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Statistica Sinica

RESAMPLING METHOD FOR GENERALIZED
ONE-PER-STRATUM SAMPLING DESIGNS

Zhonglei Wang and Zhengyuan Zhu

Xiamen University and lowa State University

Abstract:

In areal surveys, one-per-stratum sampling is commonly used since it achieves
spatial balance and improves estimation efficiency. The downside of such a de-
sign is that it is challenging to have a good variance estimator. In this paper,
we propose a generalized one-per-stratum sampling design to generate a spatially
balanced sample. The sample is used to get an M-estimator of the parameters in
a spatial linear regression model, and the corresponding variance is estimated by
a resampling method. Asymptotic properties of the M-estimator are investigated
under the proposed one-per-stratum sampling design. Simulation studies show
that the proposed one-per-stratum sampling design achieves good spatial bal-
ance, and the M-estimator is more efficient compared with existing designs. The
resampling method is applied to investigate the relationship between soil erosion
and slope in Iowa using a recent sample from the National Resources Inventory

survey.

Key words and phrases: Asymptotics, M-estimator, Spatially balanced sampling,

Spatial block bootstrap, Survey variance estimation.



1. Introduction

In environmental studies, observations are spatially dependent in the sense
that the correlation is a decreasing function of distance, so it is desirable to

obtain a spatially balanced sample, which spread over the sampling domain

well, to make efficient inference (Cochran, |1946; [Stevens and Olsen, 2004;

\Grafstrom et al., 2012). For example, stratified sampling is conducted to

obtain well-spread samples to study soil erosion by the National Resources

Inventory survey (Nusser and Goebel, |1997; Nusser et al. [1998); also see

the land surveys by the Bureau of Lang Management and the June Area
survey by the National Agricultural Statistics Service. Even though various

spatially balanced sampling designs are applied in practice, how to make

valid statistical inference is still an open problem (Stevens and Olsen, |2004;

\Grafstrom et al., [2012). In this paper, our goal is to propose a general

one-per-stratum sampling design and rigorously prove that inference can
be made through a resampling method.

Different spatially balanced sampling designs have been proposed. Bartholdi

and Platzman| (1988) and Lister and Scott| (2009) used space-filling curves

to obtain spatially balanced samples. Munholland and Borkowski| (1996))

applied a simple Latin square to draw a spatially balanced sample and

demonstrated that estimators under the proposed design are generally more



efficient than those under simple random sampling. [Breidt| (1995)) general-
ized the one-per-stratum sampling design by introducing dependence in the
sampling of neighboring subregions through a Markov structure to achieve
better spatial balance. Stevens and Olsen| (2004) introduced a generalized
random tessellation stratified design to guarantee spatial balance. Graf-
strom et al. (2012) proposed two local pivotal methods both performing
better than the generalized random tessellation stratified design. Wang and
Zhu (2019) proposed a spatio-temporal balanced sampling design based on
the local pivotal method. [Tillé et al.| (2018) proposed to use renewal chains
and multivariate discrete distributions to tune the joint selection probability
of neighboring units to achieve better spatial balance. Although spatially
balanced samples can be generated by the above designs, unbiased variance
estimators are not available.

For spatial analysis, resampling methods are widely used for variance
estimation and statistical inference. Nordman and Lahiri (2004) and |[Nord-
man et al.| (2007) discussed a block-based bootstrap method to estimate the
variance when observations are regularly spaced. [Politis et al.| (1998]) pro-
posed a subsampling approach for observations generated by a homogeneous
Poisson process. [Lahiri and Zhu| (2006) discussed both fixed and stochastic

sampling designs, and a block resampling method was theoretically inves-



tigated. Also see |Lahiri (2018])), Hala et al.| (2020), |Chan et al.| (2022) and
Zhang et al. (2023). Although valid inference can be made through resam-
pling methods, existing works assumed a fized sampling density function to
generate samples, leading to unsatisfactory spatial balance.

We are not aware of any work guaranteeing both spatial balance and
valid inference. In this paper, a generalized one-per-stratum sampling de-
sign is proposed, and asymptotic properties are investigated under a weak
dependent setup (Grenander} |1954; Koul, 1992; Yajimal [1991)). The pro-
posed one-per-stratum sampling design has several appealing features. It
is flexible and easy to be implemented in practice. For example, an area
can be over-sampled by forming more strata. Besides, different sampling
density functions can be specified for different strata, and better spatial bal-
ance can be achieved using a more concentrated sampling density function
within each stratum; see Section [5| for details. Furthermore, a model-based
variance estimator can be obtained using a resampling method under the
proposed one-per-stratum sampling designs.

The rest of the paper is organized as follows. The one-per-stratum
sampling design is proposed in Section 2, An M-estimator under a spatial
setting is discussed in Section [3] Section |4] shows the asymptotic properties

of the M-estimator under the proposed design. Simulations are conducted



to test the performance of the proposed method in Section [5l Application
to the soil erosion analysis for the National Resources Inventory program

is presented in Section [6] Section [7] consists of some final discussion.

