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@ An Intuition Introduction for PCA

@® PCA: A Dimension Reduction Method for vector data
©® SVD: A Dimension Reduction Method for a Matrix

O MPCA: A Dimension Reduction Method for Matrix Data
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An Intuition Introduction for PCA

Mean (medium,...)— Mean Vector

Variance — Covariance Matrix

What can you do about the covariance matrix?

Ans: Eigenvalue Decomposition!
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An Intuition Introduction for PCA

Let x1, -+ ,x, be length-p observation vectors

WLOG, let their mean be length-p 0-vector.

Let the data matrix X = (x1,--- ,2,) be a p by n matrix.

The sample covariance matrix

= XXT/(n—1) = X0 wal /(n - 1).
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An Intuition Introduction for PCA

e By X = (21, -+ ,xy), we have X;; = (z;);.
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An Intuition Introduction for PCA

e PCA: Principal Component Analysis

more information.”

e The underlying statistical philosophy is " Larger variance captures
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An Intuition Introduction for PCA

e Find a direction vector (€ RP) p, such that the variance of the data

{z;}i<n projected to this direction {mgppl}ign has maximum variance.

e Then find py orthonormal to p1, such that the variance of
{xI'ps}i<nhas maximum variance.

e ... find pg orthonormal to py,-- -, pgr_1, such that the variance of
{:c?pk}ign has maximum variance.
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An Intuition Introduction for PCA
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An Intuition Introduction for PCA

where uq, -

e Given a symmetric p.d. matrix X,x,, > can be decomposed as

p
Y= E Aluluf,
=1

, up are orthonormal and \q > --- > A,. Furthermore,

u; can be uniquely decided up to +/— sign if eigenvalue ); is distinct.

Eu,- = )\z Uy
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An Intuition Introduction for PCA

* p| = argmax, S (2T g)?
o Will p1 = uq?
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An Intuition Introduction for PCA

p1 = argmaxz x; q) —argmaxz (T z:) (2T q)
lg|=1 i=1 lal=1 i=1

= argmaqu zixl)q = argmax g7 ZCL‘@
lal=1 5= lgl=1

= argmaxq’ (XX7T)q = argmax ¢’ Z)\ U U
lg|=1 lgl=1 i—1

= argma.xZ)\ ul q
lgl=1 i=1
= Ul

u]
o)
I

i
it
N
»
i)

I-Ping Tu (ISSAS) SVD and PCA



PCA: A Dimension Reduction Method for vector data

e X € RP is a random vector.
e X =Tv+e.

: 2
¢ Mllpeo ) vere! EBll|X —T'v||z].
e Sample version

e Assume the mean X has been taken off.

° minFGOPXPI,UiERPI,iSn % ?:1 ||Xl - Fl/i||2.
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PCA: A Dimension Reduction Method for vector data

Geometric interpretation

Nu_i=Gamma'(X_i)
Ordinary Least-Squares

Gamma
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PCA: A Dimension Reduction Method for vector data

I-Ping Tu (ISSAS) SVD and PCA July 31, 2018 14 / 45



PCA: A Dimension Reduction Method for vector data

Data Matrix Eigenvectors
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PCA: A Dimension Reduction Method for vector data
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PCA: A Dimension Reduction Method for vector data

Data Matrix Eigenvectors
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SVD: A Dimension Reduction Method for a Matrix

Given a p X n real value matrix X, X = UDVT,
e U: a p x p orthonormal matrix,

e V: a p x p orthonormal matrix,

D :p x q and D's nonzero elements only appear at diagonal with size

min(p, q).
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SVD: A Dimension Reduction Method for a Matrix

argmin

A€Opy 1, BEO s, DERFR

e Given rank k, SVD can be formulated as an optimization problem
(Ul:k,-7 Dl:k‘,l:k:; ‘/1:14:,-) =

IX — ADB"||%
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SVD: A Dimension Reduction Method for a Matrix

e Let the column vectors of U and V be u1, -+ ,up and vy, -+, v.
o Let the diagonal elements of D be dy,--- , dp.
o Then, X = UDV” = % diu;0T.

e Each uiviT represents a rank one p X ¢ matrix.
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SVD: A Dimension Reduction Method for a Matrix
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Figure 1.

