) is the overall average of {u(X fl),a,d),-“,

Theorem 2. Suppose that for the stage 1 chains, conditions of Theorem 1 holds
such that NY/2(d — d) 4 N(0,V) as N = Zle N; — oo. Suppose there exists
q € [0,00) such that n/N — q where n = Zle n; is the total sample size for
stage 2, and let ny/n — sy forl=1,--- k.

1. Assume that the stage 2 Markov chains ®1, ..., Py are polynomially ergodic
of order m, and for some § > 0 Er,|u(X;a,d)|**° < oo for eachl=1,--- k
where m > 1+2/6. Then as ny,...,ng — 00,

Vala(r, mia,d) — u(m,m)) S N0, ge(r;a,d) Ve(ra,d) + 72(m; a, d)).
(3.8)
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2. Let V be the consistent estimator of V' given in Theorem 1 (3). Assume
that the Markov chains ®1,..., P, are polynomially ergodic of order m >
(14€)(142/0) for some €,8 > 0 such that Er,|u(X;a,d)[**® < oo, and for
alll=1,....k, by = n?]| where 1 > v > 0. Then ¢é(r; a,d)"Vé(r;a,d) +
%Z(W; a, ci)) s a strongly consistent estimator of the asymptotic variance in

B3).

Note that the asymptotic variance in has two components. The second
term is the variance of & when d is known. The first term is the increase in
the variance of 4 resulting from using d instead of d. Since we are interested in
estimating u(m, 1) for a large number of 7’s and for every m, the computational
time needed to calculate 4 in is linear in the total sample size n, this cannot
be very large. If generating MCMC samples is not computationally demanding,
then long chains can be used in the 1st stage to obtain a precise estimate of d,
and thus greatly reduce the first term in the variance expression .

3.2. Estimation of expectations using generalized IS

This section discusses estimating SEs of the generalized IS estimator 7 given
in . We use the following notation

it =415 a,d) = Varg, (WX ; a, d))

> ! !
+23" Cove, (XY a, @), (X1 a, ),
g=1
W2 =42 (m;a,d) =47 = 17 (71 a,d) = Covr, (W (X{; 0, d), u(X{"; a, d))

o0

+ 3 [Covr, (WX @, d), u(X () ; a, d))

! l
+ Covr, (X @, d), u(X; a, d))),
v”:nmam=w%wa&ww

+2ZCovm (x{";a,d), u(X{} ;a,d)),
(note 772 is the same as 77 (m; a, d) defined in (3.4))) and

11 .12 k

2
a
Iy(m;a,d) = ( 721 722 ) ;D(m;a,d) = Z S—llfl(ﬂ;a,d). (3.9)

D =1
Since 7} has the form of a ratio, to establish a CLT for it, we apply the Delta
method on the function h(z,y) = x/y, with Vh(z,y) = (1/y, —x/y*)". Let
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p(ﬂ—; a, d) = Vh(Eﬂ'fu(ﬂ-v 771)7 'LL(T[', ﬂl))lr(ﬂ-; a, d)Vh’(Eﬂ'fu(ﬂ-a 7['1), u(ﬂ-a ﬂ-l))a
(3.10)
e(m; a,d) be a vector of length k — 1 with (j — 1)th coordinate

% [ U@ = Efl@)
le(m; a, d));—1 d?/x > Y (x)dz, j=2,....k,  (3.11)

and é(m; a,d) be a vector of length k — 1 with (j — 1)th coordinate
[e(m;a, d)]j-1
k m . X(l) X(l) . X(l) d2 (l) d.)2
— Zl:l(al)/(nl) Zz:l(ajf( 7 )V( i )V]( 7 ))/( (Es 1 aSVS( 7 )/ S) )

a(m,m1;a,d)

[e(m; a, d)]j,lﬁm (m;a,d)

— 12
’&‘(ﬂ-7 ™5 a, d) ’ (3 )
where [c¢(m; a,d)];—1 is defined in (3.6). Assuming n; = e;b;, let
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where @l is the average of the (m + 1)st block {vl/l(X )bH,a d),-

v[f](X((QLH)b ;a,d)}, 01 is the overall average of {vl/l(X] xO. ca,d), - oI(X 7%);
a,d)}, and Uy, = Uy (7, a,d),u = u(r, a,d) as defined in Sect10n 3.1. Finally let

[(m;a,d) = 2% (a?/s)T(m; @, d), and

prsa,d) = Vh(oV(d), a(d)) T (m; a,d)Vh(0V)(d), i(d)).
Theorem 3. Suppose that for the stage 1 chains, conditions of Theorem 1 hold
such that NY/2(d — d) 4 N(O0,V) as N = Zle N; — oco. Suppose there exists
q € [0,00) such that n/N — q where n = Zle n; is the total sample size for
stage 2, and let ny/n — s; forl=1,--- k.