2. Model setup

2.1 Generalized one-per-stratum sampling design

One-per-stratum sampling is commonly used in area sampling to ensure
the spatial balance of the sample, and it partitions a sampling domain into
congruent subregions and randomly samples one point from each subregion
independently. In this paper, we propose a generalization of the one-per-
stratum sampling design, which keeps the independent sampling feature of
each subregion, while allows arbitrary spatial sampling distribution within
each subregion.

Let Ry C (—1/2,1/2]% be a d-dimensional Borel set containing the origin
as its interior point. A sampling domain is obtained by R, = A\, Ry, where

1/d and a, = b, is equivalent to a, = O(b,)

n is the sample size, A\, < n
and b, = O(a,). That is, we consider a pure increasing domain asymptotic
framework (Cressie, 2015, Section 2.6.3). Denote A, = {4;:i=1,...,n}
to be a non-random partition set such that R, = U7_;A; and A, N A; =

0 (i # 7). We propose to generate s; from A; independently fori =1,... n,



2.1 Generalized one-per-stratum sampling design

and denote S,, = {s1,..., 8,} to be a sample of size n. The spatial balance
of S, is determined by the shape of A; (i = 1,...,n) as well as the sampling

densities to generate S,,; see Section [5| for details.

Remark 1. By selecting a sampling density to be more concentrated in
the center of each subregion, we can achieve better spatial balance, with
the limiting case being the spatial systematic sampling. The traditional
one-per-stratum sampling design corresponds to the special case using a
uniform sampling distribution within each subregion. Similar to system-
atic sampling, we need to introduce a random shift (Stevens and Olsen),
2004) of the subregion boundary to achieve equal sampling rate, and the

mathematical details will be presented in a separate paper.

Figure |1}, for example, shows a comparison of the proposed one-per-
stratum sampling design with the stochastic design discussed by Lahiri
and Zhu| (2006), where Ry = (—1/2,1/2)?, X\, = 6 and n = 25. For the
proposed one-per-stratum sampling design, we partition the sampling region
into n = 25 squares with equal size, and a uniform or truncated normal
sampling density with mean at its center and 0.25>Z as the covariance
matrix is used within each partition. We also consider the same sampling
densities for the stochastic design of [Lahiri and Zhu| (2006); see Section [S1]of

the Supplementary Material for its brief introduction. From Figure [1], the
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Figure 1: Comparison of the proposed one-per-stratum sampling design
(GOPS) with the one of Lahiri and Zhu (2006) (L-Z) under (a) uniform
sampling density and (b) truncated bivariate normal sampling density. The

subregions are highlighted using dashed lines.

proposed one-per-stratum sampling design generates samples with better
spatial balance compared with the stochastic design (Lahiri and Zhu, 2006)),

especially when a more concentrated sampling density is used.

Remark 2. When sampling trees or housing units, there only exist finite
possible locations. Then, we can partition a stratum into Voronoi polygons
(Stevens and Olsen, 2004) each centered at one measurable unit, and select
one unit within each stratum at random with probability proportional to
the integral of the sampling density over the polygon that unit represent.

Alternatively, we can pick a random location in each stratum based on the



2.2 M-estimator in spatial linear regression models

sampling density and select the unit which is closest to the selected location.

2.2 M-estimator in spatial linear regression models

Consider the following spatial linear regression model ([Yajimal (1991} |Lahiri

and Zhu, 2006)):
Y(s)=x(s) By + Z(s) (seRY, (2.1)

where x(s) is a known p-dimensional real-valued function of the location s,
B, € R? is the regression parameter, {Z(s) : s € R%} is a one-dimensional
zero-mean stationary random field independent of the proposed one-per-
stratum sampling design, and A" is the transpose of a matrix A. Under
the proposed one-per-stratum sampling design, we observe {(x(s;), Y (s;)) :
s; € S,}, and we are interested in making inference for the regression

parameter B,. An M-estimator Bn solves
M,(B) =0, (2.2)

where M, (8) = >_i_, ®(s;)V{Y (s;) —x(s;) "B}, and ¥ : R — R is a known

one-dimensional Borel-measurable function satisfying E[U{Z(0)}] = 0.
Before investigating theoretical properties of Bn, consider the strong

mixing condition for the stationary random field {Z(s) : s € R?}. For

s =(s1,...,8q), let ||s]|, = Z?Zl |s;| and ||s]|, = (52 + - - - + s3)%/2. Denote



2.2 M-estimator in spatial linear regression models

vol.(A) and | A to be the volume and the cardinality of a set A C R?, respec-
tively. For two sets Ty and T of R, denote d(T1, Ty) = inf{||s; — sal|, : 8; €
T;,i = 1,2}. Denote R(b) = {UF_D; : S2F  vol.(D;) < b,k > 1}, where
{D;:i=1,...,k} is a finite set of pairwise disjoint hypercubes in R? for
k > 1. The strong-mixing coefficient for the random field {Z(s) : s € R%}

