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Statistica Sinica

Hypothesis Testing for Block-structured Correlation

for High-dimensional Variables
Shurong Zheng!, Xuming He? and Jianhua Guo!

! Northeast Normal University, China and ? University of Michigan, USA

Abstract: Testing independence or block-independence of high dimensional ran-
dom vectors is of great importance in multivariate statistical analysis. Recent
work on high dimensional block independence tests aim to extend their validity
beyond specific distributions (e.g., Gaussian) or restrictive block sizes. In this
paper, we propose a new and powerful test on block-structured correlation of high
dimensional random vectors for sparse or non-sparse alternatives without strict
distributional assumptions. The statistical properties of the proposed test are
developed under the asymptotic regime that the dimension grows proportionally
with the sample size. Empirically, we find that the proposed test outperforms
the existing tests we have considered for a variety of alternatives and works quite

well when there are few existing tests at our disposal.

Key words and phrases: Testing block-independence, high-dimension, multivari-

ate statistical analysis, sparse alternatives, non-sparse alternatives.

1. Introduction

Driven by a wide range of scientific applications, testing independence
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of random vectors is of great importance in multivariate statistical analysis.
In the conventional low-dimensional setting with p/n — 0, where p is the
dimension of the random vector and n is the sample size, both complete and
block independence tests are well established. For complete independence,
Anderson (2003) detailed the likelihood ratio test (LRT) for the Gaussian
population. For block independence, Wilks (1935) and Sugiura & Fujikoshi
(1969) developed effective likelihood ratio tests for the Gaussian population
and derived their asymptotic distributions under regularity conditions.

In the high-dimensional setting, the classical LRT is invalid or cannot
be defined as the dimension p becomes greater than the sample size n. In
recent years, researchers have made great advances on high-dimensional
independence tests. For complete independence, Bai et al. (2009) proposed
the corrected LRT when p/n — y € (0, 1). Jiang & Yang (2013) studied the
LRT when p/n — y € (0,1]. Schott (2005) developed a test based on the
Frobenius norm of the sample correlation matrix under the case of p > n.
Zhou (2007) and Cai & Jiang (2011) extended the results of Jiang (2004)
to obtain the extreme distribution of coherence of the sample correlation
matrices. Li & Xue (2015) proposed a quadratic type statistic and an
extreme-value type statistic. For high dimensional block independence,

Jiang, Bai & Zheng (2013) developed a corrected LRT and trace test as



Hypothesis Testing for Block-structured Correlation 3

p/n —y € (0,1). Jiang & Yang (2013) studied the LRT for the Gaussian
population when p/n — (0,1]. Bao, Hu, Pan & Zhou (2016) proposed a
Schott type statistic when the dimension of every block of random variables
is less than the sample size. Yamada, Hyodo and Nishiyama (2017) allowed
a more general setting by using the Frobenius norm of the sample covariance
matrix. Paindaveine and Verdebout (2016) proposed a high dimensional
sign test for block-structured correlation between random variables of two
blocks under appropriate symmetry assumptions.

This paper aims to develop a new and powerful test on block-structured
correlation of a high dimensional random vector for sparse or non-sparse
alternatives under no strict distributional assumptions under the asymp-
totic regime of p/n — y € (0,00). To this end, we propose a two-term
test statistic. The first term is Ty, = tr[S, — diag(Si1, ..., Skx)|?, where
the sample covariance matrix S,, is a natural estimator of the population
covariance matrix and the block-diagonal matrix diag(Sii,...,Skk) is a
population covariance matrix estimator under block-structured correlation.
The statistic T},; does not impose any condition on the dimension because
T, involves no matrix inversion. The statistic 7},; is the total sum of the
squared entries of S, — diag(Si1,...,Skk) to capture the overall differ-

ence between S,, and diag(Sii,...,Skx) even if the individual entries of
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S, — diag(Si1,...,Skk) are small. That is, T},1, similar to the test used in
Yamada, Hyodo and Nishiyama (2017), will have good power for non-sparse
alternatives. The second term is a screening term 7,9 which is added to
T, for enhancing the power under sparse alternatives. Then the proposed
test statistic T, + Ty is effective not only for non-sparse alternatives but
also for sparse alternatives. To examine the performance of the proposed
test statistic, the limiting null distribution is derived as p/n — y € (0, 00),
allowing y to be greater than 1. Simulation studies show that Type I errors
of the proposed test can be well maintained. Moreover, under the alterna-
tive hypothesis, the limiting distribution of the proposed test is discussed,
and the asymptotic unbiasedness of the proposed test is proved. When the
dimension is smaller than the sample size, simulation studies are conducted
to compare our proposed test with the existing tests for the Gaussian pop-
ulation. For comparison of empirical powers, our proposed test performs
favorably over other tests designed for high dimensions. Even when the
population is non-Gaussian and the dimension is greater than the sample
size, our proposed test performs well in our studies.

The organization of this paper is as follows. In Section 2, we propose
the test statistic, derive its limiting distribution under the null hypothesis

and the alternative hypothesis, and present the asymptotic power function



to show that the proposed test is asymptotically unbiased. In Section 3, we
conduct simulation studies for comparing the proposed test with several ex-
isting tests. A real data set is analyzed in Section 4 for illustration. Section

5 concludes with a discussion. Some proofs are given in the Appendix.

2. Test on block-structured correlation

Let {xi,...,X,} be a random sample from the p-dimensional population
random vector x = (r1,...,,) with mean vector g and covariance ma-
trix ¥. Let x =n'Y" x;and S, = (n —1)7' >0 (xi — %X)(x; — x)"

be the sample mean and sample covariance matrix, respectively. Without

loss of generality, the random vector x = (z1,...,7,)" can be formulat-
ed by K random variable blocks: {xy,....2p }, {@pi10- s Tpiipn }y - - s
{Zp1tpototpr_itls-- > Tp}, Where p = p; + -+ + px and K is permitted

to increase with n at some rate. Let 3J;; be the covariance matrix of the
1-th and j-th random variable blocks. The population and sample covari-
ance matrices can be partitioned into ¥ = (Eij)szl and S, = (Sij)fj:l,
respectively. Testing block-structured correlation of x can be formulated as

testing

HO . Z:diag(2117...,2}([()7 (21)



where diag(X11, . . ., Xk k) is the block-diagonal matrix from K blocks {3y, k =
1,...,K}. A natural estimator of 3 is S,,. Under the null hypothesis, a

natural estimator of X is diag(Si1, ..., Skk). For the Gaussian population,

the LRT statistic is (Wilks, 1935)
log |Sn| — log |diag(Sll, ceey SKK)|7

which is the entropy loss of S,, and diag(Si1,...,Skk). The entropy loss
for covariance matrix estimation can be found in James & Stein (1961) and
Muirhead (1982). Jiang, Bai & Zheng (2013) proposed the following trace

test statistic for the case of K = 2
—1/2 —1/2 —1/2 —12\"

which is the quadratic loss of S,, and diag(Si1, S22). The quadratic loss for
covariance matrix estimation can be found in Olkin & Selliah (1977), Haff
(1980) and Muirhead (1982). For block-structured correlation, regardless
of the entropy loss or the quadratic loss for covariance matrix estimation,
the inversion of a sample covariance matrix or log-determinant of Sy is
involved; as a consequence, the block dimension cannot be larger than the
sample size.

In this paper, we propose a test statistic with two terms where one term

is the distance between S, and diag(Sii,...,Skx) and the other term is



a screening term. Motivated by the Frobenius distance between matrices,

this paper proposes the following statistic
Tnl = tI‘[Sn — diag(SH, ey SKK)P‘

Note that the statistic 7},; as used in Yamada, Hyodo and Nishiyama
(2017)is the total sum of the squared entries of S,, — diag(Si1,...,Skxk),
which can capture the overall difference even when the individual entries of
S, — diag(S11 ..., Skk) are small nonzero numbers. Therefore, the statis-
tic T,,; is not only suitable for both low dimensions and high dimensions,
but is also expected to have good performance for non-sparse alternatives.
Furthermore, to enhance the power of 7,,; when ¥ —diag(Xy1, ..., Xkk) is
very sparse, a screening term 7T, is added to T,;. A similar idea has been

used in Fan, Liao and Yao (2015). Let the screening term be

T,

=5 ;
0 = P Omax(s, oy)eaq n(se,5)2(0eye,)~1>5* (n.p)}

where 0y} is an indicator function, s*(n,p) is a threshold depending on

(n,p), Sn = (351&)2,@2:17 04132 =nt Z?:l[(xfli - j£1)(x€2i - jfz) - 35152]27

the set

AO = {(61762) . gl € {]51‘71+1, v 7ﬁi}7£2 S {ﬁjfl—i_la s >ﬁj}7 1 S l <j S K}7

(2.2)



2.1 Limiting null distribution of 7,8

with p; = p1 + ...+ Di, Xi = (T14y 0, Tpi) |, Ty = 072> 0 2 and Ty, =
nt Z?:l Zg,i- The screening term T,y shows that if some s;, 4, is large
enough, then T}y is at least in the order of p?. Thus, the screening term 7,
can capture the difference between S,, and diag(Sii,...,Skk) even when
3 — diag(X11,. .., Xkk) is very sparse. Our proposed test statistic is the

sum of the two terms, that is,

T, = Tu+ Tho (2.3)

: 2 2
- tr[s” o dlag(sn, T SKK)] +p 5{max(e1,eg)e,40 n(s0y05)2(0ey0,) "> (n,p)}

which is expected to have good performance not only for non-sparse alter-
natives but also for sparse alternatives. Conditions needed on the threshold

s* will be given later.

2.1 Limiting null distribution of 7,

To facilitate the formulation, we use the following independent component

structure model for the data.

Assumption [A]. Let {x;}!; satisfy the independent component structure

Xi = (T1iy oy Tpi)T = p+ > 2w;, where w; = (wy, . . . ,wyi)', all elements
{wji:j=1,...,p, i=1,...,n} are i.i.d. with E(w;;) =0, E(w};) = 1, and

finite 4th moments.
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Remark 1. In fact, by (1.8) of Bai and Silverstein (2004), the existence
of the finite 4th moment of wj; implies that there exists a sequence {n,}

satisfying n, — 0, 7,n"/* = 400 and ,'77;4Ew;17:5(|wj1">7]n\/ﬁ) — 0.

Assumption [B]. Assume that the number of blocks satisfies K72 = o(1).
Moreover, the spectral norm of ¥ is bounded uniformly in p. The conver-

gence regime p/n — y € (0,00) for some constant y is satisfied.

In Assumption [A], moment conditions are imposed, which is distribu-
tion free. For example, the Gaussian distribution and many other distribu-
tions readily satisfy the independent component structure. In Assumption
[B], Kn? = o(1) allows that K increases with n at some rate. Especially,

for the Gaussian distribution, we have

—(44+m)

—4 4 —m/2 4+m
M BWiO(wsismaym) S T EEWET 0 g 5 )

= o(n, ""™n""?) = o(1),

for any even m, if ;2 = O(n™/("*9). Then K can have the order o(n'~)

for any € > 0.

Lemma 1. Under Assumption [A]-[B], and under Hy specified by (2.1]), we

have

T, — Ty — ji
P N@O0,1) and L E
o 0o

— N(0,1),
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where
. (n? —n — D[(trs)* — 310 (trSe)?]
n(n —1)2 ’
o (= n = D[(r8,)? = Y (trSk)?]
IS n(n— 17 , (2.4)

K
of = An7'trS?)? -4 (nT'rSR)
k=1

K Pk
0'2 = 0'(2) +4n~ 3 Z trEkk — trE 2tr§]ik + 6111 Z(e}kZ}kkegk)Q 9
k=1 =1

Bw = BE(w))—3.