1. Assume that the stage 2 Markov chains ®1,..., P, are polynomially er-
godic of order m, and for some 6 > 0, E. |u(X;a,d)*™° < oo and Er,
W (X;a,d)]?? < oo, for each | = 1,---,k where m > 1+ 2/5. Then as
ny,...,NE — 00,

V(i (m;a, d)—Er f) 5 N (0, ge(m; a,d) Ve(r; a, d)+p(m;a,d)). (3.13)
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2. Let V be the consistent estimator of V' given in Theorem 1 (3). Assume
that the Markov chains ®1,..., P, are polynomially ergodic of order m >
(1 + €)(1 + 2/0) for some €,8 > 0 such that E|u(X;a,d)**° < oo, Ey,
W(X;a,d)|**° < oo, and for eachl=1,--- k, by = [n¥| where 1 > v > 0.
Then qé(r; a, ci)TTA/é(ﬂ; a, ci) + p(m; a, ci)) is a strongly consistent estimator
of the asymptotic variance in .

Remark 2. Part (1) of Theorems 2 and 3 extend Buta and Doss/s (2011]) The-
orems 1 and 3, respectively. Specifically, they require that a; = n;/n, which
is a non-optimal choice for @ (Tan, Doss and Hobert| (2015))). Our results also
substantially weaken the Markov chain mixing conditions.

Remark 3. Theorems 2 and 3 prove consistency of the BM estimators of the
variances of ¢ and 7) for a general a. This extends results in|Tan, Doss and Hobert
(2015)), which provides RS based estimators of the asymptotic variance of @ and
7} in the special case when a = (1, d). With this particular choice, u(z; a,d) and
olfl(z; a, (i) in become free of d, leading to independence among certain
quantities. However, one can set a = w* (1, d) for any user-specified fixed vector
w, which allows the expression in (2.18) of [Tan, Doss and Hobert/| (2015) to be
free of d and thus the necessary independence. Hence, their RS estimator can
also be applied to an arbitrary vector a (details are given in the supplement).

Remark 4. A sufficient condition for the moment assumptions for u in Theo-
rems 2 and 3 is that, for any 7 € II, sup, {W(x)/ Zl;:l asﬂ's(m)} < oo. That is,
in any given direction, the tail of at least one of {ms, s =1,...,k} is heavier than
that of 7. This is not hard to achieve in practice by properly choosing {7} with
regard to IT (see e.g. Roy| (2014))). Further, if E,|f|**® < oo, then the moment
assumptions for vl/! are satisfied.

4. Toy Example

Here, we confirm that both the BM and the RS estimators are consistent,
as well as demonstrate the benefit of allowing general weights to be used in
the generalized IS estimator. Let ¢, , denote the t-distribution with degree of
freedom r and central parameter p. We set m1(-) = vi(-) and ma(-) = va(-),
the density functions for a t5,,—1 and t5,,—0, respectively. Pretending that
we do not know the value of the ratio between the two normalizing constants,
d = my/m; = 1/1, we estimate it by the stage 1 estimator d from Section 2, and
compare the BM and the RS method in estimating the asymptotic variance. As
for the stage 2 estimators from Section 3, the choice of weight and performance
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Figure 1. Plots of BM and RS estimates of the asymptotic variance of d in stage 1 for
100 randomly chosen replications. The left panel is based on the naive weight, altl =
(0.5,0.5) and the right panel is based on a close-to-optimal weight, alll = (0.82,0.18).
Horizontal lines represent the empirical asymptotic variance of d obtained over all repli-
cations.

of the BM and the RS methods in assessing estimators’ uncertainty are studied
in the supplement.

