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A Sequential Probability Ratio Test

for Sparse Gaussian Mixtures

Wenhua Jiang and Cun-Hui Zhang

Fudan University and Rutgers University

Abstract: We develop a one-sided sequential probability ratio test (SPRT) for detecting the presence

of rare and weak signals. We prove that the test is consistent throughout the detectable region of

the sparse Gaussian mixtures. This makes an interesting connection between the test of power one

and the higher criticism. Unlike existing methods which uses simulated critical values, for the SPRT,

the actual size of type I error is always strictly less than the nominal level. We approximate the

ratio between the actual size and the nominal level by nonlinear renewal theory. The accuracy of the

approximation is shown by simulation. The strong power of the SPRT for moderately sparse signals

is demonstrated and explained.

Key words and phrases: Sequential probability ratio test, sparse Gaussian mixtures, test of power one,

higher criticism, nonlinear renewal theory.

1. Introduction

This paper concerns a sequential probability ratio test (SPRT) for sparse Gaussian mixtures

detection. The problem has been considered in Donoho and Jin (2004), Jager and Wellner
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(2007), Walther (2013), Jiang and Zhang (2016) and Moscovich, Nadler and Spiegelman

(2016), among others. A prominent feature of the SPRT is that it controls the type I error

under any preassigned level. Besides proving the consistency of the SPRT, we prove that

the ratio between the actual size and the nominal level converges to a constant via renewal

theory.

Let Zi be independent observations associated with parameter θi. Consider testing

H0,n : θi = 0 for all i ≤ n against H1,n : θi ̸= 0 for some i ≤ n. Thus, the purpose is to detect

the existence of some signals, not necessarily to accurately find out where the signals are or

to estimate their values. Tukey (1976) introduced the notion of the higher criticism for this

problem. Donoho and Jin (2004) proves that in a Gaussian sequence model with rare and

weak signals, the signal vector (θ1, . . . , θn) can be essentially divided into three regimes: an

undetectable regime where the signal and zero vectors are indistinguishable, a detectable

regime where the signal is distinguishable from zero but a nonzero estimator cannot perform

much better than zero, and an estimable regime where the signal is not only detectable but

a certain nonzero estimator would significantly outperform the zero estimator.

To formalize, let (Zi, θi) be i.i.d. vectors with

Zi|θi ∼ N(θi, 1), θi ∼ Gn, i = 1, . . . , n. (1.1)

Let G0 be the degenerate distribution at zero and G1,n be the distribution under which

θi = δiµn where δi are i.i.d. Bernoulli random variables with probability εn. The problem

of sparse Gaussian mixtures detection can be formulated as testing H0,n : Gn = G0 against
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H1,n : Gn = G1,n. Let µn =
√
2r log n and εn = n−β be the calibration. For convenience,

denote the hypotheses by H0,n : P0 and H1,n : Pn,r,β with probability measures P0 and Pn,r,β

such that

Gn = G0 under P0 and Gn = G1,n under Pn,r,β in (1.1), respectively. (1.2)

According to Ingster (1999), P0 and Pn,r,β are asymptotically orthogonal when r > ρ∗(β)

and contiguous when r < ρ∗(β), where

ρ∗(β) =


β − 1/2, 1/2 < β ≤ 3/4,

(1−
√
1− β)2, 3/4 < β < 1.

(1.3)

A test for P0 has optimal detection boundary if its power under Pn,r,β approaches one when

r > ρ∗(β). Ingster (2002) provided such an adaptive test by a relatively complex procedure.

Let pi = Φ(−Zi) be the p-values and p(1) ≤ · · · ≤ p(n) be the ordered p-values. The higher

criticism statistic is

HC∗
n = max

1≤i≤α0n

√
n(i/n− p(i))√
p(i)(1− p(i))

. (1.4)

Let h(n, α) be the critical value such that P0

{
HC∗

n > h(n, α)
}
= α. Donoho and Jin (2004)

proposed to reject H0 when HC∗
n > h(n, αn) and proved its optimality when the level αn → 0

slowly enough.

The sequential probability ratio test (Wald, 1947) is a well-known optimal stopping rule

for testing two simple statistical hypotheses. Suppose Y1, Y2, . . . are sequentially observed.

Let P0 and P1 be two measures and Λk = (dP1/dP0)(Y1, . . . , Yk) be the likelihood ratio
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between the two measures based on the first k observations. The SPRT takes the stopping

rule

N = inf
{
k : log Λk ̸∈ (−a, b)

}
, (1.5)

where a and b are two positive constants. When N <∞, the SPRT accepts P1 if log ΛN ≥ b

and accept P0 if log ΛN ≤ −a. We note that this leaves the option of not to make a decision

when N = ∞. Let α = P0

{
N < ∞, log ΛN ≥ b

}
and power = P1

{
N < ∞, log ΛN ≥ b

}
. It

is well-known that the size of the SPRT is bounded by α ≤ (power)e−b and (1 − power) ≤

(1− α)e−a. In particular, for one-sided SPRT with a = ∞,

P0

{
Λk ≥ 1/α for some k ≥ 1

}
≤ α. (1.6)

We note that the observations Y1, Y2, . . . are not required to be independent under P0,

although the SPRT has been extensively studied in the case where Y1, Y2, . . . are i.i.d. under

P0.

Robbins (1970) proposed the test of power one, which is a one-sided SPRT to test a

simple hypothesis P0 against a composite alternative {P1,η, η ∈ B}. In suitable settings,

the one-sided SPRT with a preassigned size α can achieve power one against all alternatives

P1,η, η ∈ B, even when P1,η can be arbitrarily close to P0. Robbins’ idea is to consider a mixed

likelihood ratio. Let Λk(y1, . . . , yk|η) be the likelihood ratio based on the first k observations

under P1,η with respect to P0. The test of power one typically takes the following form:

Reject P0 when Nα = inf

{
k :

∫
Λk(Y1, . . . , Yk|η)dG(η) ≥ 1/α

}
<∞, (1.7)
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where G is a probability measure on B.

The test of power one is closely related to the sparse Gaussian mixture detection as

the alternatives can be arbitrarily close to the null in both problems. We are interested

in developing a one-sided SPRT as a solution to the problem of detecting sparse Gaussian

mixtures. The proposed test makes an interesting connection between the test of power one

and the higher criticism. However, it seems that the SPRT has some advantages. Firstly,

as can be seen from (1.6), if we set the critical value as 1/α, the SPRT controls the type I

error under α. This advantage of the SPRT is parallel to the main feature of the Benjamini-

Hochberg procedure (Benjamini and Hochberg, 1995) which controls the false discovery

rate in multiple testing. Secondly, simulation is required to find the critical values for the

procedures in the literature mentioned at the beginning of this paper. The SPRT avoids

simulating critical values. Thirdly, by plotting the boundaries of the SPRT and the higher

criticism in Subsection 4.2, it turns out that the SPRT might have strong performance for

moderately sparse signals (1/2 < β ≤ 3/4). This is confirmed in power comparison in

Subsection 4.3.

The rest of this paper is organized as follows. In Section 2 we introduce a one-sided SPRT

based on ordered p-values and prove its adaptive optimality. We study the asymptotic ratio

between size of the test and the nominal level in Section 3. This is done by approximating

the boundary values and then applying nonlinear renewal theory. In Section 4 we provide

some simulation results of size approximation and power comparison. The strong power of
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the SPRT for moderately sparse signals is demonstrated and explained. Proofs of theorems,

lemmas and propositions are given in Section 5.

2. A One-sided SPRT Based on p-values

2.1 The test statistic

Consider probability measures P0 and P1 and a random vector X = (X1, . . . , Xn) with

0 < Xi < 1, i = 1, . . . , n. LetX(1) ≤ · · · ≤ X(n) be the ordered statistics of the components of

X. For m = 0 and 1, denote the joint density of the first k ordered statistics (X(1), . . . , X(k))

under Pm by fm,k,n(x1, . . . , xk). To test P0 against P1 based on (X(1), . . . , X(k)), the one-sided

SPRT rejects P0 when

Λk,n =
f1,k,n(X(1), . . . , X(k))

f0,k,n(X(1), . . . , X(k))
≥ 1/α for some k = 1, . . . , n. (2.1)

In the sparse Gaussian mixture detection,Xk = pk are independent p-values with the uniform

distribution in (0, 1) under P0.