Jt

Here ey is a p-dimensional vector with the (-th element being one and other
elements being zeros and ey 1s a pg-dimensional vector with the (-th element

being one and other elements being zeros.

Note that we have suppressed the subscript n in many of the quantities
we use such as p and o2. The proof of Lemma is in the supplementary file
1. The asymptotic variance o2 depends on the unknown parameters tr(3?)

and tr(32,),k =1,..., K. However,
(n—2)7tr(Si,) — (n+2) 7 (trSe)?] — n 't (3,) = 0,(1), k=1,....K

which can be used to estimate 032; see the proof in the supplementary file
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1. Moreover, under Hy, we have tr(X?) = S°r  tr(X2,), and then

K
(n—2)"" Z[tr(Sik) — (n+2) 7 (trSg)?]) — n” M (X2) = 0,(1).
k=1
Therefore, o7 can be consistently estimated by

65 = 4(n—2)7{Y [x(SE) — (n +2) " (trSp)]}

K
k=

[y

[tr(Skx) — (n+ 2)7 (6rSm) "],

]~

—4(n —2)72

o

=1

Bai and Saranadasa (1996) suggested a uniformly minimum variance un-
biased estimator of tr(X?) under the normality assumption, but we have
used an asymptotic approximation with a finite sample correction factor to

better control Type I errors. Let

pe=p"—pi—...—px. (2.5)

The following result provides the asymptotic justification to the proposed

test.

Theorem 1. Under Assumptions [AJ-[B], and under Hy specified by ,
ifliminf inf var[(zy; — Exy;) (21, — Bayy)][var(zy;)var(z;)] 72 > 0, s*(n, p)—
n—oo (i,j)eAO

4logpy — +o00, and sup,<,c, Eexp(to|rn|™) < oo for some constants

to >0 and 0 < mg < 2, we have

G5 (T — ) = N(0,1).
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We note that T;, has the same null distribution as 7;,; in the asymptotic
sense, and the second term T}y plays a role mainly when the alternative
hypothesis is true. The one-sided rejection region for H, at the nominal
level « is

{Xh ce Xy 1, — ﬂ > 60q1,a}, (26)

where ¢, is the a-th quantile of the standard normal distribution.

Remark 2. To apply the proposed test in practice, we need to choose
the threshold s*(n,p). There are many choices for the threshold as long
as it satisfies s*(n,p) — 4logpy — +oo. For simplicity, in this paper, the

threshold is taken to be
5" (n,p) = [4 + (loglogn — 1)*|(log po — 0.25log log po) + ¢ (2.7)

where ¢ satisfies exp[—(87) Y2 exp(—¢/2)] = 0.99. The threshold ensures
that even if n and pg are small, the probability of the event 7},g = 0 is bound-
ed by 0.01 under Hy because max, s,)ea, n(Seye, ) é[lz —41log po+loglog pg
converges to a type I extreme value distribution exp[—(87)~1/2 exp(—t/2)]
under the null hypothesis (see Xiao and Wu, 2013). The probability of the
event 1,0 = 0 becomes negligible under Hy when either n or py is moderate-
ly large. For example, if n = 200 and py = 250, the concerned probability

is only 0.002.
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Remark 3. Our proposed hypothesis test is a global test on correla-
tions among different blocks. If the null hypothesis gets rejected, under the
sparsity assumption, for identifying the individual nonzero correlations, we
may directly use Cai and Liu (2016)’s multiple testing method in two steps.

Let
7 = 2o (Tie = ) (e — T5) (2.8)

ij —
\/ n@ij

where 0;; = n=" S0 [(wie — Z) (wje — 75) — s3]

Step 1: bootstrap procedure. Let {z7,...,2},} be a sample drawn
randomly with replacement from {z;y,...,z;,} for every j € {1,...,p}. Let

x; = (27, ...,x;;e)T for £ = 1,...,n and the bootstrap test statistic T} is

computed from x7,...,x} as in (2.8]). When the above bootstrap procedure

is repeated N times, then we have N bootstrap test statistics 77"

*
ij1s o LN

Let

N
* 2 *
Gon(t) = N_pgz > KT >t
=1 (

Z»J)GAO
where Ay is in (2.2).

Step 2: Large-scale correlation tests with bootstrap given in Cai

and Liu (2016). Let

t = inf{0 <t < \/4logpy — 2log(log po) :

n (D)(®5)/2

< a}.
max{}_ e, [{IT3] =t} 1}
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If £ does not exist, then let t = \/4logpy. We reject Hy;j : 035 = 0 whenever

T3] > i for (i, ) € Ap.

Remark 4. On the surface, it seems that we need the eighth moment of
x; to calculate the variance of T},;. In fact, Yamada, Hyodo and Nishiyama
(2017) requires the finite eighth moment condition. However, as we show in
this paper, the results of Lemma [1| and Theorem [2| require only the fourth

moment of x;.

2.2 Limiting distribution of 7,, under the alternative hypothesis

Next, we study the theoretical property of proposed statistic 7,, under the
alternative hypothesis. Let the difference between the null hypothesis and

alternative hypothesis be A = X2 — diag(3?,,..., X% %)
Theorem 2. Under Assumptions [A]-[B], we have
o1 (T — i = pn) = N(0,1)
where py = (n®> —n + 2)trA/(n — 1)?,
P
o] = of+42n " 'trA? + Bynt Z(e}Aegﬂ,
=1

here ey is the p-dimensional vector with the {th element being one and other

elements being zeros and 3, = waj - 3.
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The asymptotic power function of T, is 1, (A) = P(T,, — i > 60q1—a)-
We have P(T}, — fi > 60q1-a) — [1 — ®(07*(00q1-a — t11))] = o(1). Because
trA = tr¥? — Zi{:l 3, = D) py ko< T ki ks Doky > 0, it I8 easy to see
that o > o2 and p; > 0. If the population covariance matrix departs from
the null hypothesis (in the sense that trA > ¢, > 0 for any positive constant
€0), then 0? > o2 and p; > 0. Under such an alternative hypothesis, we

have (0oq1—o — pt1)/01 < ¢1—a, that is,

/BTn (A) > Q.

Thus, the proposed test T, is asymptotically unbiased. In fact, when n
is sufficiently large, Bz, (A) is an increasing function of trA where trA

measures the departure from the null hypothesis.

Theorem 3. Under Assumptions [A]-[B] and ¥? = diag(3?,,..., X% ;) +
A,

(1). We have Br,(A) > a when n is large enough; Especially, when trA >
€0 > 0 for any positive constant €y, we have Br, (A) > « for sufficiently
large n;

(2). If trA tends to infinity or P(max, e)eca, n(s0,0,)%(00,0,) " > 5*(n,p))

converges to one, then we have B, (A) — 1 as n — oo.

Theorem [3| shows that the proposed test T, is asymptotically unbi-
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ased. If the absolute value of at least one entry of A is greater than

/(log po log ) /n, then there exists (¢1, (5) € Ag such that (s, )?(0ee,) " /5" (n,p) ~
clogn/loglogn converges to infinity in probability under the conditions of
Theorem , and thus P(max g, s,)e, 7(50,0,)>Bere,) ™" > 8*(n,p)) — 1 holds

by Remark [2| and then the power converges to one.

Remark 5. Support recovery of 3: Following the proof of Theorem 5

in (Cai, Liu and Xiaj (2013)), under the conditions
p/n — Yy < (0, +OO), min eij(O'iiO'jj)il/Q > T,
(4,7)€Ao

E|(zj1 — Exj1)(0y;) |3 < co, V1< j < p,
for some ¢y > 0, € > 0, 7 > 0 with the set Ay defined in (2.2]), we have

lim inf P(¥ = ) — 1,
XeWy

where

U = {(Z,]) - 045 # 07 (Z?]) € A0}7

A

W = {(4,7) : n(si; — 055)*(0;5)"" > dlog po, (i, §) € Ao},

Wy ={%: miélqj n'2|0:;1(0:;) 7 > 4\/log po, (i, §) € Ao},

1,J

with X = (o)1, and p§ = p* — pi — ... — pf given in (2.5).
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3. Simulation studies

In this section, we evaluate the finite sample performance of the proposed
test in terms of its Type I error rates and powers. Because the proposed
test uses the Frobenius distance between covariance matrices, we will de-
note it as FDS. The test proposed by Paindaveine and Verdebout (2016)
was developed for variables with mean zero. When applied to the centered
variables (by removing the sample mean) in high dimensions, the test has
seriously inflated Type I errors, and therefore we exclude it from the com-
parisons. The test used by Jiang, Bai and Zheng (2013) is the same as the
test of Bao, Hu, Pan and Zhou (arXiv) when K = 2 but has slightly poorer
performance when K = 3, so we will include the latter test only. To be

specific, the following three competing tests are used in our comparisons:

e “CLRT”: the test of Jiang and Yang (2013);
e “BHPZ”: the test of Bao, Hu, Pan and Zhou (arXiv);

e “YHN”: the test of Yamada, Hyodo and Nishiyama (2017);

We generate samples of size n from x; = 1, + XV2w; fori = 1,...,n
where 1, is a p-dimensional vector with all elements equal to one, w; =
(wiiy ..., wp)" and {wj;,i = 1,...,n,7 = 1,...,p} are independent and

identically distributed as N(0,1). To consider different structures of 3,
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we use X = 0.2, + Z?:l 0;%; for some values (01,6,,03) where ¥; =

p
i,j=1

(0.511? .| is approximately sparse in structure, £y = I,40.5(8(j;—j=1})
is sparse, and X3 = 0.981p+0.021plg is a dense structure. For each setting,
we conduct 5000 Monte Carlo simulations. For the type I error estimates,
the standard errors are approximately 0.006.

At the sample size at n = 200, we consider the dimension p = 60, 120, 180,
and the number of blocks K = 2,3 with the block sizes p; = ... =
pr = p/K. The ROC curves for the competing tests are plotted in Fig-
ure (1| under the null hypothesis 3 = 0.2I, and the alternative hypotheses
X =02I,+3%;,i=1,2,3 at n =200 and p; = p = ps = 20. Clearly, the
test FDS has the best performance for the non-dense 3. When X is dense,
FDS and YHN are similar, but YHN is the worst performer for the sparse
alterative. Moreover, the empirical test sizes and empirical powers are list-
ed in Table [I] for a variety of settings. All the methods maintain Type I
errors well. For comparison of powers, the proposed FDS test outperforms.
Especially, when (py, p2, p3) = (20,20, 20) and X = 0.2I,+33;, the empirical
power of FDS test is about 98% and the empirical powers of other tests are
between 36% and 53%. For (pi1,ps,p3) = (60,60,60) and X = 0.2I, + X,

the empirical power of FDS test is about 88%, but the empirical powers of

the other tests range at most from 10% to 14%. Overall, the proposed test
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FDS is seen to be much more powerful than its competitors. When X is
dense, FDS and YHN are indeed similar, and they are both leaders in the
comparison.

