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Supplementary Material

Supplementary Material presents the technical details of Remark 2, some additional simulation results and

the technical proofs.

S1. Technical details of Remark 2

We consider a special case to investigate the power function of the max-type

test when c0 ∈ [1, 3]. Let εt1 = zt1 + ρzt−1,1, where zt1 ∼ N (0, 1) and ρ =

O(
√

log p/n). For i ∈ {2, · · · , p}, εti’s are all i.i.d. from N (0, 1). {εt1}t=1,··· ,n

are independent of {εti}t=1,··· ,n, i = 2, · · · , p. By the Central Limit Theorem,

√
n− kρ̂ij(k)

d→N (0, 1) for k > 1;
√
n− 1ρ̂ij(1)

d→N (0, 1) for i 6= j and
√
n−1√

1− 3ρ2+2ρ4+3ρ6

(1+ρ2)4

{ρ̂11(1)− ρ
1+ρ2
} d→N (0, 1) for k = 1. Define xα = 2 log(Kp2)−
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log log(Kp2) + qα. Define A = {(i, j, k)|1 ≤ i, j ≤ p, 1 ≤ k ≤ K}. Thus,

P
{
T 2

MAX − 2 log(Kp2) + log log(Kp2) ≥ qα
}

=P
{

max
1≤i,j≤p,1≤k≤K

(n− k)ρ̂2
ij(k) ≥ xα

}
≥ P

{
(n− 1)ρ̂2

11(1) ≥ xα
}

=P
{∣∣∣∣N ( √nρ1 + ρ2

, 1− 3ρ2 + 2ρ4 + 3ρ6

(1 + ρ2)4

)∣∣∣∣ ≥ √xα}+ o(1)

=P
{∣∣N (√nρ, 1)∣∣ ≥ √xα}+ o(1)

=Φ(
√
nρ−

√
xα) + Φ(−

√
nρ−

√
xα) + o(1)

for sufficiently small ρ and diverging p, where N (µ, σ2) denotes a random vari-

able that follows the normal distribution with mean µ and variance σ2. On the

other hand,

P
{
T 2

MAX − 2 log(Kp2) + log log(Kp2) ≥ qα
}

=P
{

max
1≤i,j≤p,1≤k≤K

(n− k)ρ̂2
ij(k) ≥ xα

}
≤P
{

(n− 1)ρ̂2
11(1) ≥ xα

}
+ P

{
max

(i,j,k)∈A/(1,1,1)
(n− k)ρ̂2

ij(k) ≥ xα

}
=Φ(
√
nρ−

√
xα) + Φ(−

√
nρ−

√
xα) + α + o(1).
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In the last equality, we used the following derivation. By the proof of Theorem

1 in Chang et al. (2018), we have

P
{

max
(i,j,k)∈A/(1,1,1)

(n− k)ρ̂2
ij(k) ≥ xα

}
− P

(
max

1≤l≤Kp2−1
ξ2
l ≥ xα

)
→ 0,

where (ξ1, · · · , ξKp2−1) follows the multivariate normal distribution with zero

mean and the same correlation matrix of {(n − k)ρ̂2
ij(k)}(i,j,k)∈A/(1,1,1). After

some calculations, we have cor {(n− k)ρ̂11(k), (n− k − 1)ρ̂11(k + 1)} → 2ρ,

cor {(n− k)ρ̂11(k), (n− k − 2)ρ̂11(k + 2)} → ρ2

1+ρ2
and the other correlations

between (n − k)ρ̂2
ij(k) are all zeros. By Theorem 1 in the supplementary and

condition ρ = O(
√

log p/n), we have P (max1≤l≤Kp2−1 ξ
2
l ≥ xα)→ α.

Hence, the power function of the max-type test is

lim
n,p→∞

Φ(
√
nρ−

√
xα) + lim

n,p→∞
Φ(−
√
nρ−

√
xα) ≤ βMAX(ρ)

≤α + lim
n,p→∞

Φ(
√
nρ−

√
xα) + lim

n,p→∞
Φ(−
√
nρ−

√
xα).

Note that xα ∼ 2
√

log p. When ρ = c0

√
log p/n, we have: (1) if 0 < c0 < 2,

then c0

√
log p − √xα → −∞, −c0

√
log p − √xα → −∞ and βMAX(ρ) ∈

(0, α); (2) if c0 > 2, then c0

√
log p − √xα → ∞, −c0

√
log p − √xα → −∞

and βMAX(ρ) = 1. On the other hand, when
√
nρ =

√
4 log p+ c1

√
log p,

we have
√
nρ − √xα → c1/4 and −

√
nρ − √xα → −∞, then βMAX(ρ) ∈
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(Φ(c1/4), α + Φ(c1/4)). The above analysis indicates that when c0 ∈ [1, 3],

different power result can occur depending on the specific alternative situation

and no universal power conclusion can be drawn.

S2. Some additional simulation results

S2.1 Results under a polynomial-type tail distribution

Here, we consider the situation where the distribution of zit has a polynomial-

type tail, named distribution (iii). Specifically, we set zit
i.i.d∼ t(8)/

√
4/3 for

i ∈ {1, · · · , p} and t ∈ {1, · · · , n}, keeping all other simulation parameters

consistent with those outlined in Section 3 of the main text. The empirical sizes

of the tests MAX, SUM, LY, and FC are reported in Table 1. The power curves of

these four tests are illustrated in Figures 1 and 2, respectively. These results are

very similar to those presented in Section 3 of the main text, which demonstrate

that the tests proposed in this paper has a certain robustness for distributions with

different types of tails.

S2.2 Results when K is relatively large

In this subsection, we explore the performance of the proposed tests when the

value of K is relatively large. We set K = 10, keeping all other simulation

parameters identical to those outlined in Section 3 of the main text. The empir-
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Table 1: Size performance in the case of εt = Azt with distribution (iii): zit
i.i.d∼ t(8)/

√
4/3.

K = 1 K = 2 K = 3

n p MAX LY SUM FC MAX LY SUM FC MAX LY SUM FC

Setting (I)

100 30 1.0(0.3) 4.2(0.6) 5.2(0.7) 4.3(0.6) 1.5(0.4) 3.6(0.6) 5.7(0.7) 3.9(0.6) 1.2(0.3) 2.5(0.5) 6.0(0.8) 3.6(0.6)

100 60 1.2(0.3) 3.3(0.6) 4.7(0.7) 3.4(0.6) 1.0(0.3) 1.3(0.4) 4.9(0.7) 3.1(0.5) 0.9(0.3) 1.0(0.3) 4.9(0.7) 2.9(0.5)

100 90 1.4(0.4) 2.6(0.5) 4.7(0.7) 2.9(0.5) 1.5(0.4) 0.6(0.2) 4.8(0.7) 3.2(0.6) 0.4(0.2) 0.2(0.1) 4.0(0.6) 2.3(0.5)

100 120 1.0(0.3) 1.1(0.3) 4.3(0.6) 2.1(0.5) 0.6(0.2) 0.4(0.2) 3.8(0.6) 2.0(0.4) 0.6(0.2) 0.1(0.1) 5.0(0.7) 2.0(0.4)

200 30 1.3(0.4) 5.1(0.7) 5.9(0.7) 4.4(0.6) 1.8(0.4) 4.3(0.6) 5.1(0.7) 4.2(0.6) 1.4(0.4) 3.9(0.6) 5.7(0.7) 4.2(0.6)

200 60 1.6(0.4) 4.5(0.7) 5.9(0.7) 4.3(0.6) 1.0(0.3) 3.3(0.6) 5.2(0.7) 3.6(0.6) 1.1(0.3) 1.7(0.4) 5.0(0.7) 2.8(0.5)

200 90 1.3(0.4) 2.8(0.5) 4.6(0.7) 3.3(0.6) 1.2(0.3) 1.5(0.4) 4.6(0.7) 2.5(0.5) 1.0(0.3) 0.4(0.2) 4.2(0.6) 2.6(0.5)

200 120 1.2(0.3) 2.5(0.5) 4.8(0.7) 3.0(0.5) 1.6(0.4) 1.7(0.4) 5.2(0.7) 3.5(0.6) 1.9(0.4) 0.5(0.2) 4.4(0.6) 2.4(0.5)

Setting (II)

100 30 2.1(0.5) 4.1(0.6) 5.3(0.7) 4.5(0.7) 1.0(0.3) 3.8(0.6) 6.1(0.8) 4.4(0.6) 1.6(0.4) 2.5(0.5) 5.2(0.7) 4.3(0.6)

100 60 0.9(0.3) 3.0(0.5) 5.0(0.7) 2.8(0.5) 0.4(0.2) 1.4(0.4) 4.4(0.6) 2.8(0.5) 0.6(0.2) 1.3(0.4) 6.5(0.8) 2.9(0.5)

100 90 0.8(0.3) 2.0(0.4) 4.4(0.6) 2.2(0.5) 0.8(0.3) 0.8(0.3) 5.0(0.7) 2.0(0.4) 0.7(0.3) 0.4(0.2) 4.3(0.6) 2.0(0.4)

100 120 0.9(0.3) 1.3(0.4) 3.9(0.6) 2.8(0.5) 0.8(0.3) 0.9(0.3) 5.9(0.7) 3.7(0.6) 1.1(0.3) 0.2(0.1) 5.4(0.7) 2.7(0.5)

200 30 1.7(0.4) 5.1(0.7) 5.5(0.7) 5.2(0.7) 1.3(0.4) 4.2(0.6) 5.3(0.7) 3.9(0.6) 1.9(0.4) 4.4(0.6) 6.6(0.8) 5.7(0.7)

200 60 1.4(0.4) 3.3(0.6) 5.4(0.7) 4.8(0.7) 1.6(0.4) 2.2(0.5) 3.7(0.6) 4.2(0.6) 1.8(0.4) 1.6(0.4) 4.0(0.6) 2.6(0.5)

200 90 1.2(0.3) 3.6(0.6) 5.4(0.7) 3.2(0.6) 1.5(0.4) 1.8(0.4) 4.8(0.7) 3.4(0.6) 1.9(0.4) 1.0(0.3) 5.6(0.7) 3.5(0.6)

200 120 1.6(0.4) 3.3(0.6) 5.0(0.7) 4.1(0.6) 1.3(0.4) 1.6(0.4) 6.0(0.8) 3.3(0.6) 2.0(0.4) 0.6(0.2) 5.9(0.7) 3.5(0.6)

Setting (III)

100 30 0.8(0.3) 4.7(0.7) 5.2(0.7) 4.4(0.6) 0.3(0.2) 4.1(0.6) 6.1(0.8) 3.7(0.6) 1.1(0.3) 2.9(0.5) 5.5(0.7) 3.2(0.6)

100 60 0.9(0.3) 3.7(0.6) 5.0(0.7) 2.6(0.5) 0.6(0.2) 2.3(0.5) 5.4(0.7) 3.1(0.5) 0.9(0.3) 1.1(0.3) 5.7(0.7) 2.9(0.5)

100 90 0.9(0.3) 1.7(0.4) 3.9(0.6) 1.6(0.4) 0.8(0.3) 1.2(0.3) 5.1(0.7) 2.8(0.5) 1.0(0.3) 0.3(0.2) 3.9(0.6) 2.5(0.5)

100 120 0.4(0.2) 2.1(0.5) 5.6(0.7) 2.1(0.5) 0.6(0.2) 1.0(0.3) 5.2(0.7) 2.6(0.5) 0.6(0.2) 0.2(0.1) 4.9(0.7) 2.2(0.5)

200 30 1.3(0.4) 4.1(0.6) 5.1(0.7) 5.0(0.7) 1.3(0.4) 4.9(0.7) 5.8(0.7) 4.6(0.7) 2.1(0.5) 3.4(0.6) 5.0(0.7) 4.4(0.6)

200 60 1.7(0.4) 4.0(0.6) 5.3(0.7) 4.5(0.7) 0.9(0.3) 3.2(0.6) 5.3(0.7) 3.0(0.5) 1.1(0.3) 3.1(0.5) 6.1(0.8) 3.6(0.6)

200 90 1.6(0.4) 4.3(0.6) 5.3(0.7) 4.5(0.7) 0.9(0.3) 2.5(0.5) 5.8(0.7) 3.3(0.6) 1.3(0.4) 2.1(0.5) 5.4(0.7) 4.0(0.6)

200 120 1.7(0.4) 3.2(0.6) 4.8(0.7) 3.6(0.6) 1.1(0.3) 2.0(0.4) 5.2(0.7) 3.0(0.5) 1.1(0.3) 0.9(0.3) 5.0(0.7) 3.1(0.5)

ical size results of this setting are presented in Table 2. The findings indicate

that the LY test tends to exhibit excessive conservatism under this setting, while

the proposed SUM test demonstrates effective control over the empirical size in

most cases. In addition, the MAX test appears to lean towards conservatism, a

trait attributed to its slow rate of convergence. FC is reasonably conservative
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Figure 1: Power curves of the involved tests in situation where zit
i.i.d∼ t(8)/

√
4/3, m ∈

{1, 2, · · · , 10} and (n, p) = (200, 60).

and maintains the size well. Figure 3 presents the power curves of the involved

tests under distribution (i) with K = 10 and (n, p) = (200, 60). Comparing

it with the figures obtained in the main text for smaller values of K, it can be

observed that the performance of the MAX test is not sensitive to the choice of

K. In contrast, the proposed SUM test is sensitive to the value of K. It exhibits

poor power performance when K is large, possibly because the signal may be

weakened as K increases. Therefore, we recommend not using an excessively

large K in the proposed tests. FC is clear winner in terms of power in all cases.
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Figure 2: Power curves of the involved tests in situation where zit
i.i.d∼ t(8)/

√
4/3, m ∈

{1, 2, · · · , 10} and (n, p) = (200, 90).