We shall develop alternative measures P1 so that the SPRT has optimal detection bound-

ary in sparse Gaussian mixture detection. When a small fraction of Zi in (1.1) are contam-

inated by N(µn, 1) with µn > 0, the p-values have a tendency to be small. Let P1,η be

probability measures under which the components of X are i.i.d. uniform variables in

(0, 1/η) with η > 1. Let

P0 = P1,1 and P1 =

∫
P1,ηdG(η), (2.2)
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2.1 The test statistic7

where G is a probability measure on (1,∞). Under P1,η, the joint density of the ordered

statistics X(1) ≤ · · · ≤ X(k) is

fk,n(x1, . . . , xk; η) =
n!ηk(1− ηxk)

n−k

(n− k)!
, xk < 1/η.

The mixture likelihood ratio based on p(1), . . . , p(k) is then

Λk,n(p(k)) =

∫
fk,n(p(1), . . . , p(k); η)

fk,n(p(1), . . . , p(k); 1)
dG(η) =

∫ 1/p(k)

1

ηk(1− ηp(k))
n−k

(1− p(k))n−k
dG(η). (2.3)

Denote the stopping rule by

N ≡ Nn,α = inf
{
k ≤ n : Λk,n(p(k)) ≥ 1/α

}
. (2.4)

The one-sided SPRT rejects P0 when N ≤ n.

In (2.2), we take the alternative measure P1 as a mixture of P1,η given by the uniform

distribution (0, 1/η) with η > 1. However, in the higher criticism problem with Gaussian

mixtures the true alternative distribution of pi, given by Pn,r,β, is not P1 or P1,η. Thus, in this

paper the SPRT for testing P0 against P1 serves as a general machinery for signal detection

against the null measure P0. This is somewhat different from Robbins (1970) where the

focus is on testing P0 against P1,η.

We can write Λk,n(p(k)) =
∫
exp(nψ(p(k), k/n; η))dG(η) where

ψ(x, y; η) = y log η + (1− y) log
1− ηx

1− x
, ηx < 1. (2.5)

Define ψ(x, y) = (1/n) log
∫
exp(nψ(x, y; η))dG(η). Then the SPRT statistic in (2.3) can be
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2.2 The optimal detection boundary of the SPRT8

written as

Λk,n(p(k)) = exp
{
nψ(p(k), k/n)

}
. (2.6)

Formula (2.6) expressed the SPRT statistic Λk,n(p(k)) as a function of ψ(p(k), k/n). It can be

checked that ψ(x, y; η) is decreasing in x and increasing in y. Thus by the definition, ψ(x, y)

is also decreasing in x and increasing in y. In some sense ψ(p(k), k/n) is like a distance

between p(k) and k/n. This will be quite useful in our analysis of the SPRT.

Another tool for the analysis of (2.3) is the Kullback-Leibler information between Bernoul-

li variables: K(x, y) = x log(x/y) + (1 − x) log((1 − x)/(1 − y)). Because ψ(x, y; η) =

K(y, x)−K(y, ηx), we have

exp
{
nψ(x, y)

}
= exp

{
nK(y, x)

}∫
exp

{
− nK(y, ηx)

}
dG(η). (2.7)

One property of K(x, y) is that for y < x ≤ 1/2,

(x− y)2

2x(1− x)
≤ K(x, y) =

∫ x

y

x− t

t(1− t)
dt ≤ (x− y)2

2y(1− y)
. (2.8)

We will use (2.7) in combination with (2.6) to prove in Theorem 1 below the optimality of

the SPRT.

2.2 The optimal detection boundary of the SPRT

Theorem 1. Let (Zi, θi) be i.i.d. vectors as in (1.1). Let pi = Φ(−Zi) be the p-values

and p(1) ≤ · · · ≤ p(n) be the ordered p-values. Take dG(η) = I{η>1}η
−2dη. Let Λk,n(p(k)) be
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2.2 The optimal detection boundary of the SPRT9

defined as in (2.3). The SPRT rejects P0 in (1.2) when Λk,n(p(k)) ≥ 1/α for some k = 1, . . . , n.

Then,

P0

{
SPRT rejects P0

}
≤ α, (2.9)

and the test possesses the optimal detection boundary for sparse Gaussian mixtures detec-

tion. That is, for every Pn,r,β in (1.2) with r > ρ∗(β),

Pn,r,β

{
SPRT rejects P0

}
→ 1. (2.10)

Theorem 1 will be proved in Section 5. Here we first give a brief explanation of the

optimal detection boundary in higher criticism. The notation will be useful in the proof

of Theorem 1. Let tn =
√
2c log n be a critical value with a constant c ≥ r, Sn(tn) =

n−1
∑n

i=1 I{Zi > tn} be the corresponding proportion of significant observations, q0,n =

E0Sn(tn) = P0{Zi > tn} be the significance level, and q1,n = En,r,βSn(tn) = Pn,r,β{Zi > tn}

be the power. As Zi ∼ N(0, 1) under the null, q0,n = Φ(−tn) = n−c+o(1). As Pn,r,β puts

mass n−β at µn =
√
2r log n, q1,n = (1 − n−β)Φ(−tn) + n−βΦ(−tn + µn). Let k∗ be the

critical index given by k∗/n = Sn(tn). Since q0,n is the significance level at tn, we have

p(k∗) ≤ Φ(−tn) = q0,n. It follows that

√
n(k∗/n− p(k∗))√
p(k∗)(1− p(k∗))

≥
√
n
(
(k∗/n) ∧ q1,n − q0,n

)
√
q0,n

. (2.11)

Since En,r,β(Sn(tn)− q1,n)
2 = q1,n(1− q1,n)/n, the difference |k∗/n− q1,n| = OPn,r,β

(
√
q1,n/n).
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2.2 The optimal detection boundary of the SPRT10

Therefore,

√
n(k∗/n− p(k∗))√
p(k∗)(1− p(k∗))

≥
√
n(q1,n − q0,n)√

q0,n
−OPn,r,β

(√q1,n
q0,n

)
. (2.12)

By Mill’s ratio we have q0,n = n−c+o(1), q1,n = (1− n−β)q0,n + n−β−(
√
c−

√
r)2+o(1) and

√
n(q1,n − q0,n)√

q0,n
= n1/2−c/2+o(1)(n−β−r+2

√
cr+o(1) − n−β). (2.13)

Optimizing the growth rate of n1/2−c/2−β−r+2
√
cr gives that

∆ = max
0<c≤1

{
1/2− c/2− β − r + 2

√
cr
}
=


1/2− β + r, r ≤ 1/4,

1− β − (1−
√
r)2, r > 1/4.

The maximizer is c = min{1, 4r}. For this choice of c it is clear from (1.3) that 0 < ∆ < 1

when ρ∗(β) < r < 1. By algebra, when c is optimized,
√
n(q1,n − q0,n)/

√
q0,n = n∆+o(1) and√

q1,n/q0,n = n(∆−(1−c)/2)/2+o(1). Since ∆ > 0 and c ≤ 1, the right-hand side of (2.12) is

of the order n∆+o(1), which is greater than the threshold level h(n, αn) for the HC statistic

(1.4). This gives the optimal detection boundary.

Remark 1. Theorem 1 holds as long as dG has a mixture component π0I{η>1}η
−2dη. It

also holds for many other choices of G. Another sufficient condition for the SPRT to possess

the detection boundary is G′( (k/n)∧q1,n
q0,n

) ≥ nκ for some κ (in view of (5.6) in the proof of

Theorem 1). For example, dG(η) = I{η>1}γη
−(γ+1)dη with γ > 0.