Strang’s diagram.
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SVD: A Dimension Reduction Method for a Matrix

Any real value transformation matrix from R? to RP can be decomposed
to 3 steps:

e A rotation matrix V in RY.

e A scale matrix D.

e A rotation matrix U in RP.

[m] = -
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SVD: A Dimension Reduction Method for a Matrix

Let the column vectors of U and V be u1, -+ ,ur and vy, -+, v.

Let the diagonal elements of D be dy,--- ,dg.

Then, X = UDVT = 3% diu;0T.

SVD finds the k vector-pairs with one to one mapping from R? to RP.

Each uiv;[ represents a rank one matrix with dimension p x q.
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SVD: A Dimension Reduction Method for a Matrix

e If by SVD, X = UDVT, where U is an orthonormal matrix such that
vut =1,

e By PCA, U is the eigenmatrix of XX = UD?UT.

e Furthermore, V is the eigenmatrix of XTx =vD*vT,
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SVD: A Dimension Reduction Method for a Matrix

— ~T B 1
* Xpxqg = UpxpDpxqVaxq ® UpxkDixi Vi,

e k : selected rank.

196 X 257 Rank =100
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SVD:

A Dimension Reduction Method for a Matrix

X = UDVT =

Zdul

e A linear combination of bases: {u;v}
e Each u;v;

T is a rank one matrix.

, 1 <i <k}
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Figure: The first 25 rank-one bases.
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SVD: A Dimension Reduction Method for a Matrix

196 X 257
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SVD: A Dimension Reduction Method for a Matrix

196 X 257
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SVD: A Dimension Reduction Method for a Matrix
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SVD: A Dimension Reduction Method for a Matrix
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SVD: A Dimension Reduction Method for a Matrix
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MPCA: A Dimension Reduction Method for Matrix Data

o We have matrix Ay, -, Ay, all from R? to RP.

e We want to stick on one set of U and V' by sacrificing some bias.
e We relax the condition on the diagonal property of D.
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MPCA: A Dimension Reduction Method for Matrix Data

e We define column basis A € O,y;, row basis B € Oy

e SVD: Find A, B(with p = ¢) and a diagonal matrix D that

X — ADBT
min | I

e MPCA: Find simultaneous A, B, and U; by

min
A,BU;,1<i<n N

EZHX' X)— AU;BT||%
e D diagonal and U; usually not
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MPCA: A Dimension Reduction Method for Matrix Data

o A: leading p eigenvectors of f]B =150 (X — X)Py(X; — X)T.
solve a small eigenvalue problem: a p x p matrix, where Py = BBT

o B: leading § eigenvectors of ¥ ; = 2 377" (X, — X)"P;(X; — X).

T n

solve a small eigenvalue problem: a ¢ x ¢ matrix, where P; = AAT.

o lterative alternating until convergence.
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MPCA: A Dimension Reduction Method for Matrix Data

e 400 face images of 64 x 64: partition them to 100-300 training-test
sets.

e Both MPCA and PCA are applied on the training images to produce

basis to reconstruct the test images.

[m] = -
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MPCA: A Dimension Reduction Method for Matrix Data

e MPCA: 24 row and 24 column eigenvectors are used to generate 576
basis (24 is selected by hypothesis test for 95% explained-variation)

e PCA: 576 (= 24 x 24) eigenvectors

e 500 replicates, for random partition into training-test subsets, are

performed to compare the mean test error.
MPCA PCA

Mean 452 2870

SD 4 43
The error is defined as the Frobenius

norm for two images.
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MPCA: A Dimension Reduction Method for Matrix Data
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20 test faces randomly drawn (rows 1-2), reconstructions by MPCA (rows

-4) and PCA (row 0 oo -
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MPCA: A Dimension Reduction Method for Matrix Data
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MPCA: A Dimension Reduction Method for Matrix Data

Mean Face 5x5 bases

10x10 bases

Mean Face

15x15 bases  20x20 bases
25 bases

B 1 2

15
20

Target Face

Test image reconstruction, MPCA (top) and PCA (bottom).
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MPCA: A Dimension Reduction Method for Matrix Data_ [
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MPCA: A Dimension Reduction Method for Matrix Data [
A Cluster




MPCA: A Dimension Reduction Method for Matrix Data
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MPCA: A Dimension Reduction Method for Matrix Data
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MPCA: A Dimension Reduction Method for Matrix Data

o PCA

e SVD

e MPCA
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