When the dimension is much greater than the sample size, we only
examine the performance of FDS, BHPZ and YHN, because CLRT cannot
handle such cases. In the simulation, the null hypothesis is 3 = 0.2I, and
the alternative hypothesis is 3 = 0.2I, + 0,3 + 0,35 + 0333 where X5 =
L, + po(dji—jj=1})i j=1 With po = 0.3 4+ 0.3exp(0.009p)/(0.15 + exp(0.009p))
and 0; = 0 or 1 for 4 = 1,2, 3. The distribution of wj; is taken to be N(0, 1)
or Gamma(4, 2)-2. In this study we consider the sample size n = 150, 300,
the dimension p = 180, 360,900 and the number of blocks K = 2,3 with
the block sizes p; = ... = px = p/K. The empirical test sizes and powers
are listed in Tables [2[ and |3] The Type I errors are all close to the nominal
level of 0.05. Moreover, as the dimension increases, the empirical powers of
the tests increase with n. For example, when 3 = 0.2I, + X3, p = 180 and
K = 2, the power of FDS increases from 71.24% to 99.96% quickly as the
sample size increases from n = 150 to 300, but the powers of other tests
rise much less. To save the space, Table (3] is given in the supplementary

file.
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We note that the proposed FDS test does not always dominate the
others when p is small. We refer to the ROC curve in Figure [1| under the
null hypothesis ¥ = 0.2I, and the alternative hypotheses for ¥ = ¥, =
1.21,+0.18(8gji—j|=1} )i j=1 +0.1(0gi—j|=3} )} j=1 at the sample size n = 200, the
dimension p = 6 with K = 3 blocks of equal sizes p; = ps = p3 = 2. In this
case, the population is Gaussian and the likelihood is correctly specified,
so it is not surprisingly that CLRT shows slightly better performance than
FDS.

To check the sensitivity of the threshold s*(n, p) and any scaled version

of T, we consider the rejection region
{X1,...,Xp : Tplcr, c2) — o > 0oGi—a}, (3.1)
which is similar to where ji and &y are in and
To(c1,c2) = Thi + c1 - Tholca),
with Ty, = tr[S,, — diag(Si1, ..., Skx)]* and

Tho(ca) =

25 N
P O max g, 1y)eag n(sey09)2 (00, 0) 1> 8* (n,p,e2)}?

s*(n,p,c2) = co-[4+ (loglogn — 1)2](10gp0 — 0.25loglog po) + q.

We have s*(n,p) = s*(n,p, 1), Trho = Tno(1) and T,, = T,,(1,1). We consider

the sample size n=200, the dimension is p = 60, 120, 180, and the number
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False positve rate False positve rate

False positve rate False positve rate

Figure 1: The first three ROC curves are the results from three simulation
settings given in Section 3 with three different specifications 3; (upper left
panel), 3, (upper right), 33 (lower left) with w;; being i.i.d from N(0, 1),
(n,p) = (200,60), and p; = ps = p3 = 20. The ROC curve in the lower
right panel refers to the case of (n,p) = (200, 6) of K = 3 equal block sizes.
The curves for FDS and YHN are nearly identical in the lower left panel

and lower right panel.
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of blocks is K = 2,3 with the block sizes p; = ... = px = p/K. The
parameters ¢; and ¢y are taken as ¢; = 0.001,0.5,2 and ¢, = 0.5,1,2. The
empirical test sizes and powers for different values of ¢; and ¢, are listed in
Tables[d}p] Simulation results in Table[d]show that when ¢; is small or large,
the empirical test sizes and empirical powers are similar for the different
values of ¢;. Simulation results in Table [5| show that when ¢y is small, the
empirical test sizes cannot be controlled; when ¢ is large, although the
empirical test sizes can be controlled, the empirical powers will decrease.
Then the penalty T, is somewhat sensitive for the threshold s*(n,p), but
is not sensitive for the scaled version of T},,. Moreover, to show that our
test is valid for p/n — y = 0, Table @ presents some simulation results with
n = 500, 750, 1000 and p = 6,12,18. To save the space, Tables are

given in the supplementary file.

4. Demonstration with a real data example

To further demonstrate the power of the proposed test, we use data from
a major supermarket in northern China (Wang, 2009). In the dataset,
each record contains the daily sales volume of individual products over a
463-day period. We are interested in understanding the correlation between

vegetable sale volumes and dairy sale volumes. We have 26 major vegetables
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Table 1: Empirical test sizes and powers (in percentage) for comparison of
four methods with n = 200, (p1,...,px) = (p/K,...,p/K) and K = 2,3
for Gaussian variables. The vector (61,605, 63) specifies the ¥ matrix. The

rejection region is given in ([2.6)).

(61,05,05)  Methods p=60 120 180 | 60 120 180

K =2 K =3
Empirical test sizes
(0, 0, 0) FDS 450 495 494 | 510 485 4.88

CLRT 4.74 552 4.86 | 5.02 530 5.12
BHPZ 4.58 512 452 | 488 509 4.68
YHN 4.64 507 507 | 518 494 488
Empirical powers
(1,0, 0) FDS 87.86 76.52 69.28 | 98.06 93.20 88.42
CLRT 1952 940 6.98 | 38.74 14.28 8.38
BHPZ 1746 880 6.64 | 36.08 14.72 9.55
YHN 27.28 13.22 9.72 | 5248 22.78 14.83

(0,1, 0) FDS 86.70  75.52 68.62 | 97.50 92.68 88.02
CLRT 3828 13.26 7.86 |75.42 24.86 10.92
BHPZ 30.86 11.82 7.82 |66.78 23.62 13.26
YHN 15.68 92.50 7.60 |26.12 14.18 10.02

(0,0,1) FDS 32.46  69.86 90.90 | 38.48 78.90 95.32
CLRT 1282 1238 8&.78 |15.62 15.90 11.70
BHPZ 1192 11.32 9.00 | 18.10 20.20 17.62
YHN 32.62 70.20 91.02|38.96 79.16 95.42
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Table 2: Empirical test sizes and powers (in percentage) of comparison of
three methods with (p1,...,px) = (p/K,...,p/K) and K = 2,3 for Gaus-
sian variables. The vector (01,6, 03) specifies the ¥ matrix. The rejection
region is given in . When a test is not applicable, the corresponding

entries are marked —.

(01,602,05) n  Methods p=180 360 900 | 180 360 900
K =2 K =3
Empirical test sizes
(0,0,0) 150  FDS 5.11 4.72 422 | 486 4.78 4.48
BHPZ 4.62 — — | 5.08 476 —
YHN 5.50 494 5.06 | 5.26 4.86 5.24

300  FDS 5.08 4.92 493 | 5.08 5.08 5.02
BHPZ 5.08 470 — | 526 530 —
YHN 5.04 5.08 533 | 542 532 5.12
Empirical powers
(1,0,0) 150  FDS 38.22  25.78 14.06 | 57.02 38.85 21.80
BHPZ 6.14 ~ — | 7.84 526 —
YHN 8.74 6.22 544 | 1241 7.66 5.66

300  FDS 97.74 94.16 87.52199.95 99.51 97.74
BHPZ 8.7 592 — [13.76 748 —
YHN 1242 814 6.60 | 22.86 11.36 7.72

(0,1,0) 150 FDS 71.24  59.54 41.78 | 89.52 80.20 61.92
BHPZ 9.32 — — 120.72 710 —
YHN 7.68 586 5.32 |10.22 T7.18 5.24

300  FDS 99.96 99.88 99.74| 100 100 100
BHPZ 3222 1050 — |74.24 2782 —
YHN 1042 72 6.70 |16.02 9.85 7.00

(0,0,1) 150  FDS 76.18 98.48 100 |84.28 99.38 100
BHPZ 7.24 — — [11.20 648 —
YHN 76.87 98.52 100 |84.56 99.46 100

300  FDS 99.36 100 100 |99.82 100 100
BHPZ 1484 9.16 — |34.16 21.02 —
YHN 99.34 100 100 |99.82 100 100
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and 58 dairy products in the study, that is, (p1,p2) = (26, 58).

To evaluate the power of various tests at small sample sizes, we ran-
domly draw the sale volumes of vegetables and dairies with p; +py +2 days,
that is, the sample size is n = p; 4+ p2 + 2. Based on 10,000 random draws
at this sample size, the proposed test, FDS, together with the test YHN,
rejects the null hypothesis that sale volumes of the vegetables and dairies
are uncorrelated 100% of the time. The tests CLRT and BHPZ reject the
null hypothesis 58.71% and 84.22% of the time, respectively. For the sen-
sitivity analysis with (¢p, ¢2) = (0.001,1), (5,1), (1,0.5), (1,2), the proposed
test FDS still rejects the null hypothesis 100% of the time.

When we take a small number of days randomly from the data set,
autocorrelation is negligible. To use the whole sample to understand or
confirm the correlation between the prices of these two products, we use
the autoregressive AR(1) model to fit the data first, and then examine the
residuals. In this case, all the tests we considered reject the null hypothesis
of no correlation at the level 0.001. The fact that the proposed test is
able to detect the correlation with high power even when the sample size is
slightly above the total dimension indicates that the test is valuable in the

analysis of moderately high dimensional problems.
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5. Discussion

We propose a test for detecting block-structured correlation in high dimen-
sional variables. The validity of the test is established under a framework
where the dimension of the variables grows linearly with the sample size.
For the rationale of why the framework of p/n tending to a constant is useful
for high dimensional data analysis, we refer to Marcenko and Pastur (1967)
and Bai and Silverstein (2010). The test can be used in a wide range of
problems for Gaussian or non-Gaussian variables, and attains good power
for sparse or non-sparse alternatives. Simulation studies show that the pro-
posed test performs very well in both Type I error rates and powers relative
to the existing tests when the latter are applicable. Unlike the other tests,
the proposed method does not use the inversion of any covariance matrix
and requires only the finite fourth moments of the random variables. More
importantly, the proposed test performs quite well even when the dimen-
sion exceeds the sample size. When p is small and n is large, and the data
are Gaussian, the proposed test will lose some power against the likelihood
ratio test, but the loss of power is limited even in those situations in our

empirical studies.

Supplementary materials
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The first supplementary material consists of the proofs of Lemma [1| and
Theorem The second supplementary material consists of three lemmas
and the detailed proofs of —. These proofs are conducted under As-
sumptions [A]-[B]. The sample covariance matrix S,, of 84 major vegetables

and 58 dairy products in Section (4] is

https : //math127.nenu.edu.cn/shuzue/ H Data/webpage /covariancematrizx.zip.
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Supplementary material 1

The first supplementary material consists of the proofs of Lemma [I| and
Theorem [If3] and Tables 3-4-5-6. The simulation settings of Tables 3-4-5-6 are

in the main paper.

S.1. Tables 3-4-5-6

S.2. Proofs of Lemma [1] and Theorem [1H3

Definer; = n_l/Qwi, w; = (w4, - - ,wpi)—r, rip = n_1/2wik, Wi = (Wp_y+1,is - - ,wﬁkﬂ;)—r
with po = 0O and pp = p1 + ... +px for k = 1,...,K, ¢ = 1,...,n. Then

r; = (r),...,tl) and w; = (W), ..., wl ) fori=1,...,n. We have

(n —1)?n"2tr(S2%) = tr[(z 2 2pI 222 4 p2(7T2F)? — 28’ S Zrzr ¥r,
i=1

where ¥ = n~! > r;. By Lemma EQ.ll and |S.2.2| from the supplementary

file 2, letting € be a very small positive number, we have n?(t'3t)? = (n —

Dn=3(trE)? + 0p(n~(179), and
TN Ty (-1 2 1y 2 2 —(1—¢)
nr'y Zrzri 31 =(n"tr¥) + (n— L)n "tr(X7) 4+ op(n ).

Thus, we have

n+1 2
tr(S2) = 221/2 T3n1/2)2) - ﬁ(u«z)Q—n
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Table 3: Empirical test sizes and empirical powers (in percentage) of com-
parison of three methods with with (py,...,px) = (p/K,...,p/K) and
K = 2,3 for Gamma variables. The vector (61,65, 03) specifies the ¥ ma-
trix. The rejection region is given in . When a test is not applicable,

the corresponding entries are marked —.