Remark 2. From (2.6) and (2.7), the SPRT is related to the Berk-Jones test statistic

BJn = n max
1≤i≤n/2

K+(i/n, p(i)), (2.14)
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2.2 The optimal detection boundary of the SPRT11

where K+(x, y) = K(x, y)I{y < x}. Jager and Wellner (2007) proved that the Berk-Jones

test possesses the optimal detection boundary. In (5.4), we actually provide the somewhat

stronger Pn,r,β

{
BJn ≥ n∆+o(1)

}
→ 1.

To discuss the connection of the SPRT to test of power one, we state a well-known fact

as the following lemma.

Lemma 1. Let p(1) ≤ · · · ≤ p(n) be ordered p-values. Consider a fixed η > 1. Under P1,η,

we can write

p(k) =
Y1 + · · ·+ Yk

(Y1 + · · ·+ Yn+1)η
,

where Yi are i.i.d. exponential variables with mean 1/η.

Lemma 1 expresses p(k) as a random walk because (Y1 + · · · + Yn+1)η/n → 1. This

will also be useful in test size approximation in Section 3. By (2.5) and Lemma 1, the

distribution of the limit of the likelihood ratio dP1,η/dP0 is

lim
n→∞

ηk(1− ηp(k))
n−k

(1− p(k))n−k
∼ ηk exp

{
− (η − 1)

k∑
i=1

Yi

}
, (2.15)

where Yi be i.i.d. exponential variables with mean 1/η.

Proposition 1. Let Y1, Y2, . . . be i.i.d. exponential variables with mean 1/η. Consider

testing H0 : η = 1 against H1 : η > 1. Take dG(η) = I{η>1}η
−2dη. Then, the test given by

(1.7) with Λk(Y1, . . . , Yk|η) as in (2.15):

Λk(Y1, . . . , Yk|η) = ηk exp

{
− (η − 1)

k∑
i=1

Yi

}
,
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2.3 Stopping time and power for general alternative12

is a level α test of power one.

This can be seen as follows. Define a sequence ck such that
∫∞
1
ηk exp{−(η−1)ck}dG(η) =

1/α. Then, ck = k − (1 + o(1))
√
k log k. Hence by the strong law of large numbers,

Pη

{ k∑
i=1

Yi ≤ ck for some k ≥ 1

}
= 1, ∀η > 1.

2.3 Stopping time and power for general alternative

The above discussion also applies to the p-value based SPRT statistic (2.3) with more general

G which can be tailored to find power from p(k) for a wide range of k. To facilitate this

discussion, we write

Λk,n(x) ≡ Λk,n(x;G) =

∫ 1/x

1

ηk(1− ηx)n−k

(1− x)n−k
dG(η).

We first note that the mixture distribution G =
∑m

j=1 πjGj can be used to pool power from

different Gj. Formally, the Λk,n(p(k);G)-based mixture test of size α has no smaller power

than the Λk,n(p(k);Gj)-based test of size πjα because

{
max
k≤n

Λk,n(p(k);G) ≥ 1/α
}
⊇ ∪1≤j≤m

{
max
k≤n

Λk,n(p(k);Gj) ≥ 1/(πjα)
}
.

Moreover, the size-α mixture test will also stop earlier than the size-(α/πj) component tests,

N = inf
k

{
k ≤ n : Λk,n(p(k);G) ≥ 1/α

}
≤ min

1≤j≤m
inf
k

{
k ≤ n : Λk,n(p(k);Gj) ≥ 1/(πjα)

}
.

We will show below that the SPRT adaptively matches the detection power of sign tests

of the form I{p(k) ≤ q0,n} for a wide range of k and q0,n. Let G be the distribution function
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2.3 Stopping time and power for general alternative13

satisfying

G(1 + t) =

∫ 1+t

1

dG(η) =
1

log
(
max

{
e, log(1/t)

}) , t > 0. (2.16)

As (xη)k(1−ηx)n−k is increasing in ηx when ηx ≤ k/n, for k/n = q0,n+∆′
n and ∆′

n > ∆′′
n > 0,

Λk,n(q0,n;G) ≥
∫ k/(nq0,n)

1+∆′′
n/q0,n

ηk(1− ηq0,n)
n−k

(1− q0,n)n−k
dG(η)

≥
[ ∫ 1+∆′

n/q0,n

1+∆′′
n/q0,n

dG(η)

]
(q0,n +∆′′

n)
k(1− q0,n −∆′′

n)
n−k

qk0,n(1− q0,n)n−k
. (2.17)

As ∆′′
n can be made very close to ∆′

n and q0,n + ∆′
n = k/n, the SPRT is at least nearly as

powerful as the likelihood ratio test based on the observation of #{i ≤ n : pi ≤ q0,n} = k,

up to an iterated logarithmic term. This is made precise in the following theorem.

Theorem 2. Let p(1) ≤ · · · ≤ p(n) be ordered p-values. Let Λk,n(p(k)) be defined as in (2.3)

with G as in (2.16). Let 0 < q0,n < 1/2, cn = 1/(e ∨ log log(nq0,n)) and

k =

⌈
nq0,n +

√
2k(1− k/n)

{
log(1/α) + Ln

1− c2n

}1/2⌉
≤ (n/2) ∧

{
(1 + e−e)nq0,n

}
, (2.18)

where Ln = log(cn + log(nq0,n)) + 3 log log(cn + log(nq0,n)). Then,

Λk,n(q0,n;G) ≥ 1/α. (2.19)

Thus, the SPRT of size α rejects P0 in (1.2) when p(k) ≤ q0,n. Moreover, for any alternative

probability measure Qn under which pi are i.i.d. random variables satisfying Qn{pi ≤ q0,n} =

q1,n with

1

2
≥ q1,n ≥ q0,n +

√
2q1,n(1− q1,n)/n

{√
log(1/α′) +

(
log(1/α) + Ln

1− c2n

)1/2}
+

1

n
, (2.20)
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2.3 Stopping time and power for general alternative14

the same SPRT has at least power 1− α′ at Qn,

Qn

{
SPRT rejects P0 at N ≤ k

}
≥ 1− α′. (2.21)

Consequently, when (2.20) holds with α′ ≤ c0k/(n−k), the expected stopping rule is bounded

by EQnN ≤ k(1 + c0) under the alternative probability measure.

The sign test would control the type I error, P0{p(k) ≤ q0,n} ≤ α, when

k =
⌈
nq0,n +

√
2k(1− k/n)

√
log(1/α)

⌉
. (2.22)

Let Qn be the alternative probability measure as in Theorem 2. The sign test with the above

k also has at least power 1− α′ at Qn when

q1,n ≥ q0,n +
√
2q0,n(1− q0,n)/n

[√
log(1/α) +

√
log(1/α′)

]
+

1

n
. (2.23)

The proofs of (2.22) and (2.23) are same as (2.21).

Theorem 2 asserts that the detection power of the SPRT, guaranteed by (2.20), matches

that of the sign test I{p(k) ≤ q0,n} as given in (2.23) up to a logarithmic term

Ln ≤
(
1 + o(1)

)
log log(qn0) ≤

(
1 + o(1)

)
log log k.

Thus, as the SPRT is adaptive, it pools power from the sign tests in a broad spectrum of

(q0,n, k). Theorem 2 also proves that the crossing boundary of the SPRT at k, given by

k/n− p(k)√
k(1− k/n)

≤ k/n− q0,n√
k(1− k/n)

≤
(
1 + o(1)

)√
log(1/α) + log log k

via (2.18) and (2.19), is below the crossing boundary for the HC statistic in (1.4) when

log(1/α) + log log k is of smaller order than log log n.
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3. Approximation for the Size of the Test

The inequality (1.6) fails to be an equality only because Λk does not have to hit the boundary

exactly when the first crossing happens. What is the actual size of the test? The question

becomes how much Λk,n jumps over the boundary when stops. This question can be answered

by nonlinear renewal theory (e.g., Lai and Siegmund, 1977; Woodroofe, 1976; Zhang, 1988).

