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2Department of Mining Engineering, Universidad de Chile, Santiago, Chile

3Advanced Mining Technology Center, Universidad de Chile, Santiago, Chile

Abstract: Covariance functions are a fundamental tool for modeling the depen-

dence structure of spatial random fields. This work investigates novel construc-

tions for covariance functions that enable the integration of anisotropies and

hole effects in complex and versatile ways, having the potential to provide more

accurate representations of dependence structures arising with real-world data.

We show that these constructions extend widely used covariance models, includ-

ing the Matérn, Cauchy, compactly-supported hypergeometric and cardinal sine

models. We apply our results to a geophysical data set from a rock-carbonate

aquifer and demonstrate that the proposed models yield more accurate predic-

tions at unsampled locations compared to basic covariance models.

Key words and phrases: Nonmonotonic covariance models; Matérn covariance;

Cauchy covariance; Gauss hypergeometric covariance; cardinal sine covariance;

anisotropic random fields.
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1. Introduction

Data indexed by spatial (hereafter, Euclidean) coordinates arise in many

disciplines of the natural sciences, including climatology (Sang et al., 2011),

oceanography (Wikle et al., 2013), environment (Rodrigues et al., 2015),

ecology (Finley et al., 2011) and geosciences (Davis, 2002). Statistical and

geostatistical models often assume the observed data to be a realization of a

Gaussian random field, with the covariance function being the fundamental

ingredient to capture the spatial dependence (Chilès and Delfiner, 2012), to

understand the underlying spatial patterns and make reliable predictions.

Currently, there is a fairly extensive catalog of parametric families of

stationary covariance functions that allow modeling a large number of pat-

terns appearing in real situations, such as long-memory, hole effects, peri-

odicities, degree of mean square differentiability, anisotropies, among oth-

ers. Classical textbooks, such as Gaetan and Guyon (2010) and Chilès and

Delfiner (2012), provide extensive insights into the wide range of available

models. While existing models can handle many common patterns found

in real data sets, some data sets may present complex combinations of fea-

tures that require the development of new specialized models. In particular,

anisotropies and hole effects are two common properties that can manifest

on the covariance structure of data.
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Anisotropy refers to the directional dependence of spatial data, where

the level of association varies across different directions. We refer the reader

to Chilès and Delfiner (2012), Allard et al. (2016) and Koch et al. (2020) for

discussions on various types of anisotropy, including geometric, zonal, and

product (componentwise) anisotropies. Hole effects, on the other hand, re-

fer to the occurrence of negative covariance values at large distances, which

can be attributed to the structured occurrence of high (low) values of a geo-

referenced variable surrounded by low (high) values of this variable (Chilès

and Delfiner, 2012). They can be explained by ecological (e.g., geographic

competition, avoidance, attraction-repulsion, interaction, or aggregation),

anthropogenic (e.g., land use, land management, soil tilling and cultivation),

or geological (e.g., sedimentary, magmatic, diagenetic, migration, foliation,

fracturing, faulting, or folding) processes. A typical example of hole effect

takes place in the presence of a pseudo-periodicity in the spatial variability,

which often arises along a specific direction, i.e., anisotropically.

To date, several hole effect models have been developed in the isotropic

setting, such as pseudo periodic models (Christakos, 1984; Chilès and Delfiner,

2012; Hristopulos, 2015) and models with finitely many oscillations (Gas-

pari and Cohn, 1999; Gneiting, 2002; Vargas-Guzmán et al., 2002; Bellier

and Monestiez, 2010; Alegŕıa and Emery, 2024), for which the amplitude of
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the hole effect is all the less pronounced as the space dimension increases

(Chilès and Delfiner, 2012). However, the literature on anisotropic hole

effect models is still sparse. Although some basic constructions that incor-

porate both anisotropy and hole effects can be designed easily (examples

and references are provided in Section 2), more complex and sophisticated

relationships may be required in practice. Our focus is on covariance models

that feature both amenable expressions and interpretable parameters, and

that are capable of achieving negative values of varying intensities depend-

ing on the spatial orientation. In particular, some models could display

negative values only along specific spatial directions. We are motivated to

study this type of models in order to have a flexible framework capable

of capturing intricate dependence patterns present in real-world data, and

enable more robust inference and prediction.

To accomplish this goal, we begin by examining the conditions un-

der which the difference between two geometrically anisotropic stationary

covariance functions is valid. In a purely isotropic setting, Ma (2005), Buh-

mann and Jäger (2020), Faouzi et al. (2020) and Posa (2023) utilized this

methodology for constructing models with hole effects. Our findings thus

expand upon these works by considering an anisotropic setting. Further-

more, we investigate an approach based on the difference between a merely
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isotropic model and the average of shifted isotropic models. The shift di-

rection is a critical element of this formulation, as it indicates the primary

direction where the hole effect occurs. In addition, we study a construction

that involves directional derivatives of a spatial random field; thus, a signif-

icant hole effect is expected in a predominant direction (directional deriva-

tive’s sign can amplify the transitions between high and low values). We

also investigate how the aforementioned constructions can be coupled with

popular existing covariance models, such as the Matérn, Cauchy, compactly-

supported hypergeometric and cardinal sine, to generalize these models to

more versatile parametric functions.

