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S1 The Input Matrices in Section 6.1

For n = 7, the input values are columns of the matrix
01 -10 00 0 l+p p+p* 1 14+p p+p* 1 14p
00 01 =10 0[P 14+p p+p* 1 1+p p+p*> 1 1+4p |

00 00 01 —1 L+p p+p> 1 1+p p+p*> 1 1+4p

where the parameter p controls the correlations between the three dimen-
sions. If p = 0, then the correlations between the three rows are zeros. For
n = 14, the input values are columns of
o061 1 -1 -100 0 0O0O0OO0OO
coo01-1-1 100 0 0O0O0O0O0

000 0 O 011 -1 -10000
L+p p+p> 1 1+p p+p* 1 1+p p+p* 1 1+p p+p* 1 1+p p+p?
T Pl 14+p p+p* 1 14+p p+p> 1 14p p+p®> 1 14p p+p*> 1 14+p p+p?

L+p p+p* 1 1+4p p+p* 1 1+p p+p* 1 1+p p+p* 1 1+p p+p?
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S2 Proofs

Proof of Theorem 1. Let Zyy < -+ < Z() denote the order statistics of
Z1, ..., Zy. Under the conditions, given (Zn),..., Zwm), E') = (2a), .-, 2@), €),
T follows the discrete distribution: the probability of ' = T'(z;,, ..., z;,; €)
is 1/n! for each permutation (iy,...,%,) € S,.
Let t(1y < - -+ <t be the non-decreasing permutation of {T(z;,, ..., 2i,; €)}giy,..q

Let [-] denote the floor function. If ¢(j1a)) < t(piaj+1), then

Pr(q < ‘ (Z(l), cey Z(n), E/) = (2(1), <oy Z(n)s e’))
= PI“(T < t([n[a]) | (Z(l), e Z(n), E/) = (2(1), cee s Z(n)s e’))

= [nla]/n! < a. (52.1)

Otherwise, let S ={k=1,...,[nla]—1: tr) < t([n!a})}- Define ky = 0 for

S = and ky = max S otherwise. We have

Pr(q <« | (Z(l), .. .,Z(n), E,)

= (2a),-- -+ 2m)s €)) = ko/n! < [nla]/n! < a. (52.2)

By (S2.1) and (S2.2), the inequality Pr(¢ < o | Zuy, ..., Zm), E) < «

always holds. Taking expectations in the inequality, we complete the proof.

O

Proof of Lemma 1. Denote P = X(X'X)™'X" and v = n — z|Pyz;. Under
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Hy, (I, —= P)X = (I, — Py)Zy = 0. Thus,

T=y (I, —Pyy—y(1l,—P)y =ePe—e&'Pye
1

n z\Zy

=e'X X'e — €'Pye

Z/2Z1 ZIQZQ

1/v —2,Zo(Z575) 7 v
=¢e'X ' 2 X'e — €'Pye
—(Z52:) "' 2oz [v (Z3Z0)7" + (Z32) ' 2202y 2o (Z50) v

/ / / / /
= €'(z12) + P2z12\ Py — 2,2\ Py — Poz127) )e /v

= [# (L, — Pa)e)]’ /v = [#(L, — Pa)y))*/v,

which completes the proof. Il
Lemma 2. Let € = ({1, .-, &m) = u’e for some u = (Up1, ..., Upy) €

R™ with ||u|| = 1. Under Assumption 3, we have

(1) 3251 §ni/n = 0(1) (a.s.);

(i1) 3211 &ni/n = o(1) (a.s.).

Furthermore, if Assumption 4 holds, then

(iii) Y0y |&nil"/n = 0(1) (a.s.) for any r > 2.

Proof. (i) We have |7 &i/nl = | Y i uni/n| - [We] < |ue|/v/n — 0
(a.s.), where the convergence is from Chow (1966).
(ii) We have >0 &2, /n =Y 1 u2;|u'e]*/n = [u'e|*/n — 0 (a.s.).

(if) Note that X1, £l /n = S0y il [w'el” fn < [Jul]?lule] /n = [w'e/nV"]"
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Under Assumption 4, u’e ~ N(0,0?). Let ® denote the c.d.f. of N(0,1).
We have Pr(|u’e /n'/"| > ¢) = 2[1—®(eon'/")] < (eon'/") "' exp(—c2a®n?"/2),
which implies >°°°  Pr(|Ju’e/n!/"| > €) < o0o. By the Borel-Cantelli lemma,

lu'e/n'/"|" — 0 (a.s.), and we complete the proof. O

Lemma 3. Under Assumption 3, maxicic, €2;/n — 0 (a.s.), where e,; is

defined by (13).

Proof. We first show

max €2 /n — 0 (a.s.). (52.3)

1<i<n
Note that e2/n =31 e?/n—n"t(n—1)>" e}/(n—1) = 0 (a.s.). For
any € > 0, there exists ng € N such that for all n > ngy, max;<;<, Ef/n <
MAX| <icny €1/ + MK,y <icn €2 /N < MaXi<icn, E2/n+ €. Letting n — oo, we
obtain ([S2.3)).

Since the rank of the idempotent matrix Py is d — 1, we can write it as

Zj;i u;u), where u; € R" with [lu;|| = 1for j = 1,...,d — 1. Therefore,

e, in (13) can be written as

e, =€ — Z €, (52.4)

=~ (5 ~ ! !/
where &; = (€j1,...,€6,) = uuje.

