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In this Web Supplement, we first include additional simulations results for different settings in Section 1. Then,

we present important lemmas needed for the main theorems and the corollaries in Section 2. The proof of the lemmas

are also in this section. Section 3 presents the proofs of all the theorems. Section 4 proves all of the corollaries.

1 Additional Simulation Results

In this section, we include more simulation results by considering more simulation settings. In particularly, we

consider the following settings:

• Setting I: We consider different structure of correlation structure of the design matrix X. In this setting,

we consider the compound symmetry structure for the correlation matrix. Specifically, the covariate Xi is

generated independently and identically from a multivariate normal distribution with zero mean and covariance

matrix Σ, where the jkth element of the matrix Σjk = 0.5 + 0.5 ∗ 1(j = k). For the other settings, they are

the same as the simulation settings in the main paper. The results corresponding to Setting I are in Table 1

(n = 100) and Table 2 (n = 200).

• Setting II: In this case, we consider different γ values, i.e. the γ’s are not constant any more. In particular,

we contaminate the first cn observations by setting X∗i = Xi + Li and y∗i = yi + Vi for 1 ≤ i ≤ cn. We

consider (L, V ) = (0, 4 + 0.2i) and (L, V ) = (4 + 0.2i, 4 + 0.2i). For the other settings, they are the same as

the simulation settings in the main paper. The results corresponding to Setting II are in Table 3 (n = 100)

and Table 4 (n = 200).

• Setting III: In this case, we consider different combinations of p, q and β values. In particular, we set p = 25

and q = 10. The true β0 = (1, . . . , 1, 0, . . . , 0)T with q = 10 nonzero components and the remaining 15

elements being zero. For the other settings, they are the same as the simulation settings in the main paper.

The results corresponding to Setting III are in Table 5 (n = 100) and Table 6 (n = 200).

From the results, we can see that the findings are similar as those in the main paper.
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2 Lemmas and the Proof of Lemmas

In this section, we state the lemmas that are needed for the theorems and corollaries.

Denote Xi,j the ijth element of the design matrix X. Without loss of generality, we assume the first sn points

as outliers. Recall that G = {sn + 1, sn + 2, . . . , n}, which denotes the indices corresponding to the good points, and

define Gc = {1, . . . , sn}, which denotes the indices of outliers. Denote δn = mini∈Gc |γ̃i| and κn = maxi∈G |γ̃i|. When

no outliers exist, we have G = {1, 2, . . . , n}, while Gc = ∅. Thus, only κn is properly defined in this case.

When p and q are fixed, we use least trimmed squares as the initial estimates. Under this scenario, we have the

first two lemmas, which are used for proofs of Theorems 1 and 3. In particular, Lemma 1 gives the rate of κn when

no outliers exist. Lemma 2 gives the rate of κn and δn when outliers exist.

Lemma 1. Under Condition (A), we have κn = OP (n1/(2k)).

Proof. As the least trimmed estimator is root-n consistent (Rousseeuw and Leroy, 1987), we have ||β̃ − β0||2 =

OP (n−1/2). By Condition (B2), one has max1≤i≤n ||Xi||22 ≤
∑p
j=1X

T
,jX,j ≤ pnM1, which indicates max1≤i≤n ||Xi||2 =

OP (n1/2). Thus,

max1≤i≤n |Xi(β̃ − β0)| ≤ max1≤i≤n ||Xi||OP (n−1/2) = OP (1). Notice that γ̃i = εi − Xi(β̃ − β0), we obtain

κn = OP (n1/(2k)) as εi = OP (n1/(2k)) by Condition (A).

Denote an ≡ OP (bn) if an and bn have the same order in probability.

Lemma 2. Under Conditions (A),(C1),(C2), and (C3), one has κn = OP (n1/(2k)). we have δn ≡ OP (πn).

Proof. As the least trimmed estimator is root-n consistent (Rousseeuw and Leroy, 1987) under Condition (C2), we

have ||β̃ − β0||2 = OP (n−1/2). By Condition (B2), one has max1≤i≤n |Xi(β̃ − β0)| ≤ max1≤i≤n ||Xi||OP (n−1/2) =

OP (1). For i ∈ G, one has γ̃i = −Xi(β̃ − β0) + εi, by Condition (A), one obtains maxi∈G |γ̃i| = OP (n1/(2k)). For

i ∈ Gc, one has γ̃i = −Xi(β̃ − β0) + εi + γi0. Recall that πn = mini=1,...,sn |γi0|, and πnn
−1/(2k) →∞ by Condition

(C1), one obtains δn = mini∈Gc |γ̃i| ≡ OP (πn).

The next three lemmas are used when pn diverges at the exponential rate of n and for proofs of Corollaries 1

and 3. Under this scenario, we use the sparse least trimmed squares as the initial estimates. Lemma 3 states that

the sparse least trimmed squares estimates have order OP (1). With a little abuse of the notation, we still use the

same definitions that δn = mini∈Gc |γ̃i| and κn = maxi∈G |γ̃i|, where γ̃i are the residuals obtained from the sparse

least trimmed squares. Lemma 4 gives the rate of κn when no outliers exist. Lemma 5 gives the rate of κn and δn

when outliers exist.

Lemma 3. Under Conditions (C2), (D2) and (D3), one has ||β̂Hopt ||2 = OP (1).

Proof. Denote {(X̃i, ỹi), 1 ≤ i ≤ n} as the contaminated sample, and we have (X̃i, ỹi) = (Xi, yi) for all i ∈ G. As

h ≤ n− sn, one has

min
H

Q(H, 0) = min
H

∑
i∈H

ỹ2i ≤ min
H⊂G

min
H

∑
i∈H

ỹ2i = min
H⊂G

min
H

∑
i∈H

y2i ≤ h(n− sn)−1
∑
i∈G

y2i .

As E(y2i ) <∞ for all i ∈ G by Condition (D3), one has minH Q(H, 0) = OP (h).

Then we will prove that there exists a constant M such that ||β̂Hopt ||2 ≤ M with probability 1. For any

||β|| > M , one has minH,β Q(H,β) ≥ hλ||β||1 ≥ hλ||β||2 > hλsM . When λs → ∞ by Condition (D2), one has

minH Q(H,β) > minH Q(H, 0) with probability one. Since Q(Hopt, β̂Hopt) ≤ minH Q(H, 0), one has ||β̂Hopt ||2 ≤ M

with probability 1, i.e. ||β̂Hopt ||2 = OP (1).

Lemma 4. Under Conditions (C2), (D1)-(D3), we have κn = OP (n).
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Table 1: Simulation Setting I: Simulation results for our methods PM compared with the
SLTS, LL, REWLS, She, LASSO, ALASSO, Oracle and Aoracle methods when
n = 100. The ∗ denotes the values that are not applicable.