(01,05,03) n  Methods p=180 360 900 | 180 360 900
K=2 K=3
Empirical test sizes
(0,0,0) 150  FDS 4.86 490 4.44 | 512 499 4.54
BHPZ 4.46 — — [ 522 490 —
YHN 494 536 548 | 530 529 5.06

300  FDS 4.92 482 481 | 492 502 4.84
BHPZ 476 494 — | 538 514 —
YHN 4.84 492 510 | 5.02 522 4.90
Empirical powers
(1,0,0) 150  FDS 33.98 22.44 13.36 | 52.32 33.08 19.24
BHPZ 5.89 — — [ 802 5.02 —
YHN 8.82 742 588 [12.88 7.88 6.38

300  FDS 95.56 90.78 81.34|99.58 99.02 95.42
BHPZ 834 58 — |[14.17 726 —
YHN 13.28 876 6.12 |22.12 11.93 7.16

(0,1,0) 150  FDS 59.82 4754 31.44|79.76 67.61 47.70
BHPZ 9.48 — — (2144 740 —
YHN 844 6.92 5.76 |10.30 7.78 6.10

300  FDS 99.08 98.46 96.04 | 99.98 99.96 99.86
BHPZ  31.06 11.00 — |74.36 2798 —
YHN 11.40 8.00 5.84 |16.78 10.36 6.62

(0,0,1) 150  FDS 75.24 98.62 100 |83.14 99.28 100
BHPZ 7.40 — — (1142 6.62 —
YHN 77.30 98.86 100 |84.34 99.39 100

300  FDS 99.38 100 100 |99.74 100 100
BHPZ 1478 8.02 — |34.00 19.76 —
YHN 99.50 100 100 |99.78 100 100
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Table 4: Empirical test sizes and powers (in percentage) for comparison of

four methods with n = 200, (py, ...

k) = (p/K, ...

,p/K) and K = 2,3

for Gaussian variables. The vector (61,605, 63) specifies the ¥ matrix. The

rejection region is given in (3.1)).

(c1,¢2)  (01,02,03)  Methods p=60 120 180 60 120 180
K =2 K=3
Empirical test sizes

(0.001, 1) (0,0, 0) FDS 5.61 548 5.65 | 5.77 573 5.20
CLRT 5.15 536 538 | 5.26 549 5.29

BHPZ 520  5.08 4.88 | 486 5.29 5.15

YHN 50.32 536 554 | 555 5.B8 4.87

(5, 1) (0, 0, 0) FDS 5.61 548 5.65 | .77 573 5.20
CLRT 5.15 536 538 | 5.26 549 5.29

BHPZ 520  5.08 4.88 | 486 5.29 5.15

YHN 532 536 5.54 | 5,55 5.58 4.87

Empirical powers

(0.001, 1) (1,0,0) FDS 87.63 77.34 70.30 | 98.20 93.21 88.66
CLRT 1954 9.78 7.07 | 38.47 14.27 8.51

BHPZ  17.27 9.08 6.69 |35.03 14.41 9.75

YHN 27.55 1391 9.60 | 52.16 22.80 14.83

(5, 1) (1, 0, 0) FDS 87.77 77.34 70.30 | 98.21 93.21 88.66
CLRT 1954 9.78 7.07 | 38.47 14.27 8.51

BHPZ 17.27 9.08 6.69 |35.03 14.41 9.75

YHN 27.55 1391 9.60 | 52.16 22.80 14.83
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Table 5: Empirical test sizes and powers (in percentage) for comparison of

four methods with n = 200, (py, ...

k) = (p/K, ...

,p/K) and K = 2,3

for Gaussian variables. The vector (61,605, 63) specifies the ¥ matrix. The

rejection region is given in (3.1)).

(c1,¢9) (01,09,03)  Methods p=60 120 180 60 120 180
K =2 K=3
Empirical test sizes
(1,0.5) (0,0,0) FDS 20.53 29.74 39.05| 2240 32.66 41.39
CLRT 5.15 536 538 | 5.26 549 5.29
BHPZ 520  5.08 4.88 | 486 5.29 5.15
YHN 0.32 536 5.54 | 5.55 5H.08 4.87
(1,2) (0,0,0) FDS 543 535 5.55 | 5,60 555 512
CLRT 5.15 536 538 | 5.26 549 5.29
BHPZ 520  5.08 4.88 | 486 5.29 5.15
YHN 5.32 536 5.54 | 5,55 5H.B8  4.87
Empirical powers
(1,0.5) (1,0,0) FDS 99.10 98.47 97.91|99.97 99.93 99.93
CLRT 1954 9.78 7.07 |38.47 14.27 8.51
BHPZ 1727 9.08 6.69 | 35.03 14.41 9.75
YHN 27.55 13.91 9.60 |52.15 22.80 14.82
(1,2) (1,0,0) FDS 40.26  20.03 13.34 | 64.40 31.24 19.74
CLRT 1954 9.78 7.07 | 38.47 14.27 8.1
BHPZ 1727 9.08 6.69 | 35.03 14.41 9.75
YHN 27.55 13.91 9.60 | 52.15 22.80 14.82
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Table 6: Empirical test sizes and powers (in percentage) for comparison of
four methods with n = 200, (p1,...,px) = (p/K,...,p/K) and K = 2,3
for Gaussian variables. The vector (61, 6, 03) specifies the > matrix. The

rejection region is given in ([2.6).

n  (61,02,03) Methods p=6 12 18 | 6 12 18
K=2 K=3
Empirical test sizes

600 (0, 0, 0) FDS 6.65 6.28 5.92(6.82 6.12 587
CLRT 6.51 6.13 5.65|6.68 5.90 5.67

BHPZ 6.46 6.09 5.59|6.69 5.93 5.50

YHN 6.57 5.97 5.65|6.72 5.92 5.64

750 (0,0, 0) FDS 6.36 6.22 5.84|6.46 6.12 6.36
CLRT 648 5.99 581]6.49 5.84 6.19

BHPZ 645 599 5.72|6.46 5.82 6.23

YHN 6.35 6.04 5.796.39 6.00 6.19

1000 (0, 0, 0) FDS 6.54 6.07 6.05|6.54 5.87 6.36
CLRT 6.29 5.86 5.96|6.49 5.69 6.10

BHPZ 6.26 5.83 5.90|6.39 5.67 6.21

YHN 6.51 6.01 591 |6.59 587 6.21




S.6

Because trS,, = n(n—1)"}(>I, r]Xr;—nt' It), we have trS,, = n(n—1)"1 3"  r/Sr;—

(n —1)"rE 4 0p(n~1=9) by Lemma from the supplementary file 2. As

shown in Bai and Silverstein (2004, p. 559-560),
n n
(Y B Pex{B2)) — (Y BVARE Y] = 0p(n M), g =1,2
i=1 i=1
where r; = n’1/2ﬁ/i, w; = (ﬁ)li, ey ﬁ)pi)T,

1/2(

Wei = [Var(Weidgjug, | < mna )] (Wb g < rnay = B0y <y, })-

W] < ev/nn, Edy = 0, E(0}) = 1 and E(@},) < oo for £ = 1,...,p and i =
1,...,n with n, | 0, n'/*n, — oo and ¢ being a positive constant. For simplicity,
we shall rename the variables wy; simply as wy; and proceed by assuming that
lwei| < /i, Bwg = 0, B(w) = 1 and E(w};) < oo with 7, | 0 and n'/*p, —

oo. Let B, =>"1" 21/2rirZTEl/2, then

n? n—+1

tr(S?) = mtr(Bi) T n(n-1)72

(try)? — tr(22) + op(n~Y4). (S.1)

n—1

.. o /2 T s1/2 _ 1\l LT o
Similarly, let B,, = Y77 | X0 rr;, 35,07, then trSy, = n(n—1)"" > " | 1, Bppry
(n —1)""rEy + 0p(1) and

n n+1
tr(Siy) = mtr(sz) - (trSer)® —

2
n(n —1)2 n—1

tr(Skx) + 0p(n~ 1),

(S.2)

where o, (n~1/4) is uniform for k = 1,..., K.
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S.1 Part I of Lemma [1] and its proof

Lemma S.1. Under Assumption [A]-[B] and under Hy : 3 = diag(X11, ..., XxK),

we have 0~ (T,1—p) — N(0,1), where the quantities i and o are given in Lemma

in the main paper.

Proof of Lemma First note that T},; = tr[S, —diag(Si1,...,Skk)]* =

tr(S2) — Zle tr(S3,). By (S.1) and (S.2), we have

2

n

K
n+1

—7t2 (tr3 —

n(n —1)>2 : ; rEi)’

2
1 [tl" 22 Ztr Ekk ] =+ Op(
=1

Under Hy, we have

2

K K
T, =—"  [tr(B2)=S  tr(B2 _”7“ )2 (trs n—1/4
nl ) [tr(B3) = tr(Bj)] . 2= (trEgs) ]+ )-
k=1 k=1

(n—1)2
That is, the central limit theorem for 7),; can be obtained by establishing the
central limit theorem for [tr(B2) — Zk L tr(B2,)]. We need to compute the
mean ;. and the variance o2 of the statistic 7},;. The asymptotic normality is
due to the fact that {E;(trB2) — E;_;(trB2),j = 1,...,n} and {E;(trB%,) —
Ej_l(trB%k),j =1,...,n} for k = 1,..., K are two martingale difference se-
quences, where we use E; as the conditional expectation given x1,...,x;. Lem-

ma from the supplementary file 2 shows that these martingale difference

(S.3)

1/4>.
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sequences satisfy the Lindeberg’s conditions, that is,
Z E([E;(trB) — E; 1 (trB2) 05, (uB2) -, (B2)>e}) = O(my),  (S.4)

ZE i (trBiy) — Ejo1 (B0, (uB2,) -,y (682, )12¢}) = O(), (S:5)

for any € > 0 where O(n2) is uniform for k = 1, ..., K. For simplicity, E;(trB2) —
E;_1(trB2) is often written as (E; — E;_1)(trB2) in this paper.
To compute the mean and the variance, we take the following two steps.

Step 1 computes the mean

n? K n+1 K
p= WE[W(B?L) - ZtT(B%k)] - m Z tr3p)?
k=1 k=1
We have
p
E[tr(B})] = n 205 + B, Y (ejBe;)’] + n~ (trE)? + (n — )n~ 'tx(E?),
j=1
Pk
Eltr(Biy)] = n 2053, + Buw > _(ejy Drxejn)’] + 1 (trSe)” + (n — n~ 't (Z3),
j=1
for k =1,..., K. Then under Hy, we have
n?—n—1 n? —n—1
= (trX)? (tr¥
2 n(n_l)g(r ) n_lg;rkk

Step 2 shows that 02 = og9 + Zle Okk — 225:1 ook converges in prob-
ability, where ogo = Y7 Ej 1[(Ej — Bj—1)(rBy)]?, ope = 25 Bja[(B; —

E;j1) (0B ook = 20 BEjm1{[(Bj — Ej—1)(0B})][(E; — Ej1) (trB,)]} for
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k=1,---,K. To do so, we have

(B — Ej_1)tBy
= 2(n-— j)nil(Ej — Ej_l)r;Eer +(E; —E;_ 1)1‘ Er]r 3r;
+2 Z Ej_1)r; ErgrEEr]
1<j—1

= 2(n—jn Y (E; - Ej,l)r—erer + (r}—Erj —n Hry)? — E[(r;Erj —n Hry)?

