Statistica Sinica: Supplement

A nonparametric approach for partial areas under
ROC curves and ordinal dominance curves

Hanfang Yang, Kun Lu and Yichuan Zhao

Renmin University of China
University of Chicago
Georgia State University

Supplementary Material

S1 Proof of Corollary 1

Proof of Corollary 1 We follow the proof of Theorem 3.10 of Liu (2006) and obtain Corollary
1. O

S2 Proof of Theorem 1

Proof of Theorem 1
We set f(t, Po) = I{t > Sg'(Po)} and fu(t, Po) = I{t > S5’ (Po)}. For the fixed P, €
(0,1),

[ttt 1) = s )yaca
= [t > S50} = 1t > S5 (R)Y (D)
= [ 11t > 851(R)} ~ 1{t > 55" (P)}HaG(0)
= [1455" (o) > £ > SGL(POIH{SE (Po) = S5 ()
T I{SGR(P) > > S5 (R){SG (Po) <S55 (PG (D)

555 (Po)

o' (Po)
- / Y G (R > S5 (PG + / {55 (Po) < 551 (Po)}dG (1)
S

G (P0) S5 (Po)
55t (Po) S5L (Po)
< / dG(t) / dG(t)
S b (Po) s5t(Po)
=2|G{S5" (Po)} — G{Sq.,(Po)}|
=2|Sc{Sc" (Po)} — Sa{Scm(Po)}|

=285 (o) = S (P)]Sa{Sa" (Po)} | + 0,(1)

+

£o.
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Hence, [{fn(t,Po) — f(t,Po)}*dG(t) converges to 0 in probability. Applying Lemma 19.24
in van der Vaart (2000) directly, we know that B, (fn — f) L 0, where B, = /n(G, — G),
Gnf = %Z?:I f(Y;) and Gf = [ f(t)dG(t). Thus, we can prove that

Vn(Gnfn — Gnf — Gfn + Gf)
=Vn{Gn(fn — 1)} = Vn{G(fn — £)}
=Vn(Gn — G)(fn — f)
=Bn(fn = f)
=o0p(1).

We know that
1 <& _ _
Gufn = = D H{Y; > Sgin(P0)} = So.n{S (P}
j=1

Similarly, G, f = Sa.n{Sg'(P0)}, Gfn = Sc{Sg),(Po)} and Gf = Sc{Sg'(P)}. Therefore,
ValSen{Sgh (Po)} — San{Sg' (Po)} — Sg{Sa,ln(Po)} + Po] = 0p(1). After the adjustment, we

obtain

Vi[Se.n{Sah(Po)} = Po] = vn[Se.n{Sc"' (Po)} — Po] + v/n[Sc{Sz ) (Po)} — Po] + 0p(1).
From Corollary 21.5 in van der Vaart (2000), we have the following result,

VlSgh (Po) — 85" (Po)] =v/n[Gy (1 — Py) — G (1 — Py))]
1—Py— G, {G7'(1 - P)}

= 1
Vi a-rmy oW
Py — San{S5" (Po)}
=vn ol + 0p(1).
Sa (55" (Po)) !
Moreover, applying the §-method, we have that
1 Sgl.(Po)
Vn[Se{Sg n(Po)} — Po] =vn dSa(t)
Sgt(Po)

=Vn[SgL (Po) — S5 (Po))Se(SG (Po)) + op(1)

_ =P = Son{S (P}
BT )

=Vn[Po — Sc.n{SG" (Po)}] + 0p(1).

Sa(SG" (Po)) + 0p(1)
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Hence, we get \/ﬁ[Sg,n{Sé}n(Po)} — Py] = 0p(1). We know that

pAUC(Py)

:%iiﬁ(& > V;)I{Y; > Sg5(Po)}

i=1j=1

1 e~ _ -
=D > (X 2 Y 2 565 (Po) (Y = S.(P))

i=1j=1

= LSS {105 2 s () — 104 2 %) bi( 2 sgh (m)

i=1j=1

= LSS 2 s} - LSS 2 X105 2 85k )

i=1j=1 i=1j5=1

ZSG,n(Saln(Po)) - %Z%ZI(YJ > max { X;, Saﬂln(Po)})
ST > X0, 3V, 2 555 (R) )

=S (S53(P)) = - min {%Z[(Yj > X1), Sa.n (S (P)) }

m

=56 (S5 (o)) = >~ min {Sa.n(X0), Sen (S (P)) }

=1

1< —1/2
S {SnXi,P} ‘
0 ml min < Se.n(Xi), Pop + op(n )
1 _ —1/2Y g :
Because of Sc,n(SG’n (Po)) — Po = op(n ), it is clear that

PpAUC(Py) ZZI{X > Y, (Y 2 S5h(Ro))

i=1j5=1
_ LS™ i v 172
=Py — E;mm{san(){l),%} + op(n )

=pAUC(Po) + op(n~"/?).

