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This Supplementary Material provides technical proofs for Proposition

1 and Theorems 1 and 2 in the paper.

S1. Technical proof

S1.1 Proof of Proposition

Proof. Note that each stage is a single-stage outcome weighted learning
problem. By verifying that the entropy loss satisfies the two sufficient con-
ditions given in Section 2.1, we have d}(Sr) = sgn(fr(Xr)). Using the
same arguments backwards through ¢t =T —1,...,1, we would sequentially

obtain that d;(S;) = sgn(fy(Xy)) fort =T —1,...,1. O
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S1.2 Proof of Theorem (1

Before we proceed to prove Theorem [T}, we introduce two technical lemmas.

Lemma 1. Let ® and ¢ be the cumulative distribution function and density

function of a standard Gaussian random variable. For any x > 1 we have

Proof. Using integration by parts we have for z > 1:

dx)  [T1 ()
Lemma (1] is then proved immediately from the above inequality. O

Lemma 2. Under assumptions A1 and A2, there exist positive constants

CTl, CTl, CTg S’LLCh that
P(|Br — B%so > Cpi€) < Opg exp{—CrsC2 ne?}.

Proof. First of all it is easy to see that BT is consistent in estimating [r.

Note that for stage T,

o Or(Br) _ 0lx(B2)  &*ir(B)
oBr OB O

ol (8Y) &2l (82)
Or and 983

(Br — B%) + O(I1Br — BYL3),

can be written as means of i.i.d. random observa-

where

tions. Consequently, using Bernstein’s inequality (Bennett, [1962), we have
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there exist positive constants cq, co, c3 such that

2 0
p(\agTngT) 18| > ae) < erexpl—esine’)

Similarly there exist positive constants cy, cs5, ¢g such that

p(| 22|

> 046) < c5 exp{—cecine’}.

Consequently, there exists a large enough constant Cpy such that, when n

is large enough,

P(|6r = B2lo < 2Cn 171 (67)]1.00€)

> 1 —cyexp{—cscine’} — c5 exp{—cecine’}.
This proves the lemma. O

Proof of Theorem [

Proof. For simplicity we use p to denote the dimension of the covariates X,
for all stages t. We break the proof into two steps:

(i) We show that this theorem holds for t = T

(ii) Given that the theorem holds for stage t + 1,...,7T, we show that
it also holds for stage t;

(i) For stage T', (3.1]) and can be obtained directly from Lemma

and its proof. We next show that (3.2)) and (3.3) hold for stage 7. In what
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follows we use BT’_{i} to denote the estimator obtained by leaving the ith
sample Sr; out.

Proof of for stage T':

From Lemma [2] and the boundness of X7;, we have that there exists a large

enough constants C' > 0 such that

A log n logn
P<|X;IBT—X*TIB%|OO>C\/ i )=o< i ) (S1.1)

On the other hand, from the boundness of Rp; and X7;, we have there

exists a large enough constant Cj such that | By — BT7_{,~}|OO < Ot Con-
sequently we have there exists a constant B > 0 such that sgn(Xi}IBT) =
sen(X5! Br ) when |X3TAr )] > Bn~!, and from assumption A3,
we have P(|X7{fr ] < Bn™') < P(IX3 1l < Bn™',|br gy —
8% < b) + P(|Br—t — B2loo > b) = O(n"). Consequently, by denoting

cZT,_{i}(STi) = sgn(X}IBAT,_{i}) we have

E ‘](ATZ' = CzT(STi)) —I(Ap; = d*T(STz‘))’

& ‘I(ATi — dry(S1)) — [(Ari = d*T(STi))‘ + o(logn)

n

= |P(X5 Br—giy > 0, X5 8% < 0) — P(X Br—iy < 0, X5 8% > 0)]

+O<logn>'
n
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Denote Y = Xy Bﬂ_{i}, by condition A3, we have,

P(X5] Br gy > 0, X5 5% < 0)

= /OC e Y>0\Y=y)gT(y)dy+o(loin>
_ 0<10g”) (S1.2)

Here the last step is obtained by noticing that g(y) = o(y) as indicated

by assumption A3. Similarly we have P(X*TIBTy_{,-} < 0, X516 > 0) =

0(105 ”) . This proves 1’ .

