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Statistica Sinica

Simultaneous Change Point Detection and Identification

for High Dimensional Linear Models
Bin Liu', Xinsheng Zhang® and Yufeng Liu®

L2 Pudan University, China; 3 University of North Carolina at Chapel Hill, U.S.A

Abstract: In this article, we consider change point inference for high dimensional
linear models. For change point detection, given any subgroup of variables, we
propose a new method for testing the homogeneity of corresponding regression co-
efficients across the observations. Under some regularity conditions, the proposed
new testing procedure controls the type I error asymptotically and is powerful
against sparse alternatives and enjoys certain optimality. For change point iden-
tification, an “argmax” based change point estimator is proposed which is shown
to be consistent for the true change point location. Moreover, combining with the
binary segmentation technique, we further extend our new method for detecting
and identifying multiple change points. Extensive numerical studies justify the
validity of our new method and demonstrate its competitive performance.

Key words and phrases: Change point inference; High dimensions; Linear regres-

sion; Multiplier bootstrap; Subgroups.

1. Introduction

Driven by the great improvement of data collection and storage ca-
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pacity, high dimensional linear regression models have attracted a lot of
attentions because of its simplicity for interpreting the effect of different
variables in predicting the response. Specifically, we are interested in the
following model:

Y =X"B+e¢,

where Y € R is the response variable, X = (Xj,...,X,) € R? is the
covariate vector, 3 = (B1,...,,)" is a p-dimensional unknown vector of
coefficients, and € € R is the error term.

For high dimensional linear regression, the L;i-penalized technique lasso
(Tibshirani| (1996))) is a popular method for estimating 3. In the past
decades, lots of research attentions both in machine learning and statistics
have been focused on studying theoretical properties of lasso and other pe-
nalized methods. Most of the existing literature on high dimensional linear
regression focuses on the case with a homogeneous linear model, where the
regression coefficients are assumed invariant across the observations. With
many modern complex datasets for analysis in practice, data heterogeneity
is a common challenge in many real applications such as economy and ge-
netics. In some applications, the regression coefficients may have a sudden
change at some unknown time point, which is called a change point. Typ-

ical examples include racial segregation and crime prediction in sociology,
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and financial contagion in economy. For these problems, methods and the-
ories designed for independently and identically (i.i.d.) distributed settings
are no longer applicable. As a result, ignoring these structural breaks in
machine learning applications may lead to misleading results and wrong
decision making. For the regression change point problem, a fundamental
question is whether the underlying regression model remains homogenous
across the observations. To address this issue, in this article, we investigate
change point inference for high dimensional linear models. Specifically, let
(Y, X;)~; be n ordered independent realizations of (Y, X). We aim to
detect whether the regression coefficients have a change point during the
observations. In particular, let B and B® be two p-dimensional vectors
of coefficients with B0 = (8, ..., BT and 8@ = (82, . .. BT, We

consider the following linear regression model with a possible change point:

V= X[BW{1 <i <k} +XTBP1{k. +1<i<n}+e, (L1
where k, is the possible but unknown change point location and (¢;)!" , are
the error terms. In this paper, we assume k, = |ntq] for some ¢, € (0,1).
For any given subgroup G C {1,...,p}, the first goal is to test

Hyg : 55(1) = ﬂf) forall s € G v.s.

(1.2)
H, g : There exist s € G and k. € {1,...,n — 1} s.t. Bél) + B§2).
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In other words, under Hy g, the regression coefficients in each subgroup G
are homogeneous across the observations, and under H; g there is a change
point at an unknown time point k, such that the regression coefficients
have a sudden change after k.. Our second goal of the paper is to identify
the change point location once we reject Hy g in . In this paper, we
assume that the number of coefficients can be much larger than the number
of observations, i.e., p = n, which is known as a high dimensional problem.

For the low dimensional setting with a fixed p and p < n, change point
inference for linear regression models has been well-studied. For example,
Quandt| (1960) considered testing for a simple regression model with
p = 2. Based on that, several techniques were proposed in the literature.
Among them are maximum likelihood ratio tests (Horvathl [1995), partial
sums of regression residuals (Bai and Perron, (1998), and the union inter-
section test (Horvath and Shao, [1995). Moreover, as a special case of linear
regression models, (Chan et al| (2014) considered change point detection
for the autoregressive model. As compared to the broad literature in the
low dimensional setting, methods and theory for high dimensional change
point inference of have not been investigated much until recently. For
instance, Lee et al. (2016) considered a high dimensional regression model

with a possible change point due to a covariate threshold. Based on the
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L1/ Ly regularization, Kaul et al.| (2019)) proposed a two-step algorithm for
the detection and estimation of parameters in a high-dimensional change
point regression model. As extensions to multiple structural breaks in high
dimensional linear models, Leonardi and Bihlmann| (2016) proposed fast
algorithms for multiple change point estimation based on dynamic program-
ming and binary search algorithms. In addition, Zhang et al. (2015)) de-
veloped an approach for estimating multiple change points based on sparse
group lasso. Wang et al. (2021) proposed a projection-based algorithm for
estimating multiple change points. Recently, Cho and Owens (2022); Bai
and Safikhani| (2023)) constructed estimates for the multiple change points
in high-dimensional regression models based on methods of moving window
and blocked fused lasso. Kaul et al. (2021); Xu et al. (2022) respectively
considered the problem of constructing confidence interval for the change
point in the context of high dimensional mean vector-based models and
linear regression models. |Chen et al,| (2023)) proposed a new method for
determing the number of change points with false discovery rate controls.
Other related papers include He et al.| (2023); Wang et al.| (2022]).

It is worth noting that the majority of above mentioned papers mainly
focus on the estimation of regression coefficients as well as the change point

locations by assuming a pre-existing change point in the model. To our
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best knowledge, the testing problem of has not been considered yet.
How to make effective change point detection remains to be an urgent but
challenging task. To fill this gap, in this article, we consider change point
inference in the context of high dimensional linear models.