+2(n*1tr2)(r;2rj —n tr3) + 2 Z (Ej — Ej_l)r;ZJrgrEErj,
0<j—1
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(Ej — Ej_1)trBi,
= 2(n—j)n (B — Bj_)r; Shrj + (B — Ejo)r); Snrjir); Surjy
+2 Z (EJ — Ej,l)rLEHrmrLEHrﬂ
<j—1
= 2(n—j)n "(E; — E;_)rj; BT

+(I‘;12111'j1 — n’ltrEH)Q — E[(rLZurﬂ — niltr211)2]

+2(n_1tr211)(r—§1211rﬂ — n_ltrEH) + 2 Z (E] — Ej,l)rLEHrar;lEHrﬂ,
0<j—1

where
(r—]l-—Z]rj)2 - E(I‘}—EI‘]')Z = (r}—EI‘j —n Hry)? — E(r—lj—Erj — " Hry)?
+2(n*1tr2)(r;2rj —n ltry),
(r;1211rj1)2 - E(r}—lZHrﬂ)Q = (r}—IEHrﬂ —nHr3y)? - E(r}—IEHrﬂ —n Hr3yg)?
+2(n71tr211)(r;1211rj1 — niltrzn).

We first compute 091, and the calculations of {oog, k = 2, ..., K} can be similarly

obtained.

oon = > Ej1[(E; — Ej_1)uB2][(E; - Ej_1)uB})]

j=1
- j—1 J i-1) o r;2°r; + 10T 201 + Z r;2rrydr;
=1 <j-1

2(n—7
(E; —Ej—1) [(n)rLZflrﬂ + r;12111‘j1r;1211rj1 +2 E r;1211re11‘Z1211rj1} }
0<j—1

= (S6) + (S7) + (S3).
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where ([S.6))-(S.8) are given as follows.

n
Z 2(n — j)n_lEj,l{(r—erer —n 2 (E; - Ej_1) [2(n — j)n_lr}—lE%Irﬂ

j=1
+r}—1211rﬂr}—1211rﬂ +2 Z r;rlzllrﬁlr};lzllrjl]}7 (S.6)

0<j—1

n
D B {Ej — Ejo)(rjTrrTr) (B — Ej1) [2(n — j)n 't B
j=1

+I‘;12111'j1r;12111'j1 + 2 Z rLEllrglrLEllrjl] }, (S7)
1<j—1

n
2 B {Ej —Ej)( ) riErayEe)(B — 1) [2(n — j)n v S,
Jj=1 <j—-1
—|—r§1211rﬂr§1211rﬂ + 2 Z rLEHrglrLanﬂ] } (88)
<j—1

As verified in the supplementary file, we have

P1
(S6) = 2(n 'trSy)2n e (Eh) + Bun D e} B ene; Sireq]
=1
p1
+22n 't (2) 4 Bun 2(9212%1931)2] +Op(ny),
=1
p1
(S7) = 4n 'trZy)(n )20 tr(23)) 4 Bun ! Z(e}lzneglf]
=1
p1
+4(n~ )20 (3% + Bun 'Y epnEneney; Stien] + Op(ny),
(=1
p1
B = 2(n 'trSu)2n () + Bun D (e uien) (e T7en)]
=1

p1
+202n 7 tr(2) + Bun Y (epnBhien)’] + 4(nT 0 S1)? + Oy ().
/=1
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Thus under Hy, we have

oor = (S.6) + (5.7) + (S.8)

1
= 42n (1) + Bun”! Z(ellz?leaf] +4[n" e (2F)))?
=1

p1
+(4n 12 4 dn ) [2n (23 + Bun ! Z ey 32 epep Shie]

=1
p1
4~ 0 Z) (0 eE) 20 e (2]) 4 Bun 'Y (e Znien)’] + Op(nd).
(=1
Similarly, for £k = 2,..., K, under Hy, we have
Pr
oor = 420" Mr(2h) + Bun Z(e;kZ%kegk)Q] +4(n" HrxE,)?
=1
Pk
+(4n"HrE 4 dn S ) 20 e (23,) + Bun ! Z e 2 ernel Sirerk)
(=1
Pk
A 0 Eg) (e E) 20 e (BR,) 4 Bun Y (ep Siken)’] + Op(n3),
(=1

oo = » B [(Br—Ee1)(trB})]
(=1

iS]

= 42n () + Bun” 12 ZQeg
=1

p
+4(n " Hr2)?[2n 1 (B?) + Bun ! Z(e}Zeg)Q]
(=1
p
+4[n (D)% + 8(n 1trX) [2n Hr(B3) + Bun ! Z e,X%ese)Seq] + 0,(1)
=1
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n
ok = Era[(Be — Beoy)rBj,)?
=1
Pk

= 4n~'[2tr(Zhy) + Bu Z(e—gkzikefk)Q]
/=1
Pk
+4(n "M rSe) n T 2t (3R) + Buw Y _(ers Skkea)?] + 4 tr(Sh,)]?
/=1
Pk
+8(n M trSee)n T 26r(Zh) + Bu > e SiremerZirerd + Op(nd).
=1

Putting things together, we have under Hy,

K K
? = 2
o” = o+ Okk — o0k
k=1 k=1
Pk

K
= 4 Z(n_ltrﬁkk —nHr2)?2n e (23,) 4 Bun ! Z(e}kﬁkkeg;ﬂ)Q]
k=1 (=1
K
+a[n (7)) - 4 In (3] + Op(K ).
k=1

S.2 Proofs of Theorem [1, Part IT of Lemma [1] and Theorem

S.2.1 Proof of Theorem [2

Under Hy, we have (1,1 — p)/o — N(0,1). But

n2—n—1(t2)2 n—n—litz
= ———(tr r
K n(n— 1) kk)

is unknown. We now replace tr3 and tr¥g; by trS,, and trSyx in u, and establish

the asymptotic distribution of

K
Ty — fo=trS3 — Y trSi — fi
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[(tr85)% = 35, (t1Syi)). By (S.1) and (S.2), we have

2
A n‘—n—1
where i = n(n=1)2

Th1 y

=

_ m[m«(Bz) - kZZI tr(Biy)]

n n2—-n-—1

n—1 (n—1)3

K
[(trB,, — n 1trX)? — Z(terk —n tr3)Y
k=1

2 [e(22) = 3 ()] + opn).

k=1 k=1

=

n+1 K

—m[(tr2)2 - Z(trEkk)Q] -

That is, the central limit theorem for T),; — i can be obtained by establishing
the central limit theorem for (trB2 — Zszl trsz, trB,, trB11,...,trBxk). The
asymptotic normality is due to the fact that the sequences {(E;—E;_1)(trB2), j =
L...onh {(E; —Ej—1)(trBy,), i =1,...,n}, {(E; —Ej—1)(t1Bgg),j = 1,...,n}
and {(E; —E;_1)(ttB3,),j = 1,...,n} for k = 1,..., K are martingale difference
sequences and Lindeberg-type conditions are satisfied by Lemma from the

supplementary file 2. Then we have
o7 T — o —pm} — N(0,1),

where y1 = n?(n—1)72E[tr(B2) — S0 tr(B3,)] — (n+1)n " (n—1)2[(trX)? —

>t (r5)?] = 2(n — 1)~ er(2?) — i, tr(2},)] — 4 and

K K K
O’% = 0goA + ngkA -2 Z O0kA — 4(n_1tr§])0000A + 4(n_1tr2) Z 000k A
k=1 k=1 k=1
K K
+4> (0 S ookea — 4> (0 S ) okeka + 4n”rE) 000004
k=1 k=1
K K

+4 Z(niltrﬂkk)QakkkkA -8 Z(niltrz)(nfltrzkk)aogkk/;,
k=1 k=1
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if the following terms converge in probability

0004 = > p—q Br_1[(Ee — E_q)trB2)?,

ooka = g1 Be—1{[(Ee — Ec—1)tB}][(Er — Ee—1)trBE, ]},

Orka =Y p_1 Bo1[(Ee — Ep_1)trB2, )%,

000004 = 2_p—1 Ee—1{[(E¢ — E¢—1)trB,][(E¢ — Ep—1)trB,, ]},

00004 = >_p—1 Ee—1{[(E¢ — E¢—1)trB2][(E¢ — E¢—1)trB,]},

OrkkkA = Y p_q B 1{[(Ee — E—1)trBpg)?,

Ok = 2pmy Boo1{[(Br — Be1)trB, ] [(E¢ — Ee—1)trBpg]},

ookka = p_q B 1{[(Er — Ei—1)trB2][(E¢ — Eg—1)trByg]},

gooea = >y Be-1{[(Be — Ee—1)trBy][(Be — Ee1)trBE, ]},

oookkA = Y op—y Be—1[(Be — Ep_1)trBrg][(Ee — Ee—1)trBy,].

The first step is to compute ;. Because E[tr(B2)] = n~![2trX? +

Buw ?Zl(e}—Eej)Q]+n_1(tr2)2+(n71)n_1tr(22) and E[tr(B2,)] = n~1[2tr32, +
Bu Y0 (€] Brwejn)?] + 1 (trS)? 4+ (n — n~'tr(23,) for k=1,..., K, thus
we have

K K
p = n’(n—1)"Blr(B2) - Y tr(Bf)l - (n+ Dn ' (n— 1) 2[(02)? = > (trSe)?)
1 k=1

k=
K n®—mn-+2
—2(n — 1) [tr(Z?) =) tr(Z3y)] —p = th

where A = X2 — diag(Z%,..., 2% ).



S.2  Proofs of Theorem [T} Part II of Lemma [I] and Theorem [25.16

The second step is to compute O’%. Let ¥4 is the p x p dimensional
matrix with the kth diagonal block being 3 and other entries being zeros. The
detailed proofs of ooo4, OokA, OkkA, 000004; 00004, OkkkkAs TkkkAs O0kkAs T00kA
and ogorpa are similar for £ = 1,..., K. Moreover, the proof of gy14 is similar

to gg1. Therefore, we do not give the details of the proofs of og14. We have

o014 ZEJ 1[(Ej — Bj_1)trS2][(E; — Bj_1)trS% ++

where under the alternative hypothesis,

p
2[2n 1tr222(11 +ﬁwn 12 eez eg egz(n)eg)}

(5:6) =
(=1
+2n71tr2(11) [anltr222(11) + Byn ! Z e}22ege;2(11)ee] + Op(ni),
(=1
(57 = 4ln™'uX)(2n T 0BEE,) + fun” IZ ey Tese; X er)

/=1

hS]

+4(n*1tr2(11))(n*1tr2) [2n*1tr22(11) + Byn ! Z(e}ﬁeg)(eZE(n)eg)] + Op(nﬁb),
/=1

p
(S8) = 2[2n_1tr222(11 + Buwn” 12 e;X%ey) egﬁ(ll)eg)}
=1

bS]

+2(n 1tr2(11))[2n Lre?s 11) + Bwn” 12 INICH (11)66)}4‘01)(777%)-
=1
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Therefore, under the alternative hypothesis, we have

0014

P
4[2n_1tr222%11) + Bun Z e, >%y) (e} 2 11)eg)]
=1

+4(n_1tr2)(2n_ltr2?n) + Bun Z 622649;2?11)30
(=1

p
+4(n71tr2(11) (277,71’51“222(11) + Bwnfl Z 6;226561;2(11)94)
(=1

P
+4(n*1tr2(11))(n*1tr2)[Qn* trE(H + Byn ™t Z (e)Xer) (e, anee)]
(=1

+4(n"HrEB())? + Op(n2).