S2.3 Comparison with the test proposed by Chang et al. (2017)

Table 3 presents the empirical size performance of the test proposed by Chang

et al. (2017), abbreviated as CYZ, using the same parameters as in the main

text. In addition, the simulation results under distribution (iii) that was consid-

ered in Section S2.l is included in this table. It suggests that CYZ is generally

conservative.

Figure 4 illustrates the power curves of MAX and CYZ, under identical con-

ditions as in the main text, with (n, p) = (200, 60) and distribution (i). It suggest-
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Table 2: Size performance in the case of εt = Azt with K = 10 and (n, p) = (200, 60).

(i) N(0, 1) (ii) Ga(4, 0.5) − 2 (iii) t(8)/
√

4/3

n p MAX LY SUM FC MAX LY SUM FC MAX LY SUM FC

Setting (I)

100 30 0.8(0.3) 0.0(0.0) 4.3(0.6) 2.5(0.5) 1.7(0.4) 0.1(0.1) 4.5(0.7) 4.5(0.7) 1.2(0.3) 0.1(0.1) 4.6(0.7) 2.6(0.5)

100 60 0.7(0.3) 0.0(0.0) 3.8(0.6) 1.5(0.4) 2.1(0.5) 0.0(0.0) 4.8(0.7) 3.7(0.6) 0.9(0.3) 0.0(0.0) 3.2(0.6) 1.7(0.4)

100 90 0.3(0.2) 0.0(0.0) 4.8(0.7) 1.9(0.4) 1.5(0.4) 0.0(0.0) 5.3(0.7) 4.0(0.6) 0.5(0.2) 0.0(0.0) 4.7(0.7) 2.5(0.5)

100 120 0.4(0.2) 0.0(0.0) 3.9(0.6) 1.2(0.3) 1.8(0.4) 0.0(0.0) 4.5(0.7) 3.2(0.6) 0.4(0.2) 0.0(0.0) 4.4(0.6) 2.1(0.5)

200 30 0.7(0.3) 0.3(0.2) 5.6(0.7) 2.6(0.5) 3.6(0.6) 0.0(0.0) 3.9(0.6) 5.6(0.7) 1.3(0.4) 0.2(0.1) 5.3(0.7) 3.7(0.6)

200 60 1.5(0.4) 0.1(0.1) 5.0(0.7) 2.3(0.5) 3.6(0.6) 0.0(0.0) 3.7(0.6) 3.7(0.6) 1.3(0.4) 0.0(0.0) 4.6(0.7) 3.0(0.5)

200 90 1.7(0.4) 0.0(0.0) 4.6(0.7) 3.5(0.6) 3.1(0.5) 0.0(0.0) 4.4(0.6) 4.5(0.7) 1.0(0.3) 0.0(0.0) 3.8(0.6) 2.3(0.5)

200 120 0.8(0.3) 0.0(0.0) 5.0(0.7) 3.1(0.5) 2.8(0.5) 0.0(0.0) 4.9(0.7) 4.7(0.7) 1.6(0.4) 0.0(0.0) 4.8(0.7) 3.2(0.6)

Setting (II)

100 30 0.8(0.3) 0.1(0.1) 5.1(0.7) 2.9(0.5) 1.7(0.4) 0.0(0.0) 4.6(0.7) 3.2(0.6) 1.1(0.3) 0.1(0.1) 4.5(0.7) 2.8(0.5)

100 60 0.8(0.3) 0.0(0.0) 5.7(0.7) 3.4(0.6) 1.9(0.4) 0.0(0.0) 6.1(0.8) 4.6(0.7) 0.7(0.3) 0.0(0.0) 4.6(0.7) 2.1(0.5)

100 90 0.6(0.2) 0.0(0.0) 4.1(0.6) 1.9(0.4) 1.7(0.4) 0.0(0.0) 4.9(0.7) 2.6(0.5) 0.6(0.2) 0.0(0.0) 4.0(0.6) 1.7(0.4)

100 120 0.4(0.2) 0.0(0.0) 4.8(0.7) 2.3(0.5) 1.9(0.4) 0.0(0.0) 3.9(0.6) 2.8(0.5) 0.3(0.2) 0.0(0.0) 4.2(0.6) 1.9(0.4)

200 30 0.8(0.3) 0.5(0.2) 4.3(0.6) 3.2(0.6) 2.2(0.5) 0.1(0.1) 4.3(0.6) 4.0(0.6) 1.6(0.4) 0.3(0.2) 5.4(0.7) 3.7(0.6)

200 60 0.7(0.3) 0.1(0.1) 4.0(0.6) 2.5(0.5) 3.5(0.6) 0.0(0.0) 4.7(0.7) 4.0(0.6) 1.0(0.3) 0.0(0.0) 5.2(0.7) 2.4(0.5)

200 90 0.8(0.3) 0.0(0.0) 6.0(0.8) 3.7(0.6) 3.3(0.6) 0.0(0.0) 4.0(0.6) 4.3(0.6) 1.5(0.4) 0.0(0.0) 4.7(0.7) 2.7(0.5)

200 120 0.6(0.2) 0.0(0.0) 4.5(0.7) 2.1(0.5) 3.9(0.6) 0.0(0.0) 5.2(0.7) 4.8(0.7) 1.4(0.4) 0.0(0.0) 5.8(0.7) 3.0(0.5)

Setting (III)

100 30 1.0(0.3) 0.0(0.0) 3.9(0.6) 2.6(0.5) 1.9(0.4) 0.1(0.1) 5.3(0.7) 4.5(0.7) 0.7(0.3) 0.0(0.0) 4.4(0.6) 2.3(0.5)

100 60 0.6(0.2) 0.0(0.0) 5.3(0.7) 2.2(0.5) 2.5(0.5) 0.0(0.0) 4.2(0.6) 3.8(0.6) 0.6(0.2) 0.0(0.0) 5.4(0.7) 2.1(0.5)

100 90 0.5(0.2) 0.0(0.0) 3.9(0.6) 1.4(0.4) 1.6(0.4) 0.0(0.0) 3.8(0.6) 2.9(0.5) 0.6(0.2) 0.0(0.0) 4.5(0.7) 2.5(0.5)

100 120 0.2(0.1) 0.0(0.0) 4.8(0.7) 1.1(0.3) 0.8(0.3) 0.0(0.0) 4.5(0.7) 3.1(0.5) 0.4(0.2) 0.0(0.0) 4.1(0.6) 1.7(0.4)

200 30 1.3(0.4) 0.3(0.2) 5.3(0.7) 3.1(0.5) 2.4(0.5) 0.4(0.2) 5.1(0.7) 5.4(0.7) 1.9(0.4) 0.3(0.2) 3.8(0.6) 3.1(0.5)

200 60 1.1(0.3) 0.0(0.0) 5.7(0.7) 3.5(0.6) 2.4(0.5) 0.0(0.0) 5.3(0.7) 4.4(0.6) 1.8(0.4) 0.0(0.0) 4.1(0.6) 3.1(0.5)

200 90 1.0(0.3) 0.0(0.0) 4.4(0.6) 2.3(0.5) 2.1(0.5) 0.0(0.0) 3.7(0.6) 3.3(0.6) 1.4(0.4) 0.0(0.0) 4.1(0.6) 2.4(0.5)

200 120 1.4(0.4) 0.0(0.0) 4.6(0.7) 1.9(0.4) 2.4(0.5) 0.0(0.0) 4.1(0.6) 4.3(0.6) 1.8(0.4) 0.0(0.0) 5.2(0.7) 3.4(0.6)

s that CYZ outperforms MAX, possibly due to the application of bootstrapping,

which tends to provide more precise estimation of the variances. However, the

computational time consumed by CYZ is about several hundred times that of

MAX. Therefore, the decision to opt for either of these two methods hinges on

the specific computational time constraints.
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Figure 3: Power curves of the involved tests under distribution (i) with K = 10, m ∈
{1, 2, · · · , 10} and (n, p) = (200, 60).

S2.4 Comparison with the test proposed by Chang et al. (2023)

Chang et al. (2023) proposed a method for testing the martingale difference in

high dimensions, which can be applied to testing white noise. We implement

this method in the following way, and compare it with the methods proposed in

this paper. We set φ(x) = x, then the corresponding test statistic in Chang et al.

(2023) takes the form

TCJS =
K∑
k=1

Tn,k =
K∑
k=1

max
1≤i,j≤p

n1/2|ρ̂ij(k)|.

In a manner akin to Chang et al. (2017), the test based on TCJS, abbreviated as

CJS, employed a simulation-based method to compute the critical value. Hence,

it is also time-intensive. Table 4 reports the empirical size results of CJS under

the same settings as in Section S2.3. It suggests that CJS is conservative in

general.
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Table 3: Size performance of the max-type test proposed by Chang et al. (2017) in the case of
εt = Azt.

(i) N(0, 1) (ii) Ga(4, 0.5) − 2 (iii) t(8)/
√

4/3

n p K = 1 K = 2 K = 3 K = 1 K = 2 K = 3 K = 1 K = 2 K = 3

Setting (I)

100 30 1.3(0.4) 0.3(0.2) 0.6(0.2) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.1(0.1) 0.3(0.2) 0.1(0.1)

100 60 0.5(0.2) 0.0(0.0) 0.3(0.2) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

100 90 0.4(0.2) 0.3(0.2) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

100 120 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

200 30 1.8(0.4) 2.1(0.5) 1.5(0.4) 1.4(0.4) 0.7(0.3) 0.4(0.2) 0.7(0.3) 1.0(0.3) 0.3(0.2)

200 60 1.4(0.4) 1.0(0.3) 0.9(0.3) 0.3(0.2) 0.4(0.2) 0.1(0.1) 0.5(0.2) 0.1(0.1) 0.1(0.1)

200 90 1.0(0.3) 1.0(0.3) 0.6(0.2) 0.2(0.1) 0.2(0.1) 0.0(0.0) 0.3(0.2) 0.1(0.1) 0.0(0.0)

200 120 1.1(0.3) 0.8(0.3) 0.3(0.2) 0.3(0.2) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.2(0.1)

Setting (II)

100 30 0.7(0.3) 0.4(0.2) 0.3(0.2) 0.2(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.2(0.1) 0.1(0.1)

100 60 0.3(0.2) 0.5(0.2) 0.2(0.1) 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

100 90 0.0(0.0) 0.0(0.0) 0.2(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

100 120 0.1(0.1) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

200 30 2.0(0.4) 1.9(0.4) 1.5(0.4) 0.7(0.3) 0.9(0.3) 0.5(0.2) 1.7(0.4) 0.4(0.2) 0.2(0.1)

200 60 1.4(0.4) 1.1(0.3) 0.5(0.2) 0.4(0.2) 0.0(0.0) 0.2(0.1) 0.3(0.2) 0.2(0.1) 0.0(0.0)

200 90 1.4(0.4) 0.9(0.3) 0.8(0.3) 0.2(0.1) 0.0(0.0) 0.1(0.1) 0.3(0.2) 0.2(0.1) 0.0(0.0)

200 120 0.4(0.2) 0.5(0.2) 0.5(0.2) 0.2(0.1) 0.1(0.1) 0.1(0.1) 0.1(0.1) 0.2(0.1) 0.0(0.0)

Setting (III)

100 30 1.1(0.3) 0.5(0.2) 0.3(0.2) 0.2(0.1) 0.1(0.1) 0.1(0.1) 0.2(0.1) 0.0(0.0) 0.0(0.0)

100 60 0.2(0.1) 0.3(0.2) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

100 90 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

100 120 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

200 30 1.8(0.4) 1.8(0.4) 0.7(0.3) 0.7(0.3) 0.7(0.3) 0.7(0.3) 1.2(0.3) 0.3(0.2) 0.2(0.1)

200 60 1.2(0.3) 0.6(0.2) 0.9(0.3) 0.5(0.2) 0.4(0.2) 0.2(0.1) 0.4(0.2) 0.3(0.2) 0.0(0.0)

200 90 0.9(0.3) 0.6(0.2) 0.5(0.2) 0.3(0.2) 0.0(0.0) 0.0(0.0) 0.4(0.2) 0.0(0.0) 0.0(0.0)

200 120 0.4(0.2) 0.8(0.3) 0.5(0.2) 0.2(0.1) 0.1(0.1) 0.1(0.1) 0.1(0.1) 0.0(0.0) 0.0(0.0)

Next, we will compare the empirical power performance of CJS with the

proposed combination test procedure FC. The simulation settings are the same as

those outlined in Section 3 of the main text. Figure 5 illustrates the power curves

of these test procedures under different sparsity levels with (n, p) = (200, 60).

The curves indicate that under sparse alternatives, CJS performs better than FC
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Table 4: Empirical size performance of CJS in the case of εt = Azt.