3.1 Approximation to boundary values

In this subsection, we derive an analytic expression for the boundary value b(k) such that

Λk,n(b(k)) = 1/α. It is certainly interesting to know the boundary for the p-value as it direct-

ly provides the threshold for the unadjusted significance level and facilitates implementation

of the test. A more formal reason is that the problem in (2.4) is a nonlinear function of

p-value crossing a constant boundary. Once we have an analytic expression of b(k), we shall

have a more standard crossing problem, that is, a drifted random walk crossing a nonlinear

boundary, so that nonlinear renewal theory can be applied.

To provide more explicit formulas for implementation and ease of understanding the

proof, we take dG(η) = I{η>1}η
−2dη throughout the rest of the section although similar but

more tedious analysis can be carried out for more general G.

Let b(k) ≡ bn,α(k) be the solution of

Λk,n(b(k)) = 1/α. (3.1)
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3.1 Approximation to boundary values16

Since Λk,n(x) is monotone decreasing in x, b(k) gives a discrete boundary under which Λk,n

is larger than 1/α. By change of variables in (2.3), we have

Λk,n(x) =

∫ 1−x

0
tn−k(1− t)k−2dt

xk−1(1− x)n−k
. (3.2)

Let Bx(a, b) =
∫ x

0
ta−1(1− t)b−1dt be the incomplete beta function and B(a, b) =

∫ 1

0
ta−1(1−

t)b−1dt. Let Ix(a, b) = Bx(a, b)/B(a, b) be the regularized incomplete beta function. Then

Λk,n(x) =
B(n− k + 1, k − 1)

xk−1(1− x)n−k
I1−x(n− k + 1, k − 1). (3.3)

Remark 3. Expression (3.3) provides a much more convenient way to compute Λk,n(p(k))

than the definition in (2.3), as it avoids integration. Indeed, Ix(a, b) is the cumulative

distribution function of the beta distribution Beta(a, b), while B(n− k+ 1, k− 1)/xk−1(1−

x)n−k can be computed by the density function of the beta distribution Beta(n−k+1, k−1).

Expression (3.3) also provides a way to compute the first two derivatives of log Λk,n(x), which

will be useful in the analysis of the excess over the boundary in Theorem 4.

The regularized incomplete beta function Ix(a, b) is related to the binomial distribution

by

1− Ix(a, b) = I1−x(b, a) =
a−1∑
i=0

(
a+ b− 1

i

)
xi(1− x)a+b−1−i. (3.4)

This relation and the CLT give that

Λk,n(x) ≈ B(n− k + 1, k − 1)

xk−1(1− x)n−k
Φ
( k − 2− (n− 1)x√

(n− 1)x(1− x)

)
. (3.5)
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3.1 Approximation to boundary values17

Table 1: Some values of λk in (3.7), α = 0.05.

k 2 3 4 5 10 50 100

λk 0.0527 0.254 0.559 0.935 3.397 31.734 72.413

If we could prove that Φ
( k−2−(n−1)b(k)√

(n−1)b(k)(1−b(k))

)
→ 1, by (3.5),

Λk,n(b(k)) ≈
B(n− k + 1, k − 1)

b(k)k−1(1− b(k))n−k
=

1/(k − 1)(
n−1
k−1

)
b(k)k−1(1− b(k))n−k

. (3.6)

The validity of (3.6) will be proved in Theorem 3. To approximate b(k), we need to solve(
n−1
k−1

)
b(k)k−1(1 − b(k))n−k = α/(k − 1). By the Poisson approximation to the binomial

distribution, b(k) ≈ λk/(n − 1) where λk satisfies λk−1
k e−λk/(k − 1)! = α/(k − 1). This is

equivalent to

log λk −
λk
k − 1

= log
(
αΓ(k − 1)

)1/(k−1)
, (3.7)

where Γ(t) =
∫∞
0
xt−1e−xdx is the gamma function. We may use iterations to compute λk

in (3.7). In Table 1 we show some values of λk with α = 0.05.

Applying Stirling’s approximation to (3.7), we have log(λk/(k − 1))− λk/(k − 1) + 1 =

(logα)/(k − 1) + o(1). Because p(k) ≈ k/(nη) under P1,η, λk/k is close to 1/η. Expanding

log(λk/(k − 1)) at 1/η gives an analytic expression of λk:

λk =
(
1 + o(1)

){(2η − 1)(k − 1)

η2
− Aη(k;α)

}
, (3.8)

where

Aη(k;α) =
(
1 + o(1)

)k − 1

η2

{
(η − 1)2 + 2η2

( log(1/α)
k − 1

+
η − 1

η
+ log

1

η

)}1/2

. (3.9)
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3.2 Nonlinear renewal theory18

The following theorem gives the approximation to boundary values b(k).

Theorem 3. Let Λk,n(x) be as in (2.3) with dG(η) = I{η>1}η
−2dη. Let b(k) be as in (3.1).

Let ν > 1 be an arbitrary constant. Suppose α → 0 and log(1/α)/n → 0. Then, for

k = (1 + o(1)) log(1/α)
1/ν−1−log(1/ν)

,

λk/n

b(k)
→ 1, (3.10)

where λk is as in (3.8) with η = ν.

3.2 Nonlinear renewal theory

Let N be the stopping rule as in (2.4). To approximate the size of the test, we have

α−1P0

{
reject P0

}
=

n∑
k=1

E1

{
αΛk,n(p(k))

}−1
I{N = k}

=

∫ ∞

1

E1,η exp
{
−

(
log ΛN,n(p(N))− log ΛN,n(b(N))

)}
I{N ≤ n}dG(η).

(3.11)

Inside the integral in (3.11) involves the overshoot log ΛN,n(p(N))− log ΛN,n(b(N)). We will

focus on studying this overshoot under P1,η for η > 1.

Since Stirling’s approximation is used to analyze (3.7), (3.8) only holds when k → ∞.

Actually, (3.8) is an under-approximation of λk and thus b(k) for small k. So the probability

of crossings at those k is under-approximated. Nevertheless, it does not matter. Here is the

reason. Since E0Λk,n(p(k)) = 1 by change of measure, we have

lim
α→0

P1,η

{
N ≤ k

}
= lim

α→0
E0Λk,n(p(k))I{N ≤ k} = 0, ∀ k > 0.
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3.2 Nonlinear renewal theory19

Thus by (3.11), we have

lim
α→0

α−1P0

{
N ≤ k

}
= 0, ∀k > 0. (3.12)

Therefore, it suffices to consider Λk,n(p(k)) for large k in the analysis of (3.11).

The stopping rule in (2.4) can be written as

N = inf
{
k ≤ n : Λk,n(p(k)) ≥ 1/α

}
= inf

{
k ≤ n : p(k) ≤ b(k)

}
, (3.13)

where Λk,n(b(k)) = 1/α. Let Sn =
∑n

i=1 Yi where Yi are i.i.d. exponential variables with

mean 1/η. The representation in Lemma 1 and the boundary approximation in Theorem 3

give that as α→ 0 and log(1/α)/n→ 0,

N
P1,η∼ inf

{
k ≤ n :

Sk

ηSn+1

≤ λk
n

(
1 + o(1)

)}
, (3.14)

where
P1,η∼ means having the same distribution under P1,η. Define a random walk

S̃k =
k∑

i=1

(2/η − 1/η2 − Yi). (3.15)

By the strong law of large numbers, (3.14) and (3.8), as α→ 0 and log(1/α)/n→ 0,

N
P1,η∼ inf

{
k ≤ n : Sk ≤ (1 + o(1))λk

}
= inf

{
k ≤ n : S̃k ≥ (1 + o(1))Aη(k;α)

}
, (3.16)

where Aη(k;α) is as in (3.9). The stopping rule in (3.16) involves a random walk with

drift crossing a nonlinear boundary, which is studied in nonlinear renewal theory. Following

Zhang (1988), define the critical index

kη = sup
{
k : (1 + o(1))Aη(k;α) ≥ (1/η − 1/η2)k

}
. (3.17)
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3.2 Nonlinear renewal theory20

Then by (3.9),

kη =
(
1 + o(1)

) log(1/α)

1/η − 1− log(1/η)
. (3.18)

Let b∗η = b(kη) be the boundary value at kη. By Theorem 3, (3.8) and (3.18),

b∗η =
(
1 + o(1)

)λkη
n

=
(
1 + o(1)

) kη
ηn

=
(
1 + o(1)

) log(1/α)/n

1− η − η log(1/η)
. (3.19)

Lemma 2. Let Λk,n(p(k)) be as in (2.3) with dG(η) = I{η>1}η
−2dη. Let b(k) be as in (3.1)

and b∗η = b(kη) where kη is as in (3.18). Suppose α → 0. When |k − kη| = O(k
1/2
η ) and

|x− b(k)| = o(1),

log Λk,n(x)− log Λk,n(b(k))

=
(
1 + o(1)

)
log′ Λk,n(b

∗
η)
(
x− b(k)

)
+
(
1 + o(1)

)
log′′ Λk,n(b

∗
η)b

′(kη)(k − kη)
(
x− b(k)

)
.