The main contributions of this paper are as follows. For any pre-
specified subgroup G C {1,...,p}, we propose a new method for testing
the homogeneity of corresponding regression coefficients across the obser-
vations. For change point detection, the proposed test statistic Ty is con-
structed based on a weighted L., aggregation, both temporally and spa-
tially, of the process {Z;(|nt])} cg tcfr,1-r), Where Z;(|nt]) = E’J(O’t) - Bv](t’l)
with ij(.o’t) and ij(.t’l) denoting the de-biased lasso estimators for coordinate j
before and after time point |nt], respectively. It is shown that Ty is power-
ful against sparse alternatives with only a few entries in G having a change
point. To approximate its limiting null distribution, a multiplier bootstrap
procedure is introduced. The proposed bootstrap can automatically ac-
count for the dependence structures of { Z;(|nt])};cg tejr,1-7) and allow the
group size |G| to grow exponentially with the sample size n. Furthermore, to
identify the change point location, for each time point |nt|, we first aggre-

gate the coordinates with the L.,-norm, then a change point estimator jt\o’g

is obtained by taking “argmax” with respect to t of the above aggregated
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process with some proper weights. In addition to single change point de-
tection, by combining with the binary segmentation technique (Vostrikoval,
1981), we extend our new algorithm for detecting multiple change points
which enjoys better performance than the existing methods.

In terms of theoretical investigation, with mild moment conditions on
the covariates and errors in the regression model, we justify the validity
of our proposed method in terms of change point detection and identifi-
cation. In particular, our bootstrap procedure consistently approximates
the limiting null distribution of Ty, which implies that the proposed new
test preserves the pre-specified significance level asymptotically. Further-
more, under H; g, our new method is sensitive to sparse alternatives and
can reject the null hypothesis with probability tending to one. It is worth
mentioning that Xia et al. (2018) considered two sample tests for high
dimensional linear regression models. They derived some conditions for
consistently distinguishing two sample regression models, which are shown
to be minimax optimal. Our requirement for detecting a change point
under H; s has the same order as the condition derived in Xia et al.
(2018). As for the change point estimation, we prove that our proposed

argmax-based change point estimator is consistent for t, with an estima-

log(|G|n)

mEE ), where § = B — 3
G,00

tion error rate of ‘%\Og — to‘ = Op(
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with [|0]|ge =: maxjeg |5](.1) — BJ(-Q)|. Hence, the above estimation result

shows that our proposed change point estimator is consistent as long as

1BV — B35 > /log(|G|n)/n and allows the overall sparsity of re-

gression coefficients and the group’s magnitude |G| to grow simultaneously
with the sample size n. We demonstrate that our new testing procedure
is relatively simple to implement and extensive numerical studies provide
strong support to our theory. Moreover, an R package called “RegCpt” is
developed to implement our proposed new algorithms.

The rest of this paper is organized as follows. In Section[2], we introduce
our new methodology for Problem (1.2). In Section , some theoretical
results are derived in terms of change point detection and identification. In
Section [} extensive numerical studies are investigated. The detailed proofs
of the main theorems, additional numerical studies and an interesting real
data application are given in the Appendix.

For v = (vy,...,v,)" € R?, define its L, norm as ||v||, = (ijl v |P)L/P
for 1 < p < oo. For p = oo, define ||v||oc = maxj<j<q|v;|. For a subset
G C {1,...,p}, denote ||v|lg0o by maxjeg |vj]. For any set S, denote its
cardinality by |S|. For two real numbered sequences a,, and b, we set a,, =
O(by,) if there exits a constant C' such that |a,| < C|b,| for a sufficiently

large n; a, = o(b,) if a,/b, — 0 as n — o0; a, < b, if there exists



constants ¢ and C such that c|b,| < |a,| < C|b,| for a sufficiently large
n. For a sequence of random variables {{1, &, ...}, we denote &, = 0,(1) if

&n 2 0. Define || as the largest integer less than or equal to z for z > 0.

2. Methodology

2.1 New test statistic

We present our methodology for testing the existence of a change point
in Model (1.1)). To this end, we first introduce some basic model settings.

Recall the regression model
V= X' BW1{1 <i < |nto]} + X BP1{|nte] +1 <i<n}+e. (2.3)

Denote Y = (Y1,...,Y,)" as a n x 1 response vector, X is a n x p design
matrix with X; = (X;1,...,X;,)" being its i-th row for 1 <4 < n, and

T is the error vector. For the unknown p X 1 regression

€ = (61,"' ’en)
vectors B = (Bfl), \ N },1))T and B = (ﬁf), o éz))T, define SM =
{1<j<p: B](l) #0}and S@ ={1<j<p: BJ(.Q) # 0} as the active sets
of variables. Denote s(!) = |SW| and s? = |S?)| as the cardinalities of
SM and 8@, respectively. Define 3 = (3; ;) = Cov(X) as the covariance

matrix of X; and © = (6, ;) as the inverse of . For ©, let s; = [{1 < k <

p:b;x #0,k# j}. In addition to the above notations, we assume that the
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change point does not happen at the beginning or end of data observations.
In other words, there exists some 75 € (0,0.5) such that ¢, € [m,1 — 7]
holds. Note that the search boundary scales with n by allowing 75 — 0.
To propose our method, we first introduce the de-sparsified (de-biased)
lasso estimator, which was proposed in Van de Geer et al.| (2014) and |Zhang
and Zhang| (2014)). Specifically, for Model , let Bn be a lasso estimator
from B" = argmingcg, |Y — XB|3/n + 2X,||B||1, where A, is the non-
negative regularization parameter. Then for a homogeneous model with no

change points, the de-biased lasso estimator is defined:
B"=p3"+6ex' (Y -X3")/n, (2.4)

where © is some appropriate estimator for ®. Essentially, the de-biased
lasso estimator Bn is a lasso solution by plugging in a Karush-Kuhn-Tucker
(KKT) condition. It has been widely used for constructing confidence in-
tervals and statistical tests for high dimensional parameters, and proven to

be asymptotically optimal in terms of semiparametric efficiency.
Remark 1. In this paper, we adopt the node-wise estimation for obtaining
(:), as proposed in Meinshausen and Biihlmann! (2006)). The main idea is to

perform regression on each variable using the remaining ones. In particular,

denote X7 as the j-th column of X and X~/ as the remaining columns. For

10
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each j =1..., p, define

5, = argmin (X7 = X]3/n + 21711, (2.5)