(i) N(0, 1) (ii) Ga(4, 0.5) − 2 (iii) t(8)/
√

4/3

n p K = 1 K = 2 K = 3 K = 1 K = 2 K = 3 K = 1 K = 2 K = 3

Setting (I)

100 30 0.7(0.3) 0.4(0.2) 0.2(0.1) 0.8(0.3) 0.2(0.1) 0.1(0.1) 0.3(0.2) 0.2(0.1) 0.0(0.0)

100 60 0.6(0.2) 0.2(0.1) 0.1(0.1) 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.0(0.0)

100 90 0.5(0.2) 0.3(0.2) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.2(0.1) 0.1(0.1) 0.0(0.0)

100 120 0.2(0.1) 0.1(0.1) 0.0(0.0) 0.2(0.1) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.0(0.0)

200 30 1.8(0.4) 2.0(0.4) 0.6(0.2) 1.1(0.3) 0.5(0.2) 0.1(0.1) 1.1(0.3) 0.3(0.2) 0.2(0.1)

200 60 1.4(0.4) 0.7(0.3) 0.2(0.1) 0.5(0.2) 0.0(0.0) 0.0(0.0) 0.4(0.2) 0.2(0.1) 0.0(0.0)

200 90 0.9(0.3) 0.6(0.2) 0.0(0.0) 0.4(0.2) 0.0(0.0) 0.0(0.0) 0.3(0.2) 0.1(0.1) 0.0(0.0)

200 120 1.1(0.3) 0.3(0.2) 0.2(0.1) 0.4(0.2) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.1(0.1) 0.0(0.0)

Setting (II)

100 30 1.1(0.3) 0.6(0.2) 0.3(0.2) 0.3(0.2) 0.1(0.1) 0.0(0.0) 0.3(0.2) 0.3(0.2) 0.0(0.0)

100 60 0.6(0.2) 0.5(0.2) 0.3(0.2) 0.2(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.2(0.1) 0.0(0.0)

100 90 0.7(0.3) 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.1(0.1) 0.0(0.0) 0.0(0.0)

100 120 0.4(0.2) 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.1(0.1) 0.0(0.0)

200 30 2.6(0.5) 1.5(0.4) 1.0(0.3) 1.8(0.4) 0.4(0.2) 0.1(0.1) 1.2(0.3) 0.9(0.3) 0.2(0.1)

200 60 1.7(0.4) 0.8(0.3) 0.6(0.2) 0.7(0.3) 0.2(0.1) 0.0(0.0) 0.6(0.2) 0.3(0.2) 0.0(0.0)

200 90 1.8(0.4) 0.5(0.2) 0.0(0.0) 0.2(0.1) 0.1(0.1) 0.0(0.0) 0.1(0.1) 0.1(0.1) 0.1(0.1)

200 120 1.4(0.4) 0.4(0.2) 0.0(0.0) 0.7(0.3) 0.0(0.0) 0.1(0.1) 0.2(0.1) 0.0(0.0) 0.0(0.0)

Setting (III)

100 30 1.8(0.4) 0.3(0.2) 0.2(0.1) 0.9(0.3) 0.1(0.1) 0.2(0.1) 0.4(0.2) 0.1(0.1) 0.0(0.0)

100 60 0.7(0.3) 0.3(0.2) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.0(0.0) 0.4(0.2) 0.0(0.0) 0.0(0.0)

100 90 0.4(0.2) 0.0(0.0) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.2(0.1) 0.1(0.1) 0.0(0.0) 0.0(0.0)

100 120 0.3(0.2) 0.1(0.1) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.1(0.1) 0.0(0.0) 0.1(0.1) 0.0(0.0)

200 30 2.1(0.5) 0.8(0.3) 0.7(0.3) 1.0(0.3) 0.4(0.2) 0.2(0.1) 1.0(0.3) 0.2(0.1) 0.3(0.2)

200 60 2.7(0.5) 0.3(0.2) 0.4(0.2) 0.8(0.3) 0.2(0.1) 0.0(0.0) 0.5(0.2) 0.0(0.0) 0.0(0.0)

200 90 2.0(0.4) 0.4(0.2) 0.1(0.1) 0.4(0.2) 0.0(0.0) 0.0(0.0) 0.3(0.2) 0.0(0.0) 0.0(0.0)

200 120 1.1(0.3) 0.2(0.1) 0.0(0.0) 0.2(0.1) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)
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Figure 4: Power curves of our proposed MAX tests and Chang et al. (2017)’s test under distri-
bution (i) with m ∈ {1, 2, · · · , 10} and (n, p) = (200, 60).

in power comparison, whereas under dense alternatives, FC performs better than

CJS. These results inspire us to consider how to establish new combination tests

based on statistics similar to CJS in future work, which may significantly en-

hance the power of the combination tests.

S3. Technical proofs

S3.1 Proof of Theorem 1

First, we present some technical results for the proof of Theorem 1.
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Figure 5: Power curves of our proposed combination test and Chang et al. (2023)’s test under
distribution (i) with m ∈ {1, 2, · · · , 10} and (n, p) = (200, 60).

We restate Theorem 2 in Feng et al. (2024) as the following Proposition 1,

in which the following condition is imposed.

(CA1) Let Σ = {σij}1≤i,j≤p. For some % ∈ (0, 1), assume |σij| ≤ % for all

1 ≤ i < j ≤ p and p ≥ 2. Suppose {δp : p ≥ 1} and {κp : p ≥ 1} are

positive constants with δp = o(1/ log p) and κ = κp → 0 as p → ∞. For

1 ≤ i ≤ p, define Bp,i =
{

1 ≤ j ≤ p : |σij| ≥ δp
}

and Cp =
{

1 ≤ i ≤ p :

|Bp,i| ≥ pκ
}

. Assume that |Cp|/p→ 0 as p→∞.

Proposition 1. Suppose (Z1, · · · , Zp)> ∼ N (0,Σ) and Condition (CA1) holds.
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Then, we have max1≤i≤p Z
2
i − 2 log p + log log p converges to a Gumbel distri-

bution with cdf G(x) = exp(− 1√
π
e−x/2) as p→∞.

The following lemma is from the proof of Theorem 2 in Feng et al. (2024).

Lemma 1. Suppose (Z1, · · · , Zp)> ∼ N (0,Σ) and Condition (CA1) holds. For

any x ∈ R and any 1 ≤ t ≤ p, let

αt =
∑

P{|Zi1| > z, · · · , |Zit | > z}, z =
(
2 log p− log log p+ x

)1/2
,

where the sum runs over all i1 < · · · < it with i1 · · · , it ∈ Dp = {1, · · · , p}\Cp.

Then,

lim
p→∞

αt =
1

t!
π−t/2e−tx/2. (S3.1)

Lemma 2. (Bernstein’s inequality) Let X1, . . . , Xn be independent centered

random variables a.s. bounded byA <∞ in absolute value. Let σ2 = n−1
∑n

i=1 E (X2
i ) .

Then for all x > 0,

P

(
n∑
i=1

Xi ≥ x

)
≤ exp

(
− x2

2nσ2 + 2Ax/3

)
.

Define σ̂2
i = 1

n

∑n
t=1 ε

2
ti and σ2

i = var(εti).

Lemma 3. Suppose Condition (C2) holds. Then, under H0,
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(1) if (C1)-(i) holds, we have

P

(
max
1≤i≤p

∣∣σ̂2
i − σ2

i

∣∣ ≥ C
εn

log p

)
= O(p−1), (S3.2)

(2) if (C1)-(ii) holds,

P

(
max
1≤i≤p

∣∣σ̂2
i − σ2

i

∣∣ ≥ C
εn

log p

)
= O(n−ε/8), (S3.3)

as εn
.
= max

{
(log p)1/6/n1/2, (log p)−1

}
→ 0.

Proof. We first assume that (C1)-(i) holds. It suffices to show that, for any δ > 0,

P

{
max
1≤i≤p

∣∣∣∣∣ 1n
n∑
k=1

(
ε2
ki − Eε2

ki

)∣∣∣∣∣ ≥ C

√
log p

n

}
= O

(
p−δ
)
. (S3.4)

Define

ε̃ki
.
= εkiI

{
|εki| ≤ τ

√
log(p+ n)

}
,

where τ is sufficiently large. We have

∣∣Eε2
ki − Eε̃2

ki

∣∣ ≤ C
(
Eε4

kiE
[
I
{
|εki| ≥ τ

√
log(p+ n)

}])1/2

≤ C(n+ p)−τ
2η/2

{
Eε4

ki exp
(
2−1ηε2

ki

)}1/2

≤ C(n+ p)−τ
2η/2, (S3.5)
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where C does not depend on n and p. Thus, it follows that

P

{
max
1≤i≤p

∣∣∣∣∣ 1n
n∑
k=1

(
ε2
ki − Eε2

ki

)∣∣∣∣∣ ≥ C

√
log p

n

}

≤P

{
max
1≤i≤p

∣∣∣∣∣ 1n
n∑
k=1

(
ε̃2
ki − Eε̃2

ki

)∣∣∣∣∣ ≥ 2−1C

√
log p

n

)}

+ npP
{
|εki| ≥ τ

√
log(p+ n)

}
,

where

npP
{
|εki| ≥ τ

√
log(p+ n)

}
≤ np(n+ p)−τ

2ηE exp
(
ηε2

ki

)
= O

(
p−δ
)
.

Let t = η (8τ 2)
−1√

log p/n and Z̃ki = ε̃2
ki − Eε̃2

ki. Then, we have

P

{
1

n

n∑
k=1

(
ε̃2
ki − Eε̃2

ki

)
≥ C

√
log p

n

}

≤ exp
(
−Ct

√
n log p

) n∏
k=1

E exp
(
tZ̃ki

)
≤ exp

(
−Ct

√
n log p

) n∏
k=1

{
1 + Et2Z̃2

ki exp
(
t
∣∣∣Z̃ki∣∣∣)}

≤ exp

{
−Ct

√
n log p+

n∑
k=1

Et2Z̃2
ki exp

(
t
∣∣∣Z̃ki∣∣∣)}

≤ exp
{
−Cη

(
8τ 2
)−1

log p+ cτ,η log p
}
≤ Cp−δ,

where cτ,η is a positive constant depending only on τ and η. Similarly, we can
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show that

P

{
1

n

n∑
k=1

(
ε̃2
ki − Eε̃2

ki

)
≤ −C

√
log p

n

}
≤ Cp−δ,

which leads to (S3.4).

It remains to prove this lemma under (C2)-(ii). Define

ε̂2
ki = ε2

kiI
{∣∣ε2

ki

∣∣ ≤ n/(log p)8
}
.

Then, as in (S3.5), we can show that |Eε2
ki − Eε̂2

ki| ≤ Cn−γ0/4. It follows that

P

{
max
1≤i≤p

∣∣∣∣∣
n∑
k=1

(
ε2
ki − Eε2

ki

)∣∣∣∣∣ ≥ nεn
log p

}

≤P

{
max
1≤i≤p

∣∣∣∣∣
n∑
k=1

(
ε̂2
ki − Eε̂2

ki

)∣∣∣∣∣ ≥ 2−1 nεn
log p

}
+ P

{
max
i,k

∣∣ε2
ki

∣∣ ≥ n

(log p)8

}
≤Cp2 exp

{
−C(log p)4

}
+ Cn−ε/8,

where the last inequality follows from Lemma 2 and (C2)-(ii). Then, the proof

of this lemma is completed. �

Define Γ̃(k) = {ρ̃ij(k)}16i,j6p
.
= diag{Σ(0)}−1/2Σ̂(k) diag{Σ(0)}−1/2.

We have the following results for ρ̃ij(k).

Lemma 4. Under H0, we have
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(1) if (C1)-(i) holds, we have

P

{
max

(i,j,k)∈Λ
nρ̃2

ij(k) ≥ x2

}
≤ C|Λ|{1− Φ(x)}+O(p−2).

(2) if (C1)-(ii) holds, we have

P

{
max

(i,j,k)∈Λ
nρ̃2

ij(k) ≥ x2

}
≤ C|Λ|{1− Φ(x)}+O(n−ε/8)

uniformly for 0 ≤ x ≤
√

8 log p and Λ ⊂ {(i, j, k) : 1 ≤ i, j ≤ p, 1 ≤ k ≤

K}.

Proof. Rewrite

nρ̃2
ij(k) =

1

n

(
n−k∑
t=1

σ−1
i σ−1

j εtiεt+k,j

)2

=

(∑n−k
t=1 σ

−1
i σ−1

j εtiεt+k,j

)2

∑n−k
t=1 σ

−2
i σ−2

j ε2
tiε

2
t+k,j

× 1

n

n−k∑
t=1

σ−2
i σ−2

j ε2
tiε

2
t+k,j.

By the self-normalized large deviation theorem for independent random vari-

ables (Theorem 1 in Jing et al. (2003)), we can get

max
1≤i≤j≤p,1≤k≤K

P


(∑n−k

t=1 σ
−1
i σ−1

j εtiεt+k,j

)2

∑n−k
t=1 σ

−2
i σ−2

j ε2
tiε

2
t+k,j

≥ x2

 ≤ C{1− Φ(x)} (S3.6)

uniformly for 0 ≤ x ≤ (8 log p)1/2. By Lemma 3 in Cai et al. (2013), we have
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(1) if (C1)-(i) holds, we have

P

{∣∣∣∣∣ 1n
n−k∑
t=1

σ−2
i σ−2

j ε2
tiε

2
t+k,j − 1

∣∣∣∣∣ ≥ C
εn

log p

}
= O(p−δ), (S3.7)

(2) if (C1)-(ii) holds,

P

{∣∣∣∣∣ 1n
n−k∑
t=1

σ−2
i σ−2

j ε2
tiε

2
t+k,j − 1

∣∣∣∣∣ ≥ C
εn

log p

}
= O(n−ε/8), (S3.8)

for any δ > 0. Thus, together (S3.6), (S3.7) with (S3.8), we can complete the

proof of this lemma. �

Now, we are ready to present the proof of Theorem 1.

Proof of Theorem 1 Define T̃n
.
= max16k6K T̃n,k, where

T̃n,k
.
= max

16i,j6p
n1/2 |ρ̃ij(k)| .

