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Statistica Sinica,

Extreme Quantile Estimation Based on the Tail Single-index Model

Wen Xu*, Huixia Judy Wang** Deyuan Li*

Fudan University*, The George Washington University**

Abstract: It is important to quantify and predict rare events that have huge
societal effects. Existing works on analyzing such events mainly rely on either
inflexible parametric models or nonparametric models that are subject to “the
curse of dimensionality”. We propose a new semi-parametric approach based on
the tail single-index model to better balance between the model flexibility and
parsimony. The procedure involves three steps by first obtaining a y/n-estimator
of the index parameter and then applying the local polynomial regression to es-
timate the intermediate conditional quantiles, which are then extrapolated to
the tails to estimate the extreme conditional quantiles. We establish the asymp-
totic properties of the proposed estimators, and demonstrate through simulation
and the analysis of the Los Angeles mortality and air pollution data that the
proposed method is easy to compute and leads to more stable and accurate es-
timation than alternative methods.

Key words and phrases: extreme quantile, local linear regression, semi-parametric,

single-index, tail

1.Introduction

A very important problem in many fields such as econometrics, finance,
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hydrology and climate science, is to model and predict events that are
rare but have significant consequences. Examples include large financial
loss, heavy snowfall, extreme temperature, high medical cost, and low birth
weight, just to name a few. For such data, modelling and estimating the
tail quantiles are of more interest than the mean. For estimating extreme
quantiles, there exists rich work for univariate data; see Embrechts et al.
(2013) and De Haan and Ferreira (2006), and references therein.

For predicting rare events, it would be helpful to quantify the tail quan-
tiles of the response by accounting for the information of relevant predic-
tors (covariates). Literature that study the conditional tail quantiles can
be roughly divided into two classes. One class of works model extreme con-
ditional quantiles by fitting either parametric distributions, such as gener-
alized extreme value distribution, generalized Pareto distribution (GPD),
or linear quantile regression models. Some examples include Davison et
al| (1990), Beirlant and Goegebeuy (2003), Beirlant and Goegebeuy| (2004),
Chavez et al. (2005), Chernozhukov (2005), Wang and Tsai (2009), Wang
et al; (2012), Wang and Li (2013) and [Li and Wang (2019). These methods
assume that the conditional quantiles are some parametric functions of the
covariates and thus are not flexible in some applications. The other class

of works estimate extreme quantiles by fitting nonparametric models, for
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instance Gardes et al| (2010), Gardes et al) (2012), Daouia et al| (2011)
and Daouia et al) (2013). These methods are based on local estimations
by using observations in a small neighbourhood, and thus the finite sample
behaviour heavily depends on the richness of data in the neighbourhood.
Due to the “curse of dimensionality”, those methods generally do not work
well when the number of covariates gets larger.

To overcome the “curse of dimensionality” while still allowing for model
flexibility, we propose a new extreme quantile estimation method based on
a tail single-index model. The single-index model is a semiparametric re-
gression model that can capture the nonlinear relationship between the re-
sponse and covariates through an unspecified univariate link function and
the index, an unknown linear combination of covariates. Therefore, the
model provides a convenient tool to overcome the “curse of dimensional-
ity” encountered in nonparametric regression with multivariate covariates;
see Powell et al| (1989) and Haedle et al) (1993). There exist some work
that integrates the single-index model and quantile regression; see Wu et al.
(2010), Zhu et al) (2012), Kong and Xia (2012), Zhong et al, (2016), among
others. To our best knowledge, there is only one work (Gardes, 2018) that
discussed the estimation of extreme conditional quantiles for single-index

and multi-index models. Gardes (2018) proposed a new dimension reduc-
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tion approach and a conditional extremal quantile estimator by considering
the tail dimension reduction subspace. However, this method is computa-
tionally complex, and the paper did not formally establish the theoretical
properties of the estimator when the index parameters are unknown and
have to be estimated through data.

In this paper, we consider a new tail single-index model, which assumes
that there exists a single-index structure at the tail and thus is less restric-
tive than the global single-index models assumed in Zhu et al, (2012) and
Zhong et al| (2016). The estimation of the extreme conditional quantiles
involves estimating three unknown quantities, namely the index parame-
ter, the link function, and the extreme value index that characterizes the
heaviness of the tail distribution. We propose a convenient three-step esti-
mator for the extreme conditional quantiles based on the tail single-index
model. In the first step, we construct a /n-estimator of the unknown in-
dex parameter under a misspecified linear quantile regression model at a
central quantile level close to the tail. In the second step, we apply a local
polynomial regression technique (Fan and Gijbels, 1996) to estimate the
intermediate conditional quantiles. These estimates are then extrapolated
in the third step to extreme tails by adapting the univariate extreme value

theory to the regression setup. Our method provides a convenient and



Extreme Quantile Estimation Based on the Tail Single-index Model 5

flexible tool to analyze rare events by considering the effects of multiple
covariates whose dimension may be large.

Our proposed method distinguishes from existing works in the following
ways. Firstly, to our best knowledge, this is the first work that systemat-
ically studies the extreme quantile estimation via single-index models and
provides theoretical guarantees for cases with unknown index parameters.
Secondly, the proposed tail single-index model not only provides more flex-
ibility than parametric models, but also leads to a simple approach for
estimating the index parameters with a y/n-convergence rate so that this
estimation does not affect the asymptotic properties of the ultimate ex-
treme quantile estimation. In contrast, the index estimation method in
Gardes (2018) is more complicated and numerically less stable, and its the-
oretical properties and impacts on the extreme quantile estimation were
not formally studied. Thirdly, instead of indirectly estimating conditional
quantiles through inverting the conditional cumulative distribution func-
tion as in Gardes (2018), our procedure is based on the direct estimation of
conditional quantiles in all three steps. We show that this coherence helps
reduce errors from different layers of the modelling and ameliorates the tun-
ing parameter selection, subsequently leading to numerically more accurate

estimations. Furthermore, the direct estimation can also help quantify the



effect of covariates on the extreme tails of the response in a more straight-
forward and interpretable way.