is defined as
a(a; b) = sup{a(Ty, T2); d(T1,T2) > a, Ty € R(b), T, € R(b)}

for a > 0 and b > 0, where a(73,7,) = sup{|P(AN B) — P(A)P(B)| :
A € Fz(Th),B € Fz(Tn)}, Fz(A) = o(Z(s) : s € A) is the sigma-
algebra generated by the stationary random field on A C R? Assume
ala;b) < aj(a)gi(b), where oy (+) is a nonincreasing left continuous function
satisfying lim,_,, a3 (a) = 0, and g;(+) is a nondecreasing function satisfying
limy_, o g1(b) = oo. Similar definitions were used by Lahiri (2003), Lahiri

and Mukherjee| (2004) and Lahiri and Zhu| (2006).

Remark 3. Rubin-Bleuer and Schiopu-Kratinal (2005) considered a finite-
population parameter, and its design-based estimator was investigated by
treating the finite population as fixed. Thus, they proposed a product
probability space, including both the design space and the model space.
However, we do not consider finite populations in this paper, and the pa-

rameter of interest is B, in (2.1) above. Besides, theoretical properties are



studied with respect to almost every S,,. Thus, we only concentrate on the

design space in the preceding paragraph.

3.

Asymptotic properties

We generalize the conditions of [Lahiri (2003) and Lahiri and Zhu| (2006)) to

study the asymptotic properties of Bn under the proposed one-per-stratum

sampling design.

. The prototype Ry satisfies vol.(Rg) > 0 and vol.(R§*) — 0 as €, — 0,

where R§ = {r € Ry : (z + ¢[-1,1]9) N R # 0}, and A° is the

complement of a set A.

. There exists M4 > 0 such that vol.(4;) < My (i =1,2,...).

. There exists C; > 0 such that [{4; : AN B # 0,i = 1,...,n} <

Cyvol.(B) for any ball B C R,,.

. There exists My > 0 such that f;(s) < My for s € supp(f;) C 4; (i =

1,2,...), where supp(f) = {z : f(z) > 0} is the support of a function

f(@).

. There exists a sequence of nonsingular matrices {A,, : n > 1} such



that
AL [=(s)z(s)  fi(s)ds} ALt — H,
NS S J (s + h)a(s)T fils + B) fy(s)ds f ALY = Q(R)

as n — 0o, where H is positive definitive, and Q(h) is a p X p matrix-

valued function of h € R<.

6. [ Q(h)oy(h)dh is positive definite, where oy (h) = E[U{Z(0)}U{Z(h)}].

7. mo, = sup{||A;'x(s)|| : s € R,} = o(n~*®). Recall that |s| is the

> norm defined in Section [2.2]

8. There exists § € (0, 00) such that E|¥{Z(0)}|*" < oo, E|V'{Z(0)}|*T° <
oo and xo = E[V'{Z(0)}] # 0, where V'(z) is the derivative of ¥(x).

ai(a) = O(a™") and g, (b) = o(b"=D/GD) wwhere 7 > d(2 + 6) /9.

9. Function ¥'(x) satisfies a Lipschitz condition of order v € (2/3,1]

with Cy > 0,

‘\If/(.%l) — \I{’($2)| S Cg’%l - :L‘Ql’y, (iL‘l € R, To € R)

Condition (1| is a mild restriction on the boundary of the prototype Ry,

and Lahiri| (2003)) used a similar condition to avoid pathological boundaries



of Ry. Conditions regulate the partition regions, such that a sample,
generated by the proposed one-per-stratum sampling design, is spatially
balanced. In Condition [2) we only assume that the maximum volume of
the partition regions is bounded, but we do not assume that all parti-
tion regions have the same volume. By Condition [I] and Condition [3] the
number of partition regions on the “boundary” part of R, is negligible
compared with that in its “interior” part, and this result is used to de-
rive the asymptotic properties for the resampling method. Condition [4]is a
mild restriction on the sampling density function within each stratum. We
do not require supp(f;) = A; (i = 1,2,...), so a more spatially balanced
sample can be generated using a more concentrated sampling density func-
tion f;(s). Condition [5|is the Grenader condition for the linear regression
model (Grenander| 1954)) under the proposed one-per-stratum sampling de-
sign. Condition [6] guarantees the existence of the variance matrix for the
M-estimator Bn Condition [7| regulates the covariate x(s) and is used to
show the convergence of relevant statistics. Condition [§]is needed to show
a central limit theorem for the stationary spatial process. Condition [J] is

used for the Taylor’s expansion when deriving the asymptotic distribution

of M,(By).



Theorem 1. Suppose Conditions[ZH9 hold. Then, we have

An(Bn — By) = N(0,x0°%p)

in distribution (P)s) almost surely (Pg), where

Yg=H 'ogy(0)+ H' {/a\p(h)Q(h)dh} H™,

Ps is the probability measure with respect to the propoased one-per-stratum
sampling design, and P, g is the conditional probability measure with respect

to given the sampled locations.