Conditional on the event {max1≤i≤p |σ̂2
i − σ2

i | ≥ C εn
log p
}, we have

|T 2
n − T̃ 2

n | ≤ CT̃n
εn

log p
.

Thus, by Lemma 3, we only need to show that

P
{
T̃n − 2 log(Kp2) + log log(Kp2) 6 y

}
→ exp

{
−π−1/2 exp(−y/2)

}
.
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Restate that ρ̃ij(k) = 1
n

∑n−k
t=1 σ

−1
i σ−1

j εtiεt+k,j . Without loss of generality, we

assume that σi = 1 for all i. After some simply calculation, we have cov
{
n1/2ρ̃ij(k), n1/2ρ̃sw(l)

}
=

ρisρjwI(k = l). Thus, we rearrange {n1/2ρ̃ij(k)}1≤i,j≤p,1≤k≤K as {ν1, · · · , νN}

with N = Kp2. Let ν = (ν1, · · · , νN)>, then

cov(ν) = {aij}1≤i,j≤N
.
= diag{Γ(0)⊗ Γ(0), · · · ,Γ(0)⊗ Γ(0)}, (S3.9)

where ⊗ denotes the Kronecker product and diag{Γ(0) ⊗ Γ(0), · · · ,Γ(0) ⊗

Γ(0)} denotes the block diagonal matrix composed by Γ(0)⊗Γ(0), · · · ,Γ(0)⊗

Γ(0). For 1 ≤ i ≤ N , define BN,i =
{

1 ≤ j ≤ N : |aij| ≥ δp
}

and CN =
{
i :

|BN,i| ≥ pκ
}

. By the definition of aij , we have |CN | = |Cp|.

Define z = {2 log(N) − 2 log log(N) + y}1/2. By Lemma 4, if (C1)-(i)

holds, we have

P(|νi| ≥ z) ≤ C{1− Φ(z)}+O(p−2) ≤ C
1√
π

e−y/2

N
+O(p−2);

if (C1)-(ii) holds, we have

P(|νi| ≥ z) ≤ C{1− Φ(z)}+O(n−ε/8) ≤ C
1√
π

e−y/2

N
+O(n−ε/8).
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Thus, by Condition (C3),

P
(

max
i∈CN
|νi| > z

)
≤ |CN | · P(|νi| ≥ z)→ 0

as n, p → ∞. Set DN = {1 ≤ i ≤ N : |BN,i| < pκ} . By Condition (C3),

|DN | /N → 1 as N →∞. Obviously,

P
(

max
i∈DN

|νi| > z

)
≤ P

(
max

1≤i≤N
|νi| > z

)
≤ P

(
max
i∈DN

|νi| > z

)
+ P

(
max
i∈CN
|νi| > z

)
.

Therefore, to prove this theorem, it is enough to show

lim
N→∞

P
(

max
i∈DN

|νi| > z

)
= 1− exp

(
− 1√

π
e−x/2

)

as N →∞.

We redefine νs = n1/2ρ̃ij(k) = n−1/2
∑n−k

t=1 εtiεt+k,j = n−1/2
∑n−k

t=1 Zts.

Let Z̆ts = ZtsI(Zts ≤ τn) − E{ZtsI(Zts ≤ τn)}. Here, τn = η−18M log(p +

n), if (C1)-(i) holds, and τn =
√
n/(log p)8, if (C1)-(ii) holds. Define ν̆i =
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n−1/2
∑n−k

t=1 Z̆ts and q = |DN |. If (C1)-(i) holds, then

max
1≤k≤q

1√
n

n∑
l=1

E |Zlk| I
{
|Zlk| ≥ η−18M log(p+ n)

}
≤C
√
n max

1≤l≤n
max
1≤k≤q

E |Zlk| I
{
|Zlk| ≥ η−18M log(p+ n)

}
≤C
√
n(p+ n)−4 max

1≤l≤n
max
1≤k≤q

E |Zlk| exp {η |Zlk| / (2M)} ≤ C
√
n(p+ n)−4.

If (C1)-(ii) holds, then

max
1≤k≤q

1√
n

n∑
l=1

E |Zlk| I
{
|Zlk| ≥

√
n/(log p)8

}
≤C
√
n max

1≤l≤n
max
1≤k≤q

E |Zlk| I
{
|Zlk| ≥

√
n/(log p)8

}
≤ Cn−γ0−ε/8.

Thus, we have

P

{
max
1≤k≤q

|νk − ν̆k| ≥ (log p)−1

}
≤P

(
max
1≤k≤q

max
1≤l≤n

|Zlk| ≥ τn

)
≤nP

(
max

1≤i,j≤p
max

1≤s≤K
|εtiεt+s,j| ≥ τn

)
≤n max

1≤i,j≤p
max

1≤s≤K

{
P(|εti| ≥ τ 1/2

n ) + P(|εt+s,j| ≥ τ 1/2
n )

}
= O(p−1 + n−ε/8).
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Note that

∣∣∣∣max
1≤k≤q

ν2
k − max

1≤k≤q
ν̆2
k

∣∣∣∣ ≤ 2 max
1≤k≤q

|ν̆k| max
1≤k≤q

|νk − ν̆k|+ max
1≤k≤q

|νk − ν̆k|2 .

(S3.10)

Therefore, to prove this theorem, it is enough to show

lim
N→∞

P

(
max
i∈DN

|ν̆i| > z

)
= 1− exp

(
− 1√

π
e−x/2

)

as N →∞. Then, by Bonferroni inequality,

2k∑
t=1

(−1)t−1αt ≤ P
(

max
i∈DN

|ν̆i| > z

)
≤

2k+1∑
t=1

(−1)t−1αt

for any k ≥ 1, where

αt
.
=

∗∑
P (|ν̆i1| > z, · · · , |ν̆it | > z)

for 1 ≤ t ≤ N, and the sum runs over all i1 < · · · < it and i1, · · · , it ∈ DN .

First, we will prove that

lim
N→∞

αt =
1

t!
π−t/2e−ty/2 (S3.11)

for each t ≥ 1. All the assumptions in Theorem 1.1 of Zaitsev (1987) are satis-
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fied. Thus, we have

∗∑
P
{
|Zi1| > z + ζn(logN)−1/2, · · · , |Zit| > z + ζn(logN)−1/2

}
−

 |DN |

t

 c1t
5/2 exp

{
− n1/2ζn
c2t3(logN)1/2

}

≤
∗∑

P {|ν̆i1| > z, · · · , |ν̆it | > z}

≤
∗∑

P
{
|Zi1| > z − ζn(logN)−1/2, · · · , |Zit| > z − ζn(logN)−1/2

}
+

 |DN |

t

 c1t
5/2 exp

{
− n1/2ζn
c2t3(logN)1/2

}
,

where (Zi1 , · · · , Zit)> follows a multivariate normal distribution with mean zero

and the same covariance matrix with (ν̆i1 , · · · , ν̆it)>. By Lemma 1, we have

∗∑
P
{
|Zi1| > z + ζn(logN)−1/2, · · · , |Zit| > z + ζn(logN)−1/2

}
→ 1

t!
π−t/2e−ty/2,

∗∑
P
{
|Zi1 | > z − ζn(logN)−1/2, · · · , |Zit| > z − ζn(logN)−1/2

}
→ 1

t!
π−t/2e−ty/2,

with ζn → 0 and N →∞. Additionally,

 |DN |

t

 c1t
5/2 exp

{
− n1/2ζn
c2t3(logN)1/2

}
≤ C

 N

t

 t5/2 exp

{
− n1/2ζn
c2t3(logN)1/2

}
→ 0
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for ζn → 0 sufficiently slow. Thus, we have

∗∑
P (|ν̆i1 | > z, · · · , |ν̆it | > z)→ 1

t!
π−t/2e−ty/2.

Let N →∞, we have

2k∑
t=1

(−1)t−1 1

t!

(
1√
π
e−x/2

)t
≤ lim inf

N→∞
P

(
max
i∈DN

|ν̆i| > z

)
≤ lim sup

N→∞
P

(
max
i∈DN

|ν̆i| > z

)
≤

2k+1∑
t=1

(−1)t−1 1

t!

(
1√
π
e−x/2

)t

for each k ≥ 1.By letting k →∞ and using the Taylor expansion of the function

1− e−x, we obtain the result. �

S3.2 Proof of Theorem 2

Define (i0, j0, k0) = arg max1≤i<j≤p,1≤k≤K |ρij(k)|. Let γil = E(ε2
itε

2
i,t+l)− σ4

i .

By the condition of Theorem 2, the long-run variance γLi = limn→∞{γi0 +
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2
∑n

l=1(1− l/n)γil} is bounded. Hence,

E

(
1

n

n−k0∑
t=1

ε2
i0t

)
=σ2

i0
,

var

(
1

n

n−k0∑
t=1

ε2
i0t

)
=

1

n
{E(ε4

i0t
)− σ4

i0
}+

2

n2

∑
s<t

{E(ε2
i0t
ε2
i0s

)− σ4
i0
}

=
1

n
γi0 +

2

n

n−1∑
l=1

(1− l/n)γi0l → 0.

Thus, we have 1
n

∑n−k0
t=1 ε2

i0t

p→σ2
i0

. Similarly, we have

1
n

∑n−k0
t=1 ε2

j0t

p→σ2
j0

and 1
n

∑n−k0
t=1 εi0tεj0,t+k0

p→σi0j0(k0).

Thus, ρ̂i0j0(k0)
p→ ρi0j0(k0). As n, p→∞, we have

P

{
max

1≤k≤K
max

1≤i<j≤p
nρ̂2

ij(k)− 2 log(Kp2) + log log(Kp2) ≥ qα

}
≥P

{
nρ̂2

i0j0
(k0)− 2 log(Kp2) + log log(Kp2) ≥ qα

}
→P

{
nρ2

i0j0
(k0)− 2 log(Kp2) + log log(Kp2) ≥ qα

}
= 1

by the condition ρi0j0(k0) ≥ 3
√

log p/n >
√

2 log(Kp2)/n. �
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S3.3 Proof of Theorem 3

Define X = (ε>·1, · · · , ε>·p)> ∈ Rd, d = np and ε·i = (ε1i, · · · , εni)>. Consider

the Gaussian setting and a simple alternative set of parameters

F(ρ)
.
=

Ξ : Ξ = diag{In, · · · , In︸ ︷︷ ︸
k−1

,Σ(ρ), In, · · · , In}, 1 ≤ k ≤ p

 ,

where

Σ(ρ) =



1 ρ 0 · · · 0 0

ρ 1 ρ · · · 0 0

0 ρ 1 · · · 0 0

...
...

...
...

...

0 0 0 · · · 1 ρ

0 0 0 · · · ρ 1



.

Let µρ be the uniform measure on F(ρ) and ρ = c0(log d/n)1/2 for some

small enough constant c0 < 1. Let prΞ denote the probability measure of

Nd(0,Ξ) and prµρ =
∫

prΞdµρ(Ξ). Let pr0 denote the probability measure of

Nd (0, Id) . Note that, for any set A, we have

sup
Ξ∈F(ρ)

prΞ
(
AC
)
≥ prµρ

(
AC
)
, 1 = prµρ

(
AC
)

+ prµρ(A)
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and

prµρ(A) ≤ pr0(A) +
∣∣∣prµρ(A)− pr0(A)

∣∣∣ .
Letting A = {Tα = 1} , the above equations yield

inf
Tα∈Tα,Ξ∈F(ρ)

sup
prΞ

(Tα = 0) ≥1− α− sup
A:pr0(A)≤α

∣∣∣prµρ(A)− pr0(A)
∣∣∣

≥1− α− 1

2

∥∥∥prµρ − pr0

∥∥∥
TV

,

where ‖·‖TV denotes the total variation norm. SettingLµρ(y) = dprµρ(y)/dpr0(y),

and by Jensen’s inequality, we have

∥∥∥prµρ − pr0

∥∥∥
TV

=

∫ ∣∣Lµρ(y)− 1
∣∣ dpr0(y)

=Epr0

∣∣Lµρ(Y )− 1
∣∣ ≤ [Epr0

{
L2
µρ(Y )

}
− 1
]1/2

.

Therefore, as long as Epr0

{
L2
µρ(Y )

}
= 1 + o(1), we have

inf
Tα∈Tα,Ξ∈F(ρ)

sup
prΞ

(Tα = 0) ≥ 1− α− o(1) > 0.

We then prove that Epr0

{
L2
µρ(Y )

}
= 1 + o(1). By construction, we have

Lµρ =
1

p

∑
Ξ∈F(ρ)

[
1

|Ξ|1/2
exp

{
−1

2
ZT
i,· (Ω− Id)Zi,·

}]
,
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where Ω = Ξ−1 and {Zi,· : 1 ≤ i ≤ n} are independent and identically dis-

tributed as Nd (0, Id). We have

Epr0

{
L2
µρ(Y )

}
=

1

p2

∑
Ξ1,Ξ2∈F(ρ)

E

[
1

|Ξ1|1/2
1

|Ξ2|1/2
exp

{
−1

2
ZT
i,· (Ω1 + Ω2 − 2Id)Zi,·

}]
,

where Ωi = Ξ−1
i for i = 1, 2. We write

Epr0

{
L2
µρ(Y )

}
=
p− 1

p
E

[
1

|Ξ1|1/2
1

|Ξ2|1/2
exp

{
−1

2
ZT
i,· (Ω1 + Ω2 − 2Id)Zi,·

}]

+
1

p
E
[

1

|Ξ|
exp

{
−1

2
ZT
i,· (2Ω− 2Id)Zi,·

}]
.
=E1 + E2,

where E1 represents the set of (Ξ1,Ξ2) with Ξ1 6= Ξ2, and E2 represents the

set of (Ξ1,Ξ2) with Ξ1 = Ξ2. By standard argument in moment generating

functions of the Gaussian quadratic form, we have

E
{

exp

(
−1

2
W>AW

)}
= [{1 + λ1(A)} · · · {1 + λq(A)}]−1/2

={det(Iq + A)}−1/2

if W ∼ N (0, Iq) and A ∈ Rq×q. Without loss of generality, define Ξ1 =

diag{Σ(ρ), In, · · · , In} and Ξ2 = diag{In,Σ(ρ), In, · · · , In}. Thus, |Ξ1| =
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|Ξ2| = |Σ(ρ)|. Additionally, define Ω1 = diag{Σ(ρ)−1, In, · · · , In} and Ω2 =

diag{In,Σ(ρ)−1, In, · · · , In}.