(n,p,V,L,c) method M S JD FZR FPR SR CR MSE
(100,15,4,0,0.1) PM 0(0) 0.01(0) 1 0.01(0.002) 0.21(0.004) 0.09 0.93 0.2(0.002)

SLTS 0(0) 0.04(0.001) 1 0.02(0.002) 0.38(0.005) 0.01 0.91 0.29(0.002)
LL * * * 0.05(0.003) 0.38(0.01) 0.1 0.75 0.23(0.002)

REWLS 0(0) 0.01(0) 1 * * * * 0.22(0.001)
She 0(0) 0.08(0.002) 0.999 * * * * 0.3(0.002)

LASSO * * * 0.08(0.003) 0.25(0.005) 0.04 0.61 0.57(0.003)
ALASSO * * * 0.21(0.004) 0.05(0.003) 0.09 0.18 3.47(0.014)
Oracle * * * 0.01(0.001) 0.27(0.005) 0.06 0.97 0.17(0.001)
Aoracle * * * 0.06(0.003) 0.05(0.003) 0.42 0.71 0.16(0.001)

(100,15,4,0,0.2) PM 0.01(0.002) 0.02(0.001) 0.994 0.02(0.002) 0.23(0.004) 0.07 0.9 0.22(0.003)
SLTS 0(0) 0.01(0) 0.999 0.01(0.002) 0.36(0.005) 0.02 0.93 0.23(0.002)
LL * * * 0.03(0.002) 0.71(0.008) 0.01 0.86 0.29(0.003)

REWLS 0(0) 0(0) 0.995 * * * * 0.23(0.001)
She 0.44(0.016) 0.08(0.003) 0.552 * * * * 0.72(0.01)

LASSO * * * 0.12(0.004) 0.25(0.005) 0.04 0.47 0.96(0.003)
ALASSO * * * 0.25(0.004) 0.05(0.003) 0.06 0.1 3.65(0.014)
Oracle * * * 0.01(0.001) 0.27(0.005) 0.06 0.95 0.18(0.001)
Aoracle * * * 0.07(0.003) 0.05(0.003) 0.39 0.66 0.17(0.002)

(100,15,4,4,0.1) PM 0(0) 0(0) 1 0.01(0.002) 0.2(0.004) 0.1 0.93 0.2(0.002)
SLTS 0(0) 0.03(0.001) 1 0.02(0.002) 0.38(0.005) 0.01 0.9 0.27(0.002)
LL * * * 0.03(0.003) 0.86(0.006) 0 0.84 1.15(0.021)

REWLS 0(0) 0.01(0) 1 * * * * 0.22(0.001)
She 0.7(0.012) 0.07(0.004) 0.141 * * * * 3.05(0.028)

LASSO * * * 0.61(0.005) 0.09(0.004) 0 0 3.83(0.008)
ALASSO * * * 0.66(0.006) 0.05(0.003) 0 0.01 6.61(0.065)
Oracle * * * 0.01(0.001) 0.27(0.005) 0.06 0.97 0.17(0.001)
Aoracle * * * 0.06(0.003) 0.05(0.003) 0.42 0.71 0.16(0.001)

(100,15,4,4,0.2) PM 0(0) 0.01(0) 1 0.02(0.002) 0.21(0.004) 0.1 0.9 0.22(0.002)
SLTS 0(0) 0.01(0) 1 0.01(0.002) 0.38(0.006) 0.02 0.94 0.23(0.002)
LL * * * 0.01(0.002) 0.98(0.002) 0 0.95 4.05(0.009)

REWLS 0(0) 0(0) 1 * * * * 0.23(0.001)
She 0.94(0.004) 0.03(0.002) 0 * * * * 3.92(0.007)

LASSO * * * 0.65(0.005) 0.12(0.005) 0 0 4.32(0.011)
ALASSO * * * 0.66(0.006) 0.07(0.004) 0 0.01 6.9(0.128)
Oracle * * * 0.01(0.001) 0.27(0.005) 0.06 0.95 0.18(0.001)
Aoracle * * * 0.07(0.003) 0.05(0.003) 0.39 0.66 0.17(0.002)

(100,15,0,0,0) PM * 0(0) * 0.01(0.001) 0.21(0.004) 0.11 0.95 0.18(0.002)
SLTS * 0.07(0.001) * 0.02(0.002) 0.38(0.005) 0.02 0.89 0.32(0.003)
LL * * * 0.04(0.003) 0.33(0.009) 0.14 0.78 0.21(0.001)

REWLS * 0.02(0.001) * * * * * 0.22(0.001)
She * 0.01(0.001) * * * * * 0.2(0.001)

LASSO * * * 0(0.001) 0.27(0.005) 0.05 0.98 0.16(0.001)
ALASSO * * * 0.05(0.003) 0.05(0.002) 0.47 0.73 0.15(0.001)
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Table 2: Simulation Setting I: Simulation results for our methods PM compared with the
SLTS, LL, REWLS, She, LASSO, ALASSO, Oracle and Aoracle methods when
n = 200. The ∗ denotes the values that are not applicable.

(n,p,V,L,c) method M S JD FZR FPR SR CR MSE
(200,15,4,0,0.1) PM 0(0) 0.01(0) 1 0(0) 0.21(0.004) 0.12 1 0.14(0.001)

SLTS 0(0) 0.02(0) 1 0(0.001) 0.36(0.005) 0.02 0.99 0.2(0.002)
LL * * * 0.03(0.002) 0.21(0.007) 0.28 0.86 0.17(0.001)

REWLS 0(0) 0(0) 1 * * * * 0.15(0.001)
She 0(0) 0.06(0.001) 1 * * * * 0.22(0.001)

LASSO * * * 0.04(0.003) 0.24(0.005) 0.06 0.8 0.5(0.002)
ALASSO * * * 0.15(0.003) 0.03(0.002) 0.21 0.31 3.34(0.01)
Oracle * * * 0(0) 0.25(0.005) 0.08 1 0.12(0.001)
Aoracle * * * 0.01(0.001) 0.03(0.002) 0.75 0.95 0.1(0.001)

(200,15,4,0,0.2) PM 0.02(0.005) 0.02(0) 0.975 0(0.001) 0.21(0.004) 0.12 0.98 0.19(0.004)
SLTS 0(0) 0(0) 1 0(0) 0.35(0.005) 0.02 1 0.16(0.001)
LL * * * 0.01(0.001) 0.63(0.007) 0.01 0.95 0.23(0.002)

REWLS 0(0) 0(0) 0.996 * * * * 0.16(0.001)
She 0.38(0.015) 0.07(0.002) 0.623 * * * * 0.57(0.009)

LASSO * * * 0.07(0.003) 0.24(0.005) 0.07 0.68 0.88(0.002)
ALASSO * * * 0.2(0.004) 0.03(0.002) 0.11 0.16 3.54(0.011)
Oracle * * * 0(0) 0.25(0.005) 0.08 1 0.13(0.001)
Aoracle * * * 0.01(0.002) 0.03(0.002) 0.69 0.93 0.11(0.001)

(200,15,4,4,0.1) PM 0(0) 0(0) 1 0(0.001) 0.19(0.004) 0.14 0.99 0.15(0.001)
SLTS 0(0) 0.02(0) 1 0(0.001) 0.35(0.005) 0.02 0.99 0.19(0.002)
LL * * * 0.05(0.003) 0.71(0.008) 0 0.76 0.76(0.008)

REWLS 0(0) 0(0) 1 * * * * 0.15(0.001)
She 0.78(0.011) 0.05(0.003) 0.102 * * * * 3.25(0.025)