Before we proceed to prove (3.2)) for stage 7', similar to (3.3|) we show

that for 1 <i # j <n,

E[I(Ar: = dr(Sti)) — I(Ars = dj(S14))]

A

x[I(Arj = dr(Stj)) — I(Arj = d(Sty))]
= 0 (loan) . (S1.3)

n2

For k = i,j, denote CZT,—{i,j}(STk> = Sgn(X;kﬁAg_{m}), where BT,—{i,j} is the

estimator of 3% obtained by leaving the 7th and jth samples. We have,
Elly—i;[[(Ary = dr(Sti)) — I(Ary, = di(S))]

= B, [(21(Ark = dr(Srx)) — DI (dr(Srx) # dr—(i.y (Stw))

+1(Ary = dr i 3y (Sti)) — I(Arg = d3(Stw))]-
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Similar to the proof in (S51.2)), we have there exists a large enough constant
C such that sgn(Xs,87) = sgn(Xa! B (i.;}) when | X7, T B (1) > Cnt

Consequently,

EI(CZT(STZ‘) 7é CZT,—{i,j}(STi)) : I(JT(STJ‘) 7é dT,—{z‘,j}(STj))

IN

P<|X*TIBT,—{1'J}’ < On X35yl < On7Y)
= O(n™%) + P(IBr i) — Bl > b)
= O(n?).
Similarly, it can be shown that
E{I(dr(Sts) # dr—{ijy(Sti))

XI(Ar; = dr,-(i)(S1)) = I(Ary = dp(S1y))]} = o (bg”) |

A log” n
Elly—; ;I (Ary. = dr,— iy (Sti)) — I(Apx = d3(St1))] = 0 < . ) '

We thus conclude that (S1.3|) holds for stage T

Proof of (3.2)) for stage 7"

Denote
RTi exp(X*TT- )
hi(B) = — T | 5(Ap +1) — i
(ﬁ) W(ATiasTi) |: ( 7i + ) 1+eXp(X§I ) T4

We have Y7, hi(Br) = 0 and Eh;(3%) = 0. Note that , hy;(3), the jth

element of h;(8), is bounded and there exists 83 € [8%, Br] such that

Zhij(ﬁ%)zzhiJ'(ﬂT Zhu BT 6T 5T Zh (S1.4)
i=1 i=1
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Since ERY. (6 ) is finite, by Lemma [2 ' we have with probability larger than

1— O(logn>,

n

iz ij (Br) = Zh
1

1=

_ 0( 10g”). (S1.5)

n

Again, using Bernstein’s inequality we have for a large enough constant C,

(( Zh’ 30 — ERl( BT)‘ >01\/1Oi”>=o(1oi”), (S1.6)

where hi(8) = (hiy(8),...,hi,(B)). Write F' := Ehj(57). From ,

S1.5) and (S1.6) we have with probability greater than 1 — 0(1"%),
_0 <log n) .
n
log n>

W2 = Var{y/nX;' (8% — Br)} = Var{X; (FF")'Fhy(8%)} + O( o

Br = Bp+n (FFT)™'F Y hi(B7)

Given X7, we denote

So far the order terms in the above derivation are obtained from Bernstein’s
inequality as in the proof of Lemma [2] and depends on the bounds of
Ry, Xt and C only. From Lemmall]and classical Cramer-Petrov type large
deviation results (see for example Lin and Lu| (2013), Petrov (1996)), we

have for x = o(y/n) and z > 1, as n — oo, for any j = 1,...,p,

p (ST EEENG )

_ Lvo(E i — e+ of 27, (S1.7)
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where ®(z) is the CDF of the standard normal distribution. Consequently

we have when n is large enough,

P (X338 - ) > T )

p([ERIEETLEAL o] o) o5
P (Z?zl X;T%;;—lmm%) S OC?%)) . O<1oin>

ooz

Similarly, we have

P (X*TT(B% — Br) < —”@%T) - {1 +O(j—;)} - @ (2)] +O(1Ogﬁj).

This proves (3.2) for stage 7'

(ii) Now suppose Theorem |1 holds for stage t+1,...,T and (S1.3]) hold

for stage t + 1 in that for any 1 <7 # [ < n,

Elly—i, [H I(Aj = d;(Sj)) — H I(Aje = d;(Sjk))]

=t+1 Jj=t+1

= 0 (log%) . (S1.8)

n2

We complete the proof of this theorem by showing that (3.4]), (3.1]), (3.2))

(3.3) and (S1.8) hold for stage ¢ respectively.