E

[
1

|Ξ1|1/2
1

|Ξ2|1/2
exp

{
−1

2
ZT
i,· (Ω1 + Ω2 − 2Id)Zi,·

}]

=E

(
1

|Ξ1|1/2
1

|Ξ2|1/2
exp

[
−1

2
ZT

1,·
{
Σ(ρ)−1 − In

}
Z1,· −

1

2
ZT

2,·
{
Σ(ρ)−1 − In

}
Z2,·

])

=
1

|Σ(ρ)|
|Σ(ρ)−1 − In + In|−1/2|Σ(ρ)−1 − In + In|−1/2 = 1.

Thus,

E1 =
p− 1

p
= 1 + o(1) (S3.12)

as p→∞. Similarly,

1

p
E
[

1

|Ξ|
exp

{
−1

2
ZT
i,· (2Ω− 2Id)Zi,·

}]
=

1

p

1

|Σ(ρ)|
E
[
exp

{
−1

2
ZT

1,·
(
2Σ(ρ)−1 − 2In

)
Z1,·

}]
=

1

p

1

|Σ(ρ)|
|2Σ(ρ)−1 − In|−1/2.
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By (10.1) in Daniels (1956), we have |Σ(ρ)| = (1− ρ2)n−1. Define

A =



0 1 0 · · · 0 0

1 0 1 · · · 0 0

0 1 0 · · · 0 0

...
...

...
...

...

0 0 0 · · · 0 1

0 0 0 · · · 1 0



.

Then, Σ(ρ) = In + ρA. By the Taylor expansion, we have (In + ρA)−1 =∑∞
k=0(−ρ)kAk and

2Σ(ρ)−1 − In =2(In + ρA)−1 − In = 2(In − ρA + ρ2A2 − ρ3A3 + · · · )− In

=In − 2ρA + 2ρ2A2

∞∑
k=0

(−ρ)kAk

=In − 2ρA + 2ρ2A2(In + ρA)−1.

Because ρ2A2(In + ρA)−1 is positive definite, we have

|2Σ(ρ)−1 − In| ≥ |In − 2ρA| = (1− 4ρ2)n−1.
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Thus,

E2 ≤ p−1(1− ρ2)−n+1(1− 4ρ2)−(n−1)/2 = p−1 exp(3c2
0 log p){1 + o(1)} → 0

(S3.13)

if ρ = c0(log p/n)1/2 and c2
0 < 1/3. Combining (S3.12) and (S3.13), we

have Epr0

{
L2
µρ(Y )

}
= 1 + o(1). Lastly, we can easily show that for ρ =

c0(log p/n)1/2,

[
F (ε) : corF{(ε>·1, · · · , ε>·p)>} ∈ F(ρ), F (ε) is Gaussian

]
⊂ [F (ε) : R{F (ε)} ∈ U(c)] ,

where ε = {ε1, · · · , εn} andR{F (ε)} =
{

corF (εt+1, εt), · · · , corF (εt+K , εt)
}

.

Thus,

inf
Tα∈Tα

sup
R{F (ε)}∈U(c)

prΞ (Tα = 0) ≥ inf
Tα∈Tα

sup
Ξ∈F(ρ)

prΞ (Tα = 0) ≥ 1−α−o(1) > 0.

This completes the proof. �

S3.4 Proof of Theorem 4

Firstly, we restate Lemma 2.1 in Srivastava (2009) on the quadratic forms.

Lemma 5. Under Condition (C4), for anym×m symmetric matrixA = {aij}1≤i,j≤m
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and B = {bij}1≤i,j≤m of constants, we have

E{(zTt Azt)2} =∆
m∑
i=1

a2
ii + 2tr(A2) + {tr(A)}2,

var(zTt Azt) =∆

p∑
i=1

a2
ii + 2tr(A2),

E{(zTt Azt)(zTt Bzt)} =∆
m∑
i=1

aiibii + 2tr(AB) + tr(A)tr(B),

where ∆ = E(z4
it)− 3.

Now, we are ready to present the proof of Theorem 4.

Proof. Let

TSUM =
K∑
l=1

2

n(n− 1)

∑∑
t<s

ε>t εsε
>
t+lεs+l

.
=

K∑
l=1

Tl.

We will show that for each l ∈ {1, · · · , K},

Tl√
2

n(n−1)
tr2(Σ2)

d→N (0, 1). (S3.14)

Define Vnj = n−1(n − 1)−1
∑j−1

i=l+1 ε
>
i−lεj−lε

T
i εj , j ∈ {l + 2, · · · , n} and

Wnk =
∑k

i=l+2 Vni, k ∈ {l + 2, · · · , n}. Let Fi
.
= σ{ε1, · · · , εi} be the σ-field

generated by {εj}j≤i. It is easy to show that E(Vni|Fi−1) = 0 and it follows that

{Wnk,Fk : l + 2 ≤ k ≤ n} is a zero mean martingale. Let vni = E(V 2
ni|Fi−1),
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l + 2 ≤ i ≤ n and Vn =
∑n

i=l+2 vni. The central limit theorem (Hall and Hyde,

1980) will hold if we can show

Vn
var(Wnn)

p→ 1, (S3.15)

and for any ε > 0,

n∑
i=l+2

n2tr−2(Σ2)E
[
V 2
niI
{
|Vni| > ε

√
n−2tr2(Σ2)

}
|Fi−1

]
p→ 0. (S3.16)

It can be shown that

vni

=
1

n2(n− 1)2

{
i−1∑
j=l+1

(ε>i−lεj−l)
2εTj Σεj + 2

∑
l+1≤j<k<i

ε>i−lεj−lε
>
i−lεk−lε

T
j Σεk

}
.

Then,

Vn
var(Wnn)

=
2

n(n− 1)tr2(Σ2)

{ n∑
i=l+2

i−1∑
j=l+1

(ε>i−lεj−l)
2εTj Σεj

+ 2
n∑

i=l+2

∑
l+1≤j<k≤i

ε>i−lεj−lε
>
i−lεk−lε

T
j Σεk

}
.
=Cn1 + Cn2.
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Simple algebras lead to

E(Cn1) =
(n− l)(n− l − 1)

n(n− 1)
,

var(Cn1) =
4

n2(n− 1)2tr4(Σ2)
E

[
n∑

i=l+2

n−1∑
j=l+1

{
(ε>i−lεj−l)

4(εTj Σεj)
2 − tr4(Σ2)

}]
.

By Lemma 5, we have E
{

(εTj Σεj)
2 − tr2(Σ2)

}
= O{tr(Σ4)}. Next, we will

show that E
{

(ε>i−lεj−l)
4 − tr2(Σ2)

}
= O{tr(Σ4)}. Define Σ1/2ΣΣ1/2 .

=

{ωkl}1≤k,l≤p.

E{(ε>i εs)4} = E
{

(zTi Σzs)
4
}

= E


(

m∑
k,l=1

σklzikzjl

)4


=
m∑

k,l=1

σ4
klE(z4

ik)E(z4
jl) +

m∑
k 6=l

m∑
s6=t

σ2
klσ

2
stE(z2

ik)E(z2
is)E(z2

jl)E(z2
jt)

+ 2
m∑
k=1

m∑
s 6=t

σ2
ksσ

2
ktE(z4

ik)E(z2
jsz

2
jt) +

m∑
k 6=l

m∑
s 6=t

σklσktσstσslE(z2
ik)E(z2

jl)E(z2
is)E(z2

jt).
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Note that tr2(Σ2) = (
∑

s,t σ
2
st)

2 =
∑

k,l,s,t σ
2
stσ

2
kl and

m∑
k,l=1

σ4
kl ≤

(∑
k,l

σ2
kl

)2

,

m∑
k=1

m∑
s 6=t

σ2
ksσ

2
kt ≤

(∑
k,l

σ2
kl

)2

,

m∑
k 6=l

m∑
s 6=t

σ2
klσ

2
st ≤

∑
k,l,s,t

σ2
stσ

2
kl,

m∑
k 6=l

m∑
s 6=t

σklσktσstσsl ≤
∑
k 6=l

ω2
kl ≤

∑
k,l

ω2
kl = tr(Σ4).

Thus, we have

E{(ε>i εs)4} − tr2(Σ2) = O{tr(Σ4)}. (S3.17)

Hence, var(Cn1) → 0 due to tr(Σ4) = o{tr2(Σ2)}. Then, Cn1
p→ 1. Similarly,

E(Cn2) = 0 and

var(Cn2) = O(n−2)
tr2(Σ4)

tr4(Σ2)
→ 0,

which implies Cn2
p→ 0. Thus, (S3.15) holds.

It remains to show (S3.16). Since

E
[
V 2
niI
{
|Vni| > ε

√
n−2tr2(Σ2)

}
|Fi−1

]
≤ E(V 4

ni|Fi−1)/{ε2n−2tr2(Σ2)},
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we only need to show that

n∑
i=l+2

E(V 4
ni) = o{n−4tr4(Σ2)}.

Note that

n∑
i=l+2

E(V 4
ni) = O(n−4)

n∑
i=l+2

E


(

i−1∑
j=l+1

ε>i−lεj−lε
T
i εj

)4
 ,

which can be decomposed as 3Q+ P with

Q = O(n−8)
n∑

i=l+2

i−1∑
s 6=t

E
(
εTi−lεs−lε

T
s−lεi−lε

T
i−lεt−lε

T
t−lεi−lε

T
i εsε

T
s εiε

T
i εtε

T
t εi
)
,

P = O(n−8)
n∑

i=l+2

i−1∑
s=1

E
{

(ε>i−lεj−l)
4(εTi εs)

4
}
.

Note thatQ = O(n−4)E2{(εTi εi)2} = o{n−4tr4(Σ2)} by Lemma 5. By (S3.17),

we have P = O{n−4tr2(Σ4)} = o{n−4tr4(Σ2)}. And then (S3.16) follows

immediately. This completes the proof of (S3.14). Finally, after some simple

algebras, we have E(TlTk) = 0 if l 6= k. Thus, we have

∑K
l=1 Tl√

2K
n(n−1)

tr2(Σ2)

d→N (0, 1). (S3.18)

Here, we complete the proof. �
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S3.5 Proof of Proposition 1

Proof. Under H0, due to Proposition A.2 in Chen et al. (2010) and the condition

tr(Σ4) = o(tr2(Σ2)), we have

E{t̂r(Σ2)} =tr(Σ2),

var{t̂r(Σ2)} =4n−2 tr2
(
Σ2
)

+ 8n−1 tr
(
Σ4
)

+ 4∆n−1 tr
(
Σ2 ◦Σ2

)
+O

{
n−3 tr2

(
Σ2
)

+ n−2 tr
(
Σ4
)}

= o{tr2(Σ2)},

where A ◦B = {aijbij} for two matrix A = {aij} and B = {bij} . Hence, we

complete the proof of this proposition. �

S3.6 Proof of Theorem 5

Proof. Recall that εt = A0zt + A1zt−1 and K = 1. Actually,

G1 =
1

n(n− 1)

T∑
s 6=t

(A0zs + A1zs−1)> (A0zt + A1zt−1)

(A0zt−1 + A1zt−2)> (A0zs−1 + A1zs−2)

=G(I) +G(II) +G(III),
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where

G(I)

.
=

1

n(n− 1)

T∑
s 6=t

(
z>s A>0 A0ztz

>
t−1A

>
0 A0zs−1 + z>s−1A

>
1 A1zt−1z

>
t−2A

>
1 A1zs−2

+z>s A>0 A0ztz
>
t−2A

>
1 A1zs−2 + z>s−1A

>
1 A1zt−1z

>
t−1A

>
0 A0zs−1

)
G(II)

.
=

1

n(n− 1)

T∑
s 6=t

(
z>s A>0 A1zt−1z

>
t−1A

>
0 A0zs−1 + z>s−1A

>
1 A0ztz

>
t−1A

>
0 A0zs−1

+ z>s−1A
>
1 A1zt−1z

>
t−1A

>
0 A1zs−2 + z>s−1A

>
1 A1zt−1z

>
t−2A

>
1 A0zs−1

+ z>s A>0 A0ztz
>
t−2A

>
1 A0zs−1 + z>s A>0 A0ztz

>
t−1A

>
0 A1zs−2

+z>s A>0 A1zt−1z
>
t−2A

>
1 A1zs−2 + z>s−1A

>
1 A0ztz

>
t−2A

>
1 A1zs−2

)
G(III)

.
=

1

n(n− 1)

T∑
s 6=t

(
z>s A>0 A1zt−1z

>
t−1A

>
0 A1zs−2 + z>s−1A

>
1 A0ztz

>
t−2A

>
1 A0zs−1

+z>s A>0 A1zt−1z
>
t−2A

>
1 A0zs−1 + z>s−1A

>
1 A0ztz

>
t−1A

>
0 A1zs−2

)
.