The proof of Theorem (I} is given in Section of the Supplementary
Material; see Section [S2]of the Supplementary Material for the construction
of Ps. Even though Theorem |1| appears similar to Theorem 1 of |Lahiri and
Zhu (2006]), we consider a totally different setups, and the corresponding
proof is also different. Specifically, Lahiri and Zhu (2006) assumed that
the sampled locations are scaled based on independent and identically dis-
tributed random variables generated on the prototype. In this paper, we
first scale the prototype to obtain R,, and generated sampled locations
from the partition regions of R,, independently. Futhermore, different sam-
pling densities can be assigned to different partition regions. Theorem
shows that the limiting distribution of Bn For the case that there are more

than one solutions to (2.2)), Lahiri and Zhul (2006) gave a comprehensive



consideration, which is also applicable under the proposed one-per-stratum
sampling design. However, ¥ is usually intractable due to the lack of
information on the sampling density functions as well as the spatial pro-
cess, so we generalize a resampling method (Lahiri and Zhu, 2006]) to make
inference in next section.

Before closing this section, we compare the estimation efficiency of the
proposed one-per-stratum sampling design with that considered by |Lahiri
and Zhu (2006)). Denote g(s) to be a density function on Ry. Assume that
{SZT ;4 = 1,2,...} are independently generated from R, using ¢(s), and

{8T:i=1,2,...} are independent of the spatial process {Z(s) : s € R?}.

.|.

A sample for R, is obtained by s; = \,s!, where s! is a realization of S.
Such a sampling design is also considered by Shao| (2010) and [Menezes et al.
(2010). Specifically, consider g(s) = {vol.(Ry)}~! (s € Ry), and denote
Bn,iid to be the M-estimator under this design. For the proposed one-per-
stratum sampling design, the partition regions satisfy Conditions and
have the same volume. Since a sample of size n is selected from R,,, let A\¢ =
nc with a positive constant ¢, so vol.(A4;) = A4vol.(Ry)/n = vol.(Ry)/c. Let
fi(8) = n{\dvol.(Ry)}'1(s € A;) (i = 1,...,n) be the sampling density

functions, so Condition [4] is also satisfied. Then, we have the following

result.



Theorem 2. Consider g(s) = {vol.(Ro)}™" (s € Ry) for the stochastic
design (Lahiri and Zhu, |2006), and f;(s) = n{\ivol.(Ry)} '1(s € A;) for
A; (i = 1,...,n) of the proposed one-per-stratum sampling design, where
the partition regions have the same volume. Suppose Conditions[TH9 hold,

and there exists a sequence of nonsingular matrices {A, ;ia} such that

nmd [{VOI RO } fR ) ()\ S>Td8:| Anizd — Hz’id, (33>
Ao [{¥OL(Ro)} [y (s + R)2(0ns) Tds| AL, = Quialh) (34)
as n — oo, where H;q is a positive definite matriz, Qq(h) is a p X p

matriz-valued function such that [ Quq(h)oy(R)dh is positive definite, and

x(s) =0if s ¢ R,. Then, we have

Vihiid(Briia — B)=N(0,exg°Epiia)s  Vihnaa(B, — B) =N (0, x5°Zp)
in distribution (P)s) almost surely (Ps), where

Eﬂ,izd ¢ szd U‘I/ z {f O_‘I’ Qlld )dh}Hz;dl7
Xg = Hi;dlg‘ll H;y {fg‘lf HcQiia(h) — 1(h)}dh}Hi;j,

Qi(h) = lim AL, [{”2)‘ *"vol.(Ro)~ }fu” * {An(A,—h)} T z(y +h)z(y) dy| A,

n—oo
If the limit of [ ow(h)Q:1(k)dy is positive definitive, then Bn is asymp-
totically more efficient than Bn,iid in the sense that cXgiq — 2 1S positive

definitive.



The proof of Theorem [2] is given in Section [S4] of the Supplemen-
tary Material. Under generality conditions, Theorem |2| shows that Bn is

asymptotically more efficient than 3 The reduction of g — cXgia

n,iid"
is H;,; [oy(h)Q1(h)dyH,;;, and such reduction is made possible due to
the fact that the proposed one-per-stratum sampling design prevents two

sampled locations from being too close to each other, which reduces the

redundancy in the data.

4. Resampling method

We implement a resampling method (Lahiri and Zhu, 2006) to make in-
ference for the M-estimator Bn under the proposed one-per-stratum sam-
pling design, and its validity is established in Theorem . Let K, ={k €
74 : (kb, +[0,1)%,) N R, # 0} = Ky, UKy, where b, is the block size
satisfying certain conditions, Ky, = {k € Z¢ : (kb, + [0,1)%,) C R,},
and ICy, = I, N IClcn. The sampling region R, can be partitioned by
{R,(k) : k € K,}, where R, (k) = R, N {kb, +[0,1)%,} for k € K,.
That is, each R, (k) is an intersection area of R,, and a certain block. Thus,
we have R, = (Jpc, n(K). The shape of R, (k) may vary for k € Ky,
Let I, = {l € Z* : (1 +[0,1)%,) C R,} be the index set of hypercubes

(140, 1)%b,) that lie in R,,. Denote {I : k € K,,} to be a set of independent



and identically distributed random variables with

Pile=1) = (L€l (4.5)

where P, is the conditional distribution for the resampling method given
S, and Y(s;) (s; € Sp).