~ERP-1
with 45 = {7k : k =1...,p,k # j}. Denote by C = (Cij)i; with ¢y =1
and Gy =~y for i # . Let 72 = X0 — XT%|3/n + A Ayl and
T? = diag{72, . .. ,72}. The node-wise lasso estimator for © is defined as

~

®=T2C. (2.6)

It is shown that © enjoys good properties in estimation accuracy. More
importantly, it is possible to use parallel computation for calculating @,
which is more appropriate for modern statistical applications with large

scale datasets.

Since there is a possible but unknown change point in Model , we
can not use directly to make statistical inferences on () and B®.
The main challenge comes from the unknown change point ¢y. To overcome
this difficulty, instead of only calculating a single de-biased lasso estimator
B", we need to construct the de-biased lasso-based process. To that end,

we need some notations. For any 0 < s <t < 1, define

Yoy = Vst YVine)) s €t) = (€lns)41s- -5 €pmt)) |
~ 1 [nt]
Xst) = (Xpns)1s -+ Xpne)) s Doy = [nt] — |ns] +1 -—LZJ—H XX

11
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To motivate our testing statistic, for each fixed ¢ € |19, 1 — 7], we define

: 2 . 2

BOY = argmin B[ V(o) — X (0,085, 841 = argminE||¥(; 1) = Xt.1) 8|,
BeRP BERP

(2.7)

By definition, 8" and B®*Y are the best regression coefficients for pre-

dicting Yo and Y(; ;) under the squared error loss, respectively. More

importantly, suppose there is a change point tq in the linear model ({2.3).

According to the search location ¢ and the true change point location t,

the underlying true parameters can have the following explicit form:

BOY = 3W1{t e [To,to]}+(L[;—?JJﬂ(l)+

|nt] — |[nto]

¢ —Toly;
LntJ 6 )1{t€[t071 ]}

and
gl = (%6“4%[5@)1& € [ro, to] }+B@1{t € [to, 1—7o]}.

From the population level, we can define the theoretical signal jump process:

|nt]| [nt]*

6,(t) = \/577(5(0’” —BY)
= L (00— o)1t € fry o)) (2:8)
+ﬁ@$(ﬁ<” — BP)1{t € [to, 1 — o},

where [nt]* :=n — [nt].
The signal function in (2.8) has some interesting properties. First,

under Hy g of no change points, it reduces to a vector of zeros at each

12
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time point |nt]. Second, under H, g, ,(t) is at most (s + s?)-sparse
since we require sparse regression coefficients in the model. Third, we can
see that [0, (t)|lg,c With ¢t € [r9,1 — 7p] obtains its maximum value at
the true change point location ty,. Hence, to make change point inference
for high dimensional linear models, the key point is how to propose a test
statistic that can estimate §,,(t) well under H; g, and has some theoretically
tractable limiting null distributions under Hyg. A natural idea is to use

the lasso estimators directly. Specifically, for each time point, we obtain the

lasso estimators Bt = (Bfo’t), . ,B}P’”)T and B1) = (B%t’l)a - agz(at’l))Ti

2
Xo8||5 + A @)18l1,

A~ 1
08 — argmin —— || Yo ) —
& B min g Yoo

2
Y(t,l) 3 X(t,l),@HQ + /\2(t)||ﬁ”17

(2.9)

Bt = arg min ———
5g€Rp 2 L?’LtJ *

where A (t) and \y(t) are some regularity parameters to account for the data
heterogeneity. It is well known that due to the ¢; regularized penalization in
, the lasso estimators are typically biased and do not have a tractable
limiting null distribution. As a result, some“de-biased” process is needed.
The main idea is to plug into the KKT conditions under both Hy g and H; ¢
for the change point model. To give an insight into the de-biased process
for change point detection, in what follows, we assume H; g holds.

Firstly, we consider the case that the search location satisfies ¢t € [7g, to].

Let K1(t) € R? and Ko(t) € RP be the subdifferentials of ||3||; for the first

13
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and second optimization problems in (2.9)), respectively. Then, by the KKT

condition, we have:

~X b (Yoo — XoBO)/|nt] + ()R (1) =0,

(2.10)
=X (Y = XnBU0)/ [nt] + o (t)a(t) = 0.

Note that for ¢ € 79, o], the samples {¥{04), X (0} are homogeneous with

regression coefficients being 3" = B, Hence, similar to the analysis in

Van de Geer et al| (2014), for the first term in (2.10)), for ¢ € [ro, to], we

have the following decomposition:

I
Aot

BN+ OM ()R () — BY = X[ e/ |nt] —(OX o, — DB — V).
(2.11)
For the second term in ([2.10)), we note that the samples {Y(; 1), X(1,1)} with

t € [0, to] are heterogeneous due to the change point at t,. Observe that
Xgl;,l) i— (Xa,toyxz;o,l))’ and Y(tvl) = ((X(tvtO)/B(l))T—i_eEl;,to)’ (X(tOvl)ﬂ(z))T_Feao,l

Then, the KKT condition for the second equation in ([2.10) becomes:

= X(lto)X(t,to)(/B(l) — g(t,l))/mﬂ* + X$O71)X(t071)(5(2) — ﬂ(t’l))/Lntj* + X(Tt,l)e(t,l)/mﬂ*

[nto] — [nt] & .
[L%Tz(t’to)(ﬁ(l) — B + X(Tt,l)f(t,l) /| nt]*.