The practical implications of this work will be explored through an

application to a geophysical dataset. Our analysis will reveal that the pro-

posed models lead to substantially improved predictions at unsampled lo-

cations in comparison with basic covariance models.

The article is organized as follows. Section 2 contains preliminary ma-

terial on stationary spatial random fields, covariance functions and basic

models that combine anisotropies and hole effects. Section 3 proposes gen-

eral methodologies to construct models merging anisotropies and hole ef-

fects in a nontrivial manner. Section 4 offers explicit parametric families

that use Matérn, Cauchy, compactly-supported hypergeometric and cardi-
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nal sine models as a starting point. In Section 5, our findings are applied

to a real data set. Section 6 presents conclusions and outlines potential

avenues for future research. The online Supplementary Material provides

an additional literature review on spatial hole effects, along with visual

illustrations and simulation studies.

2. Preliminaries

Let d ∈ N and {Z(x) : x ∈ Rd} be a real-valued second-order zero-mean

random field. The covariance function of such a field is the mapping K :

Rd × Rd → R defined as K(x,x′) = cov [Z(x), Z(x′)]. This is a positive

semidefinite function, i.e., for all n ∈ N, v1, . . . , vn ∈ R and x1, . . . ,xn ∈ Rd,∑n
i,j=1 vivjK(xi,xj) ≥ 0. The mapping K is said to be stationary if there

exists a function C : Rd → R such that K(x,x′) = C(x−x′), for all x,x′ ∈

Rd. By abuse of language, C will be referred to as a stationary covariance

function and we will say that C is positive semidefinite. Bochner’s theorem

(see, e.g., page 24 of Stein, 1999) provides a useful characterization of these

mappings under an assumption of continuity: C is a continuous stationary

covariance function if, and only if, it can be written as

C(h) =

∫
Rd

exp
(
ıh⊤ω

)
F (dω), h ∈ Rd, (2.1)
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for some nonnegative, symmetric and finite measure F (called spectral

measure) on Rd endowed with the Borel sigma-algebra, with ı standing

for the imaginary unit. If F is absolutely continuous with respect to

the Lebesgue measure, which happens if C is absolutely integrable, then

F (dω) = f(ω)dω, for some Lebesgue integrable function f : Rd → R

known as the spectral density (Chilès and Delfiner, 2012, Section 2.3.3). In

such a case, Fourier inversion yields

f(ω) =
1

(2π)d

∫
Rd

exp
(
−ıω⊤h

)
C(h)dh, ω ∈ Rd. (2.2)

A stationary covariance function is said to be isotropic if there exists a

function φ : [0,∞) → R such thatK(x,x′) = φ(∥x−x′∥), for all x,x′ ∈ Rd,

where ∥ · ∥ stands for the Euclidean norm on Rd. The function φ is referred

to as the radial part of K. We denote Φd the set of continuous functions φ

that are the radial part of some isotropic covariance function in Rd × Rd.

Every member of Φd, for d ≥ 2, can be written as the Hankel transform of

order (d − 2)/2 of a nonnegative bounded measure Gd on [0,∞) endowed

with the Borel sigma-algebra (Schoenberg, 1938, Theorem 1), i.e.,

φ(h) =

∫ ∞

0

Ωd(hu)dGd(u), h ≥ 0, (2.3)

where Ωd(s) = 2(d−2)/2Γ(d/2)s−(d−2)/2J(d−2)/2(s), with Γ standing for the

gamma function and Jν for the Bessel function of the first kind of order
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ν. If the spectral measure F is absolutely continuous with respect to the

Lebesgue measure, then so is Gd. Furthermore, the spectral density f is a

radial function and one has

φ(h) = (2π)d/2h(2−d)/2

∫ ∞

0

J(d−2)/2(uh)fd(u)u
d/2du, h ≥ 0, (2.4)

and

fd(u) =
1

(2π)d/2
u(2−d)/2

∫ ∞

0

J(d−2)/2(uh)φ(h)h
d/2dh, u ≥ 0, (2.5)

where fd is the radial part of f and will be referred to as the d-radial spectral

density of φ (note that the expression (2.5) of this radial density depends

on the space dimension d): f(ω) = fd(∥ω∥) for all ω ∈ Rd.

As described in the introduction, the radial part φ of an isotropic co-

variance function can attain negative values at large distances, which is

commonly referred to as a hole effect. For the sake of simplicity, suppose

that
∫∞
0

dGd(u) = 1, then one has the following lower bound for the mem-

bers of Φd: φ(h) ≥ infs≥0Ωd(s). When d = 2 and d = 3, this lower bound

is −0.403 and −0.218, respectively (Stein, 1999). As the spatial dimension

d approaches infinity, the lower bound of the isotropic covariance function

tends to zero, indicating that an isotropic hole effect becomes negligible

with large spatial dimensions.

In the following sections, we aim to investigate parametric covariance
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models that interlace anisotropy and hole effect. Note that some elementary

constructions can be developed:

• Suppose that φ ∈ Φd has a hole effect, then C(h) = φ
(√

h⊤Ah
)

is a valid stationary covariance function, for any positive semidefinite

matrix A. This is one of the most utilized strategies to introduce

anisotropy from an initial isotropic model, known as geometric (if

|A| > 0, with | · | denoting the determinant of a square matrix) or

zonal (if |A| = 0) anisotropy. Thus, hole effects and geometric/zonal

anisotropies can coexist in a single family. However, this construction

is overly rigid because the hole effect is constrained to occur in (al-

most) all directions with the same sharpness; of course, depending on

the direction, the hole effect is attained at different ranges.