Under the conditions C.1-C.4, v/m + n(pr\C(Po) — pAUC(Py)) % N (07 %g + %) Hence,

we obtain that

—~ 2
vm¥n (pAUC’(Po) - pAUC(P0)> 4N (o, %
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S3 Proof of Lemma 2

o Py — 5> min{Sc.n(Xi), Po}, 1<h<m
pAUCh(PO) = m #h
Py, — %Z min{Sg,n-1,h-m(X:), Po}, m+1<h<m+n.

i=1

Then, a jackknife pseudo sample Vj(P) from h =1,2...,m is obtained as follows,

Vi(Po) =(m + n)pAUC(Po) — (m +n — 1)pAUC,,(Py)

m

m m-+n—1

+nzmln{SG7n(Xz)7P0}+ ﬁ Z mln{SG,n(Xz),PO}

m -
i=1 i=1,i£h

=Py —

m-+n—1
m—1

min{SG,n(xh), Po}

m m—1

:P07{n+m B n+m71}2min{5’c,n(Xi),PO}*
=1

n

_ - _ m+n—1
=P, + mm 1) ;mm{ng(Xl), Py}

— min{Sqn(zn), Po},h=1,2,...,m.

Then, we consider the partial sum of pseudo sample,

m

1
m+nZVh(PO)
h=1

m m n LS man—1 1o
- P . W (X2), P} — . (o). P
m+mn 0+m+n m(m—1)i§::1m1n{sc,( ), Po} m—1 m—i—n;mm{sa’ (zn), Po}
__m P+{ n __ m+n-—1 }imin{SG (X3), Po}

mtn ° (m+n)(m—-1) (m+n)(m-—1) 2 2(X3), Po

m m 1 m
= Py — L= ; A(X0), P

m+n 0 m+n m;mm{SQ( ), Po}
- p%(Po).

m-+n
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For h=m+1,...m 4+ n, we know

Vi (Po) =(m + n)pAUC(Py) — (m +n — 1)pAUC, (Po)

m+n—

=Py — 7Zm1n{SGn ), Po} + —— me{SGn 1,h—m(Xi), Po}

=Py — EZ:ZI miH{SG,n(Xi)7 PO}

— 1T . .
%; [mm{sc,n_l,h_m(xi), Po} — min{Sa.n(X), PO}]
=pAUC(Py)

T i Zf{san Lhom(X:) < PoH{S6.n(Xi) < Po} [Sein-tn-m(X:) = Son(X:)]

1
1
MZ(SG,n—l,h—m(Xi) - P0>I{Sc,n—1,h—m(Xi) < PO}I{SG,n(Xi) > Po}

=1

m

11

1
+ MERZINY By S6.n(X0)) { S (X:) < Py < Séntn-m(X0)} .

m :
i=1

11T

m—+n
For > Vi(FPo), we consider the summation from part I
h=m++1

m+n
> mEn= ZI{SG n—1,h-m(Xi) < Po}I{Scn(X:) < Po} [SG,n—l,h—m(Xi) - SG,n(Xi)]

h=m+1

_ Z m4n — ZI{SGn SPO}I{SG,H(Xi)gPO}[SG,n_I,h_m(Xi)fscyn(xi)}

h=m++1

m+n
+ 3 %’HZ [1{S6n-10-m(Xi) < Po} = I{Sa,n(X:) < Po}] [Sen-1,n-m(Xs) = Sc.n(X0)]

h=m-+1 i=1

m m+n
:%HZI{SG,H(XZ) S Po} Z [SG,n—l,hfm(Xi) _ SG,n(Xz)]
i=1 h=m+1

m+n m

F L S S H{Saun 1 m(X) < Po < Sen(Xo)}[Son 1 m(Xe) — Sen(X0)]
h=m+1i=1

m+n m

Z ZI{SG,n—l,h—m(Xi) <Py < SG,n(Xi)}[SG,nfl,hfm(Xi) — SG,n(Xi)]

h=m+1i=1

~m+n-—1
a m

:OP(1)7
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where
m+n n
> [Sem-1n-m(X) = S6.n(X0)] =D Sam-14(X:) = nSe.n(X:)
h=m+1 h=1

n 1 n
:ZHZI{Y} > X} —nSq . (Xy)
h=1 j#h

=0.