Let B, (l; k) = R, (k) —kb,+1 (k € K,,1 € 1,,), so B,(l; k) is congruent
with R, (k). Denote D, (R,) = {(x(s;),Y(s;)) : s; € S,} to be the original

sample, and a resample is

D:(R,) = {(x(s}),Y(s]))) : 87 € Ugex, Bn(Ix; k) }. (4.6)

(2

Let n* be the sample size of the resampled observations, and it may be
different from n by the resampling method. The resampled version of ,@n,
denoted as 3, is obtained by solving

Y {Si(Bix) — eu(k)} =0 (4.7)

keky,

with respect to 3 € RP, where

Sh(ks@) =20 @(s7)U{Y (s7) — &(s}) '@} 1{s] € Bu(l:k)},

*

enlk) = B, [, ()WL Z(s)}0(s; € Bullui b))

Zn(s;) = Y(s;) — x(s;)7B,, and E, is the conditional expectation with re-

spect to the distribution P, in (4.5)). The calibration factor ¢, (k) guarantees



that 3 is an unbiased estimator of Bn under the conditional distribution
P,.

Denote P;g to be the conditional probability given S,, = {s1,...,8,}
and E.,g and Vs to be the corresponding conditional mean and variance,
respectively. For the resampling method, we have the following result under

the proposed one-per-stratum sampling design.

Theorem 3. Suppose Conditions [1H9 hold and
bt + b,/ =0(1) (n— ). (4.8)
Then,

sup |P.(Ty, € B) — Pis(Thn € B)| =0 in Pg-probability  (4.9)

BeB(RP)

almost surely (Ps), where B(RP) is the Borel o-algebra on R?, T}, = A1 (3] —

n n

~

Bn); and Tln = A'I;]-(BTL Vv /80)

The proof of Theorem (3] is given in Section of the Supplementary
Material. Theorem [3| shows that 3 can be used to make inference for 3,

under the proposed one-per-stratum sampling design.

Remark 4. It is worthy pointing out that block bootstrap is commonly
used to make statistical inference for dependent data (Lahiri, 2018; [Hala,

et al|,|2020; |Chan et al.;|2022; Zhang et al.,|2023)). In this paper, our goal is



not to propose a new resampling method. Instead, we would to show that

valid inference can be achieved by a block bootstrap under the proposed

sampling design. Other than the resampling method in [Lahiri and Zhul

(2006)), we conjecture that other bootstrap methods (Das and Lahiri, [2019;

Kurisu et al., [2023) are also valid for the proposed sampling design, but the

associated verification is beyond our scope.

However, the choice of the block size b, remains an open problem

under the proposed one-per-stratum sampling design. We use an empir-

ical method (Hall et al., [1995) to choose the optimal block size. Denote

B, = {bn1,...,box} to be a set of K valid block sizes satisfying ,
where K > 1 is a user-specified number. Let {RY : h = 1,...,H}
be a set of pairwise distinct subregions of R,. For each b, € B,, let
b = b, {vol.(R{")/vol.(R,)}¢ (h = 1,...,H). Based on R{” and b{",
obtain the variance estimator of B,(lh) by the resampling method, say V,, (h),
where B,(lh) solves using the observations in R™M. The optimal block size
is chosen to be the one that minimizes Z(b,) = > 7_, Z,ﬁ’:l(v,jgh) —Vi)?,
where V* is the estimated variance of Bn by the resampling method us-

ing block size b, and the original observations, and Vn*’ Eh) and V', are the

i-th diagonal element of V™ and V*

n?

respectively. Notice that the block

size b, applies as long as it satisfies (4.8]). Intuitively, if we scale both the



sampling region and the block size simultaneously, the bootstrap variance
estimators should perform similarly, and we can use this intuition to choose
an “optimal” block size empirically. That is, we would like to choose an
optimal one, which guarantees that the squared difference between the two
variance estimators, including V', and V;’gh), are minimized; see Hall et al.

(1995)) for details.

5. Simulation studies

5.1 Spatial balance test

In this section, the spatial balance of the proposed one-per-stratum sam-
pling design is compared with the generalized random tessellation stratified
design (Stevens and Olsen, 2004) and a local pivotal method (Grafstrom
et al., 2012)). One finite population consists of 100 x 100 equally spaced
points on the unit square [0, 1] x [0,1], and inclusion probability, which
is the probability a specific point is sampled, is the same for each point.
For the proposed one-per-stratum sampling design, the sampling region is
evenly partitioned, and a uniform sampling density function is used within
each partition region. Three designs are conducted to generate a sample of
size n, and consider n = 25, n = 100, and n = 400.