The rest of this paper is organized as follows. In Section 2, we present
the proposed method and investigate its theoretical properties. In Section
3, we assess the finite sample performance of the proposed method through
a simulation study and the analysis of the Los Angeles mortality and air
pollution data. Section 4 concludes the article with some discussion. All

technical details are given in the online supplementary material.

2. Methodology

2.1 Notation and the tail single-index model

Let Y be the response variable of interest, and Fy(:|X) be the cumula-
tive distribution function (CDF) of Y conditional on the covariate X =
(X1, X2, ..., X,)T. Denote Q,(Y|X) as the 7-th conditional quantile of Y
given X, namely, Q,(Y|X) = inf{y : Fy(y|X) < 7}. Suppose that we
observe a random sample {(X;,Y;),i = 1,2,...,n} from (X,Y). Our main
objective in this article is to estimate the extreme conditional high quantile
Q-+ (Y|X), here 7 may approach one at any rate, including special cases
such as the intermediate quantiles with n(1 — 7;') — oo and the extreme

quantiles with n(1 — 7%) — ¢ > 0. For simplicity, we denote 7, = 7*.
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Throughout the article, we assume that the conditional distribution
of Y|X for the given X belongs to the maximum domain of attraction
of some extreme value distribution H.x) with the extreme value index
(EVI) 7(X), denoted by Y|X € D(Hyx)). That means, for independent
and identically distributed (i.i.d.) sample {U; : i = 1,2,...,n} from the

conditional distribution of Y'|X, there exist a,, > 0 and b, € R such that

1= n Uz - bn —
p(Pmmeen Ui ) g0 = expl (14 4(X)) 109,

an,
as n — oo for all w with 1+ v(X)u > 0. In this paper, we assume v(X) >
0, which means that Y|X has a heavy-tailed distribution. Heavy-tailed
distributions are commonly seen in many applications, such as financial
returns and insurance claims, and the heavy tails often make the estimation
of extreme quantiles more challenging.

In this paper, we consider a new tail single-index model, which assumes

that there exists B, € R? and the unknown function G, (-) such that
Q. (Y|X) =G (X"B,) for 7€ (r,1), (2.1)

where 7. is a fixed quantile level close to 1. For model identifiability,
we assume throughout that ||3,|| = 1, where || - || denote the L, norm.
Model (El]) requires the single index structure to hold only in the right

tail, which is a weaker assumption than the global single-index quantile
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regression model considered in Zhu et al| (2012) and Zhong et al| (2016).

2.2 Three-step estimation

We propose a three-step estimation procedure. The first step involves es-
timating the index parameter 8,. The second step involves estimating the
unknown link function G, and the conditional quantile at intermediate
quantile levels. In the third step, we use extrapolation and the extreme
value theory to estimate Q. (Y |X).

We first discuss the estimation of the index parameter 3,. Zhu et al.
(2012) and Zhong et al| (2016) showed that under the global single-index
quantile regression model and some conditions on X, the direction of 3,
can be estimated consistently by the slope estimation obtained by fitting
a misspecified linear quantile regression model. We show in Proposition
@ that this result still holds under the tail single-index model (@) and a
relaxed assumption on X.

Let p.(r) = 7r — rI(r < 0) be the quantile check loss function (Koenker

et al), 2005), and £, (u,3) = E{p. (Y —u—XT8) — p.(Y)}. Define

(ur, B,) = argmin L, (u, 3), (2.2)
u,B

which are the population parameters through fitting the misspecified linear

quantile regression model.
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Proposition 2.1. Let 7 € (7,1) be a given quantile level. Under the

model (El]), if the covariate vector X satisfies
B(X|B1X) = CAIX, (23)

where C is a p-dimensional constant vector, then 8, = k3, for some con-

stant k.

When X follows an elliptically symmetric distribution (e.g., the normal
distribution), the linearity assumption () is satisfied. [Li (1991) and Hall
et al] (1993) showed that the linearity condition () is typically regarded
as mild, particularly when p is fairly large.

Proposition @ implies that the direction of 3., defined in (@) for
T € (7. 1) is the same as that of B,. Obviously, since ||By|| = 1, k is
the L, norm of B.. Hence, the conditional distribution of Y|(X?S3,) is
equivalent to that of Y[(X?3.). Based on the observed data, we can ob-
tain the sample version of (u,,3,) as (i,,3,) = arglgin L:n(u, 3), where
Lonl,B) = VS0, pr(Y: — u — XTB).

We propose to estimate the index parameter 3, by BTO at 1o € (7., 1).
Theoretically, 79 can be any value in (7., 1), and this results in a /n-

consistent estimator of 3,. The following proposition presents the asymp-

totic normality of (i, B,,)7
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Proposition 2.2. Let ¢ =Y — X" 3, and denote F,(t|X) and f.(-|X) as
the conditional CDF and conditional density function of € given X, respec-

tively. Then

1205
) 4 N(0,%),
n1/2(BTO - /67'0)
where ¥ = B~'VB~! with
B — E{fe(urn|X)} E{XTfe(uTo|X)} OV =Var Fe(ur,|X) — 7o
E{Xfe(urn|X)} B{XXT f(urn|X)} X{Fe(ur|X) — 70}

Remark 1. We propose to estimate the index parameter by the linear
quantile slope estimator BTO at a central quantile level 7, since this esti-
mator is y/n-consistent to 3,. We can also use the estimator Bm at an
intermediate extreme quantile level 79 — 1 and n(1 — 79) — oo. For this
case, we can follow the similar arguments as in Chernozhukov, (2005) and
Angrist] (2006) to establish the asymptotic normality of BTO, but this es-
timator will have a lower convergence rate of /nfy{G. (x)|x}/v/1 — 70,
where the fy{G,,(x)|x} is the conditional density function of Y evaluated

at the 7p-th conditional quantile given X = x.