• Constructions of the form C(h) = φ1(∥h∥)φ2(|hi|), with φ1 ∈ Φd,

φ2 ∈ Φ1 and hi being the ith element of h, can exhibit hole effects

in directions that are close to the i-th axis, provided that φ2 has

a hole effect. This approach also produces a pattern that is quite

rigid, where the interval of negative values in all directions exhibiting

a hole effect (primarily, in orientations approximately parallel to the

i-th axis) has a similar length regardless of the direction considered.

Variations of this construction include covariance functions of the form
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C(h) = φ1(|h1|)φ2(|h2|) in the two-dimensional space, with φ1, φ2 ∈

Φ1 (one of them with a hole effect) (Thiébaux, 1976; Emery and Parra,

2013), or of the form C(h) = φ1

(√
h⊤Ah

)
φ2(|hi|) with A a positive

semidefinite matrix, φ1 ∈ Φd, and φ2 ∈ Φ1 with a hole effect (Journel

and Froidevaux, 1982; Le Blévec et al., 2018).

Figure S1 in Supplementary Material shows examples of these basic

models, where the aforementioned structures can be seen. This work ex-

plores other constructions enabling complex combinations of these features.

3. General Results

3.1 Difference Between Geometrically Anisotropic Models

We will examine the conditions under which the difference between two ge-

ometrically anisotropic covariance functions remains positive semidefinite.

Proposition 1. Let φ be a member of the class Φd possessing a d-radial

spectral density fd. Consider scalars b1, b2 ≥ 0 and symmetric positive

definite matrices A1 and A2. Thus,

T (1)
A1,A2,b1,b2

[φ](h) = b1 φ
(√

h⊤A1h
)
− b2 φ

(√
h⊤A2h

)
, h ∈ Rd,

(3.6)
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3.1 Difference Between Geometrically Anisotropic Models

is a stationary covariance function in Rd if, and only if,

b1 ≥ b2
|A1|1/2

|A2|1/2
sup
ω∈Rd

fd

(√
ω⊤A−1

2 ω
)

fd

(√
ω⊤A−1

1 ω
) . (3.7)

Proof 1. Based on Bochner’s theorem, one must show that the inverse

Fourier transform of (3.6), which is positively proportional to

b1

∫
Rd

exp
(
−ıω⊤h

)
φ
(√

h⊤A1h
)
dh−b2

∫
Rd

exp
(
−ıω⊤h

)
φ
(√

h⊤A2h
)
dh,

(3.8)

is nonnegative for every ω ∈ Rd. A change of variable allows writing (3.8)

in the following format:

b1
|A1|1/2

∫
Rd

exp

(
−ı
[
A

−1/2
1 ω

]⊤
v

)
φ
(√

v⊤v
)
dv

− b2
|A2|1/2

∫
Rd

exp

(
−ı
[
A

−1/2
2 ω

]⊤
v

)
φ
(√

v⊤v
)
dv.

Thus, up to a positive factor, (3.8) can be written as

b1
|A1|1/2

fd

(√
ω⊤A−1

1 ω

)
− b2

|A2|1/2
fd

(√
ω⊤A−1

2 ω

)
. (3.9)

Finally, (3.9) is nonnegative for all ω ∈ Rd if, and only if, (3.7) holds.

The negative term in (3.6) is the one that induces the hole effect, so

matrix A2 is key to characterize the prevalent directions of the hole effect.

When the spectral density is radial and nonincreasing, the previous

proposition can be simplified. Before stating the next result, we introduce

the notation A1 ⪰ A2 to indicate that A1 −A2 is positive semidefinite.
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3.1 Difference Between Geometrically Anisotropic Models

Corollary 1. Suppose that φ belongs to Φd and has a nonincreasing d-radial

spectral density fd. Let A1 and A2 be positive definite matrices such that

A1 ⪰ A2, and b1, b2 ≥ 0. Thus, (3.6) is a stationary covariance function

in Rd if, and only if,

b1 ≥ b2
|A1|1/2

|A2|1/2
. (3.10)

Proof 2. ConditionA1 ⪰ A2 is equivalent toA
−1
2 ⪰ A−1

1 . Thus, ω⊤A−1
2 ω ≥

ω⊤A−1
1 ω for all ω ∈ Rd. Since fd is nonincreasing,

fd

(√
ω⊤A−1

2 ω

)
≤ fd

(√
ω⊤A−1

1 ω

)
, ω ∈ Rd.

Consequently, the supremum in the right hand side of (3.7) is identically

equal to one (attained for ω = 0).