Similarly, for K = 1,..., K, under the alternative hypothesis, we have

O0kA

000A

D Ejal(By — Ejm)erSH[(E) — Ejo1)trSE)
j=1

=

4[2n‘1tr222%kk,) + Byn ! Z(e}zgez)(e}ﬁmew} + 4(n_1trz%k’k))2
=1

p
+4(n~"Hry) (Zn_ltrE:()’kk) + Byn ! Z e};E(kk)eee;E%kk)ee)
(=1

p
+4(n_1tr2(kk)) (Zn_ltrEQE(kk) + ﬁwn_l Z e—gEQege—gE(kk)eg)
/=1
p

+4(n_1tr2(kk))(n_1tr2) [2n_1tr2?kk) + Bun! Z(e}E(kk)eg)Z] + Op(n,%),
=1

n
Z Eg_l[(Eg — Eg_l)trSiP
l=1
p p
An~ 2002+ By Y () %)) + 4(n ' E) 0T 2087 + By, Y (e,Tey)?]
(=1 l

p
+Ha(n T rE?)? + 8(n M E)n T 2008% + B, Y ey B ere;Tey] + Op(n7),
/=1
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n
oA = > Era[(Br—Ep)teSq,)?
=1
Pk Pk

= 4n7 202}, + Bu Z(e}kﬁlike%f] + 4(n " trEp) ! [2tr2%k + Buw Z(e}kﬁkkeg/ﬁ)ﬂ
/=1 L
Pk

—|—4(’I’L_1t1”2ik)2 + 8(n_1tr2kk)n_1 [2tr2§k + Buw Z e}kﬁikegkezilkkeg] + Op(nz),
/=1

oo000a = Y Be1{[(Br — Be1)trS,][(Ee — Ee_1)trS,]}
/=1

p
= 207 6(3%) + Bun Y _(ejZe)’ + Op(ny),
=1

00004 = Z E;_1{[(E¢ — E¢_1)trS;][(Ee — Ep1)trS,]}
=1

p
= 2(2n*1tr23 + Buyn Z e}EegeIEZeg)
=1l

—|—2(n_1tr2) (2n_1tr22 + Byn ! 2(6}264)2) + Op(77721)a

p
(=1

p
OkkkkA = ZE] 1{ E Ej 1)tI‘Skk] =2n" 1t1“ Ekk: —i—ﬁwn 1 Z eZEkkeg —|—O (nn)
j=1 /=1

orka = Br{[(Br — Be1)rSEJ[(Br — Boo1)trSpxl}
=1

p
= 2n_1(2tr2%k + Bw Z e&Ekkeme&E%keu)
/=1

hS]

20 S 20 Sh + Bun Y (epErkens)’] + Op(ny),
=
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oorka = Y Be1{[(Be — Be_1)trS2)[(Br — Bpo1)trSpx]}
=1

p
= 2(2n_1tr222(kk) + Bunt Z e}EQege;E(kk)ez)
=1

hS]

+2(n"1rE) (20 HrEE, 4 Bun ! Z(e}ﬁ)kkegy) +0,(n3),
/=1

oooka = Y B 1{[(Be — B 1)trS,)[(Br — Bp1) S, ]}
=1

p
= 2(2n 1tr22(kk +Bwn*12e22ege;2%kk)ee)

/=1
p
+2(n*1tr2kk) (2n’1tr2ik + Bunt Z(e}Ekkeg)z) + Op(nfl),
/=1
oookka = Y Eja[(Ej — Bjo1)trSw][(Ej — Ej1)trS,]

=1

P
= 2n_1tr(2 + Bwn™ ! Z egzkkef + Op(ﬁ%)

/=1
Then we have
K
U% = o4 + Z OrEA — 2 Z O0kA — 4(n_1tr2)0000,4 + 4(n_1tr2) Z 000k A
k= >, k=1
K K
+4) (0 o B)oorea — 4 ) (07 rSi)opkea + 40~ rE) 000004
k=1 k=1
K K
+4 Z(n‘ltrxkk)%kkkm -8 Z(n_ltrE)(n_ltrEkk)ao%kA
k=1 k=1

K p
= A(n D)2 =4 (07 'ER)? + 420 A% + Bun ) (ejAey)?] + Oy (Kp).
k=1 =1
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with A = 22 — diag(23,, ..., 2% ). Thus o7 YTy — o — 1) — N(0,1).

The proof of Theorem [2|is now complete.

S.2.2 Proof of Part IT of Lemma [1l

Under Hy, iy = 0 and 02 = 0 = 4(n~ ' S0 tr22,)2 =43 0 (n 22,2
Then under Hy and by Theorem 2| we have o (T;,1 — 1) — N(0, 1).

The proof of Lemma [1| is complete.

S.2.3 Theorem [

We have (n — 2)7HtrS2 — (n + 2)71(trS,,)?] — n~'tr¥? = 0,(1) and (n —
2) 7 trSE, — (n 4+ 2) 7 (trSkr)?] — nMr¥3, = 0,(1), k=1,..., K. Thus
under H,, we have

G5 (T — f1) = N(0,1) (5.9)

where 3 = 4(n—2) (K 1S3, —(n+2)~ (ST} 2~ 4 (n—2)2 S, [, —
(n + 2)_1 (trSkk)QP.

Moreover, Xiao and Wu (2013) presented that « IIZlE)LXA n(sMQ)QQZ}Q -
1,42)€A0

4log po + loglog pg converges to a type I extreme value distribution under

Hy. Then if the threshold s*(n,p) is taken to satisfy s*(n,p) — 4logpy —

~

+00, then P(max(s,,e,)ea, n(S0,0,)?0;,y, > s*(n,p)) — 0 under Ho. That is,



S.3  Proof of Theorem [35.1

T, — Th1 = 0,(1) under Hy. By (S.9), we have

65 (T — ) = N(0,1).

The proof of Theorem [1] is complete.

S.3 Proof of Theorem [3l

When trA tends to infinity, o1 also converges and p; — +o0o. Then

00q1—a — M1 N
01

A

Thus we have 07, (A) — 1. Moreover, ifP((f I?E)iXA n(see,)?05,y, > s*(n,p)) —
1,£2)€A0

1, then T, — oo in probability as n — oo. Then the power function will
tend to one.

The proof of Lemma (3| is complete.
Supplementary material 2

This supplementary material consists of three lemmas and the detailed

proofs of (S.6)-(S.8)). These proofs are conducted under Assumption [A]-[B].

S.2.1. Lemma [S.2.1 and their proofs

Let r; = n~'/?>w; and € be a very small positive number.



S.2

Lemma S.2.1. Under Assumptions [A]-[B], we have
Nt ST = n 'trYE + o, (n 0579,
Proof. We have

nt XF = 2n~"! Z r)3r; +n! Z r; r;.

i<j i=1
First, we have E(n™" Y7, rj3r;) = 0 and
E(n™! Z r; Yr;)?
i<j
= (n—Dn 'E(r]Zryr)3ry) + n2 Z E(r;Zr;r, r))
i<j<k<t

+2n72 Z E(r;Xr;r;%r;)
i<j<k
< n (X)) = o(n_2(0'5_6)),

for any small positive number e. That is,
nt Z r13r; = 0,(n"79),

i<j

Second, we have E(n™' Y r/¥r;) = n~1tr¥ and

Var(n ™! Z r¥r;) = n 'E[(r;Zr; —n 'tr3)?]
i=1

=n"22tr(2%) + B, Y _(e]e;)’] = o(n**579),

J=1

where the second equality is from (1.15) of Bai and Silverstein (2004). That
is,

n! Z r3r; — n 3 = o0,(n"0579).

i=1
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Thus we have

nF' ST = n trYE + o, (n 0579,
Lemma S.2.2. Under Assumptions [A]-[B], we have

nt’ % Z r;r; 3f = (n7'rE)? + (n — Dnt0(2?) + 0,(1).

=1

Proof. We have

n
nfTEE rr Xt = nt E r;frErjr;fFErg—l—n_l g riTerroEri

i=1 1,5, unequal 1,7 unequal

+2n7t Y e Era{Sr 40t Yy rf Sral T,

4, unequal =1
Step 1. We have

n

n
-1 T T -1 T -1 2
n g r; Xrr; ¥r; = n (r;Xr; —n~ tr¥)

i=1 i=1
n

+2n7! Z(n_ltrE)(rlTEri —n HrE) 4+ (nTHrX)?

i=1
Because n™ 71" E[(r;3r—n""trX)?] = n2[2tr(3%)+ 6, >_0_, (e e;)?] =
o(n=179), then we have n™1 " (r]Xr; — n~1trE)? = o(n~(179)). Because
W S BETSE — %) = 0 and
" P

Var[n ™t Y (1] Br—n'tr)] = n 7 [2t0(S2)+8, Y (€] Tey)?] = o(n2179),

i=1 j=1

then we have n=! 3" (r/¥r; — n71trE) = 0,(n~(179)). Thus,

n! Z v/ SralSr; = (n %)% + 0, (n=179). (S.2.1)

i=1
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Step 2. We have n= "

IN

IN

E(r/Xr;r] 3r,) = 0 and

4,5, unequal

E(n™* Z r; r;r] Sry)’

1,5, unequal
2n 2 Z E[tr(El/zririTErjr]TErgrfErkrngﬂ)}

i,5,6,k unequal

+2n2 Z E[tr(E1/2ririTErjr]TErgrgErjr]TE1/2)]

1,5, unequal
+4n~? Z E[tr(EUgr,-r?ErjrfErgrgErirKTE1/2)]

,7,0 unequal
on"%tr(E4) + 20 E[(rT 2%ry)?] + 4E[tr (2 2r 0] S2rorl By rl BY2))]

p
2ntr(20) + 2070 2t0(B) + B, > _(e] Be))? + (trE?)?]
j=1
+8E[(r] Z2rors ¥%ry)] + 8E[(r] Brors X1;)?)
p
20 tr(4) + 2070 2t2(24) + B > _(e] T))” + (trE?)’]

=

p
+8ntr(X) + 24n"’E(r] £°rp)” + 8n 2B, Y E(e] Try)*

Then we have

j=1
p
10n2tr(24) + (2077 + 240 ) [2t2(ZY) + B, Y _(e] T;))” + (tr2?)?]
j=1
p p p
+24n748, > (el %) + 80785 ) > (e] Tey)*
j=1 j=1 ¢=1
0p(n_2(0'5_5)).
n! Z (riTErjroErg) = 0,(n~(0579), (S.2.2)

1,5, unequal
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Step 3. We have n™! > Er] Xr;r] ¥r; = (n — 1)n~*tr(X?) and

i,j unequal

n?E( Z riTEJrjr]TZri)2

i,j unequal

= 272 Z (riTErjroEri)Q%—n_Q Z (riTErjroEri)( T¥rri Try)

1,7 unequal ,7,k,0 unequal

4d4n 2 Z (I'?Erjrfzri)(rfﬁrgrgﬁri)

1,7, unequal

= 6n3(n— DE[TE%)Y + 20 3(n — 1), Zp; E(ef Zry)*
+n7%(n — 1)(n — 2)(n — 3)[tr(T?)]? -
+4n7%(n — 1)(n — 2)[2tr(Z*) + By Zp;(efz:?ej)? + (tr2?)?]
< 6n°(n —1)By i(efz2ej)2 +2n7%(n — 1)582 Xp; Zp: el Sey)*
+n % (n — 1)(n]—_ 2)(n — 3)[tr(2?)]? 2
+2n75(n — 1)(2n — 1)[2tr(ZY) + Bu Zp;(efz?ej)z + (tr2?)?].

Then we have

Var(n ™ Z rzTErjr]TZri)

i, unequal

2 2
= n_ZE{( Z r?ErjrfEri)]—(n_l Z Er?Erjr;‘-FEri>

i, unequal i,j unequal

_ O(?’L_Z(O'B_E)).
That is,

n! Z r; Yr;rl Br; — (n — Dn~?tr(X?) = 0p,(n~ 0579 (S.2.3)

i, unequal
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Step 4. By (1.8) of Bai and Silverstein (2004), there exists 7, | 0 satisfying
n'/4n, — oo and n,*E[w}d(|Jwii| > n.v/n)] — 0. Then let #; be the
truncated version of r;, that is, t7 = n~'/%W; with W; = (@y;, . . ., 0,)" and
Wi = Wil |y < iinny- Then we have Ewyy — 0, Ewf; — 1 and Var(wy) —
1 asn — oo. Let f1 = n~Y/2(Eiy,)1, where 1, is the p-dimensional vector

with all entries being ones. Because Ew;; = 0, then we have

[Edn| = [Elwnd(lwin] > n.v/n)]| < 0,0 ?Elwi; 0(Jwn| > 1.v/n)] = o(n™*?).