In the second step, we estimate the intermediate conditional quantiles
of Y through applying the local linear quantile regression and then use

the results to estimate the EVI. For ease of presentation, let z = Xgﬁm,
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5 =XTB,, Z = XTB, and Z; = XT3, . Note that by Model (2.1) and

707
Proposition @, we have Q-(Y|X) = Q-(Y|X"8,) = Q. (Y|X"3,,). Using

the pseudo sample data {(XiTBTO, Y;) : i = 1,2,...,n}, we can estimate

G-(X{B,,) for a given new X, by local linear regression. For Z in the

neighbourhood of z, G,(Z) can be approximated by G.(Z) ~ G.(z) +

G/ (2)(Z—=z). Define (a, l;) = argminn ! > pT{K—a—b(ZAi—é)}K<ZiI:2).
a,b

Let G.(2) = a and G.(2) = b. We can estimate G,(z) by G.(2) at a
sequence of quantile levels 7; =1 — j/n with j = [n7],.... k, for 0 <n < 1,
where [a] denotes the ceiling function that returns the smallest integer
greater than or equal to a, k satisfies k = k(n) — oo, k/n — 0 and
[n"] = o(k'/?).

We can then estimate the EVI v(x) = v(z) based on the estimated
intermediate quantiles {CA?TJ(é) :j=[n"],[n"] +1,...,k}. For heavy-tailed
distributions, one commonly used estimator for the extreme value index is
the Hill’s estimator. We propose to estimate «y(z) by the following Hill-type

estimator,
k

§0) =1 O [loalC (2)) — log(Cr,(9))]

j=[n"]

In the third step, we adapt the univariate extreme value theory and
extrapolate from the intermediate quantile level to the extreme tail to es-

timate the extreme conditional quantile G,«(z) for 7% — 1. Specifically,
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by adapting the Weissman’s estimator to the conditional case (,

), we can obtain the extreme conditional quantile estimator,

) e
Gt = (122) Gulo)

1—7*

where 7, = 1 — k/n. Besides the Hill-type estimators, we can also consider

alternative methods for estimating the EVI, such as the moment estimator

as in tLi and Wangl (lZOld), the Pickands estimator as in IDaouia et al.l (l‘2013b,

and the peaks over random threshold (PORT) estimator as in
al, () Our numerical study (in Section S3 of the supplementary file)
suggests that the proposed extreme conditional quantile estimator is stable

with different EVI estimators.

3. Theoretical properties

In order to derive the asymptotic properties of 4(2) and CAT’T*(Q), we need
to assume some second order condition. A positive function h is called
regularly varying at infinity with index a@ € R, denoted by h € RV («), if
limy o0 h(tz)/h(t) = x* for x > 0. Let U(t; 2) = Gi_1/:(2). We assume the

following second order condition:

Cy There exists a function A(t;z) € RV (o(z)) for some o(z) < 0 and
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A(t;z) — 0 as t — oo, such that

Ultzz) _ o o(2)
- T o(z) _ 1

U:2) IO e (3.4)
A(t; 2) o(2)

Most families of continuous distributions satisfy the condition (@), for
instance, the ¢ distribution and the Pareto distribution. We also need the

following regularity conditions:

Cy The quantile function G,(Z) has a continuous and bounded second

derivative G”(Z) with respect to Z.

C5 The density function of X” 3 is positive and uniformly continuous for
B in a neighbourhood of 3,. Furthermore, the density function of
7Z = XT3, is continuous and bounded away from zero and infinity on

its support.

C, The conditional density of Y given x* 3, fy (y|x?3,), is continuous in
xT' 3, for each y € R. Moreover, there exist positive constants € and §
and a positive function f(y[x”B,) such that sup|rg_.rg <. fr(ylx"8) <
f(ylxTBy). For any fixed value of x 8y, [ f(y|x*By)dy < oo; and as
t =0, [{p-(y —t) — pr(y) — p- (Wt FyIx"By)dy = o(t*), where

pr(u) = {sgn(u) + (27 — 1)} /2 for u < 0 and p,(0) = 0.
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C5 The kernel function K (-) is symmetric with a compact support [—1, 1],

and satisfies the first-order Lipschitz condition.

Cs U(t; 2) = Gh-1,(2) has the first order derivative U’(t; z) with respec-
tive to t, and it satisfies lim; o tU'(t; 2)/U(t; 2) = (2) as uniformly

for z in a compact support Z.

Condition C5 is a common assumption in semiparametric regression
for the true link function. Condition C3 posses some assumptions on the
density of the single index. Condition Cy is a mild condition that is weaker
than the Lipschitz condition on the function p.(-). Condition C5 requires
the kernel function to be a proper density function with a compact support.
Condition Cg includes some classic assumptions on the extreme value index
and the distribution function in extreme value theory.

Theorems E—B present the asymptotic properties of the conditional quan-
tile estimator at the intermediate order, the extreme value index estima-
tor and the extrapolation estimator of the extreme conditional quantile,
respectively. Throughout the paper, we denote pu, = f_ll u? K (u)du and

vy = fjl K?(u)du.