Remark 1. A sufficient condition for the d-radial spectral density fd to

be nonincreasing is that φ belongs to Φd+2 and possesses a (d + 2)-radial

spectral density fd+2. Indeed, in such a case, φ is the Hankel transform of

order (d− 2)/2 of fd, as per (2.4), and also the Hankel transform of order

d/2 of fd+2. This entails that fd is the montée of order 2 of fd+2 (Matheron,

1965, formula I.4.8):

fd(u) = 2π

∫ ∞

u

vfd+2(v)dv, u ≥ 0, (3.11)

which is a nonincreasing function of u insofar as fd+2 is nonnegative.
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3.1 Difference Between Geometrically Anisotropic Models

The conditions in Corollary 1 can be stated in terms of the eigenvalues

ofA1 andA2. Let λj(Ai), λmin(Ai) and λmax(Ai) denote the j-th, minimum

and maximum eigenvalues of Ai, respectively, for i = 1, 2 and j = 1, . . . , d.

Corollary 2. Suppose that φ belongs to Φd and has a nonincreasing d-

radial spectral density. Let A1 and A2 be positive definite matrices such

that λmin(A1) ≥ λmax(A2), and b1, b2 ≥ 0. Thus, (3.6) is a stationary

covariance function in Rd if, and only if,

b1 ≥ b2

(
d∏

j=1

λj(A1)

λj(A2)

)1/2

. (3.12)

Remark 2. When Ai = aiId, for i = 1, 2, with a1 ≥ a2 and Id being the

d× d identity matrix, (3.6) reduces to the isotropic model

h 7→ b1 φ(
√
a1h)− b2 φ(

√
a2h), (3.13)

with h = ∥h∥ ≥ 0, and the respective validity condition (3.12) simplifies

into

b1 ≥ b2

(
a1
a2

)d/2

. (3.14)

Our results align with prior literature concerning this topic in the purely

isotropic case. Specifically, we recover Theorem 1(ii) in Ma (2005), and

generalize Theorem 3.1 in Faouzi et al. (2020) and Corollaries 3-12 in Posa

(2023). The results of this section can therefore be seen as an anisotropic
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3.2 Construction Based on Shifted Isotropic Models

extension of previous literature related to the difference between isotropic

covariance models (or nested models) and the so-called Zastavnyi operators.

3.2 Construction Based on Shifted Isotropic Models

We propose here an alternative approach for constructing anisotropic co-

variance functions that exhibit negative values in specific orientations. We

start with an isotropic model of the form (3.13). Therefore, it becomes

crucial to satisfy both condition (3.14) and the requirement of having a

nonincreasing d-radial spectral density for φ to ensure that we start with

an admissible covariance model. Then, we incorporate a shift in a deter-

mined direction to produce an anisotropic structure.

Proposition 2. Let φ ∈ Φd and suppose that it has a nonincreasing d-

radial spectral density. Consider constants a1, a2 > 0 and b1, b2 ≥ 0 such

that (3.14) holds. Thus, for all η ∈ Rd, the mapping

T (2)
a1,a2,b1,b2,η

[φ](h) = b1 φ (
√
a1∥h∥)−

b2
2

[
φ(

√
a2∥h−η∥)+φ(

√
a2∥h+η∥)

]
, h ∈ Rd,

(3.15)

is a stationary covariance function in Rd.

Proof 3. Let fai,d denote the d-radial spectral density of φ(
√
aih), for
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3.2 Construction Based on Shifted Isotropic Models

i = 1, 2. Note that, for all ω ∈ Rd, with ω = ∥ω∥,

1

(2π)d

∫
Rd

exp
(
−ıω⊤h

)
φ (

√
a2∥h− η∥) dh

=
1

(2π)d

∫
Rd

exp
(
−ıω⊤ [v + η]

)
φ (

√
a2∥v∥) dv = exp

(
−ıω⊤η

)
fa2,d(ω).

Similarly, (2π)−d
∫
Rd exp

(
−ıω⊤h

)
φ
(√

a2∥h+ η∥
)
dh = exp

(
ıω⊤η

)
fa2,d(ω).

Thus, for all ω ∈ Rd, the inverse Fourier transform of (3.15) is

b1fa1,d(ω)−
b2
2

[
exp

(
−ıω⊤η

)
fa2,d(ω) + exp

(
ıω⊤η

)
fa2,d(ω)

]
= b1fa1,d(ω)− b2 cos

(
ω⊤η

)
fa2,d(ω). (3.16)

The right-hand side of (3.16) is lower-bounded by b1fa1,d(ω) − b2fa2,d(ω),

where the latter expression is the d-radial spectral density of (3.13). This

quantity is non-negative as condition (3.14) is satisfied, i.e., (3.13) is positive

semidefinite. The proof concludes invoking Bochner’s theorem.

The interest of the above proposition lies in the fact that all the isotropic

constructions of the form (3.13) can be adapted according to (3.15) to

produce anisotropic models. When the separation vector h is close to ±η,

the negative part of (3.15) becomes predominant; thus, the hole effect is

more significant in that direction.

Two limit cases of (3.15) are worth noting. On the one hand, as ∥η∥

approaches infinity, (3.15) tends to b1 φ(
√
a1h) (a rescaled version of the

initial covariance model). On the other hand, when ∥η∥ approaches zero,
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3.3 Models with Derivative Information

the nested model (3.13) is recovered. Thus, this construction can encompass

purely isotropic models, both with and without hole effect, as special cases.

3.3 Models with Derivative Information

Our focus now turns to the study of anisotropic models whose construction

incorporates directional derivatives of an isotropic random field. In con-

trast to previous strategies, this approach requires a covariance function

twice differentiable at the origin as one of the initial ingredients, and no

monotonicity conditions are required for the d-radial spectral density.