After some tedious algebra, we have

E{G(I)} = tr(Σ̃0Σ̃1), E{G(II)} = 0, E{G(III)} =
2

n
tr2(Σ̃01)



FENG LONG, BINGHUI LIU AND YANYUAN MA

and

var{G(I)} =
2

n2
tr2(Σ̃2

0 + Σ̃2
1) +

6

n2
tr2(Σ̃0Σ̃1)

+
4

n

[
2 tr

(
Σ̃0Σ̃1

)2

+ (ν4 − 3) tr
{
D2
(
Σ̃0Σ̃1

)}]
+ rn,

var{G(II)} =
8

n2
tr(Σ̃01Σ̃

>
01)tr(Σ̃2

0 + Σ̃2
1) +

16

n2
tr(Σ̃01Σ̃1)tr(Σ̃01Σ̃0)

+
16

n2
tr(Σ̃0 + Σ̃1)

{
tr(Σ̃>01Σ̃01Σ̃0) + tr(Σ̃01Σ̃

>
01Σ̃1)

}
+

16

n2
tr(Σ̃01)

{
tr
(
Σ̃2

0Σ̃
>
01

)
+ tr

(
Σ̃2

1Σ̃01

)
+ 2 tr

(
Σ̃1Σ̃01Σ̃0

)}
+

4

n
tr
(
Σ̃>01Σ̃01Σ̃

2
0 + Σ̃01Σ̃

>
01Σ̃

2
1 + 2Σ̃>01Σ̃1Σ̃01Σ̃0

)
+ rn,

var{G(III)} =
4

n
tr
(
Σ̃01Σ̃

>
01Σ̃

>
01Σ̃01

)
+

12

n2
tr2
(
Σ̃01Σ̃

>
01

)
+

16

n2
tr
(
Σ̃01

)
tr
(
Σ̃01Σ̃

>
01Σ̃

>
01

)
+ rn,

cov{G(I), G(III)} =
4

n2
tr2
(
Σ̃0Σ̃01

)
+

4

n2
tr2
(
Σ̃1Σ̃01

)
+ rn,

cov{G(I), G(II)} =rn, cov{G(II), G(III)} = rn.
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Similar to the proof of (S3.14), we can show that each element of G(I), G(II)

and G(III) is asymptotically normal distributed. Thus, we have

TSUM − µ1

σS1

d→N (0, 1).

�

S3.7 Proof of Theorem 6

First, we present some technical results for the proof of Theorem 6.

The following is a well-known formula for conditional distributions of mul-

tivariate normal distributions; see, for example, p.12 from Muirhead (1982).

Lemma 6. Let X ∼ N (µ,Σ) with Σ being invertible. Partition X,µ and Σ as

X =

X1

X2

 , µ =

µ1

µ2

 , Σ =

Σ11 Σ12

Σ21 Σ22

 ,

where X2 ∼ N (µ2,Σ22). Set Σ22·1 = Σ22−Σ21Σ
−1
11 Σ12. Then X2−Σ21Σ

−1
11 X1 ∼

Nk(µ2 −Σ21Σ
−1
11 µ1,Σ22·1) and is independent of X1.

Lemma 7. For any x ∈ R and y ∈ R, define Ap = {TSUM

σS
≤ x} and lp =

(2 logN − log logN + y)1/2 and Bi = {|Zi| > lp}. Then, for each fixed integer
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h,

∑
1≤i1<···<ih≤N

∣∣P(ApBi1 · · ·Bih)− P(Ap) · P(Bi1 · · ·Bih)
∣∣→ 0

as p→∞.

Proof. The argument is divided into two steps.

Step 1: appealing independence from normal distributions.

Note that (εt1, · · · , εtp)> ∼ N (0,Σ). Take Xt1 = (εt1, · · · , εtd)> and Xt2 =

(εt,d+1, · · · , εtp)>. First, we assume that Bi1 , · · · , Bih only dependent on Xt1

with d ≤ 2h. Recall the notation in Lemma 6. Write Xt2 = Ut + Vt,

where Ut = Xt2 − Σ21Σ
−1
11 Xt1 ∼ N (0,Σ22·1) and Vt = Σ21Σ

−1
11 Xt1 ∼

N (0,Σ21Σ
−1
11 Σ12). By Lemma 6,

Ut and {εt1, · · · , εtd} are independent. (S3.19)
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Write

TSUM

=
1

n(n− 1)

K∑
l=1

∑∑
t6=s

ε>t εsε
>
t+lεs+l

=
1

n(n− 1)

K∑
l=1

∑∑
t6=s

(X>t1Xs1 +X>t2Xs2)(X>t+l,1Xs+l,1 +X>t+l,2Xs+l,2)

=
1

n(n− 1)

K∑
l=1

∑∑
t6=s

(U>t Us + U>t Vs + UsVt + VtVs +X>t1Xs1)

× (U>t+lUs+l + U>t+lVs+l + Us+lVt+l + Vt+lVs+l +X>t+l,1Xs+l,1)

=
1

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t UsU
>
t+lUs+l +

2

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t UsU
>
t+lVs+l

+
2

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t UsV
>
t+lVs+l +

2

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t UsX
>
t+l,1Xs+l,1

+
2

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t VsU
>
t+lUs+l +

4

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t VsU
>
t+lVs+l

+
2

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t VsV
>
t+lVs+l +

2

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t VsX
>
t+l,1Xs+l,1

+
2

n(n− 1)

K∑
l=1

∑∑
t6=s

X>t1Xs1U
>
t+lUs+l +

4

n(n− 1)

K∑
l=1

∑∑
t6=s

X>t1Xs1U
>
t+lVs+l

+
2

n(n− 1)

K∑
l=1

∑∑
t6=s

X>t1Xs1V
>
t+lVs+l +

2

n(n− 1)

K∑
l=1

∑∑
t6=s

X>t1Xs1X
>
t+l,1Xs+l,1

.
=

1

n(n− 1)

K∑
l=1

∑∑
t6=s

U>t UsU
>
t+lUs+l +

11∑
q=1

Θq

.
=Sp +Rp.
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Next, we will show that, for any d ≥ 1 and ι > 0, there exists t = tp > 0 with

limN→∞ tp =∞ and integer p0 ≥ 1 such that

P(|Θq| ≥ ισS) ≤ 1

pt
(S3.20)

as p ≥ p0. Here we only consider Θ1. The proof of the other parts are similar to

Θ1.

By the decomposition, we know that {Vt}nt=1 is independent of {Ut}nt=1.

Thus, conditional on {Ut}nt=1, Θ1 has the normal distribution. Hence, we have

P(|Θ1| ≥ ισS) ≤
K∑
l=1

P

(∣∣∣∣∣ 2

n(n− 1)

∑∑
t6=s

U>t UsU
>
t+lVs+l

∣∣∣∣∣ ≥ ισS/K

)

=
K∑
l=1

E

(
E

[
I

{∣∣∣∣∣ 2

n(n− 1)

∑∑
t6=s

U>t UsU
>
t+lVs+l

∣∣∣∣∣ ≥ ισS/K

}
|{Ut}nt=1

])

= 2
K∑
l=1

E
{

1− Φ

(
ισS
Kσ̃l

)}
'

K∑
l=1

E
{

2√
2πK−1ισ̃−1

l σS
e−(K−1ισ̃−1

l σS)2/2

}
,

where

σ̃2
l =

4

n2(n− 1)2

∑
t,m 6=s

U>t UsU
>
t+lΣ21Σ

−1
11 Σ12Um+lU

>
mUs.

Here, an ' bn denotes that an/bn → 1. Similar to the proof of Proposition 1, we
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have

σ̃2
l

4
n(n−1)

tr(Σ2
22·1)tr(Σ22·1 ·Σ21Σ

−1
11 Σ12)

p→ 1.

Thus,

K−1ισ̃−1
l σS

p→ ι

K

tr(Σ2)

tr1/2(Σ2
22·1)tr1/2(Σ22·1 ·Σ21Σ

−1
11 Σ12)

and

tr
{
Σ22·1 ·

(
Σ21Σ

−1
11 Σ12

)}
≤ λmax (Σ22·1) · tr

(
Σ21Σ

−1
11 Σ12

)
≤λmax(Σ) · tr

(
Σ21Σ

−1
11 Σ12

)
≤ λmax(Σ)λmax

(
Σ−1

11

)
· tr (Σ12Σ21)

=λmax(Σ)
1

λmin (Σ11)
· tr (Σ12Σ21) ≤ dMpλmax(Σ).

In fact, in the above, we use the assertion λmin (Σ11) is bounded by Condition

(C2) and the fact that

tr (Σ12Σ21) =
d∑
i=1

p∑
j=d+1

σ2
ij ≤ dMp.

Additionally, Σ22 = Σ22·1 +Σ21Σ
−1
11 Σ12 and all three matrices are non-negative
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definite. Hence, we have tr(Σ2) ≥ tr(Σ2
22·1). Thus,

ι

K

tr(Σ2)

tr1/2(Σ2
22·1)tr1/2(Σ22·1 ·Σ21Σ

−1
11 Σ12)

≥ ι

K

tr1/2(Σ2)√
dMpλmax(Σ)

.

Then,

K∑
l=1

E
{

2√
2πK−1ισ̃−1

l σS
e−(K−1ισ̃−1

l σS)2/2

}
≤K 1√

2π

2
ι
K

tr1/2(Σ2)√
dMpλmax(Σ)

exp

{
− ι2

K2

tr(Σ2)

dMpλmax(Σ)

}
≤ p−tp

by Condition (C6) with tp = ι2

2K2 (log p)γ−1. Note that tr(Σ2
11) ≤ Cd is bounded.

Similarly, it can be proved that for the other parts Θ2, · · · ,Θ11,

P(|Θ2| ≥ ισS)

≤K 1√
2π

2
ι
K

tr(Σ2)

tr1/2(Σ2
22·1)tr1/2{(Σ21Σ

−1
11 Σ12)2}

exp

[
− ι2

K2

tr2(Σ2)

tr(Σ2
22·1)tr

{
(Σ21Σ

−1
11 Σ12)2

}]

≤K 1√
2π

2
ι
K

tr1/2(Σ2)
dMp

exp

{
− ι2

K2

tr(Σ2)

d2M2
p

}
≤ p−tp ,
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P(|Θ3| ≥ ισS)

≤K 1√
2π

2
ι
K

tr(Σ2)

tr1/2(Σ2
22·1)tr1/2(Σ2

11)

exp

{
− ι2

K2

tr2(Σ2)

tr(Σ2
22·1)tr(Σ2

11)

}

≤K 1√
2π

2
ι
K

tr1/2(Σ2)

C
1/2
d

exp

{
− ι2

K2

tr(Σ2)

Cd

}
≤ p−tp ,

P(|Θ4| ≥ ισS) ' P(|Θ1| ≥ ισS), P(|Θ5| ≥ ισS) ' P(|Θ2| ≥ ισS),

P(|Θ6| ≥ ισS)

≤K 1√
2π

2
ι
K

tr(Σ2)

tr1/2(Σ22·1Σ21Σ
−1
11 Σ12)tr1/2{(Σ21Σ

−1
11 Σ12)2}

× exp

[
− ι2

K2

tr2(Σ2)

tr(Σ22·1Σ21Σ
−1
11 Σ12)tr

{
(Σ21Σ

−1
11 Σ12)2

}]

≤K 1√
2π

2
ι
K

tr(Σ2){
d3/2K

3/2
p λmax(Σ)

}1/2

exp

{
− ι2

K2

tr2(Σ2)

d3M3
pλmax(Σ)

}
≤ p−tp ,

P(|Θ7| ≥ ισS)

≤K 1√
2π

2
ι
K

tr(Σ2)

tr1/2(Σ22·1Σ21Σ
−1
11 Σ12)tr1/2(Σ2

11)

exp

{
− ι2

K2

tr2(Σ2)

tr(Σ22·1Σ21Σ
−1
11 Σ12)tr(Σ2

11)

}

≤K 1√
2π

2
ι
K

tr(Σ2)

{CddMpλmax(Σ)}1/2
exp

{
− ι2

K2

tr2(Σ2)

CddMpλmax(Σ)

}
≤ p−tp ,
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P(|Θ8| ≥ ισS) ' P(|Θ3| ≥ ισS), P(|Θ9| ≥ ισS) ' P(|Θ7| ≥ ισS),

P(|Θ10| ≥ ισS)

≤K 1√
2π

2
ι
K

tr(Σ2)

tr1/2{(Σ21Σ
−1
11 Σ12)2}tr1/2(Σ2

11)

exp

[
− ι2

K2

tr2(Σ2)

tr
{

(Σ21Σ
−1
11 Σ12)2

}
tr(Σ2

11)

]

≤K 1√
2π

2
ι
K

tr(Σ2)

C
1/2
d dMp

exp

{
− ι2

K2

tr2(Σ2)

Cdd2M2
p

}
≤ p−tp ,

P(|Θ11| ≥ ισS) ≤K 1√
2π

2
ι
K

tr(Σ2)

tr(Σ2
11)

exp

{
− ι

K

tr2(Σ2)

tr2(Σ2
11)

}

≤K 1√
2π

2
ι
K

tr(Σ2)

C
1/2
d

exp

{
− ι2

K2

tr2(Σ2)

Cd

}
≤ p−tp .