LASSO * * * 0.55(0.005) 0.18(0.006) 0 0.01 3.77(0.006)
ALASSO * * * 0.55(0.008) 0.1(0.005) 0 0.05 8.06(0.149)
Oracle * * * 0(0) 0.25(0.005) 0.08 1 0.12(0.001)
Aoracle * * * 0.01(0.001) 0.03(0.002) 0.75 0.95 0.1(0.001)

(200,15,4,4,0.2) PM 0(0) 0(0) 1 0(0.001) 0.18(0.004) 0.16 0.99 0.18(0.001)
SLTS 0(0) 0(0) 1 0(0) 0.37(0.005) 0.02 1 0.15(0.001)
LL * * * 0.01(0.002) 0.98(0.002) 0 0.94 4.09(0.006)

REWLS 0(0) 0(0) 1 * * * * 0.16(0.001)
She 0.96(0.003) 0.02(0.002) 0 * * * * 4.04(0.005)

LASSO * * * 0.59(0.006) 0.22(0.007) 0 0.01 4.27(0.008)
ALASSO * * * 0.55(0.008) 0.13(0.005) 0 0.04 8.29(0.174)
Oracle * * * 0(0) 0.25(0.005) 0.08 1 0.13(0.001)
Aoracle * * * 0.01(0.002) 0.03(0.002) 0.69 0.93 0.11(0.001)

(200,15,0,0,0) PM * 0(0) * 0(0) 0.2(0.004) 0.14 1 0.13(0.001)
SLTS * 0.04(0.001) * 0(0.001) 0.35(0.005) 0.02 0.98 0.23(0.002)
LL * * * 0.03(0.002) 0.09(0.005) 0.51 0.83 0.15(0.001)

REWLS * 0.01(0) * * * * * 0.15(0.001)
She * 0(0) * * * * * 0.14(0.001)

LASSO * * * 0(0) 0.25(0.005) 0.07 1 0.11(0.001)
ALASSO * * * 0.01(0.001) 0.02(0.002) 0.79 0.96 0.09(0.001)
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Table 3: Simulation Setting II: Simulation results for our methods PM compared with the
SLTS, LL, REWLS, She, LASSO, ALASSO, Oracle and Aoracle methods when
n = 100. The ∗ denotes the values that are not applicable.

(n,p,V,L,c) method M S JD FZR FPR SR CR MSE
(100,15,4+0.2i,0,0.1) PM 0(0) 0.01(0) 1 0.02(0.002) 0.04(0.002) 0.59 0.92 0.2(0.002)

SLTS 0(0) 0.03(0.001) 1 0.02(0.002) 0.3(0.006) 0.1 0.92 0.28(0.003)
LL * * * 0.04(0.003) 0.37(0.01) 0.14 0.8 0.22(0.002)

REWLS 0(0) 0.01(0) 1 * * * * 0.22(0.001)
She 0(0) 0.08(0.002) 1 * * * * 0.3(0.002)

LASSO * * * 0.12(0.003) 0.09(0.004) 0.18 0.42 0.72(0.003)
ALASSO * * * 0.22(0.004) 0.04(0.003) 0.06 0.12 3.7(0.009)
Oracle * * * 0.01(0.001) 0.11(0.004) 0.36 0.97 0.17(0.001)
Aoracle * * * 0.04(0.003) 0.05(0.003) 0.51 0.78 0.16(0.001)

(100,15,4+0.2i,0,0.2) PM 0(0) 0.01(0) 1 0.02(0.002) 0.06(0.003) 0.51 0.9 0.21(0.002)
SLTS 0(0) 0.01(0) 1 0.01(0.001) 0.29(0.007) 0.14 0.94 0.22(0.002)
LL * * * 0.02(0.002) 0.7(0.008) 0.02 0.89 0.29(0.003)

REWLS 0(0) 0(0) 1 * * * * 0.23(0.001)
She 0.13(0.01) 0.12(0.002) 0.865 * * * * 0.63(0.012)

LASSO * * * 0.2(0.004) 0.07(0.003) 0.1 0.22 1.45(0.004)
ALASSO * * * 0.31(0.004) 0.04(0.002) 0.02 0.04 3.97(0.01)
Oracle * * * 0.01(0.001) 0.12(0.004) 0.36 0.95 0.18(0.002)
Aoracle * * * 0.05(0.003) 0.05(0.003) 0.47 0.76 0.17(0.002)

(100,15,4+0.2i,4+0.2i,0.1) PM 0(0) 0(0) 1 0.03(0.002) 0.05(0.002) 0.5 0.87 0.22(0.002)
SLTS 0(0) 0.03(0.001) 1 0.02(0.002) 0.31(0.007) 0.11 0.91 0.27(0.002)
LL * * * 0.04(0.003) 0.95(0.003) 0 0.85 2.59(0.006)

REWLS 0(0) 0.01(0) 1 * * * * 0.22(0.001)
She 0.94(0.004) 0.03(0.002) 0 * * * * 2.45(0.005)

LASSO * * * 0.32(0.005) 0.75(0.004) 0 0.09 2.51(0.006)
ALASSO * * * 0.26(0.006) 0.58(0.005) 0 0.2 25.16(6.203)
Oracle * * * 0.01(0.001) 0.11(0.004) 0.36 0.97 0.17(0.001)
Aoracle * * * 0.04(0.003) 0.05(0.003) 0.51 0.78 0.16(0.001)

(100,15,4+0.2i,4+0.2i,0.2) PM 0(0) 0.01(0) 1 0.04(0.003) 0.09(0.003) 0.35 0.8 0.25(0.002)
SLTS 0(0) 0.01(0) 1 0.01(0.001) 0.28(0.007) 0.15 0.94 0.23(0.002)
LL * * * 0.03(0.003) 0.96(0.003) 0 0.89 2.71(0.006)

REWLS 0(0) 0(0) 1 * * * * 0.23(0.001)
She 0.97(0.003) 0.03(0.002) 0 * * * * 2.55(0.006)

LASSO * * * 0.34(0.005) 0.76(0.004) 0 0.08 2.62(0.007)
ALASSO * * * 0.3(0.006) 0.61(0.005) 0 0.15 11.08(0.596)
Oracle * * * 0.01(0.001) 0.12(0.004) 0.36 0.95 0.18(0.002)
Aoracle * * * 0.05(0.003) 0.05(0.003) 0.47 0.76 0.17(0.002)

(100,15,0,0,0) PM * 0(0) * 0.01(0.002) 0.03(0.002) 0.68 0.94 0.18(0.002)
SLTS * 0.08(0.001) * 0.03(0.002) 0.28(0.007) 0.11 0.86 0.27(0.003)
LL * * * 0.04(0.003) 0.3(0.009) 0.2 0.81 0.2(0.002)

REWLS * 0.02(0.001) * * * * * 0.22(0.001)
She * 0.01(0.001) * * * * * 0.2(0.001)

LASSO * * * 0(0.001) 0.11(0.004) 0.41 0.98 0.16(0.001)
ALASSO * * * 0.04(0.002) 0.05(0.003) 0.54 0.82 0.15(0.001)
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Table 4: Simulation Setting II: Simulation results for our methods PM compared with the
SLTS, LL, REWLS, She, LASSO, ALASSO, Oracle and Aoracle methods when
n = 200. The ∗ denotes the values that are not applicable.