We drew iid samples from 7; and Markov chain samples from 79 using the in-
dependent Metropolis Hastings algorithm with proposal density t5 1. It is simple
to show infy (5 ,(x))/(t5,0(x)) > 0, which implies the algorithm is uniformly er-

godic (Mengersen and Tweedie| (1996]), Thm. 2.1) and hence polynomially ergodic

and geometrically ergodic. For RS, our carefully tuned minorization condition
enables the Markov chain for w2 to regenerate about every 3 iterations. In con-
trast, the BM method proposed here requires no such theoretical development.

We evaluated the variance estimators at various sample sizes with different
choices of weight. Figure 1 displays traces of the BM and the RS estimates of
the asymptotic variance of ci, in dashed and solid lines, respectively. Overall,
the BM and the RS estimates approach the empirical asymptotic variance as
the sample size increases, suggesting their consistency. Due to the frequency of
regenerations, BM estimates are generally more variable than RS estimates. The
left panel of Figure 1 is for estimators based on the naive weight, a = (0.5,0.5),
that is proportional to the sample sizes; the right panel is for estimators based
on a = (0.82,0.18), that emphasizes the iid sample more than the Markov chain
sample. Indeed, the latter weight is a close-to-optimal weight obtained with a
small pilot study (see the supplement for details). Using such a method to choose
weights can lead to big improvement in the efficiency of d when the mixing rate
of the multiple samples differ a lot.
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5. Bayesian Spatial Models for Binary Responses

In this section, we analyze a root rot disease dataset collected from a 90-acre
farm in the state of Washington (Zhang (2002))). All computations were done
in R, using the package geoBayes (Evangelou and Roy (2015))). Recorded at
M = 100 chosen sites are the longitude and the latitude s;, the root counts £(s;),
and the number of infected roots y(s;),i = 1,..., M. Of interest is a map of
the disease rate over the entire area for precision farming. We consider a spatial
generalized linear mixed model (SGLMM), similar to that used by |Zhang (2002)
and [Roy, Evangelou and Zhul (2016)). Taking ¢(s;) and s; as fixed, let

y(si)|z(si) % Binomial (0(si), @ (2(s4))),i=1,..., M.
Here z = (2(s1),...,2(sp)) is a vector of latent variables, assumed to be a

subvector of a Gaussian random field (GRF) {z5,s € S}, that has a constant
mean 4, and a covariance function
Cov (2(s),2(s")) = o?ps(||s — &||) +w o Ly(s') .
Here, 02 is the partial sill, || - || denotes the Euclidean distance, and p, is a
correlation function from the spherical family with range parameter ¢. That is,
po(u) = 1—3/2(u/p)+1/2 (u/p)* for u € (0,¢). Next, I (s') is an indicator that
is 1 if s = s’, and 0 otherwise. Finally, wo? is the nugget effect, accounting for
any remaining variability at site s such as measurement error, while w € R™* is
the relative size of the nugget to the partial sill. Following Roy, Evangelou and
Zhul (2016)) we assign a non-informative Normal-inverse-Gamma prior to (i, o?)
which is (conditionally) conjugate for the model,
2 2 2 2\—(1/2)-1 1
plo® ~N(0,1000%), and f(0°) x (07) exp <—M> .

Assigning priors for h = (¢, w) in the correlation function of the Gaussian random
field is usually difficult, and the choice of prior influences the inference (Chris-
tensen (2004)). Hence we perform a sensitivity analysis focused on obtaining the
Bayes factor (BF) of the model at h relative to a baseline hg for a range of values
h € H. For a fixed h = (¢,w), this Bayesian model has parameters ¢ = (u, 0?).

Conditioning on the observed data y = (y(s1),...,y(sn)), inference is based on
the posterior density
Ly (ly)m(¥)
Th ¢ Yy) = s 5.1
(vly) = AT (5.1

where Lj, w]y fRM (y|z) fn(z|1)dz is the likelihood, () is the prior on
¥, and my(y fRXR+ Ly (¢|y)m(1)de is the normalizing constant, also called
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the marginal likelihood. The BF between any two models indexed by h and
ho is mp(y)/mp,(y), and the empirical Bayes choice of h is argmaxmy(y) =
arg max [mp(y)/mp,(y)]. Our plan is to get MCMC samples for ahselgall reference
seé1 f)?h, to estimate the BF among them using the reverse logistic estimator, and
then get new samples to estimate {mp(y)/mp (y),h € H} using the generalized
IS method. Below, we describe the MCMC algorithms and the practical concern
of how long to run them, which illustrates the importance of calculating a SE.
While the two high-dimensional integrals leave the posterior density in
intractable, there are MCMC algorithms to sample from the augmented posterior
distribution,
fylz) fu(z[¢)7(¥)
mp(y) '