That is
/:LT/:[, = nil(EwH)zl;lp S 0(”71/2).
Because
P(n™! Z r/ Srir] Xy #£n Z ] Bf,¢] Bt;)
i, unequal i, unequal
< P(for some £, i,y # wy;)
P n
< ZZP(WM > v/
=1 i=1
< (muv/n) " npElwy,0(Jwi| > mv/n)]

= (p/n)n, Elw},6(lwn| = nav/n)] — 0
where the third inequality is from the Chebyshev inequality and the last

equality is from (1.8) of Bai and Silverstein (2004), then we have

n™ Y e SralSr =0Tt ) SRS +0,(1). (S:24)

1,j unequal i,j unequal
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Let I~'Z = (IA',L - [:L)/\/ V&I‘(’li)u), then
tI'Sf;, = Var(ig)FL SF; + 24/ Var(in )t o+ o' S

= Var(wy) (T EF; — n” ) + nWVar(b )trs
+2+/Var (i) T7 B + o(n~1?),

and #7 Xr; = Var(wn)f?Efij/Var(tbn)f‘iTEﬂqH/Var(wn)f"]TEﬂ+o(n*1/2).

Because

nt Y EESR =0, Bt ) FEE)? <ntu(3%) =o(n 7079,

1,7 unequal i,j unequal

-1 STy —(0.5—¢)
we have n™' >, o T 2T = 0p(n ). Because

n™' > EFSa=0, E(n' ) iEa)P’<p’Sh=on '),

1,7 unequal i,j unequal

we haven™ 1" 'S4 = o0,(n"/?). Becausen™!y" EFT2n)? =

i,j unequal 1,j unequal

=T
i,j unequal (ri

("2 0 = o(n1?), we have n=' " 2)? = 0,(n"Y/?). Because
n ) EBEZRASE) =0,EnT Y 6 EZpaSE)? < (A'S0)° =o(n),

1,7 unequal i, unequal

we have n=' 7, - (FTSAATEF;) = 0,(n7'/?). Because

E(n™ Y I SEiZR)
%, unequal
_ 2 Ty =Ty o e Ty =Ty -2 =Tz =Ty o Ty <y
= n g Er; ¥rr;Yap 3r,0,X1; +n E Er; ¥rr; Yapn Yrr; 3r,
1,7,¢ unequal 1,7, unequal
-2 T N T P
+n E Er; ¥rr; Yapn Yr;r3r;
i,J, unequal

< n?A'S' 4 Ei] SaA SEF X + B(F] 3) T SR S = o(n”?),
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we have n=' Y7, o TTEEF S = 0,(n™1/?). Because
Em™ Y (FSf - n 'uD)i] Ti;)
i,j unequal
= n? ) B@EZH - n 0 SEHEEE/(E £ - n ' 0X)
1,5, unequal
+n7? ) B S - 070X BEEEE(E S -0 ')
i,j unequal
+n™? Y E(F S - o D) SHE I (F] S — 0 X))
i,j unequal

[EGEFTEE — n'rX)?)? + E(F 2%F:)% + n 'EF ZF, — n'rX)%F] 2%,

IA

+EGEFTSE, — n HrE)?)P? + EFTERy) = o(n20579),

by (1.15) of Bai and Silverstein (2004) and (9.9.6) of Bai and Silverstein

(2010), we have

n! Z (f“iTEi‘i — n—ltrE)f*iTEf«j = Op(n—(0.5—e)).

1,j unequal

Thus we have

T Y EEEE S8 = o(n*079). (S.2.5)

1, unequal

By (S.2.4) and (S.2.5)), we have

n! Z r! Srir] Xr; = o,(1). (S.2.6)

1,7 unequal

By (5.2.1), (5.2.2), (5.2.3) and (S.2.6), we have

nt’ S 1! BF = (n7'0XE)? + (n - Dntr(E%) +o,(1). (S2.7)
=1

That is, the proof of Lemma is complete.
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Lemma S.2.3. Under Assumptions [A]-[B] with |we| < v/nny,, Ewy = 0,

E(w) =1 and E(w};) < oo with 1, } 0 and n'/*n, — oo, we have

> E((Ej — B )B,* 0w, -5, yus,j=q) = (),

j=1

> B((B; — BB 0y 5,—5,_yus2=g) = O1),

j=1

ZE B ) trBra] *0qm, -5, uBilz) = O()),
and

ZE ;- 1B, Og( E;—E;_ )trBikge}) = O(n,)-

Proof. We have trB,, = > v/ Sr; and E(r! Zr;—n'er ) < Cn'nt |Z|* =

zlz

O(ntn=1) by (9.9.6) of Bai and Silverstein (2010) where C'is a constant in-

dependent of n and p. Then we have

Z E([(Ej_Ej—l)tan}Q(;{KEj—Ej,l)tan|Ze}) S TZE(I'?EI'Z — n_ltr2)4/62 = O(T]ﬁ)

J=1

Similarly, we have

> B((E; — Ej_)trB} ] 05,5, uB2, =) = O().
j=1
E;(trB2) — E;_1(trB2) can be expressed by
E;jtr(B2) — E; 1tr(B2) = 2(n— j)n_l[r;Eer —n"ttr(2?)

+[r;§]rjr;2rj - E(r;Erjr;Erj)]

+2 Z [r;ErkrgErj - n_l(r;Eer)].

k<j—1



We have

n

> (=)' E [(1]Zr — 0702 < C) (n—j)'n "y, (S:2.8)
j=1

j=1
which is from Lemma 9.1 of Bai and Silverstein (2004) and C' is a constant

not dependent on p or n. Moreover, we have

Z E[(r}r;r;3r; — BEr}Srrir;)"]
j=1
= nE[(r|Zrir;3r; — Er}Xrir, 2r)Y

< CnE[r]Zr; — n 'r2)?] + nO(n™*) + Cn(n "r2)*E[(r] Zr; — n 'trX)4]

< O +0(m)+0mn™) (S.2.9)

where (rjXr; — n='tr2)? = n22t0(3?) + B, 7, (e] Be;)?], the last in-

equality is from (9.9.6) of Bai and Silverstein (2010) and

(r;2r1)* — E[(r;21y)’]
= (r1Zr; —n X)) - B[(r;Zr; — n X)) + 2(n ) (r 2y — n )

= (r2r; —n ')+ 2(n trE) (v X — ntrS) + O(nh).
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Furthermore, we have

ZE{ Z —E;_ 1)1‘ Srpr, 2r,]th

j=1 k<j—1
= Y E{[ ) (]S Zr; — 0 ' 30

Jj=1 k<j 1
< Cn, —IZE (I Y Errx|h)

k<j—1
< HZErk w201 < O | Z[PE( Hzrkrkl\
k=1

< 20 IZIP(1 + V)t = O(n,) (S.2.10)

where the second inequality is from (9.9.6) of Bai and Silverstein (2010),
| > kej1 21y 3| is the spectral norm of the random matrix Y7, ., By %,
that is, the maximum eigenvalue of Zkg i1 Y11, 3 and the last inequality

is from (4.2) of Yin, Bai and Krishnaiah (1988). From ([S.2.8)-(S.2.9)-

(S.2.10)), we have

D E{I(E; — B ) B0y w, -5, yuB2 20 }

j=1
< C Z E2(n — j)n (£} 2%r; — n 2?4 C Z E[r}r;ri%r; — E(r;Zr;r; 3r;)]*

J=1

+CZE{ > (B — B S r]' = O(nh) + O(n ™) + O(n™") = O().

j=1 k<j—1

Similarly, we have

> B{(E~E ) uBY 0w, -5, sz sqt = O(m)+0(n*)+0(n™*) = O(1p).

j=1
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The proof of Lemma is complete.

Lemma S.2.4. Under Assumptions [A]-[B] with |we| < v/nn,, Ewyg = 0,

E(w) =1 and E(w};) < oo with 1, } 0 and n'/*n, — oo, we have

P1
56 = 2(n oS te(Sh) + Bun ') | enShiener e
=1
P1
+2[2n 1t (4) + Bun ! Z(ezzflemf] + Op(ni),
=1
P1
(S7) = 4(n "rESy)(n X)) [2n tr(22) + Bun Z(e}lEueﬂf]
=1
p1

+4(n D) 20 e (29) + Bun Z 621211841622?1%] + Op(m%%

/=1
p1

B = 20 'uS)2n " te(Sh) + Bun ") _(enSnen)(e) i en)]
/=1

1
+2[2n 71t (B4) + Bun ! 2(6212%1961)2] +4(n" 3% + Op(ﬁi)a
=1

where O,(n2) is uniform for k =1,..., K.

Proof. We have

2
Il

(S210) + (S2.12) + (52.13),

57) = (S214) + (S2.15) + (S2.16),

B
|

(S2.17) + (S218) + (S2.19),
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where
Y

) B {[(B) — Ejm)r;2n))[(E) — Ejm)r); B} (S.2.11)
B 1{[(E; — E;_)r;S°r,)[(E; — Ej_1)r), Znrjir), Birj ]} (5.2.12)
42 ( d > Ei{l(B - B 22 [(B; — Ejm)r, Surar, Baral} (S.2.13)

i=1 k<1
2y ( - )Ej,l{[(Ej — E;)r; By B () — Ej)ry; B irpl} (5.2.14)

j:l

ZE] HI(E) = Ejo)r By B [(B) — Bjoy)rjy ey Bur} (5.2.15)

QZ Z Ej—l{[(Ej — Ej_l)r;Erjr;Erj][(Ej — Ej_l)rLEnrklr;lEnrjl]} (8216)

j—l k<j—1
Z Z B {[(E; — Ej_)rZrr 2y ][(E; — Ejo)r) 2 rp ]} (S.2.17)
k<j—1
22 > EBi{[(B) — By B Brg][(E) — Bjoy)r)y Syrjrp Syr ]} (S.2.18)
=1 k<j—-1
42 > > Eid{l(E; - B Sryry B )[(Ey — Bjo)r) Znrary, B }S.2.19)

7=1 k<j—10<j—-1

Detailed proof of ((S.2.11)):

(S211) =

L1[(Ej — Ejo)ri X% (E; — Ejoy)r), )

= O ) ]y ()

p1

4 _
= %[Qtr(E‘fl) + B 2(921231@1)2] +0(n™)
=1

where the last equality is from (1.15) of Bai and Silverstein (2004).
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Detailed proof of ([S.2.12)):

(S2.12)

n n —

- 22( (Ej _Ej—l)r;z?rj(E E] 1)rj1211r]1r Ellrgl]
j=

= n(1+0(n")E[r, 3 — Er)y 1 r][(r)3ur)* — E@r); Snrj)’]

= n(l + O(n_l))E[(r;E%lrﬂ EI‘ Ellrﬂ)(r 211[']1 —n trEH) ]

+2n(1 + O(n_l))(n_ltrﬁll)E[(r 22T — Er Enrﬂ)(r;lﬁlllrjl —n " 'r3;)] (S.2.20)
where the last equality is from the following equality
(r}, Surj)? — Bl(r], Znrj)?]