(n,p,V,L,c) method M S JD FZR FPR SR CR MSE
(200,15,4+0.2i,0,0.1) PM 0(0) 0(0) 1 0(0) 0.03(0.002) 0.72 1 0.14(0.001)

SLTS 0(0) 0.02(0) 1 0(0.001) 0.26(0.005) 0.08 0.99 0.2(0.002)
LL * * * 0.02(0.002) 0.2(0.007) 0.34 0.91 0.16(0.001)

REWLS 0(0) 0(0) 1 * * * * 0.15(0.001)
She 0(0) 0.06(0.001) 1 * * * * 0.22(0.001)

LASSO * * * 0.1(0.003) 0.06(0.003) 0.28 0.51 0.75(0.002)
ALASSO * * * 0.18(0.003) 0.03(0.002) 0.12 0.18 3.67(0.006)
Oracle * * * 0(0) 0.08(0.003) 0.5 1 0.12(0.001)
Aoracle * * * 0(0.001) 0.02(0.002) 0.79 0.98 0.1(0.001)

(200,15,4+0.2i,0,0.2) PM 0(0) 0.01(0) 1 0(0.001) 0.04(0.002) 0.67 0.99 0.15(0.001)
SLTS 0(0) 0(0) 1 0(0) 0.27(0.005) 0.08 1 0.15(0.001)
LL * * * 0.01(0.001) 0.61(0.007) 0.01 0.97 0.23(0.002)

REWLS 0(0) 0(0) 1 * * * * 0.16(0.001)
She 0.01(0.004) 0.11(0.002) 0.985 * * * * 0.39(0.006)

LASSO * * * 0.2(0.004) 0.06(0.003) 0.1 0.2 1.79(0.003)
ALASSO * * * 0.31(0.004) 0.03(0.002) 0.02 0.04 4.09(0.007)
Oracle * * * 0(0) 0.09(0.003) 0.46 1 0.13(0.001)
Aoracle * * * 0.01(0.001) 0.03(0.002) 0.75 0.96 0.11(0.001)

(200,15,4+0.2i,4+0.2i,0.1) PM 0(0) 0(0) 1 0(0.001) 0.06(0.003) 0.57 0.98 0.17(0.001)
SLTS 0(0) 0.02(0) 1 0(0.001) 0.27(0.005) 0.1 0.99 0.18(0.002)
LL * * * 0.06(0.004) 0.94(0.003) 0 0.76 2.67(0.004)

REWLS 0(0) 0(0) 1 * * * * 0.15(0.001)
She 0.98(0.002) 0.01(0.001) 0 * * * * 2.59(0.004)

LASSO * * * 0.28(0.005) 0.89(0.003) 0 0.1 2.61(0.004)
ALASSO * * * 0.17(0.005) 0.73(0.004) 0 0.34 25.08(1.941)
Oracle * * * 0(0) 0.08(0.003) 0.5 1 0.12(0.001)
Aoracle * * * 0(0.001) 0.02(0.002) 0.79 0.98 0.1(0.001)

(200,15,4+0.2i,4+0.2i,0.2) PM 0(0) 0.01(0) 1 0.01(0.001) 0.12(0.004) 0.32 0.95 0.22(0.002)
SLTS 0(0) 0(0) 1 0(0) 0.3(0.006) 0.12 1 0.15(0.001)
LL * * * 0.06(0.004) 0.94(0.003) 0 0.78 2.77(0.005)

REWLS 0(0) 0(0) 1 * * * * 0.16(0.001)
She 0.99(0.002) 0.01(0.001) 0 * * * * 2.68(0.004)

LASSO * * * 0.28(0.005) 0.89(0.003) 0 0.09 2.7(0.004)
ALASSO * * * 0.22(0.005) 0.74(0.004) 0 0.22 18.83(3.148)
Oracle * * * 0(0) 0.09(0.003) 0.46 1 0.13(0.001)
Aoracle * * * 0.01(0.001) 0.03(0.002) 0.75 0.96 0.11(0.001)

(200,15,0,0,0) PM * 0(0) * 0(0) 0.02(0.002) 0.78 1 0.12(0.001)
SLTS * 0.05(0.001) * 0.01(0.001) 0.22(0.005) 0.14 0.97 0.19(0.002)
LL * * * 0.02(0.002) 0.07(0.004) 0.6 0.9 0.14(0.001)

REWLS * 0.01(0) * * * * * 0.15(0.001)
She * 0(0) * * * * * 0.14(0.001)

LASSO * * * 0(0) 0.07(0.003) 0.52 1 0.11(0.001)
ALASSO * * * 0(0.001) 0.02(0.002) 0.83 0.99 0.09(0.001)
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Table 5: Simulation Setting III: Simulation results for our methods PM compared with the
SLTS, LL, REWLS, She, LASSO, ALASSO, Oracle and Aoracle methods when
n = 100. The ∗ denotes the values that are not applicable.

(n,p,V,L,c) method M S JD FZR FPR SR CR MSE
(100,25,4,0,0.1) PM 0(0) 0.01(0.001) 0.999 0(0) 0.07(0.002) 0.41 1 0.27(0.002)

SLTS 0(0) 0.08(0.001) 0.999 0(0) 0.38(0.007) 0.04 1 0.38(0.003)
LL * * * 0(0) 0.38(0.009) 0.19 1 0.25(0.002)

REWLS 0(0) 0.01(0) 0.996 * * * * 0.29(0.002)
She 0(0) 0.09(0.002) 0.997 * * * * 0.39(0.002)

LASSO * * * 0(0) 0.14(0.004) 0.18 1 0.68(0.003)
ALASSO * * * 0(0) 0.06(0.002) 0.52 1 0.67(0.011)
Oracle * * * 0(0) 0.15(0.004) 0.17 1 0.22(0.001)
Aoracle * * * 0(0) 0.03(0.002) 0.73 1 0.18(0.001)

(100,25,4,0,0.2) PM 0.01(0.003) 0.02(0.001) 0.985 0(0) 0.1(0.003) 0.28 1 0.31(0.004)
SLTS 0(0) 0.02(0.001) 0.999 0(0) 0.33(0.007) 0.05 1 0.31(0.002)
LL * * * 0(0) 0.66(0.009) 0.05 1 0.34(0.003)

REWLS 0.06(0.001) 0(0) 0.042 * * * * 0.41(0.003)
She 0.66(0.014) 0.05(0.003) 0.257 * * * * 1(0.008)

LASSO * * * 0(0) 0.14(0.004) 0.19 1 1.07(0.003)
ALASSO * * * 0.01(0.001) 0.07(0.003) 0.38 0.92 1.09(0.01)
Oracle * * * 0(0) 0.16(0.004) 0.16 1 0.24(0.002)
Aoracle * * * 0(0) 0.04(0.003) 0.68 1 0.2(0.001)