(3.20)

Lemma 2 is a crucial element in our analysis. Although the boundary value b(k) is

different for each Λk,n, we wish to expand the overshoot at a fixed point b∗η. Lemma 2

means that if we expand the overshoot at b∗η instead of at b(k), it needs to consider an

additional term which involves the second derivative log′′ Λk,n(b
∗
η). The following theorem

gives the relation between the overshoots for the renewal processes in terms of log Λk,n(p(k))

and np(k).

Theorem 4. Let Λk,n(p(k)) be as in (2.3) with dG(η) = I{η>1}η
−2dη. Let b(k) be as in (3.1)

and b∗η = b(kη) where kη is as in (3.18). Let N be the stopping rule as in (2.4). Suppose

α→ 0 and log(1/α)/n→ 0. Then, under P1,η,

log ΛN,n(p(N))− log ΛN,n(b(N)) =
(
1 + oP1,η(1)

)
log′ ΛN,n(b

∗
η)
(
p(N) − b(N)

)
, (3.21)
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3.2 Nonlinear renewal theory21

where p(1) ≤ · · · ≤ p(n) are ordered uniform (0, 1/η) variables under P1,η.

Remark 4. Theorem 4 will be proved in Section 5 using Lemma 2. We shall prove that

log′′ ΛN,n(b
∗
η)b

′(kη)(N − kη) = o(1) log′ ΛN,n(b
∗
η). The first two derivatives of log Λk,n(x) can

be computed by (3.3).

In (5.9) in the proof of Theorem 4, we will show that log′ ΛN,n(b
∗
η) = −(1+ oP1,η(1))(η−

1)n under P1,η. Bringing this into (3.21) and then by Lemma 1 and (3.8), we have

log ΛN,n(p(N))− log ΛN,n(b(N))
P1,η∼

(
1 + oP1,η(1)

)
(η − 1)

(
S̃N − (1 + o(1))Aη(N ;α)

)
.(3.22)

Thus by the Portmanteau theorem, for the expectation inside the integral in (3.11),

lim
α→0

E1,η exp
{
−

(
log ΛN,n(p(N))− log ΛN,n(b(N))

)}
= lim

α→0
E1,η exp

{
− (η − 1)

(
S̃N − (1 + o(1))Aη(N ;α)

)}
.

(3.23)

In (3.22) and (3.23), S̃N − (1 + o(1))Aη(N ;α), the overshoot of a drifted random walk,

is in the form of a more standard nonlinear renewal problem. It is the overshoot of a

drifted random walk crossing a nonlinear boundary. Define τ(c, u) = inf{n : S̃n − un > c}

and R(c, u) = S̃τ(c,u) − uτ(c, u) − c. Applying Theorem 1 of Zhang (1988), we obtain the

Blackwell-type renewal result

lim
α→0

P1,η

{
S̃N − (1 + o(1))Aη(N ;α) > y

}
=

1

E1,ηR(0, d∗)

∫ ∞

y

P1,η

{
R(0, d∗) > t

}
dt, (3.24)

where d∗ = limα→0(∂/∂k)(1 + o(1))Aη(kη;α) = 2/η − 1/η2 − (log η)/(η − 1). Once the

limiting distribution of the overshoot S̃N − (1 + o(1))Aη(N ;α) is obtained, the remaining
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calculation of (3.23) and thus (3.11) is relatively standard in sequential analysis literature

(cf. Corollary 8.45 of Siegmund, 1985).

Theorem 5. Let (Zi, θi) be i.i.d. vectors as in (1.1). Let pi = Φ(−Zi) be the p-values

and p(1) ≤ · · · ≤ p(n) be the ordered p-values. Let Λk,n(p(k)) be as in (2.3) with dG(η) =

I{η>1}η
−2dη. The SPRT rejects P0 when Λk,n(p(k)) ≥ 1/α for some k = 1, . . . , n. Suppose

α→ 0 and log(1/α)/n→ 0. Then

lim
α→0

α−1P0

{
SPRT rejects P0

}
=

∫ ∞

1

η

η log η − η + 1
exp

{
−

∞∑
k=1

1

k

(
1− Fk

(kη log η
η − 1

)
+ Fk

(k log η
η − 1

))}
dG(η),

(3.25)

where Fk is the cumulative distribution function of gamma distribution Γ(k, 1).

Remark 5. Theorems 3-5 also hold for dG(η) = I{η>1}γη
−(γ+1)dη with γ > 0 by essentially

the same proof.

4. Simulation Results

4.1 Size approximation

Here we study the size of the test and demonstrate the validity of the approximation formula

in a simulation study. We use dG(η) = I{η>1}η
−2dη in simulation. In (3.25), η = 1 is a

singular point of η/(η log η − η + 1). So near η = 1, it requires large n for an accurate

approximation due to slow divergence of
∑∞

n=1 1/n. As a remedy, we may divide the whole
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4.1 Size approximation23

Table 2: Size approximation from (3.25).

ε 0.1 0.05 0.01 0.005 0.001

limα→0 α
−1P0

{
reject P0

}
0.765 0.757 0.7545 0.7544 0.7544

Table 3: Type I errors of the SPRT based on 105 replications. In the parentheses are the

ratios between the type I errors and the corresponding nominal levels.

n

α 500 1000 5000 104

0.05 0.03662 (0.732) 0.03786 (0.757) 0.03727 (0.745) 0.03816 (0.763)

0.01 0.00751 (0.751) 0.00737 (0.737) 0.00771 (0.771) 0.00757 (0.757)

0.005 0.00367 (0.734) 0.00378 (0.756) 0.00371 (0.742) 0.00387 (0.774)

0.002 0.00141 (0.705) 0.00153 (0.765) 0.00141 (0.705) 0.00162 (0.81)

region of η into two subintervals: (1, 1 + ε) and (1 + ε,∞). Over (1 + ε,∞), the integral

can be computed relatively quickly, which is denoted by I1. In view of (3.11), the integrand

in (3.25) is always smaller than 1. So the integral over (1, 1 + ε) is smaller than ε. Hence

I1 ≤ limα→0 α
−1P0

{
reject P0

}
≤ I1 + ε and thus limα→0 α

−1P0

{
reject P0

}
≈ I1 + ε. The

values of I1 + ε with different ε are reported in Table 2. Clearly, the limit is about 0.754.

As an indication of the accuracy of our size approximation, we report type I errors

with various sample sizes and significance levels in Table 3. The ratios between the type I

errors and the corresponding nominal levels are in parentheses. The results demonstrate the
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4.2 Choice of G24

Figure 1: Left panel: scaled boundary values with n = 5000 and α = 0.05. Red dashed:

nb(k) of the SPRT with γ = 1; green dotted: nb(k) with γ = 0.5; blue dotdashed: nb(k)

with γ = 0.1; black solid: nbHC(k) of the HC. Right panel: zoom in on k = 1, . . . , 5.

validity of our theory of size approximation. Although (3.25) concerns the asymptotic case,

it works well in practice.