Theorem 1. Suppose that model @) and conditions Cy-Cg hold. Define

T ={mm<- <7} withm=[n"| for0<n<1l,17,=1—j/n forj=
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[n"],...,k, where k satisfies k = k(n) — oo, k/n — 0 and [n"] = o(k'/?).
If h — 0 and nh — oo, as n — 0o, we have

{nh(l—T)}l/Q 5 sy p; _1 2 1 5 . - "
NETERE G:(2) — G;(2) 2h G ()2} = Wi (1){1 + 0,(1)},

uniformly for € T, where W,(1) = {nh(1 — 7)}7Y2f, ()30 [r —

I{Y; < G.(Z;)}| Ky, which converges to a Gaussian process with mean zero

and covariance (1, 75) = vo{min (14, 75) — 75, (2)// (L = 1) (1 — 75),

where K; = K{(Z;—z)/h} and f7(2) is the density function of Z = X3, .

Theorem 2. Suppose that conditions in Theorem@ and the second order
condition ) hold with v(z) > 0 and o(z) < 0, and k and h satisfy
kh — oo, (kh)Y?h%log(n/k) — M\ € R and (kh)'2A(n/k;z) — Ay € R.

Then there exist a sequence of Brownian motions {W,(t) : t € [0,1]} such

that
<MW%<>—<>—%¥§?—Q@&
\/7/ {27 W, (x) — W,(1)}dz + 0,(1),
where
g R ) Y(2) £0,

I3,(2) = %h2u2d(Z)(9'SZ)) (%)Q(z){log(n/k)}z .g(z 7'(2) =0,0'(2) # 0,

c(z

11

1 ddE) 42 (n)e®) o) _ _
i { GO - LR (2) L y(z) — () = 0.

\
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Remark 2. By Theorem E, the asymptotic bias of 4(2) consists of two
parts, Is,(z) and A(n/k;z)/{1 — o(z)}. The first item Is,(z) is from the
kernel estimation, while the second item A(n/k;z)/{1 — o(2)} is due to the
second order approximation to the conditional distribution Fy (y|X). The
convergence rate of 4(2) is (kh)'/2, slower than k'/? for the ordinary Hill

estimator in the univariate extreme analysis without kernel estimation.

Theorem 3. Assume that conditions in Theorem E hold, then we have

n ()@ 1
1 - SRG ()G (s + A z)mw}

(kh)'/? {GT*(é)
log{k/(npn)} L G-+ (2)

=106y 72 [ 4 o) = o) }ae 1+ (1),

where p, =1 — 1%, 7* = 1, k/(np,) — 00 and (k‘h)*l/2 log{k/(np,)} — 0.

Remark 3. Similar with 4(2), the asymptotic bias of G- (%) consists of two
parts. The first part, (1/2)h*G ' (2)G? (2)pz, is due to the kernel estima-
tion, and the second part, —A(n/k; 2)[{k/(np,)}°*) —1]/0(2), is due to the
second order approximation of the conditional distribution of Y. The con-
vergence rate of the extreme conditional quantile estimator obtained under
the single-index model is (kh)'/?[log{k/(np,)}]~", slower than the rate of
k'2[log{k/(np,)}]~" under parametric regression models. In addition, the
condition k/(np,) — oo implies 7* approaches to one at a faster rate than

Tk, which makes the extrapolation feasible.
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4. Tuning parameters selection

4.1 Bandwidth selection

The bandwidth h balances between bias and variance: a smaller h leads
to smaller modelling bias but larger variance. We can choose h by min-
imizing the mean squared error (MSE) of the nonparametric conditional
quantile estimator at an intermediate quantile level 7. By Theorem 1, at

an intermediate quantile level 7, where 7 — 1 and n(1 — 7) — oo, we have

V(2G5 ()
nh(l —7) '

. 1
MSE{G-(2)} = ('GP (2)ps +

Minimizing MSE{G, (%)} gives

opt [ 2\ __ 72(2>G72_(Z>V0sz_l(z) 1/5 _1/s
) - [ (1= 7{GY(=)}3 ] Y
~ VoT(l — T)fgl(z) 1/5n_1/5
N [fé{GT(z)\z}{G;f(z)}mg] : (4.5)

The approximation in (@) is from fy{G.(2)|z} ~ (1 — 7){7y(2)G.(2)}*

by Condition Cj.
Fan and Gijbelg (1996) showed that in local linear mean regression ,

the optimal bandwidth is

opt (5 — VOUQ(Z) 1/57{1/5
*0 - [neeer " 40

where G(z) and 0?(z) are the conditional mean and variance of Y given the

covariate z, respectively.
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Combining (@) and (@), we have

(1 —7){G"(2)}? 1/5
) AG- () HGI ()32

hoPt(5) ~e hOP(3) [02 e (4.7)

The optimal bandwidth in (@) depends on the unknown conditional den-
sity function fy(-]z) and G"(z). For simple calculation we take the follow-
ing approximations: (1) assume that the curvatures of the quantile func-
tion G”(z) and the conditional mean function G”(z) are similar; (2) take
02(2)f2{G,(2)]z} = ¢*{P7!(7)} under the normal distribution, where ¢(-)
and ®(-) are the standard normal density and distribution functions.

Finally, we choose the bandwidth by using the following rule of thumb:

T(1—7) } 1/5

hPl(2) = B (2) [W

Y

where ﬁf}ft(é) can be attained by the plug in method, using the “Ipbwselect”

function in the R package nprobust.