(100,25,4,4,0.1) PM 0(0) 0.01(0) 1 0(0) 0.09(0.003) 0.32 1 0.28(0.002)
SLTS 0(0) 0.08(0.001) 1 0(0) 0.37(0.007) 0.05 1 0.37(0.003)
LL * * * 0.03(0.002) 0.95(0.003) 0 0.8 2.75(0.007)

REWLS 0(0) 0.01(0) 1 * * * * 0.29(0.002)
She 0.94(0.004) 0.04(0.002) 0 * * * * 2.48(0.006)

LASSO * * * 0.21(0.005) 0.54(0.006) 0 0.14 2.68(0.012)
ALASSO * * * 0.15(0.005) 0.42(0.005) 0 0.28 10.97(0.526)
Oracle * * * 0(0) 0.15(0.004) 0.17 1 0.22(0.001)
Aoracle * * * 0(0) 0.03(0.002) 0.73 1 0.18(0.001)

(100,25,4,4,0.2) PM 1(0) 0(0) 0 0.75(0.005) 0.03(0.003) 0 0 4.3(0.018)
SLTS 0(0) 0.02(0.001) 1 0(0) 0.32(0.007) 0.06 1 0.31(0.002)
LL * * * 0.03(0.002) 0.96(0.003) 0 0.84 2.83(0.007)

REWLS 0.93(0.002) 0.05(0.001) 0 * * * * 2.79(0.009)
She 0.96(0.003) 0.03(0.002) 0 * * * * 2.55(0.006)

LASSO * * * 0.23(0.005) 0.55(0.006) 0 0.12 2.77(0.012)
ALASSO * * * 0.19(0.006) 0.43(0.006) 0 0.24 8.65(0.242)
Oracle * * * 0(0) 0.16(0.004) 0.16 1 0.24(0.002)
Aoracle * * * 0(0) 0.04(0.003) 0.68 1 0.2(0.001)

(100,25,0,0,0) PM * 0(0) * 0(0) 0.05(0.002) 0.49 1 0.23(0.002)
SLTS * 0.15(0.001) * 0(0) 0.43(0.006) 0.02 1 0.4(0.003)
LL * * * 0(0) 0.4(0.009) 0.2 1 0.23(0.002)

REWLS * 0.05(0.001) * * * * * 0.32(0.002)
She * 0.01(0.001) * * * * * 0.25(0.001)

LASSO * * * 0(0) 0.14(0.004) 0.2 1 0.21(0.001)
ALASSO * * * 0(0) 0.03(0.002) 0.76 1 0.17(0.001)
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Table 6: Simulation Setting III: Simulation results for our methods PM compared with the
SLTS, LL, REWLS, She, LASSO, ALASSO, Oracle and Aoracle methods when
n = 200. The ∗ denotes the values that are not applicable.

(n,p,V,L,c) method M S JD FZR FPR SR CR MSE
(200,25,4,0,0.1) PM 0(0) 0.01(0) 1 0(0) 0.05(0.002) 0.49 1 0.2(0.001)

SLTS 0(0) 0.03(0) 1 0(0) 0.35(0.006) 0.04 1 0.26(0.002)
LL * * * 0(0) 0.16(0.006) 0.42 1 0.17(0.001)

REWLS 0(0) 0(0) 1 * * * * 0.19(0.001)
She 0(0) 0.07(0.002) 0.999 * * * * 0.27(0.001)

LASSO * * * 0(0) 0.11(0.003) 0.27 1 0.56(0.002)
ALASSO * * * 0(0) 0.02(0.002) 0.76 1 0.51(0.007)
Oracle * * * 0(0) 0.1(0.003) 0.29 1 0.16(0.001)
Aoracle * * * 0(0) 0.01(0.001) 0.85 1 0.13(0.001)

(200,25,4,0,0.2) PM 0.02(0.005) 0.02(0) 0.979 0(0) 0.06(0.002) 0.43 1 0.23(0.004)
SLTS 0(0) 0.01(0) 1 0(0) 0.33(0.006) 0.05 1 0.21(0.001)
LL * * * 0(0) 0.58(0.007) 0.03 1 0.24(0.002)

REWLS 0(0) 0(0) 0.994 * * * * 0.2(0.001)
She 0.49(0.016) 0.06(0.002) 0.505 * * * * 0.71(0.009)

LASSO * * * 0(0) 0.1(0.003) 0.29 1 0.95(0.002)
ALASSO * * * 0(0) 0.03(0.002) 0.68 1 0.9(0.006)
Oracle * * * 0(0) 0.11(0.003) 0.28 1 0.17(0.001)
Aoracle * * * 0(0) 0.02(0.001) 0.84 1 0.13(0.001)

(200,25,4,4,0.1) PM 0(0) 0(0) 1 0(0) 0.08(0.002) 0.36 1 0.22(0.001)
SLTS 0(0) 0.03(0) 1 0(0) 0.34(0.006) 0.06 1 0.24(0.002)
LL * * * 0.02(0.002) 0.93(0.004) 0 0.82 2.8(0.004)

REWLS 0(0) 0(0) 1 * * * * 0.19(0.001)
She 0.97(0.003) 0.01(0.001) 0 * * * * 2.64(0.004)

LASSO * * * 0.05(0.002) 0.76(0.004) 0 0.6 2.68(0.005)
ALASSO * * * 0.03(0.002) 0.63(0.005) 0 0.75 27.65(1.278)
Oracle * * * 0(0) 0.1(0.003) 0.29 1 0.16(0.001)
Aoracle * * * 0(0) 0.01(0.001) 0.85 1 0.13(0.001)

(200,25,4,4,0.2) PM 0.44(0.016) 0.01(0) 0.555 0.18(0.009) 0.21(0.007) 0.12 0.6 1.73(0.054)
SLTS 0(0) 0.01(0) 1 0(0) 0.32(0.006) 0.05 1 0.2(0.001)
LL * * * 0.02(0.002) 0.94(0.003) 0 0.85 2.89(0.005)

REWLS 0.43(0.015) 0.01(0) 0.555 * * * * 1.33(0.04)
She 0.98(0.002) 0.02(0.002) 0 * * * * 2.73(0.004)

LASSO * * * 0.06(0.003) 0.76(0.004) 0 0.53 2.76(0.005)
ALASSO * * * 0.04(0.002) 0.63(0.005) 0 0.69 26.97(6.71)
Oracle * * * 0(0) 0.11(0.003) 0.28 1 0.17(0.001)
Aoracle * * * 0(0) 0.02(0.001) 0.84 1 0.13(0.001)

(200,25,0,0,0) PM * 0(0) * 0(0) 0.03(0.002) 0.61 1 0.17(0.001)
SLTS * 0.07(0.001) * 0(0) 0.35(0.005) 0.02 1 0.28(0.002)
LL * * * 0(0) 0.1(0.005) 0.55 1 0.15(0.001)

REWLS * 0.02(0) * * * * * 0.19(0.001)
She * 0(0) * * * * * 0.18(0.001)

LASSO * * * 0(0) 0.1(0.003) 0.29 1 0.15(0.001)
ALASSO * * * 0(0) 0.01(0.001) 0.84 1 0.12(0.001)
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Proof. Since β̂Hopt can have at most n nonzero components by standard lasso literature, see Zou and Hastie (2005)

for example, β̂Hopt − β0 has at most n+ qn nonzero components. Assume the index set of these nonzero components

is S, and we have S ⊂ {1, 2, . . . , pn} and |S| ≤ n+ qn. Thus

max
1≤i≤n

|Xi(β̂Hopt − β0)| = max
1≤i≤n

|
∑
j∈S

Xi,j(β̂Hopt,j − β0,j)| ≤ max
1≤i≤n

(
∑
j∈S

X2
i,j)

1/2||β̂Hopt − β0||2.