Consequently, by (S2.3)), (S2.4), and Lemma 2 (ii), we have max;<, €2,/n =

maxy cicn (8= g0y €ni)2/n < dmaxicicn (243521 &) /n < dmaxicicp €2 /n+
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dmax1<l<n237i e2./m < o(l) + dz (S &2/n = o(1) (as.), which

completes the proof. O
Definition 1. For a vector a, = (an1,...,an,)’, denote a, = > "1 an;/n
and f,(a,) = >0 (@n — @y)"/n for 1 = 2,3,.... We say a, satisfies

condition (W) if for any fixed r = 3,4, ..., p.(a,) /15> (an) = O(1), and we
say a,, satisfies condition (N) if for any fixed r = 3,4, ..., pr(a,)/py > (an) =

0<n7“/2—1)'

Conditions (W) and (N) (Wald and Wolfowitz (1944); Noether (1949))
are basic conditions for discussing asymptotics of permutation tests.

Lemma 4. Under Assumption 3, e, in (13) satisfies condition (N) (a.s.).

Proof. By Lemma 2 (i),

d—1 n

—Zem/n—Z&/n—ZZeﬂ/n—o (a.s.). (52.5)

j=1 i=1
We have jia(en) — 0| = |zz;1<si—zj;i i— e -0 < | S0 &
0|+ 2 S (S i + En)ea/nl + | (00 6+ e/l < of1) +
o S S el e 20l Sy il (= 1) S S 2 k(A1)
(a.s.). By and Lemma 2 (ii), 2|e,|| > 1, &|/n+(d—1) Z D &5;/n+
(d —1)é2 = o(1) (a.s.). By the Cauchy-Schwarz inequality and Lemma 2

1/2

(i), | 21y S0 il fm < [0 (000 &) (i eB)]
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< H(d— Nyl ]Z/n} (S &3 /n)} — (1) (a.s.). Therefore,
pa(en) — o (a.s.). (52.6)

For even r = 2,4,..., by the C, inequality and Lemma 3, u.(e,) =

Z?Zl(em« n) /7’L<2T 121 ) nl/n+2T 167“ — or— 121 1( )r/2 12 /n‘l‘
of1) < 2 M maxicicy €272 0, €,/ + of1) = o) ST €2 fn +

o(1) = o(n/?>71) (a.s.). For odd r = 25+ 1 = 3,5,..., by the Cauchy-

Schwarz inequality, p2(e,) = (Z?Zl(em—én)’”f/n? < (X (eni—)*) (X (eni—
en) ) /n? = pas(e,)pasi2(€n) = o(n"?) (a.s.). Combining these results

for p.(e,) and (S2.6|), we completes the proof. O
Lemma 5. Under Assumption 4, e, in (13) satisfies condition (W) (a.s.).

Proof. Since (S2.5)) and (52.6|) hold under Assumption 3, it suffices to con-

sider yu,(e,). For r > 2, by the C, inequality and Lemma 2 (iii)

| ()] Z|5z Zeﬂ enl"/n
(Z les|” /n+ZZ\€ﬂ\ /e + |en]" ) O(1) (as.),

7j=1 =1

which completes the proof. O]

Lemma 6. Under Assumption 5, z, satisfies condition (N); Under As-

sumption 6, z, satisfies condition (W).
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Proof. Based on (9), the proof of the first statement is similar to the proof

of Lemma 4. The second statement is obvious. [l
Lemma 7. Under Assumption 7, n),Pam,, = 0,(n).

Proof. For j = 2,...,d, we have

E(Z;'I’]n) = Z (1)7;111‘1]‘+' . -+:E,~n1xnj)/n! = (TL—l)' inl ZZL‘U/TL' = O,
. =1 =1

(711 77777 Zn)esn
(S2.7)
and
Var(z;nn) = Z (xilla:lj +---+ xinla:nj)z/n!
(’i1 ..... in)GSn

= Z (:pfﬂe%j +-+ xfnlxij +2 Z $z‘111‘z‘k1$lj$kj) /n!

(il ----- in)ESn <k
= Z T3 Z xi/n +2 Z Ty Ty Z TinZia | /n!

i=1 i=1 i<k (%15e-yin)ESn
= n+2 Z <:1:lja:kj -2(n — 2)! Z$11$€k1> /n!

1<k 1<k
= n+ (Z xﬂ) - fol (Z xij) - foj /(n(n —1))
i=1 i=1 i=1 i=1

= n*/(n—1). (52.8)

Therefore, E||Zyn,, /n|* = Y1, E(zm,)*/n* = (d = 1)/(n — 1) = o(1),
which implies Zjn,,/n = 0,(1). By Assumption 7, 9,Pan,,/n = (0., Z2/n)(ZyZs/n) " (Z4m,,/n) =

0p(1). This completes the proof. O
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Proof of Theorem 2. Similar to (S2.7)) and (S2.8]),

E(e/n,|e)=(n—1)! Zxﬂzemn—O

and

Var(e/m, | €) = Z (Tij1€n1 + -+ + Ti1€0m)° /0

n

_ Z::pfl (Z em) — Zefm- /(n(n — 1))

=1

= Z eii + (Z i1
=1

= (Z ei/n - ) /(n = 1) = n*paen)/(n — 1),

By (S2.6), Var*(e},n,)/n — o? (a.s.). Therefore, by Lemmas 4, 5, and 6,
and the permutation central limit theorem (see, e.g. Chapter 3 of Pesarin
and Salmaso (2010) or Theorem 6.6 of Chen (1999)), the distribution of
e/ m, /+/n conditional on € converges to N(0,0?) (a.s.),. Combining this re-
sult and Lemma 7, we complete the proof. O
Proof of Theorem 3. Under Assumptions 3 and 8, by Theorem 2 of Eicker

(1963), we have
Z/l (In — PQ)E
A/ — Z/1P2Z1

in distribution. By Lemma 1, (S2.9) implies this theorem.

— N(0,0%) (S2.9)
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