4.2 Choice of G

As mentioned in Remarks 1 and 5, any prior in the family dG(η) = I{η>1}γη
−(γ+1)dη, γ > 0

leads to a procedure having optimal detection boundary. How to choose G? We may

compare the corresponding boundary curves. Let

bHC(k) = min

{
p(k) :

√
n(k/n− p(k))√
p(k)(1− p(k))

≤ h(n, α)

}
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4.2 Choice of G25

be the boundary values of the HC, where h(n, α) satisfies P0{HC∗
n > h(n, α)} = α. We set

n = 5000 and α = 0.05. In the left panel of Figure 1, we plot the scaled boundary values for

k = 1, . . . , 25. The black solid curve represents nbHC(k) of the HC. The red dashed, green

dotted and blue dotdashed curves represent nb(k) of the SPRT with γ = 1, 0.5 and 0.1,

respectively. Since the size of the SPRT is always smaller than the nominal level, the levels

have been calibrated to their corresponding α/ limα→0 α
−1P0{reject P0} by using (3.25) in

Theorem 5. The calibration makes the actual levels of the SPRT and HC same. In the right

panel, we zoom in on k = 1, . . . , 5. Larger boundary values are in favor of the detection

of alternative. The green dotted curve, i.e., γ = 0.5 seems to be the preferred choice for

the SPRT. Indeed, it can be seen from the right panel of Figure 1 that with γ = 0.5,

b(k) < bHC(k) for k = 1 and 2, and b(k) > bHC(k) for k ≥ 3. For moderately sparse signals,

there are relatively abundant small p-values. So when bHC(k) < p(k) < b(k) for some k ≥ 3,

the SPRT wins. For very sparse signals, there are not so many small p-values. So it is more

likely that p(k) > b(k) for all k ≥ 3. When b(k) < p(k) < bHC(k) for k = 1 or 2, the HC wins.

This explains why the moderately sparse case is in favor of the SPRT, which is confirmed

in power comparison in Table 4.

Imaging that p(k) attains the SPRT boundary value b(k). The HC-type values of the

SPRT are given by

HC-type(k) =

√
n(k/n− b(k))√
b(k)(1− b(k))

. (4.1)

In Figure 2, we plot the HC-type values for k = 1, . . . , 15 with n = 5000 and α = 0.05. We
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4.2 Choice of G26

Figure 2: Left panel: SPRT’s HC-type values in (4.1) with n = 5000 and α = 0.05. Red

dashed: γ = 1; green dotted: γ = 0.5; blue dotdashed: γ = 0.1. The black solid line

represents h(n, α). Right panel: only γ = 0.5 and 0.1 are included.

still include γ = 1, 0.5 and 0.1. The black solid line is h(n, α) = 4.79. For γ = 1, HC-type(1)

is extremely large. This implies that if the crossing happened at k = 1 with γ = 1, the

corresponding HC statistic would be much larger that the critical value h(n, α), which is

nearly impossible. In the right panel, only γ = 0.5 and 0.1 are included. Considering that

HC-type(1) with γ = 0.1 is considerably larger than h(n, α), and HC-type(k) with γ = 0.5

are smaller than HC-type(k) with γ = 0.1 for k ≥ 3, γ = 0.5 should be preferred. This

confirms the analysis from Figure 1. In Figure 2, the effect of difference between b(k) and

bHC(k) is reflected in the domain of HC statistic.

In the very sparse case, the strongest evidence against P0 is found at the few smallest
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4.3 Power comparison27

p-values (Donoho and Jin, 2004). In view of the analysis above, certain mixture of dG(η) =

I{η>1}γη
−(γ+1)dη might improve upon the power. Similar as Walther (2013), suppose we

start with a noninformative uniform prior for the parameter η on (1/2, 1), so we have half

probabilities of (1/2, 3/4] and (3/4, 1) respectively. This leads to consider, for example, a

combination of dG(η) = I{η>1}0.5η
−1.5dη and dG(η) = I{η>1}0.1η

−1.1dη with equal weights.

We call this procedure the mix-SPRT.

4.3 Power comparison

We conduct simulation experiments to evaluate the power of the SPRT in testing P0 against

Pn,r,β. Under Pn,r,β, θi = δiµn where δi are i.i.d. Bernoulli random variables with probability

εn = n−β. In Table 4, we display our simulation results for seven procedures: the HC, the

HC+ (a variation of HC), the Berk-Jones (BJ) test (Jager and Wellner, 2007), the exact BJ

test (Moscovich, Nadler and Spiegelman, 2016), the GLRT (Jiang and Zhang, 2016), the

SPRT with dG(η) = I{η>1}0.5η
−1.5dη, and the mix-SPRT with dG(η) = I{η>1}0.5η

−1.5dη/2+

I{η>1}0.1η
−1.1dη/2. We set the significant level 0.05. Still, the levels are calibrated. Since

the ratios are 0.615 and 0.278 for γ = 0.5 and 0.1 respectively, we set α = 0.05/0.615 for the

SPRT and α = 0.05/0.447 for the mix-SPRT. The simulated power in Table 4 is based on

1000 replications. Except the two versions of the SPRT, the critical values are computed by

simulations. We consider n = 5000 and εn = 0.005, 0.002 and 0.001. Let µ∗ =
√

2ρ∗(β) log n

be the thresholding effect value of µn, where ρ
∗(β) is the detection boundary in (1.3). The
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4.3 Power comparison28

Table 4: Power comparison for testing H0,n : P0 against H1,n : Pn,r,β at level α = 0.05. Under

Pn,r,β, θi = δiµn where δi are i.i.d. Bernoulli random variables with probability εn = n−β.

µn 2 2.25 2.5 2.75 3 3.25 3.5 3.75

SPRT 0.524 0.748 0.913 0.986 0.997 1.000 1.000 1.000

mix-SPRT 0.516 0.745 0.911 0.984 0.997 1.000 1.000 1.000

n = 5000 HC 0.376 0.602 0.815 0.956 0.994 0.999 1.000 1.000

εn = 0.005 HC+ 0.490 0.682 0.876 0.969 0.993 0.999 1.000 1.000

(β = 0.622) BJ 0.479 0.713 0.880 0.971 0.993 0.999 1.000 1.000

Exact BJ 0.375 0.602 0.816 0.940 0.990 0.999 1.000 1.000

GLRT 0.433 0.687 0.871 0.974 0.998 1.000 1.000 1.000

SPRT 0.186 0.295 0.418 0.619 0.790 0.896 0.978 0.994

mix-SPRT 0.184 0.300 0.416 0.622 0.794 0.906 0.977 0.994

n = 5000 HC 0.180 0.306 0.407 0.595 0.773 0.886 0.974 0.994

εn = 0.002 HC+ 0.131 0.229 0.321 0.453 0.610 0.723 0.862 0.938

(β = 0.730) BJ 0.152 0.258 0.358 0.543 0.719 0.870 0.962 0.988

Exact BJ 0.115 0.183 0.283 0.433 0.610 0.800 0.924 0.981

GLRT 0.150 0.228 0.369 0.532 0.716 0.858 0.965 0.992

SPRT 0.108 0.156 0.222 0.339 0.428 0.598 0.722 0.855

mix-SPRT 0.108 0.155 0.225 0.334 0.444 0.615 0.729 0.861

n = 5000 HC 0.112 0.152 0.259 0.351 0.468 0.641 0.757 0.870

εn = 0.001 HC+ 0.086 0.126 0.148 0.193 0.257 0.320 0.405 0.513

(β = 0.811) BJ 0.083 0.126 0.193 0.282 0.369 0.532 0.653 0.810

Exact BJ 0.061 0.090 0.148 0.201 0.275 0.425 0.539 0.729

GLRT 0.087 0.101 0.177 0.257 0.356 0.521 0.629 0.794

corresponding calibrations are (β, µ∗) = (0.622, 1.442), (0.730, 1.978) and (0.811, 2.333). We

let the amplitude parameter µn range from 2 to 3.75 with an increment of 0.25.