Thus, we have

P(|Rp| ≥ ισS) ≤ 1

ptp
. (S3.21)

Now, for clarity, we will revise the definition of Ap as follows

Ap(x) =
{TSUM

σS
≤ x

}
, x ∈ R,
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for p ≥ 1. Due to the fact that TSUM = Sp +Rp, we see that

P{Ap(x)Bi1 · · ·Bih} ≤ P
{
Ap(x)Bi1 · · ·Bih ,

|Rp|
σS

< ι
}

+
1

pt

≤ P
(Sp
σS
≤ x+ ι, Bi1 · · ·Bih

)
+

1

pt

= P
(Sp
σS
≤ x+ ι

)
· P
(
Bi1 · · ·Bih

)
+

1

pt

by the independence appeared in (S3.19). Hence,

P
(Sp
σS
≤ x+ ι

)
≤ P

(Sp
σS
≤ x+ ι,

|Rp|
σS

< ι
)

+
1

pt

≤ P
{ 1

σS
(Sp +Rp) ≤ x+ 2ι

}
+

1

pt
≤ P

{
Ap(x+ 2ι)

}
+

1

pt
.

Combine the two inequalities to get

P{Ap(x)Bi1 · · ·Bih} ≤ P
{
Ap(x+ 2ι)

}
· P
(
Bi1 · · ·Bih

)
+

2

pt
. (S3.22)

Similarly,

P
(Sp
σS
≤ x− ι, Bi1 · · ·Bih

)
≤ P

(Sp
σS
≤ x− ι, Bi1 · · ·Bih ,

|Rp|
σS

< ι
)

+
1

pt
≤ P

(Sp
σS
≤ x, Bi1 · · ·Bih

)
+

1

pt
.
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By the independence from (S3.19),

P{Ap(x)Bi1 · · ·Bih} ≥ P
(Sp
σS
≤ x− ι

)
· P(Bi1 · · ·Bih)− 1

pt
.

Furthermore,

P
(TSUM

σS
≤ x−2ι

)
≤ P

(TSUM

σS
≤ x−2ι,

|Rp|
σS

< ι
)

+
1

pt
≤ P

(Sp
σS
≤ x−ι

)
+

1

pt
,

where the fact TSUM = Sp + Rp is used again. Combining the above two in-

equalities, we get

P{Ap(x)Bi1 · · ·Bih} ≥ P{Ap(x− 2ι)} · P(Bi1 · · ·Bih)− 2

pt
.

This together with (S3.22) concludes

|P{Ap(x)Bi1 · · ·Bih} − P{Ap(x)} · P(Bi1 · · ·Bih)| ≤ ∆p,ι · P(Bi1 · · ·Bih) +
2

pt

(S3.23)

as p ≥ p0, where

∆p,ι
.
= |P{Ap(x)} − P{Ap(x+ 2ι)}|+ |P{Ap(x)} − P{Ap(x− 2ι)}|

= P{Ap(x+ 2ι)} − P{Ap(x− 2ι)}
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since P{Ap(x)} is increasing in x ∈ R. An important observation is that the

derivation of (S3.20) is based on three key facts: inequality (S3.20), the iden-

tity TSUM = Sp + Rp and the fact Ut and {εt1, · · · , εtd} are independent from

(S3.19).

Thus, the three corresponding key facts aforementioned also hold for the

quantities related to Λ = {i1, · · · , ih}. Therefore, similar to the derivation of

(S3.23), we have

∣∣P{Ap(x)Bi1 · · ·Bih} − P{Ap(x)} · P(Bi1 · · ·Bih)
∣∣

≤ ∆p,ι · P(Bi1 · · ·Bih) +
2

pt

as p ≥ p0. As a result,

ζ(N, h)
.
=

∑
1≤i1<···<ih≤N

∣∣P{Ap(x)Bi1 · · ·Bih} − P{Ap(x)} · P(Bi1 · · ·Bih)
∣∣

≤
∑

1≤i1<···<ih≤N

{
∆p,ι · P(Bi1 · · ·Bih) +

2

pt

}
≤∆p,ι ·H(h,N) +

(
N

2h

)
· 2

pt
, (S3.24)

where

H(h,N)
.
=

∑
1≤i1<···<ih≤N

P(Bi1 · · ·Bih).
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In the following, we will show limι↓0 lim supp→∞∆p,ι = 0 and lim supp→∞H(h,N) <

∞ for each d ≥ 1. Assuming these are true, by using
(
N
2h

)
≤ p4h and (S3.24), for

fixed h ≥ 1, sending p→∞ first, then sending ι ↓ 0, we get limp→∞ ζ(N, h) =

0 for each d ≥ 1. The proof is then completed.

Step 2: the proofs of “ limι↓0 lim supp→∞∆p,ι = 0” and “ lim supp→∞H(h,N) <

∞ for each h ≥ 1”.

Under Condition (C5), Theorem 4 holds and we have

TSUM

σS
→ N (0, 1) weakly (S3.25)

as p→∞ and hence

∆p,ι → Φ(x+ 2ι)− Φ(x− 2ι) (S3.26)

as p→∞, where Φ(x) = 1√
2π

∫ x
−∞ e

−t2/2 dt. This implies that

lim
ι↓0

lim sup
p→∞

∆p,ι = 0.

Second, under the normality assumption, by Conditions (C2) and (C3), The-

orem 1 holds. Hence, by identifying “H(t, p)” here as “αt” in (S3.11) for each
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t ≥ 1, we obtain

lim
p→∞

H(h,N) =
1

h!
π−h/2e−hx/2 (S3.27)

for each d ≥ 1. The proof is finished. �

Now, we are ready to present the proof of Theorem 6.

Proof. By Conditions (C2), (C3) and (C5), Theorems 1 and 4 hold. By Theorem

4,

P
(TSUM

σS
≤ x

)
= Φ(x) (S3.28)

as p → ∞ for any x ∈ R, where σS = {2Kn−2tr2(Σ2)}1/2 and Φ(x) =

1√
2π

∫ x
−∞ e

−t2/2 dt. Define N = Kp2 and Zi+(j−1)p+(k−1)p2 = n1/2ρ̃ij(k), i, j =

1, · · · , p, k = 1, · · · , K. From Theorem 1, we have

P
(

max
1≤i≤N

Z2
i − 2 logN + log logN ≤ y

)
→ G(y) = exp

(
− 1√

π
e−y/2

)
(S3.29)

as N → ∞ for any y ∈ R. To show asymptotic independence, it is enough to

prove

lim
N→∞

P
(TSUM

σS
≤ x, max

1≤i≤N
Z2
i − 2 logN + log logN ≤ y

)
= Φ(x) ·G(y)
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for any x ∈ R and y ∈ R. Set

LN = max
1≤i≤N

|Zi| and lN = (2 logN − log logN + y)1/2, (S3.30)

where the latter one makes sense for large N . Because of (S3.28), the above is

equivalent to that

lim
N→∞

P
(TSUM

σS
≤ x, LN > lN

)
= Φ(x) · {1−G(y)} (S3.31)

for any x ∈ R and y ∈ R. Recalling the notation in Lemma 7, we have

Ap =
{TSUM

σS
≤ x

}
and Bi =

{
|Zi| > lN

}
(S3.32)

for 1 ≤ i ≤ N . Therefore,

P
(TSUM

σS
≤ x, LN > lN

)
= P

( N⋃
i=1

ApBi

)
. (S3.33)

From the inclusion-exclusion principle,

P
( N⋃
i=1

ApBi

)
≤
∑

1≤i1≤N

P(ApBi1)−
∑

1≤i1<i2≤N

P(ApBi1Bi2) + · · ·+

∑
1≤i1<···<i2k+1≤N

P(ApBi1 · · ·Bi2k+1
) (S3.34)
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and

P
( N⋃
i=1

ApBi

)
≥
∑

1≤i1≤N

P(ApBi1)−
∑

1≤i1<i2≤N

P(ApBi1Bi2) + · · · −

∑
1≤i1<···<i2k≤N

P(ApBi1 · · ·Bi2k) (S3.35)

for any integer k ≥ 1. Define

H(N, d) =
∑

1≤i1<···<id≤N

P(Bi1 · · ·Bid)

for d ≥ 1. From (S3.27) we know

lim
d→∞

lim sup
p→∞

H(N, d) = 0. (S3.36)

Set

ζ(N, d) =
∑

1≤i1<···<id≤N

{
P(ApBi1 · · ·Bid)− P(Ap) · P(Bi1 · · ·Bid)

}

for d ≥ 1. By Lemma 7,

lim
p→∞

ζ(N, d) = 0 (S3.37)
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for each d ≥ 1. The assertion (S3.34) implies that

P
( N⋃
i=1

ApBi

)
≤P(Ap)

{ ∑
1≤i1≤N

P(Bi1)−
∑

1≤i1<i2≤N

P(Bi1Bi2) + · · · −

∑
1≤i1<···<i2k≤N

P(Bi1 · · ·Bi2k)
}

+
2k∑
d=1

ζ(N, d) +H(N, 2k + 1)

≤P(Ap) · P
( N⋃
i=1

Bi

)
+

2k∑
d=1

ζ(N, d) +H(N, 2k + 1), (S3.38)

where the inclusion-exclusion formula is used again in the last inequality, that

is,

P
( N⋃
i=1

Bi

)
≥

∑
1≤i1≤N

P(Bi1)−
∑

1≤i1<i2≤N

P(Bi1Bi2)

+ · · · −
∑

1≤i1<···<i2k≤N

P(Bi1 · · ·Bi2k)

for all k ≥ 1. By the definition of lN and (S3.29),

P
( N⋃
i=1

Bi

)
= P

(
LN > lN

)
= P

(
L2
N − 2 logN + log logN > y

)
→ 1−G(y)

as p → ∞. By (S3.28), P(Ap) → Φ(x) as p → ∞. From (S3.33), (S3.37) and

(S3.38), by fixing k first and sending p→∞, we obtain that

lim sup
p→∞

P
(TSUM

σS
≤ x, LN > lN

)
≤ Φ(x){1−G(y)}+ lim

p→∞
H(N, 2k + 1).
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Now, by letting k →∞ and using (S3.36) we have

lim sup
p→∞

P
(TSUM

σS
≤ x, LN > lN

)
≤ Φ(x){1−G(y)}. (S3.39)

By applying the same argument to (S3.35), we see that the counterpart of (S3.38)

becomes

P
( N⋃
i=1

ApBi

)
≥ P(Ap)

{ ∑
1≤i1≤N

P(Bi1)−
∑

1≤i1<i2≤N

P(Bi1Bi2) + · · ·+

∑
1≤i1<···<i2k−1≤N

P(Bi1 · · ·Bi2k−1
)
}

+
2k−1∑
d=1

ζ(N, d)−H(N, 2k)

≥ P(Ap) · P
( N⋃
i=1

Bi

)
+

2k−1∑
d=1

ζ(N, d)−H(N, 2k),

where in the last step we use the inclusion-exclusion principle such that

P
( N⋃
i=1

Bi

)
≤

∑
1≤i1≤N

P(Bi1)−
∑

1≤i1<i2≤N

P(Bi1Bi2)

+ · · ·+
∑

1≤i1<···<i2k−1≤N

P(Bi1 · · ·Bi2k−1
)

for all k ≥ 1. Review (S3.33) and repeat the earlier procedure to see

lim inf
p→∞

P
(TSUM

σS
≤ x, LN > lN

)
≥ Φ(x){1−G(y)} (S3.40)

by sending p → ∞ and then sending k → ∞. Here (S3.40) and (S3.39) yield
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(S3.31). The proof is then completed. �

S3.8 Proof of Theorem 7

Proof. By the Slutsky’s Theorem, we only need to show that

P

{
max

1≤k≤K
max

1≤i,j≤p
nρ̃2

ij(k)− 2 log(Kp2) + log log(Kp2) ≤ x, TSUM/σS ≤ y

}
→G(x) · Φ(y), (S3.41)

Define

W (x1, · · · ,xn) =
1

n(n− 1)σS

K∑
l=1

∑∑
t6=s

x>t xsx
>
t+lxs+l.

Hence, TSUM/σS = W (ε1, · · · , εn).

For z = (z1, . . . , zp)
′ ∈ Rp, consider the function

Fβ(z)
.
= β−1 log

(
p∑
j=1

exp (βzj)

)
,

where β > 0 is the smoothing parameter that controls the level of approximation.

An elementary calculation shows that for all z ∈ Rp,

0 ≤ Fβ(z)− max
1≤j≤p

zj ≤ β−1 log p.
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In the following, we define β = n1/12 log p. Define

V (x1, · · · ,xn) = β−1 log

[
K∑
k=1

∑
1≤i,j≤p

exp

{
βn1/2σ−1

i σ−1
j

(
n−1

n−k∑
t=1

xt+k,ixtj

)}]
.

Then, V (ε1, · · · , εn) = β−1 log
[∑K

k=1

∑
1≤i,j≤p exp

{
βn1/2ρ̃ij(k)

}]
. Because

β−1 log p = n−1/12 → 0, we only need to show that

P
{
V 2(ε1, · · · , εn)− 2 log(Kp2) + log log(Kp2) ≤ x,W (ε1, · · · , εn) ≤ y

}
→G(x) · Φ(y). (S3.42)

Suppose ξ1, · · · , ξn are independent and identical distributed asN (0,Σ) and in-

dependent of (ε1, · · · , εn). Next, we show that {W (ε1, · · · , εn), V (ε1, · · · , εn)}

has the same limited distribution as ({W (ξ1, · · · , ξn), V (ξ1, · · · , ξn)}. Then,

according to Theorem 6, we will obtain the result.