The Voronoi polygon method (Stevens and Olsen, |2004) is modified to



5.1 Spatial balance test

measure the spatial balance of a given sample. For a sampled location s;,
the Voronoi polygon associated with s;, say V;, is the set of points that
are closer to s; than other sampled elements. If the sample is spatially
balanced, we expect that na; ~ 1 (i =1,...,n), where a; = vol.(V;). Thus,
¢=n"1>"" (na; —1)? is a good measure of the spatial balance for a given
sample. Denote 7gops = Cgops/Cgrts a0 Mipm = Cpm/Corts, and Grafstrom
et al.| (2012) showed that 7, < 1, where (yops, Cgres and (pp, are associated
with the proposed one-per-stratum sampling design, the generalized random
tessellation stratified design and the local pivotal method, respectively.
We conduct 1000 Monte Carlo simulations for each sample size and
design, and Table (1| shows the Monte Carlo mean and standard error of
statistics 7gops and . Compared with the generalized random tessella-
tion stratified design, the sample from the proposed one-per-stratum sam-
pling design is more spatially balanced when the sample size is larger. Even
though the sample generated by the proposed one-per-stratum sampling de-
sign is not as spatially balanced as that by the local pivotal method under
the simulation setup, we can use a more concentrated sampling density
function within each partial region to get a sample with better spatial bal-

alce.

Remark 5. As noted by Grafstrom et al.|(2012)), the expected computation



5.1 Spatial balance test

Table 1: Monte Carlo mean (outside of the parenthesis) and standard error

(inside of the parenthesis) of the spatial balance statistics.

Sample size Ngops Nipm

n=25  0.896 (0.069) 0.887 (0.078)
n=100  0.748 (0.017) 0.701 (0.016)

n=400  0.716 (0.005) 0.645 (0.004)

complexity for the local pivotal method is O(N?), where N is size of the
finite population. The algorithm for generating a sample by the generalized
random tessellation stratified design is even slower than the local pivotal
method. Once the partition regions are given, the computation complexity
for the proposed one-per-stratum sampling design is O(n), which is much
smaller than its two competitors. Furthermore, since the sample is inde-
pendently obtained within each partition region, the proposed sampling
design can be further accelerated by trivial parallelization, while the other
two cannot. Another advantage of the proposed one-per-stratum sampling
design is that it can generate sample from an infinite population, which is

the case in many spatial area sampling problems.
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5.2 Spatial linear regression model

In this section, the resampling method is tested under the proposed one-
per-stratum sampling design. The prototype area is Ry = (—1/2,1/2] x

(—1/2,1/2]. The spatial linear regression model is

Y(s) =Py + Pilog(l+|s1]) + Z(s) (s € R,), (5.10)

where (8p, 81) = (1,1), and Z(s) is a zero-mean stationary process with
spherical semivariogram that has unit sill and range r; see (Cressie, 2015
Section 2.3.1) for details. Consider r € {1,2}, n € {400,900}, and set the
sampling rate as n/A2 = 25/36. For the proposed one-per-stratum sampling
design, squares with 1.2 on a side are used to partition the sampling region,
and the sampling density function within each partition region is uniform
or a truncated bivariate normal distribution with mean at the center and
0.15°Z as the covariance matrix, where Z is the 2 x 2 identity matrix.
Thus, the sampling design with truncated bivariate normal sampling density
functions can generate a sample with better spatial balance compared with
the one using uniform sampling density functions.

First, the relative efficiency of the proposed one-per-stratum sampling
design is compared with a stochastic design (Lahiri and Zhul, 2006]), and a

uniform distribution is used for the latter. For i = 0,1, denote ef f(5;) =
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Vyops (B.1) Viia(Br), where (8,0, B ) solves ([2:2), and Vyops(Br.i) and Visa(Bn.)
are the variances of Bm under the proposed one-per-stratum sampling de-
sign and the stochastic design (Lahiri and Zhu, [2006)), respectively. We
conduct 1000 Monte Carlo simulations to estimate ef f(8y) and ef f(51),
and Table [2| shows the comparison results. Values of the relative efficiency
are less than one for all scenarios, indicating that the proposed one-per-
stratum sampling design has a better estimation efficiency. Specifically,
under uniform sampling, since the sampling rate nA_? does not change for
n = 400 and n = 900, ef f(/;) is almost the same regardless of the sample
size when the spatial dependence is fixed, where ¢ = 0,1. Besides, as the
spatial dependence becomes stronger, the proposed one-per-stratum sam-
pling design has better estimation efficiency compared with the stochastic
design (Lahiri and Zhu, 2006) since oy(h) decays to 0 slower. Refer to
Theorem [2| for the theoretical justification of the two finding under uniform
sampling. When the truncated bivariate normal sampling density is used,
the estimation efficiency of the proposed one-per-stratum sampling design
becomes better as the sample size increases. In addition, as the spatial
dependence becomes stronger, the efficiency gain of the proposed one-per-
stratum sampling design is compromised since the “effective sample size”

decreases.
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Table 2: Summary statistic for the relative efficiency of the M-estimator
by the sample generated by the proposed one-per-stratum sampling design

and the stochastic design (Lahiri and Zhu| 2006).