These simulation results can be summarized as follows. The first group is the moderately

sparse case (1/2 < β ≤ 3/4). It is known that for such relatively dense signals, the HC+, BJ

and GLRT have strong performance (Jiang and Zhang, 2016). Both versions of the SPRT

are more powerful, especially for µn = 2, 2.25 and 2.5. In the second group (β = 0.730),
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4.4 Evaluation of E0(N |reject H0)29

Table 5: E0(N |reject H0) of the SPRT based on 105 replications.

n

α 500 1000 5000 104

0.05 83.4 124.2 348.9 543.6

0.01 97.3 154.1 486 690.5

0.005 97.9 154.9 500 690.9

0.002 112.4 172.2 586.7 755.5

the SPRTs are slightly more powerful than the HC. The third group is the very sparse case

(3/4 < β < 1). The mix-SPRT improves upon the SPRT. Although they rank the second

and third, they are more powerful than other methods by large margin. See also Walther

(2013) and Moscovich, Nadler and Spiegelman (2016) for strong performance of the HC for

very sparse signals.

4.4 Evaluation of E0(N |reject H0)

It might be interesting to report some numerical results of E0(N |reject H0). This is use-

ful because it provides information at which p-values the SPRT rejects H0 under the null

hypothesis. We report E0(N |reject H0) with various sample sizes and significance levels in

Table 5. The results are based on 105 replications. The simulation indicates that the cross-

ings happen at quite early stage on average. As expected, the expectation of the stopping

time increases with the decrement of the significance level, or with the increment of the

sample size. It might also be interesting to have a glance at the distribution of N . As an ex-

ample, we choose n = 104 and α = 0.01. In Figure 3, we provide histograms of the stopping

time based on 105 replications. The stopping times that are no later than 1000, 100 and 10
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Figure 3: Top left: histogram of N based on 105 replications, n = 104 and α = 0.01; top

right: zoom in N ≤ 1000; bottom left: zoom in N ≤ 100; bottom right: zoom in N ≤ 10.

are zoomed in turn. As reported in Table 3, there are 757 crossings in all. The numbers of

crossings that are no later than 1000, 100 and 10 are 650, 488 and 160, respectively.

5. Proofs

Proof of Theorem 1. We shall use the same notation as in Section 2: tn =
√
2c log n

with c = min{1, 4r}, Sn(tn) = n−1#{i ≤ n : Zi > tn}, q0,n = E0Sn(tn) = Φ(−tn) = n−c+o(1),
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q1,n = En,r,βSn(tn) and k
∗/n = Sn(tn). We want to prove

Pn,r,β

{
Λk∗,n(p(k∗)) = exp

{
nψ(p(k∗), k

∗/n)
}
≥ 1/α

}
→ 1. (5.1)

Because ψ(x, y) is decreasing in x and increasing in y, and p(k∗) ≤ q0,n, it suffices to prove

Pn,r,β

{
nψ

(
q0,n, (k

∗/n) ∧ q1,n
)
≥ log(1/α)

}
→ 1. (5.2)

Now we apply the Kullback-Leibler expression in (2.7). Under Pn,r,β, k
∗ = nSn(tn) is a

binomial(n, q1,n) variable, so that |k∗/n− q1,n| = OPn,r,β
(
√
q1,n/n). It follows from (2.8) that

nK
(
(k∗/n) ∧ q1,n, q0,n

)
≥

n
(
(k∗/n) ∧ q1,n − q0,n

)2
2q1,n

=
(q0,n
q1,n

)n(q1,n − q0,n)
2

2q0,n
+OPn,r,β

(1). (5.3)

In the explanation for HC, we have shown that for c = min{1, 4r},
√
n(q1,n − q0,n)/

√
q0,n =

n∆+o(1) and q1,n/q0,n ≤ n∆ with ∆ > 0. These and (5.3) imply that

Pn,r,β

{
nK

(
(k∗/n) ∧ q1,n, q0,n

)
≥ n∆+o(1)

}
→ 1. (5.4)

The second factor in the right-hand side of (2.7) is
∫
exp

{
−nK((k∗/n)∧q1,n, ηq0,n)

}
dG(η).

Consider the case where |(k∗/n)∧ q1,n−ηq0,n| ≤
√
q0,n/n. By (2.8), K((k∗/n)∧ q1,n, ηq0,n) ≤

1/(ηn2). So that

∫
exp

{
− nK

(
(k∗/n) ∧ q1,n, ηq0,n

)}
dG(η)

≥
∫
|(k∗/n)∧q1,n−ηq0,n|≤

√
q0,n/n

exp
{
− 1/(ηn)

}
dG(η). (5.5)
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The integral is over (k∗/n)∧q1,n
q0,n

± 1/(n
√
q0,n) when |(k∗/n) ∧ q1,n − ηq0,n| ≤

√
q0,n/n. Hence,

by dG(η) = I{η>1}η
−2dη and q1,n/q0,n ≤ n∆,

∫
exp

{
− nK

(
(k∗/n) ∧ q1,n, ηq0,n

)}
dG(η) ≥ c0

(q0,n
q1,n

)2 1

n
√
q0,n

≥ n−2∆+c/2−1+o(1), (5.6)

where c0 is certain positive constant. Putting (2.7), (5.4) and (5.6) together,

Pn,r,β

{
nψ

(
q0,n, (k

∗/n) ∧ q1,n
)
≥ n∆+o(1) −

(
2∆− c/2 + 1 + o(1)

)
log n

}
→ 1.

This completes the proof of (5.2) and thus (5.1). �

Proof of Proposition 1. Let ck be a sequence such that
∫∞
1
ηk exp{−(η − 1)ck}dG(η) =

1/α. Let x = η − 1 and ck = k(1− εk). Then

1/α =
(
1 + o(1)

) ∫ ∞

0

exp
{
− 1

2
(k − 2)x2 + (kεk − 2)x

}
dx

=
(
1 + o(1)

) c0√
k − 2

exp

{
(kεk − 2)2

2(k − 2)

}
with certain positive constant c0. This leads to

kεk =
(
1 + o(1)

){
(k − 2)

(
log(k − 2)− 2 log(c0α)

)}1/2
.

Hence, ck = k− (1+ o(1))
√
k log k for fixed α. Since ck/k → 1 and

∑k
i=1 Yi/k → 1/η < 1 as

k → ∞, the type II error

Pη

{ k∑
i=1

Yi > ck for all k ≥ 1

}
= 0, ∀ η > 1.

This gives Proposition 1. �
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Proof of Theorem 2. Let Ak = q0,n/∆
′
n. We have Ak = nq0,n/(k−nq0,n) ≤ nq0,n ≤ k and

due to k ≤ nq0,n(1 + e−e), Ak ≥ ee. Let ∆′′
n = e−cn∆′

n with cn = 1/ log log(nq0,n) ≤ 1/e. We

have∫ 1+∆′
n/q0,n

1+∆′′
n/q0,n

dG(η) =

∫ cn+logAk

logAk

1

η log2 η
dη ≥ 1

log3
(
cn + log(nq0,n)

)(
cn + log(nq0,n)

) .
As k/n− q0,n = ∆′

n > 0 and ∆′′
n = e−cn∆′

n,

log

(
(q0,n +∆′′

n)
k(1− q0,n −∆′′

n)
n−k

qk0,n(1− q0,n)n−k

)
= n

∫ q0,n+∆′′
n

q0,n

k/n− t

t(1− t)
dt

≥ n

(k/n)(1− k/n)

∫ q0,n+∆′′
n

q0,n

(k/n− t)dt

=
n

(k/n)(1− k/n)

((k/n− q0,n)
2

2
− (k/n− q0,n −∆′′

n)
2

2

)
=

n(k/n− q0,n)
2
(
1− (1− e−cn)2

)
2(k/n)(1− k/n)

.

It follows from (2.17) and the above calculations that

Λk,n(q0,n;G) ≥
exp

{
(k − nq0,n)

2(1− c2n)/(2k(1− k/n))
}

log3
(
cn + log(nq0,n)

)(
cn + log(nq0,n)

) .

Consequently, Λk,n(q0,n;G) ≥ 1/α when (2.18) holds.