= (r;lEHrjl - niltrEH)Q — E[(r;lxnrjl - niltr211)2]

—|—2( 1tr211)(r Ellrﬂ —n trEll)
By (9.9.6) of Bai and Silverstein (2010), we have

nE[(r}, X} rj—Er), 5310 (0], Sy —n~'rS)?] < Col| a1 In; = O(n)
(S.2.21)

where Cj is a constant. By (1.15) of Bai and Silverstein (2004), we have

E{(I' 2111'11 EI‘ 2111']1)<I';-r1211rj1—niltrzll)]

= n?2tr(3,) + Bu Z e, 22 ene, Sien] = O(n™h). (S.2.22)

(=1
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By ([S.2.20)-(S.2.21))-(S.2.22)), we have

p1
S5.2.12) = 2(n HtrEyy) [2n (23 ,)+Bun ! Z e Xhene) Xiien]+0(nd).
=1

Moreover, the detailed proof of (S.2.14)) is similar to the proof of (S.2.12)).

Detailed proof of (S.2.13)):

(52.13)

= 1[(Bj — Ejo)rj 2%, (E; — Ejoy)r), Biirpry, Biirj]
Jj=1k<j-1

= ‘]>E]’,1{[F;E2I'j - niltr(22)](rLEnrkerlEllrﬂ - nilrglzflrkl)}
j—l k<j—1

= E;_ 1{[ 11rj1 - n_ltr(Efl)](rLZHrklrglEHrﬂ - "_11112%11%1)}
=1 k<j—-1

= 42 Z QrklE‘flrkl +sz I IEN-IN VR URE SN HT)) (S.2.23)
j=1 k<j—1 =1

where the last equality is from (1.15) of Bai and Silverstein (2004). It is clear

that 337 > (n — j)n " rp 31 s is the weighted sum of independent
random variables {r}, X3,r51,k = 1,...,n} with E [ S Y ki1 ST Bk | =
(3n)~trX}, +O(n~1) and var [ D1 D k<t "n—grllz%lrkl} = O(n~!'). That

is

Y (=Tt Sl = (3n) 0 S + 0,(n7?). (S.2.24)

j=1 k<j—1

It is clear that 27;:1(” j)n=3 qu »yy. e X2 e, X Ty TL, 1 € is the

weighted sum of the independent random variables {>")_, e,3% e/e; 1111}, X11€p, k =
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1,...,n} with

iS]

E[Z(" =y Z €y uefeezllrklrmzlleé} = (6n)~' Y (e;he)* +0(n™")

=1 k<j—1 (=1 -
Var[Z(n_j Z Zef 116566211%1%121184 =O0(n™").

j=1 k<j—1 =1
That is,
- p1
Z(n o Z Zezzllefezznrmrmznee (6”)712(9;12%1661)24‘017(”71/2)-
=t k<j—1 =1 p

(S.2.25)

By (/S.2.23)-(S.2.24))-(S.2.25)), we have

p

2
5.2.13) = 3—n[2tr2;*1 + Bu Y (€)X e0)’] + Op(n~/?).
(=1

Moreover, the detailed proof of ([S.2.17)) is similar to the proof of (S.2.13]).

Detailed proof of ((S.2.15)):

(S2.15) = ZEJ . E;_1)r;3rr 3 (E; — Ej_y)r) Syrjr) By
= nE[(r;Erj —n 1tr2)2(r;1211rj1 —n tr3;)?
—nE[(r]Sr; — n~ X)) E[(r]; Sir — n7 tr3)?)
+2n(n‘1tr211)E[(r;Erj - n_ltr2)2(r;1211rj1 —n )]
+2n(n” ' tr)E[(r}Br; — n ) (r], By — ntrSy)?)

—|—4n(n*1tr2)(nfltrEH)E[(r Xr;—n 1tr2)(r St — n i )](S.2.26)



By (1.15) of Bai and Silverstein (2004), we have

TZE[(I'}—EI'J' — n_ltrZ)Q]E[(rLEnrjl - n_ltrEH)z] (8227)
p P1
= n7 200X 4 Bun Y (e;Be)Y]2n S + Bun Y (e Ben)’] = O(n ),
(=1 (=1
and
p1
E[(r;Erj—n_ltrE)(rLEllrjl—n_ltrEn)] = n_2[2tr2%1—l—ﬁw Z(e}lzneﬂ)ﬂ.
(=1
(S.2.28)

By (9.9.6) of Bai and Silverstein (2010), we have
nE[(rjZr; — n X)) (r); By — nmrEn)?) < - Col| B2 ull® = Omy),
nE[(rj3r; — n X)) (r); By — o3 )] < - Co||BIP[Zull = Om3),

nE[(r;2r; — n~rX) (rj e — 07 orEn)?] < g - Col 22l = O(7).

(.2.29)
By (1.15) of Bai and Silverstein (2004), we have
p1
nE[(r;Sr;—n ) (r); Birjp—n T trEy)] = 2n e 4 8,n Z(egznea)?.
621(8.2.30)

Then by (S.2.26)-(S.2.27)-(S.2.28)- (S.2.29)- (S.2.30)), we have

p1
S.2.15) = 4(n X)) (n M) [2n e SE 4+ Bun 2(8;1211851)2]4—0(772).
=1




Detailed proof of (S.2.16|):

(52.16)
= 22 Z EJ 1 J 1)1‘ EI'] JEI'J(E Ej_l)rLEurklrzlEnrﬂ]
=1 k<j—-1

= QZ Z Ej_l[(r;Erj — n_ltr2)2(rLEnrkerlEnrﬂ — n_lrleflrkl)]

J=1 k<j—-1

+4(n71tr2) Z Z Ej,l[(r;Erj - niltrE)(r;lxnrklr;lﬁnrﬂ - nilrglzilrkl)](S.ZBl)

=1 k<j—-1

By (9.9.6) of Bai and Silverstein (2010), we have

n
Z Z Ej_l[(r;Erj - n_ltr2)2(rLEHrklrLEHrﬂ — n_lrLE%lrkl)]‘

j=1 k<j—1
S Z Ej_l[(ryzrj —n_ltrE)Q(rLZH Z rklrLEHrjl —n_l Z rglzflrkl)]‘

Jj=1 k<j—1 k<j—1
< D ' GollZIPIEn ) rark Sl

j=1 k<j—1
< 02 CollZIPIZ0 Y gy S|

k=1
< - ColZIPIZulll ) raarill
k=1
= 0% Coll 2B P Amax (Y raaryy)
k=1

= 7 CollZIPIZ 1 [(1 + v/¥n)? + 005.(1)] = Ous.(177) (5.2.32)

where Amax (D p_; Th1Thy) = (14 \/Un)? + 04.s.(1) is the maximum eigenval-

ue of the random matrix Y 7_ rpiry, by Yin, Bai and Krishnaiah (1988).
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Similar to the proofs of (S.2.24)) and (S.2.25)), we have
23 S M S = e 4 0,07
=1 k<j—1

and

n p1 p1
n2Y Y Y enTuearSuenepSurn = 050" ) epTienen Bheat+Oy(n?).

j=1 k<j—1 =1 =1

Thus we have

Z Z Ej,l[(r;er — niltrE)(rLEnrklr;lznrﬂ — nflrzlzflrkl)]

=1 k<j—1

n
§ ' E : T -1 T T —1..T §2
= Ej_l[(rleHrjl —nNn trEu)(rﬂEHrklrklEurﬂ —nNn rklEHrkl)]

j=1 k<j—1

n p1
2 T 33 T T T
=n g E E |2r,, 3710 + By g € 211111y 21€01€4 211 Ty

j=1 k<j—1 =1
p1

= 0.5n71(2tre3, + B, Z epXene,Xien) +0,(nh). (S5.2.33)
=1

By (S.2.31))-(S.2.32)-(S.2.33)), we have

p
S.2.16) = 2(n 'trX)(2n HtrE3, 4+ Bun ! Z e Xiene), X en) + 0,(n2).
=1

The detailed proofs of (S.2.18]) is similar to the proofs of ([S.2.16)).
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Detailed proofs of ((S.2.19)):

5219 = 4ZE] 1 Z Z ] 1 I, ErkrkEr](E Ej_l)rLEHrﬂrleZHrjl
k<j—1i<j—1
= 4ZE] 1 Z Z TErk -n 1r£22rk][(r Zurin)?—n" rdEQrzl]
k<j—1i<j—-1
= 4ZEJ 1 Z Z rﬂEHrkl —n 1I'k12 1rk1][(r]1211r21) —n 11'2221'“]
k<j—1:1<j—1
p
= _QZEJ 1 Z Z [ Fkl 1I‘z1 -I—5w2(62211%1)2(822111%1)2}
k<j—1i<j—1 /=1
p
SR O IP I ECEENIETR gl
j=1 k<j—1 =1

n p1
47172 Z Z {2(r£12%1ri1)2 + ﬁw Z(e—glznrkl)2(8212111'1'1)21 <S234)

j=1 1<k#i<j—1 =1
where the fourth equality is from (1.15) of Bai and Silverstein (2004). Be-
cause
n? Dt 2okt B(ry, 33tk — n71r33))? = 0.507 22602 + By Do), (e, 57 ,e0)?] = O(n ™),
n-? D i1 D kil Elry, Xfirr — n~ '3t < 0.5{E[(r}; B} irm — n~'rX]))?)}2 = O(n™'/?),

leads to

_QZJ 1D k<j1 E(ry, 33t — n'1r3)? = Oy(n ),

N2y Yk (TSR (], B — 0 eEE) = Oy (n71?),
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then we have

n2 Z Z (r23r)? = n? Z Z (rp, Z4 e — n 22?2 +0.5(n 1trX?))?

=1 k<j-1 J=l k<=1
+2n72 Z Z (n~"r22) ) (ry, 24 — n trEd)
=1 k<j—1
= 0.5(n 'trX4)? + 0,(n~1?). (S.2.35)

Because n”=? Z?:1 Zk;gj—1 >y (@Bnry)t =n? Z?:1 Zkgj—l >t (tp Biiee; Xy )?,

similar to the proof of (|S.2.35)), we have

n-? Z Z Z(e}EHrkl)‘l = 0,(n"1?). (S.2.36)

j=1 k<j—1 ¢=1
Because
n p

471/72 Z Z E |:2(I'—]£12%1rﬁ>2 NF Bw Z(e}EHrkl)Q(eEEHrﬂ)Q

=1 1<k#£i<j—1 (=1

4 p1
— g[271_11:1&3‘111 + Bun Z(e}lZ%emf]—kO(n_l),
=1

and

n=var[Y 0 S i (T D) = O(n ™),

nmar(YN L D e D (€02 0Tk)? (€)X )] = O(n ),

then we have

n p1
4n~? Z Z [2(1'212%11"1‘1)2 + Buw Z(e—gzllrkl)2<e—gzllril)2
j=1 1<k#i<j—1 =1
4 p1
= g[zn—ltrz‘;l +Bun Y (e BFen)’] + 4(n 7' trS)? + 0,(n”1/?)(S.2.37)
/=1
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By (5.2.34)-(S.2.35)-(S.2.36)- (S.2.37), we have

S5.2.19

4 P1
ST Sl Bun ™ Y (ehBhen) HA(n rS]) +0, (n 1),
=1

Thus, we have

(5.6)

£

P1
2(n1trE ) [2n r(23) 4 Bun ! Z e, 3% ene) Tiie]
=1

p1
+2[2n 1t (24) + Bun ! 2(6;12%1661)2] + Op(ni),
/=1
p1
A~y (n T e E) 2 te(B9) + Bun D (e Biien)’]
(=1

p1
+4(n D) 20 e (33) + Bun Z 921211@19;12%19131] + Op(nZ%
=1
p1
2(n~ )20 tr(35) + Bun Y (enTien)(ep hien)]
=1
p1
+2[2n 71t (24) + Bun ! 2(9212%1941)2] +4(n” 2% + Op<773,>~
=1

The proof of Lemma is complete.
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