Note that for stage t,

_ (B _ ou(BY) | OPUBY)

A 0 A 0|2
0= a8, = 95, 3@2 <5t_6t>+0<|ﬁt_ t|1)7
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where

ol(})
5 (S1.9)
o E] tRﬂ> H] =t+1 [(Aji = d;(sji))
Y Z { [T 7 (4, S50)

exp(X}' Br) .
8 {5(Ati +1) - 1+ exp(XfiTﬂt)} }Xti

- ()= Ri)Au(d, d) , _exp(Xy ) .
L L) PR |

(S1.10)

_ 1 - X (e Ri) Ty T(Ajs = d3(S50))
= T m(Aji. Sj0)
eXP(XZT@?) }X;T

[1+ exp(X5 7))

I [ i B Aa(dd)  exp(X;37) o
* ZX“{ T, m(Aji, Sii) 1+ exp(X; A7) X

iy

where Ayi(d*,d) = [Tj_0 T(Aji = dj(S5:) — [Tj [(Asi = d3(S5)).
Proof of for stage t

By Slutsky’s theorem, it suffices to show that

(ii.1) vVn=55= O B 2 converges in distribution to N(0,T%).

(ii.2) 6;@ 2 converges to I,(8?) in probability.

We look at (ii.1) first:
Note that the first term in the right hand side of (S1.9) is a mean of inde-

pendent random variables. By Slutsky’s theorem, it suffices to show that
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the second term in the right hand side of (S1.9) is 0,(n"2). By the bound-
ness of of R;; and X;; and Markov’s inequality, it suffices to show that for

1<k <n,
EAZ(d*,d) = o(1), E[Ay(d*,d)- Au(d*,d)] = o(n™"). (S1.11)

On the other hand, by the assumption that (3.3]) and (S1.8]) hold for stage

t + 1, we immediately have EA2(d*,d) = E|Ay(d*,d)| = 0<1oin> and

E[Ay(d*,d) - Ay (d*,d)] = O(bf;”) = o(n'). This proves (ii.1). The

proof for (ii.2) is similar to that for (ii.1): the first term on the right hand
side of tends to I,() almost surely by the law of large numbers,
and the second term is o, <n’%>.

Proof of for stage t

Let e; be the ith column of the p X p identity matrix and denote

- __ Zﬂ =t Rﬂ) H] =t+1 I<Aji = d;'(sji))
o Z { [T (4, S50)

exp(X}' Br) .
X {.5(Ati + 1) — I exp(X;‘iTﬁt)] }Xtia

. Zj tRJZ)Atl(d* CZ)
S __Z{ g tﬂ-(A]Z?S i)

X*T + *
X {.5(An‘ +1) — 1 _T_Xep)ip(;(?)ﬁt)] }Xti‘

Hence we have e; alg(ﬁﬁt - = €] Vin + €, fun. Due to the boundness of R;; and

X; and Markov’s inequality, and the fact that (3.3), (S1.8) holds for stage
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t + 1, we have

T 2
P (\ejum| > 10g”> < Bty _ (log") . (SL12)

n logn n
n

On the other hand, by Bernstein’s inequality, there exist positive constants

c1, C2, c3, depending on the bounds of R; and X;,5 = ¢,...,T only, such

that,

e; Vin| > cle> < ¢y exp{—cscine’}. (51.13)

A

Consequently, by choosing ¢; to be large enough, we have

P<e > (1%%/@) =o<loi”>. (S1.14)

Similarly it can be shown that for some large enough constant c;,
0*1(8))

P( 57 > (1+cy) log”> :o(log"). (S1.15)

[e's) n n
Similar to the proof of Lemma [2| from (S1.14]) and (S1.15)) we have (3.1))

+OlL(BY)
L0B

— L (5

holds for stage t.

Proof of (3.2)) for stage ¢

Using the same arguments as in the proof for stage T', we have for x = o(y/n)

and z > 1,

p Z?:l X:T(FtTFt)_IFtTh;,iWP) > 2
VW, B
3

_ {1+0(%)} [1—®(z)] +0 (10%) (S1.16)
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where

. , logn
W2 = Var{X;T (B = B)} = Var{X;" (] F) 7' F iy (80)} + O(=

),

and F, = Eh;,;(57), with

X* (Z] tRﬂ)HJ =t41 I(Aji = d;(sji)) ) eXp<X§Tﬁ?) T
i T, 7 (A0, S50) [1+exp(X; 02 [
S R d)  exp(X5TAY) T

+X”{ [, m(Ai,S;) [+ exp(X5TAY)P i

The rest of the proof is the same as that in the proof for stage T'.