By the Chernoff-Hoeffding bound,

Qn

{
p(k) > q1,n

}
≤ Qn

{
Bin(n, q1,n) < k

}
≤ exp

{
− nK(q1,n, k/n)

}
.

As 1/n ≤ q1,n ≤ 1/2, K(q1,n, k/n) ≥ (q1,n − k/n)2/(2q1,n(1 − q1,n)) by (2.8). Thus, (2.21)

holds under condition (2.20). �
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Proof of Theorem 3. It remains to argue that the approximation in (3.6) and the Poisson

approximation are valid. That is, Φ
(

k−2−λk√
λk(1−λk/n)

)
→ 1 and λk/n → 0. Denote kν =

log(1/α)
1/ν−1−log(1/ν)

. It follows from (3.9) that Aν(kν ;α) = (1 + o(1))(1/ν − 1/ν2)kν . So when

k = (1 + o(1))kν , λk = (1 + o(1))kν/ν, and thus (k − 2− λk)/
√
λk(1− λk/n) → ∞. �

Proof of Lemma 2. To allow differentiation, we treat Λk,n(x), b(k), λk and Aη(k;α) as

defined for all real k > 1 in (3.2), (3.1), (3.7) and (3.9), respectively.

By (3.8), (3.9) and (3.18), (∂/∂k)Aη(kη;α) = (1 + o(1))(2/η − 1/η2 − (log η)/(η − 1))

and thus (∂/∂k)λk
∣∣
k=kη

= (1 + o(1))(log η)/(η − 1). Note that kη ≍ log(1/α). Hence

b′(kη)(k − kη) ≍
√
log(1/α)/n when |k − kη| = O(k

1/2
η ). A similar argument gives that

(∂2/∂k2)λk
∣∣
k=kη

≍ 1/ log(1/α). So b′′(kη)(k−kη)2 ≍ 1/n = o(1)b′(kη)(k−kη) when |k−kη| =

O(k
1/2
η ). Therefore,

b(k) = b(kη) +
(
1 + o(1)

)
b′(kη)(k − kη). (5.7)

By Taylor expansion, when |x− b(k)| = o(1),

log Λk,n(x)− log Λk,n(b(k)) =
(
1 + o(1)

)
log′ Λk,n(b(k))

(
x− b(k)

)
.

Bringing (5.7) into log′ Λk,n(b(k)) and using the first order Taylor expansion of log′ Λk,n(x)

at b∗η complete the proof of Lemma 2. �

Proof of Theorem 4. We first prove that when |k − kη| = O(k
1/2
η ) and |x− b(k)| = o(1),

log Λk,n(x)− log Λk,n(b(k)) =
(
1 + o(1)

)
log′ Λk,n(b

∗
η)
(
x− b(k)

)
. (5.8)
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In view of Lemma 2, it only needs to show that the second term in (3.20) is negligible

with respect to the first term. So we calculate log′ Λk,n(b
∗
η) and log′′ Λk,n(b

∗
η). By (3.3),

log Λk,n(x) = −(k−1) log x− (n−k) log(1−x)+ log I1−x(n−k+1, k−1)+C. Since Ix(a, b)

is the cumulative distribution function of Beta(a, b),

∂

∂x
log I1−x(n− k + 1, k − 1) =

(∂/∂x)I1−x(n− k + 1, k − 1)

I1−x(n− k + 1, k − 1)

= − (1− x)n−kxk−2

I1−x(n− k + 1, k − 1)B(n− k + 1, k − 1)
.

By Stirling’s approximation and some algebra, when k = (1 + o(1))kη,

log
( (1− b∗η)

n−k(b∗η)
k−2

B(n− k + 1, k − 1)

)
= log n− c1 log(1/α)− c2 log log(1/α) + c3

with constants c1 > 0, c2 > 0 and c3. Moreover, the median of Beta(n − k + 1, k − 1) is

1−(1+o(1))kη/n when k = (1+o(1))kη. As b
∗
η = (1+o(1))kη/(ηn), I1−b∗η(n−k+1, k−1) ≥

1/2. Hence (∂/∂x) log I1−x(n − k + 1, k − 1)|x=b∗η = o(n). A similar argument gives that

(∂2/∂x2) log I1−x(n− k+1, k− 1)|x=b∗η = o(n2/ log(1/α)). Therefore, when k = (1+ o(1))kη,

log′ Λk,n(b
∗
η)

=
(
1 + o(1)

)(
− k − 1

b∗η
+
n− k

1− b∗η

)
+ o(n)

=
(
1 + o(1)

){
−

1
1/η−1−log(1/η)

log(1/α)− 1
1

1−η−η log(1/η)

(
log(1/α)/n

) +
n− 1

1/η−1−log(1/η)
log(1/α)

1− 1
1−η−η log(1/η)

(
log(1/α)/n

)}+ o(n)

= −
(
1 + o(1)

)
(η − 1)n, (5.9)
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and

log′′ Λk,n(b
∗
η)

=
(
1 + o(1)

)(k − 1

(b∗η)
2
+

n− k

(1− b∗η)
2

)
+ o

( n2

log(1/α)

)
=

(
1 + o(1)

){ 1
1/η−1−log(1/η)

log(1/α)− 1(
1

1−η−η log(1/η)
log(1/α)/n

)2 +
n− 1

1/η−1−log(1/η)
log(1/α)(

1− 1
1−η−η log(1/η)

log(1/α)/n
)2
}

+o
( n2

log(1/α)

)
=

(
1 + o(1)

)
η2
(
1/η − 1− log(1/η)

) n2

log(1/α)
. (5.10)

It has been shown in the proof of Lemma 2 that b′(kη)(k−kη) ≍
√

log(1/α)/n when |k−kη| =

O(k
1/2
η ). This, (5.9) and (5.10) give that log′′ Λk,n(b

∗
η)b

′(kη)(k − kη) ≍ n/
√
log(1/α) =

o(1) log′ Λk,n(b
∗
η). Hence the second term in (3.20) is negligible.

By Proposition 1 of Zhang (1988), k
−1/2
η (N − kη) converges weakly to a normal distri-

bution with mean 0 and constant variance under P1,η. Therefore, |N − kη| = OP1,η(k
1/2
η ). As

b(k) = (1 + o(1))k/(ηn) when k = (1 + o(1))kη, by Lemma 1,

p(k)
b(k)

− 1
P1,η∼

(
1 + o(1)

) (Y1 + · · ·+ Yk)/k

(Y1 + · · ·+ Yn+1)/n
− 1 = OP1,η(k

−1/2).

So |p(N) − b(N)| = OP1,η(k
1/2
η /n) = oP1,η(1). By (5.8), the proof is complete. �
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SPRT for Sparse Gaussian Mixtures

Proof of Theorem 5. Using (3.24), (3.23) could be evaluated as

lim
α→0

E1,η exp
{
− (η − 1)

(
S̃N − (1 + o(1))Aη(N ;α)

)}
=

1

E1,ηR(0, d∗)

∫ ∞

0

e−(η−1)yP1,η

{
R(0, d∗) > y

}
dy

=
1

(η − 1)E1,ηR(0, d∗)

(
1− E1,η exp

{
− (η − 1)R(0, d∗)

})
=

1

(η − 1)µ∗ exp

{
−

∞∑
k=1

1

k
E1,ηe

−(η−1)(S̃k−kd∗)+

}
, (5.11)

where µ∗ = E1,η(2/η − 1/η2 − Yi)− d∗ = (log η − 1 + 1/η)/(η − 1). The last equation above

follows from Corollary 8.45 of Siegmund (1985). Since
∑k

i=1 Yi
P1,η∼ Γ(k, 1)/η, we have

S̃k − kd∗
P1,η∼ 1

η

{kη log η
η − 1

− Γ(k, 1)
}
.

Thus, direct calculation shows that

E1,ηe
−(η−1)(S̃k−kd∗)+ = 1− Fk

(kη log η
η − 1

)
+ Fk

(k log η
η − 1

)
, (5.12)

where Fk is the cumulative distribution function of Γ(k, 1). The proof of Theorem 5 is

completed by (3.11), (3.23), (5.11) and (5.12). �
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