(2.12)

= z(m)(ﬁ(?) _ g(tﬁl)) +

14
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Multiplying © on both sides of 1} for the case of t € [rg, to|, we have:

n — [nto]

~ ~ . to| — |nt
ﬂ(t’1)+®A2(t)ﬂz(t)—(Wﬂ(” T 27
Bt1)
(O - D(E - p) - L (@5 - 18 - 50 +X] e/ nt).
AZA)

(2.13)
Secondly, for the case of ¢t € [ty,1 — 7], using a very similar analysis, we

can prove that:

BOO + Bx R (1) — (Lol gy = L] ey ) = Xfen/ ] + Al

g?&t)
BUD + N ()R2(1) — B = X, e /Lnt]" + Af,,
B

(2.14)

where the two terms A(o ;) are Al (t.1) are defined as

t = |nte] = o _ "
Al = -2Ul(68,,) - 1) (8 - p) - (820, - (B - 40,
Afly = =(83uy ~ (B - B?).

Combining the results in (2.10))-(2.14]), for each t € [15,1 — 75|, we then
_hiac 3 V(O,t) _ v(07t) u(07t) T
construct the de-biased lasso estimators (3 = (By7,...,Bp )" and

6 t1) — (ﬁ(tl o ’Bl(f’l))T as follows:

5 Bot + OXT 0. (Y(Ot X(o,t)a(o’t))/mﬂ’ (2.15)

BED = BN + OX, ) (Vi) — Xe)BY) /|t )*.

15
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The construction of our new test statistic comes from our important new
derivation (2.15). In particular, under some regularity conditions, the dif-

ference between B(O’t) and ,é(t’l) has the following decomposition:

—Lnt] [nt]” s gy 1
L AV P

nt] nt] |nt]*

S 6+ vt M goo _ ge)
n n

=1 \

. . ~
Signal function Random bias

(2.16)

Random noise

where 8, (t) is defined in (2.8)), and R and R®") are the residuals:

Ry = Al y 1t € [0, to]} + A{ ,1{t € [to, 1 — 7]},
Ry = Af, ) 1{t € [ro, to]} + A/, 1{t € [to, 1 — 7]}

The above de-biased lasso-based process enjoys several advantages for
making change point inference. Firstly, under Hy g of no change points, it
is the combination of a partial sum-based process plus a random bias term.
The latter one can be shown to be negligible. Moreover, under H; g, we
can see that the de-biased lasso-based process is an asymptotically unbiased
estimator for the signal function defined in (2.§)), allowing us to make change
point detection and identification. The derivation of is different from
the original de-biased lasso estimator in and requires a fundamental
modification of Bickel et al.| (2009)) to account for data heterogeneity. More
details can be found in the Appendix.

Motived by the above observation, for any given subgroup G C {1,...,p},

16
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a natural test statistic for the hypothesis (1.2)) is defined as

B(O,t) 5(¢,1)

(
j J

T T o (LY

t€[ro,1—70] JEG n

For any given subgroup G, the proposed new statistic Tg searches all possible
locations of time points. It is demonstrated that fg is powerful against
sparse alternatives with only a few entries in G having a change point, and

a large value of fg leads to a rejection of Hyg.

2.2 Weighted variance estimation

In Section m, we introduced Tg for the hypothesis . Considering
the variability of the design matrix X and the error term €, the test statistic
TG is heterogeneous. Hence, we need to take its variance into account and
standardize it. In this paper, we adopt a weighted variance estimator.
Specifically, let Q = (@i5)F; = 03,07 with &, = XX /n. For each

t € [10,1 — 7], denote

~ 1 ~ 2 -~ 2

Ge(t) = ﬁ(HYv(O,t) - X(O,t)ﬁ(o’t) H2 + Hif(m) — X(t,l)ﬁ(t’l)”Q). (2.17)
Under Hy g of no change points in the model, we can prove that

LDax  max |50(4)is; — ocw;;| = op(L).

2

€

Under H; g, however, 52(t) is not a consistent estimator for o2 because of

the unknown change point ¢y3. Furthermore, as discussed in Shao and Zhang

17
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(2010), an inappropriate variance estimator may lead to non-monotonic
power performance. In order to form a powerful test statistic, it is nec-
essary to construct consistent variance estimation for Hyg and H; g. To
address this issue, we need to deal with the unknown change point first. In

particular, for a given subgroup G, define

5(0,¢) 3(t,1)

J J

Ho(t) = max 1 (1- WJ)

Jjeg n n

, with ¢ € [r9,1 — 7).

By maximizing Hg(t), we obtain the argmax-based change point estimator:

tog = argmax Hg(t). (2.18)
tG[To,lfT()]

Based on (2.18), let ty = tog with G = {1,...,p}. We put %, into 52(t) and

get a weighted variance estimator for o2 as
~ 1 ~OFN 112 S~ 1112
5 =~ ([Yom = Xom Bl + Yan — X@unBV|)- (2.19)

As shown in our theoretical analysis, the new variance estimation in (2.19)) is
consistent under both Hy g and H; g. The proof is nontrivial since we need
to justify the consistency of %\Og for ty, which is known to be an important
but difficult task for high dimensional linear models (Lee et al.| (2016))).
Using the new variance estimator in , for any given subgroup

G C {1,...,p}, our new test statistic for the hypothesis (1.2)) is finally

18



2.3 Multiplier bootstrap for approximating the null distribution

defined as follows:

200 _ D)
T, — max max\/ﬁm—J@— LnJ) B 5 (2.20)
tE[’T(),l—’To] jeg n n

2.3 Multiplier bootstrap for approximating the null distribution

In Section [2.2] we have proposed the new test statistic Ty for the hy-
pothesis . It is challenging to directly obtain its limiting null distri-
bution in high dimensions. Bootstrap has been widely used for making
statistical inference on high dimensional linear models since the seminal
work of (Chernozhukov et al. (2013)). For high dimensional linear models
with change points, however, existing bootstrap techniques are not applica-
ble and it is desirable to design a new method. To overcome this problem,

we investigate two types of multiplier bootstrap.