4.2 Selection of 7,

The quantile level 7y is involved in estimating the index parameter 3,. As
discussed in Remark 1, we can choose a fixed 19 € (7, 1) and this results in
a y/n-consistent estimation of 3,. Alternatively, we can also choose 7y at

an intermediate quantile level such that 79 — 1 and n(1 —7y) — oo. Corre-

spondingly, the convergence rate of BTO is \/nfy{Gr(x)|x}/v/1 — 79, slower
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than y/n from a fixed quantile level. If 7y also satisfies h(1 — 7)/(1—79) — 0
uniformly for 7 € 7, the conclusion of Theorem EI still holds. The main rea-
son is that by Condition Cg, we have fy{G.(2)|z} ~ (1 — 7){~(2)G,(2)} !
and consequently \/nh(1 —7)/{y(2)G-(2)}[Vnfyr{Gr(x)|x}/VT = 7] " —
0. Therefore, the estimation error involved in 3, will not affect the asymp-
totic properties of the estimators of EVI and the extreme conditional quan-
tile in Theorems 2 and 3. For instance, we can choose 7 = 1 — n”/n and
h = hP'(Z), so the condition h°?*(2)(1 —7)/(1 — 19) — 0 is equivalent
to n=(T=6m/5 /(1 — 75) — 0, that is, 7o approaches to one at a slower rate
than n~=("=6M/5 Since 0 < n < 1, we suggest the following rule of thumb:

1

70 = 1 — ecn™/®, where c is a constant. Our numerical study in Section 5.1

suggests that this rule of thumb leads to stable estimation for ¢ € (0.1,0.4).

5. Numerical studies

In this section, we investigate the finite sample performance of our proposed
method, referred to as the single-index model extreme quantile (SIMEXQ)
method, through a simulation study and the analysis of the National Mor-
bidity, Mortality, and Air Pollution Study (NMMAPS) dataset of Los An-

geles (LA).
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5.1 Simulation

We consider the following three models for generating the simulation data.

o Case 1 (univarite x): Conditional on X = z, Y is distributed from
F(ylr) = exp{—y~"/"@} y > 0, where the extreme value index
v(z) = %{% + sin(mc)} [% — s exp{—64(z — 1/2)2}]. Therefore, the
true extreme conditional quantile function is Q,(Y|x) = (—log 7)),

The covariate X is generated from the standard uniform distribution

U(0,1). This model was also considered in Daouia et al] (2011)).

« Cases 2 (single-index model): Conditional on X = x, the response
variable is generated from Y = sin{2(x” 3,)} + 2 exp{—16(x" B,)*} +
(x"B,)e, where B, = (2,2, —1,1,0,...,0)7/v/10 is a p x 1 vector, the
covariate vector X = (X3,..., X,)" is multivariate normal with mean
zero and covariance matrix Cov(X) = (04)pxp with o;; = 0.577! and
e ~ t(3) is the random noise. Therefore, the extreme value index is
~(x) = 1/3. The model was also considered in Zhu et al| (2012). We

consider p = 4,50 and 100.

o Case 3 (tail dimension reduction subspace): Conditional on X =
x, the 7-th conditional quantile of Y for 7 € (0,1) is defined as

Q- (Y1) = {n(1/7)} (%) [1 4 g, (B]x) exp {~(1 — 7)"'}] ", where
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x!' = (z1,...,74), BJ = (2,1,0,0)/v5, B = (0,0,1,1), go(2) =
§(2;1/3,8/3), §(z;a,b) = a]I(_OQO)(z)—F(a + b%) Lioa/v5 (2)+
(a+b)5//5,00)(2) and g1(2) = L(—o0,0)(2) +exp(52)Ljo 2) (2) +exp(10)Ip2 0 (2).-
The covariates z;,j = 1,...,4 are generated as independent normal

variables with mean 1/2 and variance 1/9. () also con-

sidered this case and showed that the extreme value index v(x) =

9o (Bgx) in this model.

The EVI varies with the covariates in Cases 1 and 3, while it is a
constant in Case 2. In Case 1, the conditional quantiles of Y depend on
the univariate x. In Case 2, the tail single-index model assumption in (Ell)
is satisfied. Case 3 is a multi-index model that depends on two indices
and satisfies the TDR space assumption in () As 7 — 1,
the quantile of Y depends on x approximately through the single index

Bjx. The sample size is set to be n = 1000. For each scenario, the

simulation is repeated 500 times. As suggested in |Wang et al.| (lZOlj), we

choose k = [4.5n'/3] and = 0.1 when estimating the EVI. We choose
70 =1—0.2n"%, resulting in 7, = 0.95 for n = 1000.

We include the following four methods for comparison: (i) the method

in IBeirlant and Goegebeuﬂ (}20041), denoted by BG, which is based on the

local polynomial maximum likelihood estimation and the generalized Pareto
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distribution, fitted locally to excedances over a high specified threshold; (ii)
the inverse CDF method in Daouia et al) (2011), denoted by ICDF, which
first gets the estimator of the conditional kernel survival function, inverses
it to get conditional quantile estimates, which are then extrapolated to
estimate extreme quantiles; (iii) the tail dimension reduction method in
Gardes (2018), denoted by TDR, which first estimates the unknown index to
reduce the dimension of the covariate and then uses a kernel-based method
to estimate conditional extreme quantiles; (iv) the local linear estimator in
Zhu et al{ (2012), denoted by SIMQ, which is developed for the single-index
quantile regression model at central quantiles. The tuning parameters u,
and h in BG are chosen as the minimizers of the asymptotic mean squared
error of 4(x). The bandwidth parameter involved in ICDF is chosen by
using the cross-validation method proposed in Daouia et al) (2011). The
parameter and kernel function of TDR are chosen the same way as in Gardes
(2018). The TDR method is for general multiple-index models and we apply
this method with p = 1 when estimating the single index. The bandwidth

h in SIMQ is chosen to be the same as in SIMEXQ.