Proposition 3. Let φ1, φ2 ∈ Φd, with φ2 being twice differentiable at the

origin, and u be a unit vector in Rd. Consider constants a1, a2 > 0 and

b1, b2 ≥ 0. Thus, the mapping

T (3)
a1,a2,b1,b2,u

[φ1, φ2](h) = b1φ1(
√
a1∥h∥)− b2

[
cos2(θ(h,u))φ′′

2(
√
a2∥h∥)

+ sin2(θ(h,u))
φ′
2(
√
a2∥h∥)√

a2∥h∥

]
, (3.17)

where h ∈ Rd, with θ(h,u) being the angle between h and u, is a stationary

covariance function in Rd.

Proof 4. Consider two independent zero-mean random fields on Rd, de-

noted as Y1 and Y2, which possess covariance functions φ1 and φ2 in Φd,
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3.3 Models with Derivative Information

respectively. Equation (5.29) in Chilès and Delfiner (2012) establishes that

cov

[
∂Y2

∂u
(x),

∂Y2

∂v
(x+ h)

]
= −

(
h⊤u

)2
∥h∥2

[
φ′′
2(∥h∥)−

φ′
2(∥h∥)
∥h∥

]
−
(
u⊤v

) φ′
2(∥h∥)
∥h∥

,

for all x,h ∈ Rd and any pair of unit vectors u and v in Rd, provided that

φ2 is twice differentiable at the origin. Thus, a direct calculation shows

that the covariance function of the random field
{
(∂Y2/∂u)(x) : x ∈ Rd

}
is

given by h 7→ − cos2(θ(h,u))φ′′
2(∥h∥) − sin2(θ(h,u))φ′

2(∥h∥)/∥h∥. Based

on previous calculations, one concludes that the covariance function of

Z(x) =
√
b1Y1(

√
a1x) +

√
b2
a2

∂Y2

∂u
(
√
a2x), x ∈ Rd, (3.18)

is given by (3.17), indicating that (3.17) is positive semidefinite.

The rationale behind this approach is that the changes in sign of the

directional derivative in (3.18) can accentuate the transitions between large

and small values of the random field Z in a given direction; thus, marked

hole effects in the orientation determined by u are expected. If h is approx-

imately proportional to u, the second-order derivative of φ2 gains greater

significance in (3.17). Conversely, if h is approximately orthogonal to u,

the term involving the first-order derivative becomes more dominant.

The parameters involved in this formulation do not require any elab-

orate restriction, as the positive semidefiniteness is inherently ensured by

construction. A special case of (3.17) arises when setting b1 = 0, where
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the dominant component of the covariance structure is the term within

brackets, representing the covariance function of the directional derivative

of certain random field.

When the covariance functions of Y1 and Y2 are equal and given by

φ1 = φ2 := φ, where φ is a function in Φd that is twice differentiable at the

origin, we can conveniently denote the expression (3.17) as T (3)
a1,a2,b1,b2,u

[φ].

Remark 3. In Proposition 3, one can substitute φ1 with a stationary co-

variance model, which need not be isotropic. The validity of this alternative

model is guaranteed by following the same proof as before. This slight vari-

ation offers enhanced flexibility in data modeling.

4. Explicit Parametric Families

4.1 Matérn, Cauchy and Hypergeometric Models

To provide concrete models derived from the previous findings, we intro-

duce three commonly used parametric families of covariance functions: the

Matérn, Cauchy and Gauss hypergeometric families.

1. The Matérn family of covariance functions is given by (Stein, 1999)

Mν(t) =
21−ν

Γ(ν)
tνKν(t), t ≥ 0, (4.19)

where Kν is the modified Bessel function of the second kind, with ν >
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4.1 Matérn, Cauchy and Hypergeometric Models

0 being a shape parameter. The d-radial spectral density associated

with this model, viewed as a function of ω = ∥ω∥, is given by fM
d (ω) =

π−d/2 (Γ(ν + d/2)/Γ(ν)) (1 + ω2)−ν−d/2.

2. The Cauchy family of covariance functions is given by (see, e.g., Chilès

and Delfiner, 2012)

Cδ(t) = (t2 + 1)−δ, t ≥ 0, (4.20)

with δ > 0 being a shape parameter. When δ > (d − 1)/4, its d-

radial spectral density adopts the explicit form (Lim and Teo, 2009)

fC
d (ω) = π−d/2

(
21−d/2−δ/Γ(δ)

)
ω−d/2+δKd/2−δ(ω).

3. The Gauss hypergeometric family of covariance functions is given by

(Emery and Alegŕıa, 2022)

Hα,β,γ(t) = (1−t2)
β−α+γ−d/2−1
+ 2F1(β−α, γ−α; β−α+γ−d/2; (1−t2)+), t ≥ 0,

(4.21)

with 2F1 denoting the Gauss hypergeometric function, (·)+ denoting

the positive part and α, β, γ being shape parameters such that 2α > d,

2(β − α)(γ − α) ≥ α and 2(β + γ) ≥ 6α + 1. Its d-radial spectral

density is fH
d (ω) = κ(α; β, γ)1F2(α; β, γ;−ω2/2), with κ(α; β, γ) a

positive factor and 1F2 a generalized hypergeometric function. This
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4.1 Matérn, Cauchy and Hypergeometric Models

model encompasses the Euclid’s hat (spherical), cubic, generalized

Wendland and Askey covariances as particular cases.