Note that [ 7,(¢, z|y)dz = m,(¥|y). Hence, a two-component Gibbs sampler

(¥, 2ly) = (5.2)

that updates ¥ and z in turn from their respective conditional distributions
based on yields a Markov chain {i)(®, z(i)}izl with stationary distribution
(1, z|y). As a result, the marginal {1)(};5; is also a Markov chain with
stationary distribution 7y (¢)|y) (Tanner and Wong| (1987)).

As a starting point, we used a small pilot study to identify a range for
h = (¢,w) that corresponds to reasonably large BF values. This step was carried
out by obtaining the reverse logistic estimator of BF at a coarse grid of h values
over a wide area, based on short runs of Markov chains. Specifically, (¢,w) €
[80,200] x [0.2, 2] and, within this range, the minimum BF was about 1% the size
of the maximum. To more carefully estimate BF over this range, we examined
a fine grid H that consisted of 130 different h values, with increments of size 10
for the ¢ component, and that of 0.2 for the w component.

A natural choice for the set of skeleton points was S = {80, 140,200} x
{0.5,1,2}, with an arbitrarily chosen baseline at (200, 2). We first experimented
with samples of sizes n; = - -+ = ng = 500 at the skeleton points (after a burn-in
period of 500 iterations and a thinning procedure that kept one sample every
10 iterations), of which the first 80% were used in stage 1, and the remaining in
stage 2 of the generalized IS procedure. BF estimates at all h € H were obtained,
though not shown. Given the current Monte Carlo sample sizes, it was natural
to consider how trustworthy these BF estimates were. The point-wise SEs at all
h € H were obtained via the BM method (not shown). In this setting for some
h, the magnitude of the SE was about 6.6% of the corresponding BF estimate.
This pilot stage took less than 8 seconds to compute on a 3.4GHz Intel Core i7
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Figure 2. The left and middle panels display surface and contour plots for BF estimates
in log scale (based on nine Markov chains with 22,000 iterations each). The right panel
shows the ratio of the SE to the BF estimates in log scale, where SEs were evaluated
using the BM method.

running linux.

Suppose it is desirable to reduce the relative SE to 1% or less for all h € H,
we increased the sample sizes to n; = .-+ = ng = 22,000, approximately
(6.64%/1%)? times the common pilot sample size. This new process took 8
minutes to run. The resulting BF estimates are shown in Figure 2, with max-
imum relative SE reduced to 0.96%. For the sake of comparison, we tried a
few other designs that used different sets of skeleton points, including S; =
{80,200} x {0.5,2}, Sg, = {80,200} x {0.5,1,2}, Sg, = {80, 140,200} x {0.5,2},
and S19 = {80, 140,200} x{0.5,1, 1.5, 2}, all while keeping the baseline unchanged
at (200,0.2). To achieve SEs at all h € H below 1% of the corresponding BF
estimates, it took sample sizes 55, 000, 35,000, 32,000, and 18, 000, for each sim-
ulated chain in these designs, respectively. The computing time for each turned
out to be similar to that of design S and ranged from 8 to 10 minutes. In short,
easily obtainable SE estimates allow us to experiment with different designs and
perform samples size calculations in the pilot step, as well as providing reliable
SE calculations for the final estimates.

The simplicity of the method matters when it comes to estimating SEs in
practice. Using the BM method to obtain SE requires no extra input beyond
what is needed for obtaining the generalized IS estimates. Indeed, as long as
one can run existing software to obtain the Markov chain samples, there is no
need to know the Markov transition kernels utilized in the background. Un-
like the BM method, the RS method depends on identifying regeneration times,
typically through constructing minorization conditions for the Markov transition
kernels (see |[Mykland, Tierney and Yu| (1995) for details). Despite the fact that
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minorization conditions can be established for any Markov transition kernel, we
demonstrate that for the current example the amount of effort needed to obtain
a regeneration can be prohibitively high. Recall the MCMC scheme involves
sampling from 7, (¢|z,y) and 7, (z|¢, y) in turn. The former is a standard dis-
tribution hence easy to sample from. The latter is not, and we followed [Diggle,
Tawn and Moyeed| (1998)) that updates z;,j = 1,---, M in turn, each using a
one-dimensional Metropolis-Hastings step that keeps invariant the conditional
posterior distribution of z; given all other components. Denote the transition
density of these MH steps as fi,- -+, far, and suppressing the notations of their
dependence on y, the transition kernel of the Markov chain can be represented
as