Estimation of extreme conditional quantiles. We first compare the
performance of four methods for estimating the extreme conditional quan-

tiles Q- (Y |x) at 7 = 0.99, 0.995 and 0.999. For each simulation, we calcu-
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late the integrated squared error (ISE) defined as

L Q:-(Vx) 2
ISE_L;{W—1} , (5.8)

where x7,...,x] are evaluation points of the covariates, and we define the

mean integrated squared error (MISE) as the average of ISE across 500
simulations. In our simulation, we set L = 50. We choose fixed evaluation
points xf = [/(1+L) for I = 1,2, ..., L, in Case 1, while we let x; be random
replicates of X in Case 2 with p = 4 and Case 3. Table 1 summarizes
the MISE for different estimators of the extreme conditional quantiles at
7 =0.99,0.995 and 0.999. The values in the parentheses are the standard
errors of the MISE.

Generally speaking, ICDF gives the least accurate estimators at high
quantiles, while the proposed SIMEX(Q method performs the best in most
cases. The larger MISE of ICDF is mainly due to the overestimation of
the conditional quantiles. Case 1 can be regarded as a specical case of
the single-index model with 5y = 1, the methods TDR, for which SIMQ
and SIMEXQ do not involve any index estimation error. In Case 1, the
BG method performs reasonably well and better than TDR, but its perfor-
mance deteriorates quickly when the number of covariates gets larger. In
all the scenarios considered, SIMEXQ is more efficient than SIMQ, and the

advantage of SIMEXQ) is more visibile at higher quantile levels. Compared
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to SIMEXQ, the TDR performs competitively when estimating the single
index, but it is less stable and gives larger bias when estimating the extreme

conditional quantiles.

Estimation of extreme value index. Since the estimation of the extreme
value index (EVI) is very important in extremal analysis, we also compare
the performance of BG, ICDF, TDR and the proposed SIMEX(Q methods
for estimating 7(x) . For each method, we calculate the mean integrated

squared error (MISE) as the mean of ISE across 500 simulations, where

L

e

where x7,...,x} are set in ()

Table 2: The mean integrated squared error (standard errors) of different esti-

mators of y(x).

Case BG ICDF TDR SIMEXQ

Case 1, p=1 0.02 (0.10) 0.02 (0.02) 0.03 (0.06) 0.01 (0.03)
Case 2, p=4 0.25 (0.09) 0.17 (0.07) 0.34 (0.12) 0.11 (0.07)

Case 3, p =4 0.98 (0.09) 0.52 (0.05) 0.24 (0.04) 0.30 (0.09)
BG: the estimator proposed by Beirlant and Goegebeuy (2004); ICDF: the inverse CDF

estimator; TDR: the tail dimension reduction estimator; SIMEXQ: the proposed

extreme quantile estimator.
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Table 2 summarizes the MISE of different estimators of 7(x) in Cases 1-
3. Four methods perform similarly in Case 1. However, in Cases 2 and 3, BG
and ICDF are clearly worse than SIMEXQ, with BG being the worst. The
TDR method suffers from its complex estimation procedure and leads to
more unstable estimation than SIMEXQ in Case 2. In Case 3, the quantile
function depends on two indices except when 7 — 1, and the TDR method
is based on estimating both indices while the SIMEXQ only estimates the
single index. The more accurate index estimation in the TDR method leads

to smaller MISEs in the EVI estimation in Case 3.

To better understand the performance of different methods, we plot
in Figures 1-3 the true and estimated conditional quantiles and the corre-
sponding EVT estimators by BG, TDR and SIMEXQ at 7 = 0.995 from one
typical example in each case. For Case 1, the conditional quantile of Y is a
sine function of z, and the true quantile curve has two peaks. We can see
in Figure 1 that the proposed SIMEXQ method performs best, especially
around the two sides of the conditional quantile curve. The BG method
captures the two-peak structure but overestimates them, hence its MISE is
large. The overestimation also occurs in BG’s EVI estimation. For Case
2, the data is generated from a single-index model, so the z-axis is the

single index z = xT3,. The conditional quantile curve is smooth but not
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symmetric. BG estimators are conditioned on x, while TDR and SIMEXQ
estimators are conditioned on their own index estimators zZ. That is why
their conditional quantile estimation curves are not smooth against the real
index z. The EVI in Case 2 is a constant, so we present the boxplot of ¥(Z2)
in Figure 2. It is clearly shown that BG overestimates the EVI and has out-
liers while TDR has the biggest range. For Case 3, the data is generated
from tail single index models, so the z-axis is the single index z = xT3,. In
Figure 3, we can see that the BG also overestimates the extreme conditional

quantile, while TDR has more underestimation.

Case 1 Case 1 (EVI)
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Figure 1: The truth (solid) and the estimations from BG (triangle), TDR (cross)
and SIMEXQ (cricle) for the conditional quantiles at 7* = 0.995 (left) and the

EVI 7(x) (right) for one example in Case 1.



5.1 Simulation 27

Case 2 Case 2 (EVI)

20

=& BC o _—
+ TDR |
° SIMEXQ

07

0.6
|

0.5
|

value

Qe ¥l
10
L
=
B

0.3
|

01

-1 0 k] 2 BG SIMEXQ TOR

2 group

Figure 2: The truth (solid) and the estimations from BG (triangle), TDR (cross)
and SIMEXQ (cricle) for the conditional quantiles at 7* = 0.995 (left) and the

EVI ~(x) (right) for one example in Case 2 with p = 4.