n = 400 n =900
Density Dependence
eff(Bo) eff(Br) — eff(Bo) eff(B)

r=1 0.87 0.86 0.83 0.82
Uniform

r=2 0.81 0.79 0.83 0.83

r=1 0.70 0.73 0.74 0.78
Normal

r=2 0.73 0.74 0.76 0.78

Uniform: uniform sampling design function; Normal: bivariate normal sampling density.

Next, we generate 1000 Monte Carlo samples to obtain the M-estimator
of 3, and 1000 resamplings are conducted for each sample. The set of valid
block sizes is B, 1 = {2,3} when A\, = 24, and B, » = {3,4} when ), = 36.
The subregions are chosen to be the four conjugate halves of the original
sampling region for choosing an optimal block size. To test the performance
of the resampling method, we consider the square root of mean square er-
ror, the relative bias for the variance estimator and the coverage rate of
the 90% confidence interval constructed by the resampling method under

the proposed one-per-stratum sampling design. Table [3| summarizes the
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estimation results. As the sample size increases, the square root of mean
square error and the absolute value of relative bias for the variance estima-
tor decrease for both sampling designs. For a fixed sample size and block
size, the square root of mean square error and the absolute value of relative
bias increase as the spatial dependence becomes stronger since the number
of effective sampling size decreases; see , , Section 4.6.2) for de-
tails. Besides, the coverage rate gets closer to 90% as the sample increases.
Please notice that even when n = 900, the coverage rates are far less than
the nominal truth 0.9 for the case r = 2. There are two main reasons for
this unfavorable result. First, the effective sample size is small even when
n = 900. More importantly, even when the block size b, equals to 4, the
spatial correlation cannot be captured well. In an additional simulation
study, we have increased the sample size to n = 6400 and the block size to
b, = 10 for the case r = 2. When uniform sampling density functions are
used, the coverage rates for §y and 5y are 0.91 and 0.91, respectively. They
are 0.88 and 0.89 when truncated normal sampling density functions are
applied. Thus, as the sample size and block size diverge, we can get better
coverage rates, and this observation is exactly what we have required in
Theorem 3. From Table [3] we can conclude that the selected optimal block

sizes are reasonable, and a design with bivariate normal density functions



performs better since samples with better spatial balance are generated.
For comparison, we also consider a naive method using simple linear re-
gression to make inference for the regression parameters. When the spatial
dependence is strong, the relative bias of the variance estimator is less than
-0.5 and the corresponding coverage rate of the 90% confidence interval is
only around 0.7; see Section [S6| of the Supplementary Material for details.
Thus, simple linear regression can lead to erroneous statistical inference for

the regression parameters if the spatial dependence is ignored.

6. Soil erosion analysis

We investigate the relationship between the soil erosion and slope for the
cropland of Iowa based on the most recent sample from the National Re-
sources Inventory program. The National Resources Inventory was initially
mandated by the Rural Development Act of 1972 , and it is a longitudinal
survey to provide scientific information about natural resources, such as
soil, water and other related resources, on the Nation’s non-federal land;
see https://www.nrcs.usda.gov for details.

In order to guarantee spatial balance, a two-stage stratified area sam-
ple is generated from the 49 continental States (exclude Alaska), Puerto

Rico, and the Virgin Islands. Small political areas or geographic units are


https://www.nrcs.usda.gov

used to stratify the sampling region. In Iowa, for example, the size of each
stratum is about 2 x 6 miles. The primary sampling units are segments
of land of size 0.5 x 0.5 miles. The original sampling design selects 1-4
primary sampling units within each stratum, and 1-3 points are selected
within each primary sampling units. In order to achieve better spatial bal-
ance, restricted randomization is used to select primary sampling units and
points; see Nusser and Goebel| (1997) and Nusser et al.| (1998) for details.
In this study, we treat the primary sampling units as sample elements by
averaging information of the points within each of them. The most recent
survey was conducted in 2017, and there are 5981 primary sampling unites
selected in lowa. The left panel of Figure [2| shows the locations of the
corresponding primary sampling units. The sample is spatially balanced,
and the sampling rates differ for different counties. For example, Lyon, the
county on the northwest, was over-sampled.