2.3.1 Bootstrap-1

Recall the decomposition in (2.16). Under Hy g, we have

* [nt]
Vn L":J L"ZJ (B(O’t) _ B(t’l)) _ % Z éXiei + (R(O,t) _ R(t’l))-
i=1

It is shown that under Hyg, the residual-based process { R — R®Y ¢ ¢
(10,1 — 70} is asymptotically negligible and the partial sum-based process
{n=1/2 ZZLZJ ©X¢;,t € [r9, 1—79)} determines the limiting null distribution
of Ty, which is known as the leading term. This motivates us to first consider

19



2.3 Multiplier bootstrap for approximating the null distribution

the following bootstrap method:

b

Step 1: For the b-th bootstrap, generate i.i.d. random variables €%, ... e

with €2 ~ N(0,1).

Step 2: Calculate the testing statistic for the b-th bootstrap by

[nt] n
1 ~ 1 a

Y O/ Xil——— > 6/X;e
[nt] <= “Tnt] g

i=|nt|+1

t tl*
ng =, max maX\/ﬁLn | Lnt] wjd»l/2
6[7’0,1—7'0] JjEG mn n

)

where (:)JT is the j-th row of e.
Step 3: Repeat the above process for B times.
Step 4: Based on the bootstrap samples {Wg,..., W&}, calculate the

bootstrap sample-based critical value

B
@g.q = inf {t B+ Y <X, Y} > 1- a}.

b=1

Step 5: Reject Hyg if and only if Ty > Wg 1—q.

Note that the above bootstrap method essentially bootstraps the par-
tial sum-based process, which has been recently used for change point de-
tection of high dimensional mean vectors in |Jirak| (2015)); Yu and Chen
(2021). As shown in our numerical studies, Bootstrap-I suffers from serious
size distortions. This phenomenon is due to large biases arising from the
residual-based process {R") — R®V ¢ € [r5,1 — 7]}, which can not be
ignored in finite sample performance although it is asymptotically negligi-

ble. Hence, for change point detection in high dimensional linear models,
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2.3 Multiplier bootstrap for approximating the null distribution

substantial modifications are needed and it is desirable to consider a new
candidate bootstrap method. To overcome this problem, different from the
existing methods, we choose to bootstrap the entire de-biased lasso-based

process as shown in the following Bootstrap-I1.

2.3.2 Bootstrap-11

The key idea of this bootstrap procedure is to approximate the null
limiting distribution under both Hy g and H, g. It proceeds as follows:
Step 1: Given 52 in (2.19), for the b-th bootstrap, let €, ..., ¢ be i.i.d.
random variables following N (0,5?2). Define the b-th bootstrap of response

vectors Y’ = (Y?,...,Y")T:

VP = XTBO1{1 <i < |nf)} 4+ X BOV1{|nky] <i<nl+e, (2.21)

where B(O’%) and B(?O’l) are the lasso estimators before and after .

Step 2: Denote Y},

(7) = (}/ib,...,yb

LntJ)T’ and }f(?’l) - <Y\_l’:ltJ+17 e ,YT?)T

We then define the b-th bootstrap version of the de-biased lasso estima-
tors before and after |nt] as @O0 = (F2OD  FEOINT apg gotD =

(ﬁvf’(t’l), . ,Bz’(t’l))T, where

g = g0 + eXf (Y<’6,t> — X0B" ) /|nt], (2.22)

BrD = gD 1+ X |, (Yéin = X8 Y) [ [nt],
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2.3 Multiplier bootstrap for approximating the null distribution

and Bb’(o’t) and B\b’(t’l) are the lasso estimators before and after ¢ using the
bootstrap samples {YOt X0} and {Y, (t 1 X -

Step 3: Define the bootstrap sample-based signal function g(t) = (3\1 (t),... ,gp(t))T:

8(t) = %(ﬂ@ gD 1{t € [To,to]}*‘%(B(O’?‘))—ﬁ@’l))l{t & [fo, 1-70]}

Step 4: Calculate the b-th bootstrap version for the test statistic Ty by

(0 t) /Bl')v(tvl) — Es\](t)
j
NGHY, ‘ '

Step 5: Repeat the above procedures (2.21] - 2.23)) for B times and obtain

Ty = max max\/_mtJ ( LZ“) (2.23)

te[r0,1—70] Jj€G

the bootstrap samples {Tg,...,T7}. Let cgo = inf{t : P(Tg < t) >

1 — a} be the theoretical critical value of Tg. Using the bootstrap samples

{T},...., T8}, we estimate cgo by
B

Ggo = inf {t B+ YT <X, Y}>1- a}. (2.24)
b=1

Step 6: Define the new test for the hypothesis (|1.2) as follows:
Og o = 1{Tg > /C\g,a}. (2.25)

Given a significance level a € (0,1) and a prespecified subgroup G, for the
hypothesis , we reject Hy g if &g, = 1.

It is shown in theory that the Bootsrap-II-based test statistic Tgb approx-
imates the limiting null distribution of T;. More importantly, by bootstrap-

ping the whole de-biased lasso-based process, Bootstrap-II enjoys better test
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size performance than Bootstrap-I under various candidate subgroups. This

is supported by our extensive numerical studies in Section [4]

3. Theoretical properties

In this section, we examine some theoretical properties of our proposed

method including the size, power and the change point estimation results.