Performance in high dimensions. We also investigate the performance
of our proposed method when p is relatively large. Table 3 reports the
mean integrated squared error (MISE) when p = 50 and 100 together with
the previously considered p = 4 for different estimators in Case 2 with
e ~ t(3). Result shows that, as p increases, the MISEs of TDR, SIMQ
and SIMEXQ increase much more slowly than those of ICDF and BG,
manifesting the advantage of the dimension reduction procedure involved
in the former methods. The SIMEXQ performs similarly with TDR for

p = 4, but the former is consistently more efficient for p = 50 and 100. In
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Figure 3: The truth (solid) and the estimations from BG (triangle), TDR (cross)
and SIMEXQ (cricle) for the conditional quantiles at 7* = 0.995 (left) and the

EVI ~(x) (right) for one example in Case 3.

addition, SIMEXQ performs better than SIMQ across all the scenarios and

quantile levels considered.

5.2 Mortality data analysis

For centuries, the impact of weather and air pollution on human beings has
been a public health concern. In this section, we analyse a subset of the Na-
tional Morbidity, Mortality, and Air Pollution Study (NMMAPS) data to
study the influence of weather and air pollution on the high quantile of mor-

tality. The NMMAPS database consists of daily data of mortality, weather,
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and air pollution (like pm10) for 109 United States cities during the period
1987-2000. We use the data from the city of Los Angeles (LA). The dataset
consists of daily mortality counts (all causes, CVD, respiratory), weather
(temperature, dew point temperature, relative humidity) and pollution fac-
tors (Os, NOy, SO,, CO). We are interested in how the mortality count Y
in Los Angeles is affected by the following 6 variables: temperature, relative
humility, O3, NOs, SO, CO, denoted by X7, Xo, ..., Xg, respectively. Af-
ter deleting the observations with missing value, we get 4017 observations
in total, i.e. n = 4017. We scale all the covariates to have zero sample
mean and unit sample variance. Peng and Dominici (2006) also analyze a
mortality data from the NMMAPS database by fitting a poisson regression
to assess the effect of the pollution on the mean of the mortality. In con-
trast, our analysis focuses on estimating the extreme high quantiles of the
mortality and studying how they depend on the air pollution and weather.

Since the mortality Y is count data, which is discrete, we perform the
jittering process as in Machado and Silva (2005). Specifically, add an inde-
pendent random variable U from standard uniform distribution on Y, that is
Y = Y +U. Then we consider the single index model Q,(Y|X) = G,(X"3,)
where X = (X1, Xo, ..., Xg)T. After estimating the Q,(Y]X), denoted by

QT(Y|X), we obtain the estimation of the conditional quantile of Y by
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0.(V1X) = [Q:(V]X) — 1],

To reduce the variability of the estimates, we repeat the jittering pro-
cesses 20 times and take the average as our final estimator. Namely, for
the [-th time, we estimate the extreme conditional quantiles based on the
typo sample {(Y;(l), X;):i=1,2,...,n}, where Yi(l) =Y + Ui(l), Ui(l) are in-
dependently drawn from U[0, 1], and I = 1,...,20. As suggested in Section
4.2, we take 7o = 1 — 0.2n~ Y% = 0.96. We get the estimation of the index
parameter as BTO = (—0.61,—0.29, —0.23, —0.13,0.11,0.66). Since all the
covariates are scaled, the absolute values of the estimators implied that the
pollutant CO (Xg) is likely to have the largest impact on the mortality vari-
able (V') and hence the mortality (Y), followed by the temperature variable
(X1)-

To better understand the performance of our proposed SIMEXQ method,
we compare it with SIMQ. We set 79 = 0.96 for both SIMQ and SIMEXQ),
and choose k = [4.5n'/%] and = 0.1 when estimating the EVI. Figure
4 plots the estimation of extreme conditional quantiles at 7* = 0.995 and
0.999 against z = XTBO.%. The plots shows that the SIMEXQ method gives
much smoother estimation than SIMQ. When the quantile level goes up,
SIMQ can not capture the extreme behaviour well due to the data sparsity.

In addition, SIMQ also have quantile crossing issue.
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Figure 4: Estimation of the conditional quantile of mortality counts at 7" =

0.995, and 0.999 against 2 = x7 3, o5 by SIMEXQ (dashed) and SIMQ (lined).

To compare the performance of different methods for predicting the
extreme conditional quantiles of mortality counts, we carry out a cross-
validation study. We randomly divide the data set into a training set (20%
of the data set, 827 observations) and a testing set (the remaining 80% of
the data set, 3190 observations). We apply BG, ICDF, TDR, SIMQ and
SIMEXQ to analyze the training set and predict the extreme quantiles of
mortality counts conditional on the covariates in testing set. Let Q,(Y|X;)
and Q,(Y|X;) with i = 1,2,...,m = 3190, denote the estimated and true
conditional quantiles of mortality counts for subject 7 in the testing set, re-

spectively. Conditional on X;, I{Y; < Q.(Y|X;)} has mean 7 and variance
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7(1 — 7). We consider the following prediction error (PE) measurement,
PE = {m7(1 —7)} "2 [I{Y; < Q.(Y|X,)} — 7]. We repeat the cross
validation 500 times. Table 4 summarizes the mean absolute PE of differ-
ent methods at 7 = 0.99,0.995 and 0.999. The values in the parentheses
are the corresponding standard errors. Results suggest that SIMEXQ has
the highest prediction accuracy for extreme conditional quantile estimation,

even for 7 = 0.99.