It is known that a sequence of random variables {ξn}∞n=1 converges weakly

to a random variable ξ if and only if for every f ∈ C 3
b (R2), Ef (ξn) → Ef(ξ);

see, e.g., Pollard (1984), Chapter III, Theorem 12. We use this property to give

a metrization of the weak convergence in R2.

Thus, we only need to show that

E[f{W (ε1, · · · , εn), V (ε1, · · · , εn)}]− E[f{W (ξ1, · · · , ξn), V (ξ1, · · · , ξn)}]→ 0
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for every f ∈ C 3
b (R2) as n, p→∞. Define

Wd = W (ε1, · · · , εd−1, ξd, · · · , ξn), Vd = V (ε1, · · · , εd−1, ξd, · · · , ξn).

We have

|E[f{W (ε1, · · · , εn), V (ε1, · · · , εn)}]− E[f{W (ξ1, · · · , ξn), V (ξ1, · · · , ξn)}]|

≤
n∑
d=1

|E{f(Wd, Vd)} − E{f(Wd+1, Vd+1)}| .

In the following, we only proof the result withK = 1. For the other fixed integer

K, the proof are very similar.

Define

Wd,0 =
1

n(n− 1)σS

∑∑
1≤t6=s≤d−2

x>t xsx
>
t+1xs+1 +

1

n(n− 1)σS

∑∑
d+1≤t6=s≤n

x>t xsx
>
t+1xs+1

+
2

n(n− 1)σS

d−2∑
t=1

n∑
s=d+1

x>t xsx
>
t+1xs+1,
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which only relies on Fd = σ{ε1, · · · , εd−2, ξd+1, ·, ξn}. Hence,

Wd −Wd,0 =
1

n(n− 1)σS

d−2∑
t=1

ε>d−1εtε
>
d εt+1 +

1

n(n− 1)σS

n∑
t=d

ε>d−1ξtε
>
d ξt+1

+
1

n(n− 1)σS

d−2∑
t=1

ξ>d εtξ
>
d+1εt+1

+
1

n(n− 1)σS

n∑
t=d

ξ>d ξtξ
>
d+1ξt+1 +

1

n(n− 1)σS
ε>d−1ξdε

>
d ξd+1,

Wd+1 −Wd,0 =
1

n(n− 1)σS

d−2∑
t=1

ε>d−1εtε
>
d εt+1 +

1

n(n− 1)σS

n∑
t=d

ε>d−1ξtε
>
d ξt+1

+
1

n(n− 1)σS

d−2∑
t=1

ε>d εtε
>
d+1εt+1 +

1

n(n− 1)σS

n∑
t=d

ε>d ξtε
>
d+1ξt+1

+
1

n(n− 1)σS
ε>d−1εdε

>
d εd+1.

Without loss of generality, we assume that σi = 1, i = 1, · · · , p. Define

Vd,0 = β−1 log

[ ∑
1≤i,j≤p

exp

{
β

(
n−1/2

d−2∑
t=1

εt+1,iεtj + n−1/2

n−1∑
t=d+1

ξt+1,iξtj

)}]
,

which also only relies on Fd. For simplicity, we define l = i + (j − 1)p and

ρ̆
(d,0)
l = n−1

∑d−2
t=1 εt+1,iεtj + n−1

∑n−1
t=d+1 ξt+1,iξtj for all pairs (i, j). Then,

Vd,0 = β−1 log


p2∑
l=1

exp
(
βn1/2ρ̆

(d,0)
l

) .
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Similarly, we define define l = i+ (j − 1)p and

ρ̆
(d)
l = ρ̆

(d,0)
l + n−1εd−1,iεd−2,j + n−1εdξd−1 + n−1ξd+1ξd

for all pairs (i, j). Then,

Vd = β−1 log


p2∑
l=1

exp
(
βn1/2ρ̆

(d)
l

) .

Define f = f(x, y) and ∂f
∂x

= f1(x, y), ∂f
∂y

= f2(x, y), ∂f2

∂2x
= f11(x, y),

∂f2

∂2y
= f22(x, y), ∂f2

∂x∂y
= f12(x, y). By Taylor’s expansion, we have

f(Wd, Vd)− f(Wd,0, Vd,0)

=f1(Wd,0, Vd,0)(Wd −Wd,0) + f2(Wd,0, Vd,0)(Vd − Vd,0)

+
1

2
f11(Wd,0, Vd,0)(Wd −Wd,0)2 +

1

2
f22(Wd,0, Vd,0)(Vd − Vd,0)2

+
1

2
f12(Wd,0, Vd,0)(Wd −Wd,0)(Vd − Vd,0)

+O{|(Vd − Vd,0)|3}+O{|(Wd −Wd,0)|3}
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and

f(Wd+1, Vd+1)− f(Wd,0, Vd,0)

=f1(Wd,0, Vd,0)(Wd+1 −Wd,0) + f2(Wd,0, Vd,0)(Vd+1 − Vd,0)

+
1

2
f11(Wd,0, Vd,0)(Wd+1 −Wd,0)2 +

1

2
f22(Wd,0, Vd,0)(Vd+1 − Vd,0)2

+
1

2
f12(Wd,0, Vd,0)(Wd+1 −Wd,0)(Vd+1 − Vd,0)

+O{|(Vd+1 − Vd,0)|3}+O{|(Wd+1 −Wd,0)|3}.

Because E(εt) = E(ξt) = 0 and E(εtε
>
t ) = E(ξtξ

>
t ), we can verify that

E(Wd −Wd,0|Fd) = E(Wd+1 −Wd,0|Fd),

E{(Wd −Wd,0)2|Fd} = E{(Wd+1 −Wd,0)2|Fd}.

Thus,

E{f1(Wd,0, Vd,0)(Wd −Wd,0)} = E{f1(Wd,0, Vd,0)(Wd+1 −Wd,0)},

E{f11(Wd,0, Vd,0)(Wd −Wd,0)2} = E{f11(Wd,0, Vd,0)(Wd+1 −Wd,0)2}.

Next, we consider Vd − Vd,0. Define zd,0 = (n1/2ρ̆
(d,0)
1 , · · · , n1/2ρ̆

(d,0)

p2 )>
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and zd = (n1/2ρ̆
(d)
1 , · · · , n1/2ρ̆

(d)

p2 )>. By Taylor’s expansion, we have

Vd − Vd,0

=n1/2

p2∑
l=1

∂lFβ(zd,0)(ρ̆dl − ρ̆
d,0
l ) +

n

2

p2∑
l=1

p2∑
k=1

∂k∂lFβ(zd,0)(ρ̆dl − ρ̆
d,0
l )(ρ̆dk − ρ̆

d,0
k )

+
1

6
n3/2

p2∑
l=1

p2∑
k=1

p2∑
q=1

∂q∂k∂lFβ{zd,0 + δ(zd − zd,0)}(ρ̆dl − ρ̆
d,0
l )(ρ̆dk − ρ̆

d,0
k )(ρ̆dq − ρ̆d,0q ).

(S3.43)

By E(εt) = E(ξt) = 0 and E(εtε
>
t ) = E(ξtξ

>
t ), we can also verify that

E{(ρ̆dl − ρ̆
d,0
l )|Fd} = E{(ρ̆d+1

l − ρ̆d,0l )|Fd},

E{(ρ̆dl − ρ̆
d,0
l )2|Fd} = E{(ρ̆d+1

l − ρ̆d,0l )2|Fd},

By Lemma A.2 in Chernozhukov et al. (2013), we have

∣∣∣∣∣∣
p2∑
l=1

p2∑
k=1

p2∑
q=1

∂q∂k∂lFβ(zd,0 + δ(zd − zd,0))

∣∣∣∣∣∣ ≤ Cβ2

for some positive constant C. By Condition (C1′), if εt has polynomial-type

tails, we have

P( max
1≤t≤n,1≤i≤p

|εit| > Cn
1
6
−δ) ≤ np(Cn

1
6
−δ)6γ0+6+εE(|εit/σi|6γ0+6+ε)→ 0,
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where 0 < δ < ε
6(6γ0+6+ε)

. And for random variables ξit ∼ N (0, 1), we also

have

P
{

max
1≤t≤n,1≤i≤p

|ξit| > C log(np)

}
→ 0.

Thus, we have

∣∣∣∣∣∣16n3/2

p2∑
l=1

p2∑
k=1

p2∑
q=1

∂q∂k∂lFβ{zd,0 + δ(zd − zd,0)}(ρ̆dl − ρ̆
d,0
l )(ρ̆dk − ρ̆

d,0
k )(ρ̆dq − ρ̆d,0q )

∣∣∣∣∣∣
≤Cβ2n−7/6−2δ

as probability tending to one. Hence, we have

|E{f2(Wd,0, Vd,0)(Vd − Vd,0)} − E{f2(Wd,0, Vd,0)(Vd+1 − Vd,0)}| ≤ β2n−7/6−2δ.

Similarly, we can show that

∣∣E{f22(Wd,0, Vd,0)(Vd − Vd,0)2} − E{f22(Wd,0, Vd,0)(Vd+1 − Vd,0)2}
∣∣ ≤ β2n−7/6−2δ,

∣∣∣E{f12(Wd,0, Vd,0)(Wd −Wd,0)(Vd − Vd,0)}

−E{f12(Wd,0, Vd,0)(Wd+1 −Wd,0)(Vd+1 − Vd,0)}
∣∣∣ ≤β2n−7/6−2δ.
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Hence, we can have

n∑
d=1

|E{f(Wd, Vd)} − E{f(Wd+1, Vd+1)}|

≤Cβ2n−1/6−2δ + 2
n∑
d=1

[E{|(Vd − Vd,0)|3}+ E{|(Wd −Wd,0)|3}].

By (S3.43), we have E{|(Vd − Vd,0)|3} = O(n−1−3δ) and

n∑
d=1

E|(Wd −Wd,0)|3 ≤
n∑
d=1

[E{(Wd −Wd,0)4}]3/4.

Similar to the proof of Theorem 4, we have E{(Wd−Wd,0)4} = O(n−2). So we

have

n∑
d=1

|E{f(Wd, Vd)} − E{f(Wd+1, Vd+1)}| ≤ Cβ2n−1/6−2δ + Cn−3δ + Cn−1/2 → 0

as n→∞. Then, we obtain the result. If εt has sub-gaussian-type tails, we can

also prove the result by the similar arguments.

S3.9 Proof of Theorem 8

Similar to the proof of Theorem 7, we only need to prove the result under the

normality assumption. Without loss of generality, under the assumption of The-
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orem 8, we assume that

A0 =

 A011 0

0 A022

 , A1 =

 A111 0

0 0

 .

Under the alternative hypothesis, we have Xt1 = A011yt + A111yt−1, where

yt = (zt1, · · · , ztd)> is independent of Xt2 = A022(ztd+1, · · · , ztp)>. As εt =

(X>t1,X
>
t2)>, we can decompose TSUM as follows

TSUM

=
1

n(n− 1)

∑∑
t6=s

ε>t εsε
>
t+1εs+1

=
1

n(n− 1)

∑∑
t6=s

(X>t1Xs1 +X>t2Xs2)(X>t+1,1Xs+1,1 +X>t+1,2Xs+1,2)

=
1

n(n− 1)

∑∑
t6=s

X>t1Xs1X
>
t+1,1Xs+1,1 +

1

n(n− 1)

∑∑
t6=s

X>t1Xs1X
>
t+1,2Xs+1,2

+
1

n(n− 1)

∑∑
t6=s

X>t2Xs2X
>
t+1,1Xs+1,1 +

1

n(n− 1)

∑∑
t6=s

X>t2Xs2X
>
t+1,2Xs+1,2.
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Similar to the proof of Theorem 5, we have

σ−2
S1 var

(
1

n(n− 1)

∑∑
t6=s

X>t1Xs1X
>
t+1,1Xs+1,1

)
= O

(
d2

p2

)
,

σ−2
S1 var

(
1

n(n− 1)

∑∑
t6=s

X>t1Xs1X
>
t+1,2Xs+1,2

)
= O

(
d

p

)
,

σ−2
S1 var

(
1

n(n− 1)

∑∑
t6=s

X>t2Xs2X
>
t+1,1Xs+1,1

)
= O

(
d

p

)
,

by the condition that the eigenvalues of Σ are all bounded. Thus, we have

TSUM =
1

n(n− 1)

∑∑
t6=s

X>t2Xs2X
>
t+1,2Xs+1,2 + E(TSUM) + op(σS1)

.
=T

(2)
SUM + E(TSUM) + op(σS1).

Furthermore, taking the same procedure as the proof of Theorem 1, we have

TMAX

= max
1≤i,j≤p

|n1/2ρ̃ij(1)|+ op(1)

= max{ max
1≤i,j≤d

|n1/2ρ̃ij(1)|, max
1≤i≤d,d+1≤j≤p

|n1/2ρ̃ij(1)|, max
d+1≤i,j≤p

|n1/2ρ̃ij(1)|}+ op(1).

By the independence betweenXt1 andXt2, we know that max1≤i,j≤d |n1/2ρ̃ij(1)|

is independent of T (2)
SUM. Due to Theorem 6, we have maxd+1≤i,j≤p |n1/2ρ̃ij(1)|

is asymptotically independent of T (2)
SUM. Because Xt1 is independent of Xt2, we
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also can prove that max1≤i≤d,d+1≤j≤p |n1/2ρ̃ij(1)| is asymptotically independent

of T (2)
SUM by taking the same procedure as Theorem 6. Thus, we can prove that

TMAX is asymptotically independent of T (2)
SUM. By Lemma 7.10 in Feng et al.

(2024), we can complete the proof.
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