For 11, we know

m—+n

+n— 1
> Py (Semtnem(X) = Ro) H{Sen-1n-m(X:) < P < Sa.n(X0)} = Op(1);

h=m-+1 i=1

With the similar result for III, we consider the partial sum of pseudo sample for h = m +

1,....m+n,

m—+n
mimgijwaazmin&ﬁémw+@m*»
From the conditions C.1-C.4,
1 d o3 oi
vVm+n (Wh;HVh(PO) —pAUC’(Po)> 4N (0, Tt A) ™M, n — 0o. O

S4 Proof of Lemma 3

For the jackknife pseudo sample variance estimator, we first study V;2, m +1 < h < m +n,

which equals to

[P~ LS mingSn (X0, R0}
=1

H(m+n— 1){ﬁ 3" min{Se.a(X.), Po} - %imin{sc,n(xi),%}}]z

i=1,i#h

m

i=1,i#h

Hence,

NgE!

1
m
i=1,i#h i

Vii(Po) = 1<h<m

m—1

p%(P@—l—(m—l—n—l){l S min{Se.n(X.), Py} — 1

m 2
|:pAUC(P0) -+ % Z [min{SGvn_Lh_m(Xi), Po} — min{SG,n (X»L), Po}]:|
1=1

m+1<h<m-+n.

pZE/C(PO)+(m+n—1){m11 3 min{sg,n(xi),Po}—;Zmin{san(xi)%}}] .

min{SG,n(Xi),PO}}

2
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Then, we show that

m+n
1
o 2 V()
h=1
_ Loy LS v
_m—|—nZ w 0)+m+n Z w (Fo)
h=1 h=m+1
1
-— 3 [pAUC(Po)
h=1
1 S 1o~ . 2
+(m+n-—1) {m_l > min{Sen(X:), Po} — EZ mm{sc,n(xi),Po}}]
i=1,i%h i=1
1 m—+n + 1 m 2
t— > pAUC(Py) + 2 7: = " min{Sen—1,n-m(X:), Po} — min{Sg,n(X:), Po}]
h=m+1 =1
- ninpAUC () + 2m =) e (P { SO min{Se(X0), o)
m4+n +n -1 "

h=11=1,i#h

,% ST min{Sen(Xi), Ro}

h=11i=1

m+n m—+n

"‘* Z Zmln{SGn 1,h—m (X Po}—* Z me{SGn }}
h m+1i=1 h=m+1 i=1
2
(mitn-1*<~) 1 S~ . 1S,
+ m+n Z m— 1 Z mln{SG,n(Xi%Po} - EZHHH{SG’»”(XZ'),P()}
h=1 i=1,i#h i=1
v
(m+n71)2 m+n 1 m 1 m 2
+ W h=§+1 {m; mln{SG,nfl,hfnL(Xi)y PO} - EZZZI mln{Sgyn(Xi), Po}} .
Y

The middle term is

2m+n—1) —/>— N e .
WPAUC (Po) {m T };Z 1Zi?&hmm{sc,gn( i), Po} — — lemm{sc n(X:), Po}
m—+n m+n

—|—;L Z Zmln{SGn 1h—m (X Po}—— Z Zmln{SGn Po}}:op(l).

h=m+1 i=1 h=m+1 i=1
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For part IV, we know

2
(m4n—1)% & ¢ . Iq~ .
e § { p— E min{Sq,n(X:), Po} — EZ_I min{Sg,n(X:), Po}}

i=1,i%h

_ 2
S0 S s )

h=1

1 min{Sa,(Xp), Po}
_%Z min{Sa,n(X;), PO}}

_(m4n—1)" 1 U ‘ 2
T m+n Z {m(m — 1);m1n{SG,n(X,),P0}}

h=1
2(m+n —1)% & 1 S 1 .
- n iaP nXL7P
D = 2 RS (X0 B} min{ S (X0), o}

(m+n—1)22’"_ LR ’
+ m-4+n {m -1 min{Sa.n(Xn), PO}}
_(m+n—1)m } :mln 2
~ (m4n)(m—1)2 { ton(X }}

,(2(”1"_;1—_12 { Zl’nll’l{SGn Po}} {T}% imin{SG,n(Xh)vp‘)}}

h=1

:M |:711 Em: (min{Sa,n(Xn), Po})” — { Zmln{SG n }}

% Z (P — min{Scn(Xn), Po})? — {PO - aZmin{SG,n(Xi% PU}}
_ (mtn—1°m [% i (iir(xh >Y;)I{Y; > Sé,ldpo)})