3.1 Basic assumptions

To save space, we provide brief descriptions of our assumptions below.
More details on basic assumptions for making change point inference on
high dimensional linear models can be found in the Supplementary Mate-
rials. Assumptions (A.1) — (A.3) impose some regular conditions on the
design matrix as well as the error terms. Assumption (A.4) contains ba-

sic requirements on model parameters. Assumption (A.5) is a technical
condition on the regularity parameters in (2.5 and (2.9)).
3.2 Main results

We derive some theoretical results of our proposed new test. In Section
3.2.1, we consider the control of Type I error. In Section |3.2.2] we examine

the power performance as well as the accuracy of change point estimation.
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3.2 Main results

3.2.1 The validity of test size

Before giving the test size results, we first consider the variance esti-
mation. Theorem (1| shows that the pooled weighted variance estimator is
uniformly consistent under the null hypothesis. It is crucial for deriving the

Gaussian approximation results as in Theorem [2]

Theorem 1. Suppose Assumptions (A.1) — (A.5) hold. Under Hyg, for

Cs

the variance estimator, with probability at least 1 — Cy(np)~“2, we have

o log(n)
2 2
max [5e0; — otwirl < Ca(\/ = = + maxAy)v/5;),

where C1, ..., Cs are universal positive constants not depending on n or p.

Based on Theorem [I|as well as other regularity conditions, the following

Theorem [2| justifies the validity of our bootstrap procedure.

Theorem 2. Suppose Assumptions (A.1) — (A.5) hold. Under Hyg, for

any given subgroup G C {1,...,p}, we have

sup |P(Tg < z) —P(T§ < z{X, Y})| = 0,(1), as n,p — oo.

z€(0,00)
Theorem [2| shows that we can uniformly approximate the distribution
of Ty using that of T, é’ As a corollary, the following Corollary |1 shows that
our proposed new test can control the Type I error asymptotically for any

given pre-specified significance level a.
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3.2 Main results

Corollary 1. Assume Assumptions (A.1)-(A.5) hold. Under Hyg, for any

gwen subgroup G C {1,...,p}, we have P(®g, =1) = o, asn,p, B — oo.

3.2.2 Analysis under H, g

After analyzing the theoretical results under the null hypothesis, we
next consider the performance under H; g. To this end, some additional
assumptions are needed.

Assumption (A.6). Let § = B — 3. For the signal jump, we require
there exists a constant ¢* € [0, 00) such that lim,, , . §||6]|cc — ¢*.

Note that Assumption (A.6) is a signal strength requirement for iden-
tifying the change point location ¢, with high accuracy. It allows weak
signals that can scale to zero as (n,p) — oo. With the additional assump-
tion as well as those of (A.1) — (A.5), the following Theorem [3| provides a

non-asymptotic estimation error bound of %\07g for tg.

Theorem 3. Suppose Assumptions (A.1) - (A.6) hold. Assume addition-
ally ||0]]g.co > +/l0g(|G|n)/n holds. For any given subgroup G C {1,...,p},

under Hy g, with probability at least 1 — Cy(np)~2, we have

log(|G|n)

r ] < crloslSln)
[fog = to] < &35

(3.26)

where C* is a universal positive constant not depending on n or p.
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3.2 Main results

Theorem |3| shows that our subgroup-based change point estimator is

asymptotically consistent, which allows the group size |G| to grow with the

sample size n as long as [|§]|g . > +/log(|G|n)/n holds.

Remark 2. Note that [Jirak (2015)); Yu and Chenl (2021)) considered the
change point estimation for high dimensional mean vectors. They obtained
the change point estimators by taking “argmax” of the corresponding par-
tial sum processes with an estimation error rate of O, (log(p)/(n|A||2:w)).
where A = (Ay,...,A,)" is the signal jump of mean vectors before and
after the change point and ||Al|pin is the minimum signal jump for the co-
ordinates with a change point. Different from |Jirak (2015)); [Yu and Chen
(2021)), we adopt a different proof technique and derive an estimation error
bound of O,(log(p)/(n||A]|%)). Considering ||Al| can be much larger

than || A||min, our result is sharper than |Jirak| (2015); Yu and Chen| (2021).

More proof details can be found in the Appendix.

After analyzing the change point identification, we next consider the
change point detection. Note that for the change point problem, variance es-
timation under the alternative is a difficult but important task. As pointed
out in [Shao and Zhang (2010)), due to the unknown change point, any im-
proper estimation may lead to non-monotonic power performance. This

distinguishes the change point problem substantially from one-sample or
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3.2 Main results

two-sample tests where homogenous data are used to construct consistent
variance estimation.

Theorem [4] shows that the pooled weighted variance estimation is uni-
formly consistent under H; g. This guarantees that our new testing method

has reasonable power performance.

Theorem 4. Suppose Assumptions (A.1) - (A.6) hold. Then, for the

weighted variance estimation, under Hy g, we have

max 02w, — orw;k| = 0,(1), as n,p — oo. (3.27)
1<j,k<p

From the proof of Theorem [ some interesting observations can be
found. On one hand, if the signal strength is too weak such that ||d]|g e =
O(+/log(pn)/n) holds, then the pooled weighted variance estimator &2 is a
consistent estimator for 062 even though we can not guarantee a consistent
change point estimator in this case. On the other hand, if the signal strength
is big enough such that |8l > +/log(pn)/n holds, then a consistent
change point estimator %\Og is needed to guarantee holds. These are
insightful findings for variance estimation in change point analysis, which
is different from the 7.i.d. case.

Lastly, we discuss the power properties. To this end, we need some

additional notations. Recall IT = {j : B](-l) # 55-2)} as the set of coordinates
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3.2 Main results

having a change point. Define the oracle signal to noise ratio vector D =

(Dl, ey Dp)T with

0, for j ell°
a ot~ to)(8,” — 5,")

(02w ;)12 ’

(3.28)

for j eIl

With the above notations and some regularity conditions, the following
Theorem [5[shows that we can reject the null hypothesis of no change points

with overwhelming probability.