By Lemma 3 and ||β0||2 <∞, one has ||β̂Hopt−β0||2 = OP (1). Meanwhile, by Condition (B2), one has max1≤i≤n(
∑
j∈S X

2
i,j)

1/2 ≤∑
j∈S X

T
,jX,j ≤ (|S|M1n)1/2 ≤ 21/2M1n. Thus, one has max1≤i≤n |Xi(β̂Hopt − β0)| = OP (n). Notice that γ̃i =

εi −Xi(β̃ − β0), we obtain κn = OP (n) as εi = OP ((logn)1/2) = oP (n) by Condition (D1).

Lemma 5. Under Conditions (C2), (C5), (D1)-(D3), one has κn = OP (n). we have δn ≡ OP (πn).

Proof. By Lemma 4, one has max1≤i≤n |Xi(β̂Hopt − β0)| = OP (n). For i ∈ G, one has γ̃i = −Xi(β̃ − β0) + εi, by

Condition (D1), one obtains maxi∈G |γ̃i| = OP (n). For i ∈ Gc, one has γ̃i = −Xi(β̃ − β0) + εi + γi0. As πnn
−1 →∞

by Condition (C5), one obtains mini∈Gc |γ̃i| ≡ OP (πn).

3 Proof of Theorems

3.1 Proof of Theorem 1

The proof of Theorem 1 can be divided into two parts.

Part 1:

For any k dimensional vectors a and b, define ab = (a1b1, . . . , akbk)T and a/b = (a1/b1, . . . , ak/bk)T.

Let u = θ−θ0 = (θ(1)T−θ0(1)T, θ(2)T, θ(3)T) = (u(1)T, u(2)T, u(3)T)T and û = θ̂−θ0 = (θ̂(1)T−θ0(1)T, θ̂(2)T, θ̂(3)T) =

(û(1)T, û(2)T, û(3)T)T. Also define Vn(u) =
∑n
i=1[(εi−Au)2−ε2i ]+λn||u(1)+θ0(1)||1+λn||u(2)||1+n1/2µn(||u(3)||1/|γ̃|),

and one has û = argminuVn(u).

The first summation in Vn(u) can be simplified as−2W (n1/2u)+(n1/2u)TC(n1/2u), whereW = (W (1)T,W (2)T,W (3)T)T =

(n−1/2XT
1,qε, n

−1/2XT
q+1,pε, ε). Then by definition,

sign(θ̂j) = sign(θj0), for all j = 1, . . . , q implies that sign(θ0(1))û(1) > −|θ0(1)|.

By the Karush-Kuhn-Tucker conditions and the uniqueness of LASSO solutions, if there exists a û the following

equation and equalities hold,

C11(n1/2û(1))−W (1) = −(4n)−1/2λnsign(θ0(1)),

|û(1)| < |θ0(1)|,

−(4n)−1/2λn1 ≤ C21(n1/2û(1))−W (2) ≤ (4n)−1/2λn1,

−(µn/2)(1/|γ̃|) ≤ C31(n1/2û(1))−W (3) ≤ (µn/2)(1/|γ̃|),

then sign(θ̂(1)) = sign(θ0(1)), sign(θ̂(2)) = sign(θ0(2)) = 0, sign(θ̂(3)) = sign(θ0(3)) = 0. Substitute û(1) and bound

the absolute values, the existence of such û is implied by

An : |C−1
11 W (1)| < n1/2{|θ0(1)| − (2n)−1λn|C−1

11 sign(θ0(1))|}

Bn : |C21C
−1
11 W (1)−W (2)| ≤ (4n)−1/2λn(1− |C21C

−1
11 sign(θ0(1))|)

Cn : |C31C
−1
11 W (1)−W (3)| ≤ (µn/2)(1/|γ̃|)− (4n)−1/2λn|C31C

−1
11 sign(θ0(1))|.
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As a result, pr(θ̂ =s θ0) ≥ pr(An ∩Bn ∩ Cn).

After we obtain the lower bound of pr(θ̂ =s θ0), we will show that pr(An ∩Bn ∩Cn)→ 1 when n→∞. Notice

that

1− pr(An ∩Bn ∩ Cn)

≤
q∑
j=1

pr(|zj | ≥ n1/2{|θ0(1)| − (2n)−1λnaj}) +

p−q∑
j=1

pr(|ζj | ≥ (4n)−1/2λnbj)

+

n∑
j=1

pr(|ξj | ≥ µn/(2|γ̃j |)− (4n)−1/2λnφj),

where Z = (z1, . . . , zq)
T = C−1

11 W (1), ζ = (ζ1, . . . , ζp−q)
T = C21C

−1
11 W (1)−W (2), ξ = (ξ1, . . . , ξn)T = C31C

−1
11 W (1)−

W (3), a = (a1, . . . , aq)
T = |C−1

11 sign(θ0(1))|, b = (b1, . . . , bp−q)
T = 1 − |C21C

−1
11 sign(θ0(1))| and φ = (φ1, . . . , φn)T =

|C31C
−1
11 sign(θ0(1))|.

Now if we write Z = HT
Aε where HT

A = (ha1 , . . . , h
a
q )T = C−1

11 (n−1/2XT
1,q), then HT

AHA = C−1
11 . Under the

Condition (B3), one has zj = (haj )Tε with ||haj ||2 ≤ M−1
2 for any j = 1, . . . , q. Similarly if we write ζ = HT

Bε where

HT
B = (hb1, . . . , h

b
p−q)

T = C21C
−1
11 (n−1/2XT

1,q)− n−1/2XT
q+1,p, then

HT
BHB = n−1XT

q+1,p{In −X1,q(X
T
1,qX1,q)

−1XT
1,q}Xq+1,p.

Since In−X1,q(X
T
1,qX1,q)

−1XT
1,q has eigenvalues between 0 and 1, under Condition (B2), one obtains ζj = (hbj)

Tε with

||hbj ||2 ≤M1 for any 1 ≤ j ≤ p−q. Similarly, we can write ξ = HT
Cε whereHT

C = (hc1, . . . , h
c
n)T = C31C

−1
11 (n−1/2XT

1,q)−
In, then HT

CHC = In −X1,q(X
T
1,qX1,q)

−1XT
1,q, which indicates ξj = (hcj)

Tε with ||hcj ||2 ≤ 1 for any 1 ≤ j ≤ n.

Part 2:

Thus, under Condition (A), one obtains E(x2kj ) < ∞, E(ζ2kj ) < ∞ and E(ξ2kj ) < ∞ because for any given constant

n-dimensional vector α, E(αTε2k) ≤ (2k − 1)!!||α||2E(ε2ki ). For random variables Z with bounded 2k’th moments,

the tail probability is bounded by pr(Z ≥ t) = O(t−2k).