_ {manZI(Xi > v,)1{Y; > sg;}n(PO)}} ] +o,(1)

i=1j5=1

m

_ (m+n—-1)72%m [l
(m+n)(m—1)2Lm

_ {manZI(&- > Y;)I{y; > sg}n(po)}} ] + 0,1

i=1j5=1

551 (Po) SG'(Po) 2
= / {Py — Sc(t)}y?dSr(t) — { / sF(t)dSc(t)} + 0p(1).
+oo

—+oo

I(Xy > 85", () <ii{1 —I(Xn <Y;)H{Y; > S{;,L(P@})

h=1 j=1
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For part V,
2
m+n—1 . 1 :
g ngn {1im1n{SG Lh—m(X:), Po} — —imm{SG (X:) Po}}
m+n hema1 Uiz S =t ’

m—+n m

_(mtn-1)? 3 [ZI{SCn - <P0}1{SG,H(XZ~)sPo}[Sc,n_l,h-m(Xi)—Sc,n(Xi)

m2(m+n) h=m+1 =1
+ Z(ngﬂ’hfm(Xi) — PO)I{SG,nfl,hfm(Xi) < Po}I{Scn(Xi) > P}
i=1

m
2

+ZP0_SG" ) I{San(X <P0<SGnlhm(X)}]
m—+n m
,(nmzjgli Z {Z {Sen-1.h-m(Xi) < P} {Sc.n(Xi) < Po} [SGv”*Lh””(Xi) a SG’n(Xi)]}
+op(1)
(m+n-1)2

i=1 J#h

_WZ{ZI{SG,n(X¢)< i ZI{Yh>X}—ZI{Yh>X}]} +op(1)

iI{SG,n(Xi) < Po [ ZI{Yh > X} 7I{Yh > X; }}} + Op(l)

(m+n—1)° {ZI{SG,n(Xi) < Po}San(Xi) — ZI{SG,TL(X'L) < Po}I{Yn > Xl}}
h=1 (i i=1

_ (m+n—1 {Z[{SGn <P0}SG7,L(X@')}
+Zn: {iI{SG‘n(XZ) < PO}I{Yh > Xz}} ]
h=

VI

+op(1)

_ (m+n-1) [ {ZI{SGn <P0}I{Yh>Xi}}

m2(m+n)(n —1)2 —

n {ij{sc,n(xi) < Po}sc,n(xi)} ] +0,(1),
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because the term VI can be represented as

h=1

2 _
m2(m + n)(n 1 P

<ZI{SG" P }I{Ys >X}>]
_ 2(m4n-1)° (ZI{SGn ) < po}sc,n(Xz-)>

 m2(m + n)(

<21{5Gn Pt ZI{Yh>Xi}>}
__2m+n-—1) <ZI{SGn ) < PO}SGVH(XZ')Y]

" m2(m+n)(n— 1)2

Moreover, we have

{Tlnij{SG" <P0}I{Yh>X}}

S

Ms i

:% {Tlnif{SGn )<SGn(SGn Po }I{Yh>X}} -I-Op(l)
h=1

:% {;iI{X > Sg o (Po) H{Yn > X, }} I{Y, > Sg’.(Po)} + op(1)
) {;il{x"z%}”w 0)}(1‘I{Yh<Xi}>} 1{Ys > 555 (P} + 0,()
:%i {;il{x > Sgm(Po)} — —ZI{X > Sgm(Po) HH{Yn < X; }} I{Y, > Sg (Po)}
+o0p(1)
:% n %i I{X; > Sg,(Po)} — —ZI{Yh < X; }} I{Y, > S5 (Po)} + op(1)
' (Po)

:/+ [Sr(t) — Sr{Sg" (Po)}]?dSc(t)
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and

3=
NgE

s
Il
-

3=
NE

I
S
= s
Sl Il
= =

— — = — = — =
3

S|
>
I
A

~{1 _i 3 ; -t 1y v —1 ,
=1 m;I{XZ > S (Po)} mZI{Xl > S5 (Po) M{Ys < Xi}

S D NEEE U »IEY

h=1 L

</551(Po)

Hence,

S I{X > SGL (B MY > X}
L =1

%iz{xi > SGL(Po) (1 — I{Y; < Xi})

H{Sen(X) < PO}SG,n(Xi)}

I{Scn(Xi) < SG,n(SE;,In(PO))}% iI{Yh > Xz‘}} + op(1)

h=1

{y, > SG?R(PO)}} +0p(1)

{y;, > SG?R(PO)}} + 0p(1)

=1

I{Yy > SG}H(PO)}} + op(1)

i=1

[Sr(t) - SF{Scl(Po)}]dSG(t)> :

1 m-+n 2 2

27,03 04

min };(Vh(PO) pAUC(P))* & 52+ 71,
S P) = U?%(PO) UE(PO) 1
pAUc( o) hy + 1o + op(1).

1y, > sc}n(Po)}}

O

Proof of Theorem 2 Based on Lemmas 2-3 and Slusky’s theorem, Theorem 2 is obtained.

O

Proof of Theorem 3 Combining Lemmas 2-3 and similar arguments in Owen (1990), we

can prove that the jackknife empirical log-likelihood ratio lpavc{Po, pAUC(Ps)} converges to

x? in distribution.

O

Proofs of Corollaries 2-4 The proofs are similar to ones of Theorems 1-3 and Lemmas

2-3. Thus, we escape them.
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