Theorem 5. Suppose Assumptions (A.1) — (A.6) hold. Let e, = o(1). For

any given subgroup G C {1,...,p}, if D satisfies

Co
ViD= 1

- (v/2108(IG1n) + v/2log(a ) ). (3.29)

under Hy g, we have P(®g, =1) = 1, as n,p, B — oo, where Cy is a large

enough universal positive constant not depending on n or p.

Theorem [5| demonstrates that with probability tending to one, our pro-
posed new test can detect the existence of a change point for any given
subgroup as long as the corresponding signal to noise ratio satisfies .
Combining and , we note that with a larger signal jump, a
smaller noise level, and a closer change point location to the middle of data

observations, it is more likely to trigger a rejection of the null hypothesis.

28



Lastly, we would like to point out that the requirements for identifying
and detecting a change point are different. More specifically, from Theorem
B to correctly identify the location of a change point with desirable accu-
racy, the signal strength should at least satisfy ||0]|g. > +/log(|G|n)/n.
In contrast, Theorem |5 shows that it is sufficient to detect a change point

if ”DHg,oo > (C'y/log(|G|n)/n holds. Hence, we need more stringent condi-

tions for locating a change point than detecting its existence.

4. Numerical studies

We examine the numerical performance of our proposed method and
compare it with several existing state-of-art techniques.

We first consider single change point detection. For the design matrix
X, we generate X; (i.i.d.) from N(0,3), where the following two types of
covariance structures are investigated: ¥ = I,., (Model 1) and ¥ = ¥*

with ¥* = (o*)F

i j=1, Where o} ; = 0.5/ for 1 <i,j < p (Model 2).

To show the bootstrap performance, for each model, the error terms
(€;)1 are i.i.d. generated from standard normal distributions, standardized
Gamma(4, 1) distributions as well as Student’s ¢5 distributions.

For the regression coefficient B, for each replication, we generate s

non-zero covariates randomly selected from § = {1,...,50}. The corre-
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4.1 FEmpirical sizes

sponding selected coefficients are i.i.d. from U(0, 2), and the remaining p— s
covariates are (’s. Note that we generate regression coefficients out of S,
which is denoted as the active set. Under Hy g, we set B? = BW. Through-
out the simulations, we consider various combinations of the sample sizes
n, data dimensions p, and overall sparsities s by setting n € {200, 300},
p € {100,200, 300,400} and s € {5,10}. The number of bootstrap replica-
tions is B = 100. Without additional specifications, all numerical results

are based on 2000 replications.

4.1 Empirical sizes

We investigate the empirical sizes. We set the significance levels a =
1%,5%. Furthermore, three different types of subgroups are investigated:
G=S5,G=8and G =SUS°={l1,...,p}. To evaluate the numerical
performance, in addition to our proposed methods, we consider four exist-
ing well-known techniques for change point detection of high dimensional
linear models: the high dimensional lasso-based method in Lee et al.| (2016))
(Lee2016), the sparse group lasso-based method in [Zhang et al. (2015)
(SGL), the binary segmentation-based method in |Leonardi and Bithlmann
(2016) (L&B), and the Variance Projected Wild Binary Segmentation in

Wang et al. (2021) (VPWBS).
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4.1 FEmpirical sizes

It is worth noting that under Hy g with 31) = B8 SGL and L&B can
potentially select the true homogeneous model by identifying the change
points at {1,n}. Hence, we record their rates of false selections as their
“empirical sizes”. As for Lee2016, their main purpose is to simultaneously
estimate the potential single change point as well as the regression coeffi-
cients. Therefore, we do not report their empirical sizes and powers here.

Table|l|summarizes the empirical sizes for Models 1 and 2 with different
combinations of (n, p, s) under N(0,1) distributions. We can see that both
SGL and L&B are only applicable for the case of the overall subset with
G = {1,...,p}. In those cases, SGL suffers from serious size distortions
with too many false selections. One reasonable explanation is that SGL
builds their algorithms on the sparse group lasso which tends to overesti-
mate the number of change points. Moreover, we observe that L&B seems
to be conservative although it can select the homogenous model with no
false selections. As for our proposed methods, the empirical sizes of Boot-
[ are out of control (especially for the active set §). This suggests that
for change point detection of high dimensional linear models, the residual
term of the de-biased lasso-based process can not be ignored, even though
it is asymptotically negligible in theory. As compared to Boot-I, Boot-II

benefits from bootstrapping the whole de-biased lasso-based process. In
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4.1 FEmpirical sizes

Table 1: Empirical sizes for Models 1 and 2. The errors are generated from

N(0,1). The results are based on 2000 replications.

Empirical sizes (%) with (n,s) = (200, 5)

Model g p Boot-I (o =1%) Boot-II (o = 1%) Boot-I (o = 5%) Boot-II (o = 5%) SGL L&B
=1 S 200 7.61 1.70 18.52 3.86 NA NA
400 10.70 1.80 23.05 5.30 NA NA
S¢ 200 8.23 1.44 15.43 4.06 NA NA
400 11.93 0.93 21.60 3.40 NA NA
SuUSe 200 7.41 1.03 14.20 2.93 38.89 0.00
400 12.55 1.39 27.37 3.86 46.67 0.00
=3 S 200 7.61 1.49 14.40 4.73 NA NA
400 8.64 1.65 16.26 4.68 NA NA
S 200 3.50 0.82 12.14 3.09 NA NA
400 5.76 0.67 12.76 3.03 NA NA
SuUSe© 200 4.73 0.82 13.37 3.29 77.78 0.00
400 7.82 1.23 17.08 3.19 80.00 0.00
Empirical sizes (%) with (n,s) = (300, 10)
Model g p Boot-I (o =1%) Boot-II (o = 1%) Boot-I (a = 5%) Boot-II (o =5%) SGL L&B
=1 S 200 12.76 1.83 23.66 3.25 NA NA
400 19.55 1.88 33.74 7.35 NA NA
S¢ 200 8.33 1.02 16.67 3.25 NA NA
400 13.79 1.63 26.95 3.06 NA NA
SUSe 200 11.52 0.82 22.43 3.27 56.67 0.00
400 17.49 2.45 32.30 5.71 62.30 0.00
=3 S 200 10.91 0.62 22.63 2.67 NA NA
400 17.07 2.26 28.86 5.56 NA NA
S¢ 200 4.32 0.41 11.32 1.65 NA NA
400 3.66 0.81 10.77 2.44 NA NA
SuUS© 200 6.50 1.85 16.06 4.32 56.67 0.00
400 7.06 0.6132 17.57 3.25 55.30 0.00