Also notice that

n−1λnaj ≤ n−1λn||C−1
11 sign(θ0(1))||2 ≤M−1

2 n−1λnq
1/2,

under Condition (B4), for λn = o(n(d+1)/2), we obtain

q∑
j=1

pr(|zj | ≥ n1/2{|θ0(1)| − (2n)−1λnaj}) = O(n−kd) = o(1),

Further, under Condition (B1), one has

p−q∑
j=1

pr(|ζj | ≥ (4n)−1/2λnbj) = (p− q)O(nkλ−2k
n ) = O(nkλ−2k

n ) = o(1).

Under Conditions (B2) and (C3), one has |(4n)−1/2λnφj | ≤ q1/2M
1/2
1 M−1

2 (4n)−1/2λnq
1/2 = (2M2)−1M

1/2
1 n−1/2λn.

Thus when λnn
−1/2 = o(µn/κn), which is indicated by µnn

−1/(2k)−d/2 →∞, by Lemma 1, we have

n∑
j=1

pr(|ξj | ≥ µn/(2|γ̃j |)− (4n)−1/2λnφj) = O(nκ2k
n µ
−2k
n ) = o(1).
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This completes the proof of Theorem 1.

3.2 Proof of Theorem 2

Suppose we contaminate m ≤ min{n− h, b(n− p)/2c − 1} observations, and assume ỹ and X̃ are the contaminated

data. Define β̃ as the solution using least trimmed squares when subset size is set as h and γ̃i = ỹi − X̃iβ̃. Since

the least trimmed squares with truncation number h have a breakdown point min{(n − h + 1)/n, b(n − p)/2c/n}
(Alfons et al., 2013), we have ||β̃||2 ≤ M for some M > 0. As L1 norm and the Euclidean norm are topologically

equivalent, for any p dimensional vector β, we have c1||β||2 ≤ ||β||1 ≤ c2||β||2. Consequently, we obtain Qn(β̃, γ̃) =

λn||β̃||1 + nµn ≤ c2λnM + nµn = M∗.

Recall that we solve the following minimization problem

min
β,γ

Qn(β, γ) = min
β,γ
||y −Xβ − γ||22 + λn

p∑
j=1

|βj |+ µn

n∑
i=1

|γi|/|γ̃i|,

and suppose the minimizer of Qn(β, γ) is β̂ and γ̂.

For any ||β||2 ≥ (M∗+1)/(λnc1), we have Qn(β, γ) ≥ λn||β||1 ≥ c1λn||β||2 ≥M∗+1 > Qn(β̃, γ̃) ≥ Qn(β̂, γ̂). As

a result, ||β̂||2 ≤ (M∗+ 1)/(λnc1), which indicates the breakdown point is at least min{(n−h+ 1)/n, b(n−p)/2c/n}.
This completes the proof of Theorem 2.

3.3 Proof of Theorem 3

The proof of Theorem 3 can be divided into two parts.

Part 1:

Let v = η − η0 = (η(1)T − η0(1)T, η(2)T − η0(2)T, η(3)T) = (v(1)T, v(2)T, v(3)T)T and v̂ = η̂ − η0 = (η̂(1)T −
η0(1)T, η̂(2)T − η0(2)T, η̂(3)T) = (v̂(1)T, v̂(2)T, v̂(3)T)T.

We define Un(v) =
∑n
i=1[(εi−Bv)2−ε2i ]+n1/2µn(||v(1)+η0(1)||1/|γ̃(1)|)+λn||v(2)+β0)||1+n1/2µn(||v(3)||1/|γ̃(2)|).

One has v̂ = argminvUn(v).

The first summation in Un(v) can be simplified as−2W ∗(n1/2v)+(n1/2v)TD(n1/2v), whereW ∗ = (W ∗(1)T,W ∗(2)T,W ∗(3)T)T =

(n−1/2BT
1 ε, n

−1/2BT
2 ε, n

−1/2BT
3 ε). Then by definition,

sign(η̂j) = sign(ηj0), for all j = 1, . . . , sn implies that sign(η0(1))v̂(1) > −|η0(1)|.

By the Karush-Kuhn-Tucker conditions and the uniqueness of LASSO solutions, if there exists a v̂ the following

equation and equalities hold,

D11(n1/2v̂(1)) +D12(n1/2v̂(2))−W ∗(1) = $,

|v̂(1)| < |η0(1)|,

−(4n)−1/2λn1 ≤ D21(n1/2v̂(1)) +D22(n1/2v̂(2))−W ∗(2) ≤ (4n)−1/2λn1,

−(µn/2)(1/|γ̃(2)|) ≤ D31(n1/2v̂(1)) +D32(n1/2v̂(2))−W ∗(3) ≤ (µn/2)(1/|γ̃(2)|),

where $ = (−µn/2){|sign(ψ0(1))|/|γ̃(1)|}T, then sign(η̂(1)) = sign(η0(1)) and sign(η̂(3)) = sign(η0(3)) = 0. As

D11 = Isn and D31 = 0, substitute v̂(1) and bound the absolute values, the existence of such v̂ satisfying v̂(2) = 0 is
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implied by

A∗n : |W ∗(1)| < n1/2|η0(1)| − |$|

B∗n : |D21W
∗(1)−W ∗(2)| ≤ (4n)−1/2λn1− |D21$|

C∗n : |W ∗(3)| ≤ (µn/2)(1/|γ̃(2)|).

As a result, pr(γ̂ =s γ0) ≥ pr(γ̂ =s γ0, v̂(2) = 0) ≥ pr(A∗n ∩B∗n ∩ C∗n).

After we obtain the lower bound of pr(γ̂ =s γ0), we will show that pr(A∗n ∩B∗n ∩C∗n)→ 1 when n→∞. Notice

that

1− pr(A∗n ∩B∗n ∩ C∗n)

≤
sn∑
j=1

pr(|z∗j | ≥ n1/2{|η0(1)|}j − |$j |∗) +

p∑
j=1

pr(|ζ∗j | ≥ b∗j )

+

n−sn∑
j=1

pr(|ξ∗j | ≥ φ∗j ),

where z∗ = (z∗1 , . . . , z
∗
sn)T = W ∗(1), ζ∗ = (ζ∗1 , . . . , ζ

∗
p )T = D21W

∗(1) −W ∗(2), b∗ = (b∗1, . . . , b
∗
p)

T = (4n)−1/2λn1 −
|D21$|, ξ∗ = (ξ∗1 , . . . , ξ

∗
n−sn)T = W ∗(3) and φ∗ = (φ∗1, . . . , φ

∗
n−sn)T = (µn/2)(1/|γ̃(2)|).

For z∗j , we can write z∗j = εj for 1 ≤ j ≤ sn and for ξ∗j , we can write ξ∗j = εj+sn for any 1 ≤ j ≤ n− sn. Further,

we can write ζ = HT
Eε where HT

E = (he1, . . . , h
e
p−q)

T = D21(n−1/2BT
1 )− n−1/2BT

2 , then

HT
EHE = n−1BT

2 {In −B1(BT
1B1)−1BT

1 }B2.