p(2', Y|z, 9) = fi(z1l2e, - 2m,¥0) o221, 28, - o 20, )
e fa(2ln o 2o V)mR (YR
According to a method described in |Jones and Hobert| (2004), one can build a
minorization condition by finding D € RM x R x R*, ¢ > 0, and k(-) such that,

p(' Y |z,9) 2 elp(z,9) k(z',¢) for all (2,¢') € RY xR x R*.
Further, this condition can be established if

f1(z1|z2, - 2, ) fa (2520, 23, - -+ 2o, ) - -+ Far (2200 -+ o, 21 ©) R (] 2)
> ID(Z,’(ﬁ) 61k1(zi)62k2(ziazé) t EMkM(Ziv o "25\4)7rh(7/},|zl)
for all (2/,9') €ERM x R x RY,

where the common term 7, on both sides of the inequality cancel, and hence the
work is in finding €1, - - -, €pr, and k1 (), - - -, kar(+). It’s easy to see that the smaller
the set D, the larger ¢ = Hﬁ‘ilq can possibly be, where € can be interpreted as the
conditional regeneration rate given D is visited. If we take D to be small enough
such that €; takes on a very large value of 0.8 for each j, then the probability
of getting a regeneration given a visit to D is € = (0.8)!% ~ 2 x 10719, Being
overoptimistic that the Markov chain visits D with probability close to 1, it
would still take 100 billon iterations for the chain to regenerate about twenty
times, barely enough for the RS method to be effective.

Using the EB estimate h of h, estimation of the remaining parameters
and prediction of the spatial random field can be done in the standard method
using MCMC samples from 7; (¢|y) (see e.g. |Roy, Evangelou and Zhu, (2016),
Sec. 3.2).

Thus we can produce the root rot disease prediction map similar to that in
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Roy, Evangelou and Zhu| (2016, Web Fig. 10).

6. Discussion

In this paper we consider two separate but related problems. The first prob-
lem is estimating the ratios of unknown normalizing constants given Markov
chain samples from each of the k > 1 probability densities. The second problem
is estimating expectations of a function with respect to a large number of prob-
ability distributions. These problems are related in the sense that generalized
IS estimators used for the latter utilize estimates derived when solving the first
problem. The first situation also arises in a variety of contexts other than the
generalized IS estimators.

For both problems, we derive estimators with flexible weights and thus these
estimators are appropriate for Markov chains with different mixing behaviors.
We establish CLTs for these estimators and develop BM methods for consistently
estimating their SEs. These easy-to-calculate SEs are important for at least three
reasons. First, SEs are needed to assess the quality of the estimates. Second,
our ability to calculate SEs allows us to search for optimal weights a for both
stage 1 and 2. And last but not least, SEs form the basis for comparison of
generalized IS with other available methods for estimating large number of (ratios
of) normalizing constants.

Although we compare BM and RS in this paper, spectral estimators can
also be derived for variance estimation using the results in (Vats, Flegal and
Jones| (2016))). However, estimation by spectral methods is generally more com-
putationally expensive. [Flegal and Jones| (2010) compare the performance of
confidence intervals produced by BM, RS, and spectral methods for the time
average estimator, and they conclude that if tuning parameters are chosen ap-
propriately, all three perform equally well. Control variates can be used to further
improve the accuracy of our generalized IS estimators (Owen and Zhou (2000);
Doss| (2010)). A direction of future research would be to establish a BM estimator
of the SEs for control variate based methods.

Supplementary Materials

The supplement to this paper contains proofs of Theorems 1 to 3, as well as
a proof of the extension of the CLT based on regenerative simulation mentioned
in Remark 3. Also included is a simulation study that demonstrates consistency
of the BM and the RS estimators in stage 2 of the generalized IS estimators,
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as well as a comparison among three different weighting strategies. Finally, we
study a linear regression model and use the BM estimator to aid the process of
empirical Bayes variable selection.
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