Proof of - and (| for stage t

We look at (3.3)) first. For simplicity we use (a,b) where a,b € {0,1}

~

to denote the event that {HJ i I(Aji = d;(S;)) = a, HJ _e I(A;

d(S;:)) = b}. Since (3.3) holds for stage ¢ + 1 we have

P((1,0)) = o(lOgn>,P((0, 1) = o<10g”>.

n n
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Note that

T

]E‘H[ Aji = d;(S;)

_ p([(An:dt(sm- :1)(1,0))13((1,0))

E%

1Ay = d(8,0)]

~

<.

(1 (A, = d*(Sy)) = 1‘ (0,1) )P((O,l))
+P(1 (Ay = dy(Sy)) = 1, I(Ay = d(Su)) = o] (1,1 >P((1, 1)

(1 (Ay = dy(S)) = 0, I(Ay = d*(Su)) = 1‘ (1,1) >P((1,1))
og

IA

o

P(I(At,- = d,(S)) = 0, [(Ay = d*(S)) = 1)
_ (log n) _

Here the last step can be obtained using (3.1]) and similar derivations as in

) ( (Ay = dy(Sy)) = 1, 1(Ay = di(Sy)) = )

(ST.2).

For (S1.8]), note that

Elly—;,

[T 7(Aj = di(si) = [ 1(Ap = d]*-(sjk))]

Jj=t

T
[T 145 = dj—giy(Sin)
=t =t
T

+ ][ 1(Asm = dj—iy (Sin H[(Ajk = d;(sjk))l. (S1.17)

j=t Jj=t

= EH}C:Z’J {ﬁ ](A]k = CZJ<SJIC)) -
Sjk)) —

Using the same argument as in the proof of (3.1)) we can also show that

P18, — 9 > b) = o(loiz”) Consequently, for any t < ji,jo < T, there
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exists a constant C' large enough such that

E ‘I(Am‘ = d;,(S;,0)) — I(Ajys = Czjl,—{i,l}(sjli))‘
% [(As, = dia(S5)) = (A = i (S))
T A -1 |4 0
< P(|Xj1i5j1,—{i,l}| <Cn™, |5jl,—{z’,l} - 5j1|oo < b,

2

3 -1 A log“n
|X};zﬁj2,—{i,z}| <O | By —igy — ﬂ?2|oo <b)+ o< =3 )
log®n
- 0< n?2 )

Consequently, we have

T T
Bl | [ [ 1(A5 = di(Sp) = [ 1(A5 = dj,_{i,l}(Sjk))]
j=t J=t
. A A ]
< E|) ‘I(Aji = d;(S;i)) — I(Aji = dj,,{i,l}(sji))’
=t

- 0<log n) (S1.18)
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Similarly,
E{ [ﬁf(Aﬂ — dy(8,0) - ]f[tmﬂ ~ i (8,)
; L]jf(Aﬂ — sy (S) - jri[tmﬂ ~ ) }
< E ji\fw:cij(sﬁ)) I(Aji = d; i1y (85 >>]_
x [Z 1A = dj iy (Si0)) = T(Asy = d5(S))]
_ 0(1‘%2”). - (S1.19)
And
Il [ﬁf(Ajk — &y (S)) - jﬁtfmjk — d;(5,0)
< Z 1Ay = dy iy (80)) — 1(Asi = d;f(sm)\_

[Z ‘ Ay =dj iy (Sin)) — I(Aj = d;(sz))‘

- 0<log ”) (S1.20)

n2

(S1.8) is then proved by combing (S1.17)), (S1.18]), (S1.19) and (S1.20)).
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S1.3 Proof of Theorem [2

Proof. For simplicity, we only prove stage t = T. Proofs for stage t =

T —1,...,1 are similar to the proofs of (3.4). Note that
VinVr

Xn: AT’L — d XTZ))RTZ
\/_ ATﬂTT + ]_ — ATZ)/Q)

_ Z ATz - dT XTZ))RT’L
\/_ (Apimr + (1 — Apy)/2)

AT’L — dT XTz)) - I(ATz - dT(XTz))]RTz
\/_ Z ATﬂTT -+ (1 — ATl)/Z)

Using central limit theorem we immediately have

ATz - dT XTZ))RT’L
— N Vir, 2v).
\/_ Z ATﬂTT + 1 — ATZ)/2) (\/ﬁ B VT)

On the other hand, by Markov’s inequality and (3.3) we have

VrEZ I(sen(X7; By) # sen(Xii Br))Ri

(Apimr + (1 — A7) /2)

in probability. Theorem [2]is then proved by Slutsky’s theorem. [
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