Since In − B1(BT
1B1)−1BT

1 has eigenvalues between 0 and 1, under Condition (B2), one obtains ζ∗j = (hej)
Tε with

||hej ||2 ≤M1 for any 1 ≤ j ≤ p.
Part 2:

Thus, under Condition (A), one obtains E((z∗j )2k) < ∞, E((ζ∗j )2k) < ∞ and E((ξ∗j )2k) < ∞ because for any given

constant n-dimensional vector α, E(αTε2k) ≤ (2k − 1)!!||α||2E(ε2ki ). For random variables Z with bounded 2k’th

moments, the tail probability is bounded by pr(Z ≥ t) = O(t−2k).

By Lemma 2, for any 1 ≤ j ≤ sn,

|$∗j | ≤ 2−1µnπ
−1
n .

Noticing that n1/2 minj=1,...,sn |η0j(1)| = OP (πn), by Conditions (C1), combining with the fact that sn = O(n),

µnπ
−1
n = o(πn), we obtain

sn∑
j=1

pr(|z∗j | ≥ n1/2{|η0(1)|}j − |$j |∗) = O(nπ−2k
n ) = o(1).

Further, as

D21$ = D21(µn/2)|sign(ψ0(1))|/|γ̃(1)|

Thus, under Conditions (B2), combining with Lemma 2, the second term of |b∗j | can be bounded above byM
1/2
1 s

1/2
n (µn/2)/δn =
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OP (n1/2µn/πn). Combining with Condition (C3), when n1/2µnπ
−1
n = o(n−1/2λn) and λnn

−1/2 →∞, we obtain

p∑
j=1

pr(|ζ∗j | ≥ b∗j ) ≤ pO(nkλ−2k
n ) = o(1).

Moreover, recall that D31 = 0 when nκ2k
n µ
−2k
n = o(1), we have

n−sn∑
j=1

pr(|ξ∗j | ≥ φ∗j ) = O(nκ2k
n µ
−2k
n ) = o(1).

As we require πnn
−1/2k →∞, µnπ

−1
n = o(πn), nκ2k

n µ
−2k
n = o(1) and n1/2µnπ

−1
n = o(n−1/2λn), combining with

the fact that λnn
−1/2 →∞, to guarantee there exist a µn satisfies these conditions, we reed to require πnn

−1/2k →∞,

µn = o(π2
n), µknn

−1 →∞ and λnn
−1µ−1

n πn →∞. Thus, we have pr(γ̂ =s γ0)→ 1.

This completes the proof of Theorem 3.

4 Proof of Corollaries

4.1 Proof of Corollary 1

We will follow the same framework as the proof of Theorem 1. Part 1 is the same as the proof of Theorem 1 under

Conditions (B1)-(B4) except that we need to change p into pn and q and qn. We change part 2 of the proof of

Theorem 1 as follows:

Under Condition (D1), the tail probabilities of zj , ζj and ξj are bounded by pr(Z ≥ t) = o(e−Ct
2

) for some

constant C.

Also notice that

n−1λnaj ≤ n−1λn||C−1
11 sign(θ0(1))||2 ≤M−1

2 n−1λnq
1/2
n ,

By Condition (B5), for λn ≡ O(n(c3+1)/2), with 0 < c3 < d− c1, one has n−1λnaj = o(n(d−1)/2). Thus, we obtain

qn∑
j=1

pr(|zj | ≥ n1/2{|θ0(1)| − (2n)−1λnaj}) = qno(e
−Cnd

) = o(1),

Further, by Condition (D1), and pn = O(en
c2

) with 0 < c2 < c3, one has

p−q∑
j=1

pr(|ζj | ≥ (4n)−1/2λnbj) = o(pne
−Cnc3

) = o(1).

Under Conditions (B2) and (C3), one has |(4n)−1/2λnφj | ≤ q1/2n M
1/2
1 M−1

2 (4n)−1/2λnq
1/2
n = (2M2)−1M

1/2
1 n−1/2λnn

c1 .

Thus when λnn
−1/2nc1 = o(µn/κn), which is indicated by

µnn
−1−c1−c3/2 →∞, by Lemma 4, we have

n∑
j=1

pr(|ξj | ≥ µn/(2|γ̃j |)− (4n)−1/2λnφj) = o(1).
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This completes the proof of Corollary 1.

4.2 Proof of Corollary 2

If we replace the initial least trimmed squares estimator and the residual by the corresponding sparse least trimmed

squares estimator and residual, we can prove this corollary similarly as the proof of Theorem 2 because the sparse

least trimmed squares estimator has a breakdown point of (n− h+ 1)/n (Alfons, Croux, and Gelper, 2013).

4.3 Proof of Corollary 3

We will follow the same framework as the proof of Theorem 3. Part 1 is the same as the proof of Theorem 3 except

that we need to change p into pn. We change part 2 of the proof of Theorem 3 as follows:

Under Condition (D1), the tail probability of z∗j , ζ∗j and ξ∗j are bounded by pr(Z ≥ t) = o(e−Ct
2

) for some

constant C.

By Lemma 2, for any 1 ≤ j ≤ sn,

|$∗j | ≤ 2−1µnπ
−1
n .

Noticing that n1/2 minj=1,...,sn |η0j(1)| = OP (πn), by Conditions (C1) and πn(logn)−1/2 → ∞, combining with the

fact that sn = O(n), µnπ
−1
n = o(πn), we obtain

sn∑
j=1

pr(|z∗j | ≥ n1/2{|η0(1)|}j − |$j |∗) = O(ne−Cπ
2
n) = o(1).

Further, as

D21$ = D21(µn/2)|sign(ψ0(1))|/|γ̃(1)|

Thus, under Conditions (B2), combining with Lemma 2, the second term of |b∗j | can be bounded above byM
1/2
1 s

1/2
n (µn/2)/δn =

OP (n1/2µn/πn). Combining with Condition (C3) and pn = o(en
c2

) with 0 < c2 < d1 − c1 (c1 > 0), when

n1/2µnπ
−1
n = o(n−1/2λn) and λnn

−1/2−d1/2 →∞, we obtain

pn∑
j=1

pr(|ζ∗j | ≥ b∗j ) ≤ pnO(e−Cn
d1

) = o(1).

Moreover, recall that D31 = 0 when µnκ
−1
n (logn)−1/2 →∞, we have

n−sn∑
j=1

pr(|ξ∗j | ≥ φ∗j ) = O(ne−Cµ
2
nκ

−2
n ) = o(1).

As we require πn(logn)−1/2 → ∞, µnπ
−1
n = o(πn), µnκ

−1
n (logn)−1/2 → ∞ and n1/2µnπ

−1
n = o(n−1/2λn),

to guarantee there exist a µn satisfies these conditions, we need to require πnn
−1/2(logn)−1/4 → ∞, µn = o(π2

n),

µnn
−1(logn)−1/2 →∞ and λnn

−1µ−1
n πn →∞. Thus, we have pr(γ̂ =s γ0)→ 1.

This completes the proof of Corollary 3.
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