The soil erosion of the cropland is a critical issue when we consider
effectiveness of soil and water conservation practices, and we are interested
in investigating the relationship between the soil erosion and slope of crop-
land in Iowa. The right panel of Figure [2| shows the relationship between
the log soil erosion and log slope, so it is reasonable to consider the spatial

linear regression model in log scale. |Berg and Chandra (2014) considered
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Figure 2: The left panel (a) shows locations of the primary sampling units,
and the right panel (b) shows the relationship between the log soil erosion
and log slope. Due to the confidential restriction, the real locations are

randomly shifted.

the following model:

log y; = Bo + B1log x; + Z;, (6.11)

where (x;,y;) represents the slope and soil erosion of the ith primary sam-
pling units, and Z; corresponds to a zero mean spatial process. Notice that
the slope is bounded by a constant for each location, so the conditions in
Section [3|are satisfied. We adopt the same model, and our goal is to provide
a valid confidence interval for the regression parameters in (6.11]) using the
resampling method developed in this paper. For comparison, a simple linear

regression analysis is conducted by assuming that {Z; : i = 1,...,n} are



independently generated, and such an assumption is often used in survey
sampling; see (Breidt and Fuller, (1999, Section 2.3) for details.

Hall’'s method (Hall et al. {1995) is used to select an optimal block size,
and let B,, = {0.15,...,0.9} be a set of block sizes with step size 0.05; see
the last paragraph of Section [ for details about Hall’s method. Figure
shows values of Z(b,) (b, € B,), and we conclude that the target function
E(by,) is minimized with b,, = 0.35. Thus, b, = 0.35 is used as the optimal
block size for the following analysis.

0.71

o
o

o
3

(bn) (107°)

o
IS
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0.2

0.25 0.50 0.75
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Figure 3: Values of =, for different valid block sizes.

We have repeated the resampling method 1 000 times to obtain the 90%
confidence interval for the estimated regression parameters in (6.11]), and

Table 4| shows the estimation results. Compared with the simple linear



regression, we get larger variance estimators and wider confidence intervals
since spatial dependence reduces the amount of information. The slope has
a significant positive effect in estimating the soil erosion. Thus, a cropland
with larger slope suffers more from the soil erosion, so policy makers should
pay more attention on such croplands. The estimated value for /3; is 0.97,
which is close to the theoretical value in the universal soil loss equation

(Wischmeier and Smith| [1978)).

7. Discussion

The proposed one-per-stratum sampling design is a special case of the one
discussed by Krewski and Rao| (1981). The difference between these two is
that we are interested in making inference for the parameters in the super-
population model (2.1)), while Krewski and Rao| (1981) focused on the finite
population. Since the spatial balance of the sample is emphasized, only one
element is selected from each stratum. Generally, more than one elements
can be selected from each stratum, and the theoretical properties of the
resampling method still apply under certain conditions; also see Zhang and
Fuller (2019)).

In this paper, one basic assumption is that the sampling design is ig-

norable in the sense that the sampling mechanism only depends on the



covariate x(s) (Pfeffermann, 1993). It is an interesting topic to investigate
the theoretical properties of the resampling method under non-ignorable

one-per-stratum sampling designs in the future.

Supplementary Materials

The online supplementary material contains a brief description of the Stochas-

tic sampling design of [Lahiri and Zhu| (2006) (SI)), the proofs of Theorem

, Theorem and Theorem , and an additional simulation

result for a simple linear regression (|S6]).
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Table 3: Summary statistics for the resampling method under the proposed

one-per-stratum sampling design for different scenarios using different sam-

pling densities.

Uniform sampling density

Truncated normal sampling density

Stat r n = 400 n = 900 n = 400 n = 900
bn  Bo B bn Bo B bn o B bn Bo B
2 063" o014t 3 0257 0.04f 2 0520 0.2 3 021 0.04f
: 3 073 016 4 030 005 3 065 014 4 026 005
RMSE
2 179t 044" 3 o068t 011t 2 1.88t 0.44f 3 0650 0.12
: 3 167 038 4 069 011 3 1.76 037 4 066 0.12
2 -0.14t -0.10f 3 -0.09" -0.03t 2 -0.12F -0.06t 3 -0.04" -0.02f
: 3 -015 -007 4 -0.10 -0.02 3 -014 -004 4 -005 -0.02
RB
2 -0.34F -0.31f 3 -0.24" -0.18t 2 -037" -0.32F 3 -0.24F -0.22f
’ 3 -028 -022 4 -022 -0.13 3 -031 -022 4 -021 -0.17
2 086t 088 3 089" 089 2 088t 088 3 089" 090
: 3 087 08 4 08 090 3 087 08 4 089 090
CR
2 081t 083" 3 085 086 2 082f 082 3 085 085
i 3 083 08 4 085 088 3 083 08 4 084 086

RMSE: square root of the mean square error; RB: relative bias; CR: coverage rate; t: optimal block

size.
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Table 4: Estimation results for the regression parameters in (6.11)) based

on the proposed method (Proposed) and simple linear regression (SLR).

Proposed SLR
Par Est
SE 90%CI SE 90%CT
By 0.172 0.025 (0.129,0.214)  0.021 (0.138, 0.207)
Bo 0.966 0.017 (0.936, 1.000) 0.013  (0.944, 0.988)

Est: estimated parameter; SE: estimated standard error; 90% CI: 90% confidence interval.
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