Both Mν and Cδ belong to Φd, for all d ≥ 1, and both fM
d and fC

d are

decreasing functions. As for Hα,β,γ, it belongs to Φd+2 if 2α > d+ 2, 2(β −

α)(γ − α) ≥ α and 2(β + γ) ≥ 6α+ 1, in which case fH
d is a nonincreasing

function (recall Remark 1). Thus, these three models are in the range of

applicability of Propositions 1 and 2.

While the Cauchy model is infinitely differentiable at the origin (Chilès

and Delfiner, 2012), the Matérn and Gauss hypergeometric models are twice

differentiable at the origin if, and only if, ν > 1 (Stein, 1999) and 2α > d+2

(Emery and Alegŕıa, 2022), respectively, and, in these cases, Proposition 3

can be applied.

In summary, we have the following corollaries.

Corollary 3. Consider two positive definite matrices A1 and A2 such that

A1 ⪰ A2, and scalars b1, b2 ≥ 0. Thus, T (1)
A1,A2,b1,b2

[Mν ], T (1)
A1,A2,b1,b2

[Cδ] and

T (1)
A1,A2,b1,b2

[Hα,β,γ], with ν > 0, δ > (d−1)/4, 2α > d+2, 2(β−α)(γ−α) ≥ α

and 2(β + γ) ≥ 6α + 1, are stationary covariance functions in Rd if, and

only if, condition (3.10) holds.

Corollary 4. Let a1, a2 > 0 and b1, b2 ≥ 0 satisfy condition (3.14) and

η ∈ Rd. Thus, T (2)
a1,a2,b1,b2,η

[Mν ], T (2)
a1,a2,b1,b2,η

[Cδ] and T (2)
a1,a2,b1,b2,η

[Hα,β,γ], with
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4.2 Cardinal Sine Model

ν > 0, δ > (d−1)/4, 2α > d+2, 2(β−α)(γ−α) ≥ α and 2(β+γ) ≥ 6α+1,

are stationary covariance functions in Rd.

Corollary 5. Consider a1, a2 > 0 and b1, b2 ≥ 0, and a unit vector u ∈ Rd.

Thus, T (3)
a1,a2,b1,b2,u

[Mν ] with ν > 1, T (3)
a1,a2,b1,b2,u

[Cδ] and T (3)
a1,a2,b1,b2,u

[Hα,β,γ]

with 2α > d+2, 2(β−α)(γ−α) ≥ α and 2(β+γ) ≥ 6α+1, are stationary

covariance functions in Rd.

In order to exhibit the versatility of the proposed models, we provide

visual illustrations in Supplementary Material (see Figure S2).

4.2 Cardinal Sine Model

Our focus now turns to the cardinal sine (or wave) covariance function,

defined through

W(t) =
sin(t)

t
, t > 0, (4.22)

and W(0) = 1. This model belongs to Φd, for d ≤ 3. When d = 3, this

model does not possess a spectral density. However, for d ≤ 2, one has

(Arroyo and Emery, 2021)

fW
d (ω) =

1

2π(d−1)/2Γ((3 + d)/2)
(1− ω2)

(1−d)/2
+ , ω ≥ 0. (4.23)

In particular, when d = 2 and 0 ≤ ω < 1, (4.23) is an increasing mapping.

As a result, Propositions 1 and 2 are not applicable to this model. The
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conditions of Proposition 3, on the other hand, can be readily verified for

d ≤ 3, leading to the subsequent corollary.

Corollary 6. Let d ≤ 3. Consider a1, a2 > 0 and b1, b2 ≥ 0, and a unit

vector u ∈ Rd. Thus, T (3)
a1,a2,b1,b2,u

[W ] is a stationary covariance function in

Rd.

Recall that Proposition 3 offers the flexibility to combine models from

different parametric families. As an example, we can consider T (3)
a1,a2,b1,b2,u

[Mν ,W ],

which constitutes a valid stationary covariance model for dimensions d ≤ 3.

Figure S3 in Supplementary Material shows examples of T (3)
a1,a2,b1,b2,u

[W ]

and T (3)
a1,a2,b1,b2,u

[M1/2,W ] for specific parametric settings.

5. Real Data Analysis

We now present an application of our models in groundwater hydrology.

We consider a geophysical data set from a carbonate-rock shallow aquifer

located in Martin county, south Florida, and documented in Parra et al.

(2006, 2009). Such shallow aquifers are an essential resource of ground-

water, and their petrophysical and hydraulic properties (such as hydraulic

conductivity, transmissivity, specific storage, specific yield, and porosity)

need to be specified accurately to understand the groundwater storage and

recharge potentials, to forecast the quantity of available water, and to op-
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timally plan groundwater pumping from wells penetrating the aquifer.