Table 4: Mean absolute prediction error (standard errors) of different methods
at 7 = 0.99,0.995 and 0.999 for predicting the extremal conditional quantiles of

mortality counts.

Method 7 =0.99 7 =0.995 7 =0.999

BG 3.79 (0.10)  5.02 (0.21)  9.73 (0.43)
ICDF 6.67 (0.07) 13.53 (0.12) 25.34 (0.18)
TDR 4.21 (0.08)  5.72 (0.09) 10.26 (0.14)
SIMQ 358 (0.12)  6.04 (0.23) 12.16 (0.31)

SIMEXQ 3.32 (0.03) 5.22 (0.07)  8.67 (0.13)
BG: the estimator proposed by Beirlant and Goegebeuy (2004); ICDF: the inverse CDF

estimator; TDR: the tail dimension reduction estimator; SIMQ: the single-index model
estimator in Zhu et al] (2012) for central quantiles; SIMEXQ: the proposed extreme

quantile estimator.



6. Discussion

In this article, we focus on the new tail single-index model to estimate the
extreme quantile conditional on multi-dimensional covariates. We propose
an efficient three-step procedure for estimating extreme conditional quan-
tiles. We establish the asymptotic properties of our new estimators for the
extreme value index and extreme conditional quantiles. Numerical and em-
pirical studies imply that the proposed SIMEXQ method performs more
effectively and stable compared to other competing methods.

While this paper assumes heavy-tailed distributions, the proposed method
can be extended to general cases with y(x) € R by considering other types
of estimators for the extreme value index, e.g. the moment estimator in
De Haan and Ferreira (2006) and Li and Wang (2019). For single-index
models with high dimensional covariates, variable selection is important
and research in this direction under the extreme quantile setting deserves
further investigation.

Supplementary Materials
The supplementary file contains some remarks for a few issues, addi-

tional simulation results, and all the technical details.
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Table 1: The mean integrated squared error (standard errors) for different esti-

mators of the extreme conditional quantiles at 7 = 0.99,0.995 and 0.999.

Case Method 7 =0.99 7 = 0.995 7 =0.999
Case 1, p=1 BG 0.64 (0.12)  0.72 (0.37)  0.89 (0.23)
ICDF 1.51 (0.09) 2.94 (0.21) 12.23 (0.27)
TDR 0.87 (0.08)  1.35 (0.18)  2.67 (0.29)
SIMQ 0.16 (0.15)  0.24 (0.22)  0.37 (0.27)
SIMEXQ  0.15 (0.01)  0.18 (0.04)  0.27 (0.07)
Case 2, p=4 BG 12.42 (0.04) 8.37 (0.07)  5.04 (0.11)
ICDF 6.22 (0.05) 11.23 (0.08) 57.38 (0.12)
TDR 0.18 (0.04)  0.67 (0.07)  0.89 (0.09)
SIMQ 0.06 (0.09) 0.13 (0.12)  0.24 (0.15)
SIMEXQ  0.04 (0.02) 0.05(0.03) 0.07 (0.07)
Case 3, p=4 BG 18.76 (0.14) 26.53 (0.27) 37.27 (0.91)
ICDF 12.43 (0.12) 31.26 (0.24) 52.31 (0.67)
TDR 0.64 (0.08) 0.86 (0.35) 1.51 (0.51)
SIMQ 0.41 (0.11)  0.98 (0.42)  1.67 (0.87)
SIMEXQ  0.16 (0.09) 0.41 (0.13)  0.99 (0.24)

BG: the estimator proposed by Beirlant and Goegebeuy (2004); ICDF: the inverse CDF

estimator; TDR: the tail dimension reduction estimator; SIMQ: the single-index model

estimator in Zhu et al| (2012) for central quantiles; SIMEXQ: the proposed extreme

quantile estimator.
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Table 3: The mean integrated square error (standard errors) of different estima-

tors of conditional quantiles with 7 = 0.99,0.995 and 0.999 in Case 2.

p  Method 7=099 7=0995  7=0.999
4 BG 12.42 (0.04)  8.37 (0.07)  5.04 (0.11)
ICDF 6.22 (0.05) 11.23 (0.08) 57.38 (0.12)
TDR 0.05 (0.02)  0.06 (0.03)  0.07 (0.07)
SIMQ 0.13 (0.09)  0.13 (0.12)  0.24 (0.15)
SIMEXQ  0.04 (0.02)  0.05 (0.03)  0.07 (0.07)
50 BG 43.79 (0.21) 80.12 (0.25) 123.30 (0.38)
ICDF 12.57 (0.28) 36.21 (0.36)  64.78 (0.42)
TDR 0.32 (0.07) 0.41 (0.13)  0.57 (0.17)
SIMQ 0.35 (0.12)  0.59 (0.14)  0.98 (0.19)
SIMEXQ  0.27 (0.08) 0.39 (0.12)  0.52 (0.15)
100 BG 52.72 (0.27) 81.34 (0.28) 133.20 (0.41)
ICDF 11.84 (0.23) 42.67 (0.32)  69.83 (0.39)
TDR 0.36 (0.09)  0.53 (0.17)  0.68 (0.21)
SIMQ 0.52 (0.13)  0.65 (0.18)  1.02 (0.20)
SIMEXQ  0.31 (0.08) 0.45 (0.13)  0.59 (0.16)

BG: the estimator proposed by Beirlant and Goegebeuy (2004); ICDF: the inverse CDF
estimator; TDR: the tail dimension reduction estimator; SIMQ: the single-index model
estimator in Zhu et al| (2012) for central quantiles; SIMEXQ: the proposed extreme

quantile estimator.
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