4.2 Empirical powers

most cases, the empirical sizes for Boot-II are close to the nominal level
across various dimensions and subgroups. Interestingly, it shows that the
empirical performance of Boot-II is affected by the candidate subgroups.
More specifically, empirical sizes for the active set S are sometimes larger
than the nominal level and the size performance of the non-active set S¢
performs the best among all candidate subgroups. Note that similar find-
ings are also observed in constructing simultaneous confidence intervals in
Zhang and Cheng| (2017)) for the given subgroup G. In addition, we can
see that Boot-II can still have satisfactory size performance as the non-zero
elements increase slowly from s = 5 to s = 10.

In the supplemental materials, we report the size performance under
standardized Gamma(4, 1) and Student’s ¢5 distributions in Tables ?? and
?7?. In both cases, our proposed method can control the size under the
nominal level. This suggests that the bootstrap null distribution is correctly

calibrated even for non-normal underlying errors.

4.2 Empirical powers

We next analyze the empirical powers. Denote the signal jump

& = C/log(p)/n x (2,22,2",2° 271} ",
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4.2 Empirical powers

Table 2: Empirical powers (%) under Model 1. The numerical results are

based on 2000 replications.

Empirical powers (%) with § = 0.5./log(p)/n x (23,22,21,20,271),

Change point at k* = 0.5n Change point at k* = 0.3n
Model g P Boot-II L&B Boot-II L&B
=1 S 200 58.33 NA 36.46 NA
400 64.93 NA 42.71 NA
S¢ 200 2.08 NA 4.17 NA
400 3.47 NA 3.82 NA
SuUSe 200 43.75 0.00 29.17 0.00
400 40.97 0.00 27.17 0.00

Empirical powers (%) with § = \/log(p)/n x (23,22,21,20,271).

Change point at k* = 0.5n Change point at k* = 0.3n
Model g P Boot-II L&B Boot-II L&B
=1 S 200 100.00 NA 99.38 NA
400 99.59 NA 99.38 NA
S¢ 1200 3.50 NA 3.91 NA
400 3.09 NA 2.06 NA
SuUSe 200 100.00 36.87 99.18 29.29
400 99.38 38.38 99.38 28.28

Empirical powers (%) with § = 2/log(p)/n x (23,22,21,20, 2—1),

Change point at k* = 0.5n Change point at k* = 0.3n
Model g P Boot-II L&B Boot-II L&B
=1 S 200 100.00 NA 100.00 NA
400 100.00 NA 100.00 NA
S¢ 200 2.47 NA 1.65 NA
400 3.50 NA 2.88 NA
Suse 200 100.00 99.49 100.00 98.48
400 100.00 100.00 100.00 97.98

2.4
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4.2 Empirical powers

We set n = 200. We first generate 3 with s = 5 non-zero elements
following U(0, 2) distributions out of S = {1,...,50}. Then, we add § with
C € {0.5,1, 2} on the corresponding 5 non-zero covariates of 3" to generate
B Note that in this setting, 8" and B have a common support.
Table [2| shows the power results with n = 200, where various data di-
mensions, change point locations, candidate subgroups, and signal strength
are considered. Note that we do not report the results of SGL and Boot-I
because of their serious size distortions. According to Table |2, we see that
our proposed method can detect a change point with a very high proba-
bility across various data dimensions when the candidate subgroup has a
change point (G = § and G = S U §°). Interestingly, it is shown that the
powers in S¢ are close to the nominal level since the coefficients in S¢ are
zeros before and after the change point. As for L&B, we see that it can
successfully detect a change point when the signal jump is relatively strong
(C' = 2). However, L&B is not very sensitive to weak signals with C' = 0.5
and C' = 1. The above analysis suggests that our proposed method is
very powerful to sparse alternatives and is more efficient and flexible than
the existing methods for change point detection of high dimensional lin-
ear models. Moreover, Table 77 in the supplemental materials shows the

power performance similar to Table [2| for Model 2 with banded covariance
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structures.

In addition to single change point detection, we also combine the pro-
posed new testing method with the binary segmentation technique for de-
tecting multiple change points. The detailed algorithms and numerical per-
formance are provided in the supplementary materials. The results further

demonstrate the superior performance of our method over its competitors.

5. Conclusions

In this paper, we propose a new method for change point inference in
the context of high dimensional linear models. For any given subgroup
G C {1,...,p}, a Lyo-norm-based test statistic Tg is constructed for test-
ing the homogeneity of regression coefficients across the observations. To
approximate its limiting null distribution, a novel multiplier bootstrap pro-
cedure is introduced. Our new method is powerful against sparse alterna-
tives with only a few entries in G having a change point, and allows the
group size |G| to grow exponentially with the sample size n. As for the
change point identification, a new change point estimator is obtained by
taking “argmax” of the L..-aggregated process Hg(t). Theoretically, the
change point estimator is shown to be consistent, allowing the overall spar-

sity s of regression coefficients and the group size |G| to grow simultaneously
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with the sample size n. In addition to single change point detection, we
further combine our proposed method with the binary segmentation-based
technique for detecting and identifying multiple change points. Our new
testing method is relatively easy to implement and is justified via extensive

numerical studies.
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