In the aquifer under consideration, the porosity and other properties

have been directly measured along wells that sample the aquifer but are

widely spaced, with a sampling mesh of several hundred meters. To com-

plement these measurements, cross-well reflection seismic surveys have been

conducted to measure the P-wave impedance, a variable that strongly cor-

relates with porosity and is therefore helpful for mapping the aquifer prop-

erties, delineating its lateral heterogeneities, and assessing the fluid paths

(Parra and Emery, 2013; Emery and Parra, 2013). The P-wave impedance

was calculated by means of a band-limited inversion algorithm (Olderburg

et al., 1983; Parra et al., 2009) that integrates the petrophysical and geo-

physical well log data and the cross-well reflection data, leading to an image

of the subsurface with a better vertical resolution and reduced artifacts in

comparison to traditional seismic travel-time tomography (Beydoun et al.,

1988). The result is a cross-section of an interwell region in a depth interval

of 270 feet (approx. 82.3 m), with a vertical resolution of 0.61 m (2 feet)

and a horizontal resolution of 3.05 m (10 feet), totaling 17,145 observations.

To reduce the number of data, we employ for our analysis a spatial

resolution of 20 feet and 4 feet in the horizontal and vertical coordinates,

respectively, which leads to a set of 4352 impedance data. Also, to remove
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the trend in the east coordinate and improve the description of the data by

a stationary random field model, we utilize a smoothing spline approach.

The estimated trend exhibits a distinct pattern, gradually transitioning

from high to low values as one moves from west to east. In Figure 1, one

can observe the original data, the fitted trend, the residuals, and the corre-

sponding histogram. These residuals can be interpreted as the realization

of a stationary zero-mean Gaussian random field. We randomly select and

exclude 400 observations of the dataset (approximately 10% of the obser-

vations) for posterior validation purposes, while the remaining observations

constitute the training set.

A significant hole effect is present in the vertical direction. It can be

explained by the presence of major geological structures, corresponding to

permeability barriers alternating vertically with high-porosity structures.

The former are characterized by tight limestone and isolated vugs, whereas

the latter are associated with interconnected matrix and vugs or with a

combination of interconnected vugs surrounded by limestone (Parra et al.,

2009). Cyclic behaviors in the vertical covariances or variograms of rock

properties are often observed in carbonate sequences and can be explained

by periodic processes of deposition due to eustatic sea level oscillations or

to tectonic activities (Chilès and Delfiner, 2012; Le Blévec et al., 2020).
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Figure 1: From top left to bottom right: original data set of impedance,

fitted trend in the east direction, residuals and the corresponding histogram.

The east and depth are shifted to a local coordinate system.

Taking into account this marked axial pattern, characterized by dissim-

ilar scales along the east and depth coordinates, we consider:

I. A model of the form C1(h;σ
2, a1, a2) = σ2 exp(−a1∥h∥)W(a2|h2|).

II. A model of the form C2(h;σ
2, a1, a2) = σ2 exp(−a1∥h∥) cos(a2|h2|).
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III. A convex combination of isotropic and zonal anisotropic covariances

C3(h;σ
2, a1, a2, ω,v) = σ2

[
ω exp(−a1∥h∥) + (1− ω) exp

(
−a2|v⊤h|

)
cos
(
a2|v⊤h|

)]
,

where ω ∈ [0, 1] and v is a 2-dimensional unit vector, which is param-

eterized in terms of its polar angle θ.

IV. We use Model I as a building block and then incorporate derivative

information using Proposition 3. The resulting model adopts the form

C(h;σ2, a1, a2, a3) = (3/4) [C1(h;σ
2, a1, a2) + Cderivative(h;σ

2, a3)] , where

Cderivative(h;σ
2, a3) = σ2

[
cos2(θ(h,u))φ′′(

√
a3∥h∥) + sin2(θ(h,u))

φ′(
√
a3∥h∥)√
a3∥h∥

]
,

with u = [0, 1]⊤ fixed and φ of the form (4.22). This model is an

example of the variant described in Remark 3.

For each model, σ2, a1 and a2 are positive parameters. In Model IV, a3 > 0

is an additional scale parameter. Models I and II are constructed through

a multiplicative combination of an isotropic exponential covariance and a

covariance with an oscillating behavior along the second axis; in particular,

Model II is an example of the multiplicative composite models studied in

Journel and Froidevaux (1982). These formulations result in models char-

acterized by a damped structure, with a pronounced hole effect, especially

along the second axis. On the other hand, Model III is a weighted linear
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combination of an isotropic exponential model and a damped model that

depends on a hyperplane of change (zonal anisotropy). The reason for this

additive combination is that real phenomena usually deviate from a pure

zonal model (Allard et al., 2016). Model IV is a more sophisticated version

of Model I, incorporating derivative information, as explained above.

For each model, we estimate the parameters through a composite like-

lihood (CL) method based on differences (Curriero and Lele, 1999; Varin

et al., 2011). Table 1 shows the CL estimates together with the value of

the objective function at the optimum. For comparison purposes, we also

fit a modified version of Model IV using an automated least squares (LS)

procedure instead of the CL method. For this strategy, we set σ2 = 4×106,

a1 = 0.135, a2 = 0.818 and a3 = 0.067, in order to obtain a model that

matches the structural features of the directional empirical variograms. Fig-

ure 2 shows the fitted variogram models I, IV and IV (LS) along three spatial

orientations (to avoid overloading the figures, we include plots only for the

models that demonstrate the best predictive performances in the conclud-

ing part of this section). By construction, Model IV that is based on the LS

method presents a more accurate description of the empirical variograms,

but a poorer log-CL value (Table 1). On the contrary, Models I and IV

that are based on the CL method do not perfectly match the empirical
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Table 1: Parameters and log-CL of fitted covariance models.

Model σ̂2 â1 â2 â3 θ̂ ω̂ log-CL

I 4.036× 106 1.105× 10−2 0.717 − − − −13,165,439

II 3.835× 106 4.918× 10−2 0.265 − − − −13,179,245

III 4.188× 106 8.663× 10−2 0.195 − 1.585 0.175 − 13,160,480

IV 4.062× 106 3.299× 10−3 0.526 2.441 − − −13,165,205

IV (LS) 4× 106 0.135 0.818 0.067 − − −13,188,178

variograms, a situation that is commonly encountered in practice. Interest-

ingly, Model III exhibits a good fit, which can be explained by the fact that

it has more parameters. The estimated angle θ̂ gives rise to a hyperplane

of change with estimated vector v̂ = [−0.014, 0.999]⊤. In other words, the

estimation captures the pronounced axial pattern exhibited by the data.

To obtain a more comprehensive visualization of the fitted models, Figure

3 displays a global plot of the covariances.

To enhance our analysis, we conduct a split-sample study for model

validation, with the 400 data that have been left out of the model fitting.

We apply simple kriging using each model and evaluate the prediction ac-

curacy using metrics such as the root mean square error (RMSE) and mean

absolute error (MAE). Among the models that were tested, Model IV fit-

ted with the CL method demonstrates a clear advantage, with the RMSE

and MAE reduced by 10% to 19% with respect to the closest competitors
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Figure 2: Empirical (red circles) and modeled (lines) directional variograms

of impedance along directions dipping 90◦ (left), 65◦ (center) and 40◦

(right). Dashed line: Model I fitted through CL; Solid line: Model IV

fitted through CL; Dotted line: Model IV fitted through LS.

Figure 3: From left to right: Model I fitted through CL, Model IV fitted

through CL and Model IV fitted through LS.

Statistica Sinica: Newly accepted Paper 
(accepted author-version subject to English editing)



on our list (see Table 2). In Figure 4 (left panel), boxplots showing the

absolute errors of the best three models are presented. Model IV based

on CL outperforms the other models in terms of prediction accuracy. This

superiority is evident through reduced quartiles and upper whisker. To gain

insight into the dispersion of prediction errors, Figure 4 (right panel) com-

pares the actual versus predicted values in the validation study, based on

Model IV fitted through the CL method.

Table 2: Cross-validation scores: root mean square error (RMSE) and mean

absolute error (MAE).

Model

I II III IV IV (LS)

RMSE 741.55 850.01 960.03 662.27 767.04

MAE 546.12 634.12 756.89 457.97 564.76

As a summary of this study, we emphasize the importance of (i) identi-

fying a hole effect in the spatial correlation structure of regionalized data,

(ii) interpreting it in the light of the physics of the phenomenon under study

(in the present case, geological cycles along the vertical direction), and (iii)

accurately modeling such an effect, with likelihood-based techniques in pref-

erence to least-square strategies. Our results offer an enhanced versatility

with respect to existing hole effect covariance models, together with some

parsimony that favors the estimation of the parameters.
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Figure 4: (Left) Comparison of absolute prediction errors among the covari-

ance models. (Right) Comparison of actual versus predicted values in the

cross-validation study, based on Model IV fitted through the CL method.

6. Conclusions

This work aimed to design new covariance models with complex character-

istics. We restricted our attention to models that combine anisotropies and

hole effects, and illustrated their practical impact with an application to a

geophysical data set. We believe that the pursuit of increasingly flexible

models, while maintaining a certain level of simplicity and parsimony, is an

area that should continue to be explored. Some recent ideas in this direc-

tion can be found in Fuglstad et al. (2015), Alegria et al. (2021), Ma and

Bhadra (2023) and Berild and Fuglstad (2023), among others.

We illustrated the use of the proposed constructions with well-established
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families of covariance functions, although our formulations have the poten-

tial to be effectively combined with many other parametric families, such

as the powered exponential or the hyperbolic models, among others. In

particular, employing compactly-supported covariances (such as the Gauss

hypergeometric covariance) as a starting point provides models that lead

to sparse covariance matrices with quite distinctive structures, allowing for

computationally efficient inference (Kaufman et al., 2008), prediction (Fur-

rer et al., 2006) and simulation (Dietrich and Newsam, 1993) techniques.

Extending these results to the multivariate setting, where several core-

gionalized variables are jointly analyzed and the covariance functions are

matrix-valued, presents an interesting area of exploration, albeit accompa-

nied by significant challenges, as the model complexity intensifies due to

the rapid growth in the number of parameters and the intricate restrictions

imposed among them to ensure positive semidefiniteness.

Supplementary Material

The online supplement complements the article with additional material.

Section S1 offers a comprehensive literature review on spatial hole effects.

Section S2 contains figures that illustrate both basic and versatile covariance

models. In Section S3, a simulation study reinforces the discussion within
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the manuscript regarding the flexibility of covariance models.
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Le Blévec, T., Dubrule, O., John, C. M., and Hampson, G. J. (2018). Geo-

statistical modelling of cyclic and rhythmic facies architectures. Mathe-

matical Geosciences, 50:609–637.
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