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S1 Appendix A: Technical Details

Proof of Proposition 1

Obviously, CD(X,Y) is nonnegative and equal to zero if X and Y are draw from the single dis-
tribution. Next, we will verify that if CD(X,Y) = 0, then X and Y are identically distributed.

Recall

CD(X,Y)

XX -X) (X -X)
1 A
—ellE eJWMXﬂX—X®X_X/_E 6¢WMX%X—X®X_X/

(XY =YY Yy =Y 2
1 (3
+E|||E]|e \/VGT<YH7Y_Y/> Y-Y'|—E|e \/VCLT’<Y”,Y—Y’>

Y -V’

=A+C,
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thus CD(X,Y) = 0 implies A =0 and C' = 0.
Let F(s) be the distribution function of X — X', and S; is the support of X — X’ consisting
of the points such that F'(s) > 0, then

. X",X-X) X -X) :
E Ele \/VCL"'<X”,X—X/> X_X/ —Ele \/VCLT(X//,X—X/> X _X/

) <X”,X*X’> ' <Y,X*X’>
S1

Next, set t = s//Var(X”, X — X’), and let S be the support consisting of the points such

that F(t) > 0, X, X', X" and Y are mutually independent indicating that

A:/‘
S
2

is nonnegative, we have

. , 2
e _ YOI g R (1) = 0.

Since |[e?Xt) — V5t

LX) _ i<Y,t>H2 -0

e , Q..

Therefore

WXL _ iYE)

(& a.s.

That is, X and Y are identically distributed. Similarly, we can verify that X and Y are draw
from the single distribution if C' = 0.

This concludes the proof.

Proof of Proposition 2

By the definition of Uy, and T, m, it follows that proving U,,m = Tn,m is equivalent to
proving A, = gn,m, and Chp,;m = énym. We only prove the former, similar arguments hold for

Cn,rn = C’rL,7n-
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Notice that

Anm

s

1 n m
> D a(Xy, Xy, Xk, X Vi, Yir)

N [ j<q<h<k! 1<V
4 2

4. 2! 1 ~ i
= (X, Xg, X, X Y1, Yy
nn—D(m—2)(n—3) mm—1) Z Z#’A( > Xy Xy Xurs Y1, Y ),
J<q<k<k' 1<l

and
s 1
de(Xj’X‘I’X’“Xk’?YlaYl’):ﬁ Z Z Ya(Xrqa), Xr(2), Xr @) Xra); Yo, Ya@),
T ren(hiak k) ver (L)

thus

Anim = : 1 iiw(X-XXX-Yy)

" p(n— 1) (n—2)(n—3)m(m —1) — A(Xjy Aqy Xy Xgrs Yi, it ).

1,9k, )

Further since

¢A(XJ7XQ7XI€7XI€/;}/[7)/Z/)

_ COS(X,rC — X, Xj — Xq) +cos<Yl Y, X; — Xg)
VU, VU
— cos (Xe = Vi, X5 = Xo) _ cos (Xpr = V1, X; = Xq),
VU, VU,
direct calculation shows that A, » = A‘mm.
This concludes the proof.
Proof of Theorem 1
Recall that
Unm e 3 MK X = X0 4 (Xe Xu— X0+ (X0 X — X)),

Y u<v<s 3
3

hence

EUn = VaT<X1,X2 — X3>2.
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Using Lemma A in |Serfling| (1980) (Section 5.2), we have
Up =Var(X", X — X') + O0,(1/v/n). (01)

Next, Invoking and condition sup EX? < oo, one can obtain

1<i<p
Un = 0p(1). (02)

Further since

1 1 1
T e X=Xy oy o Ver (s X Xa),

where &, is between U,, and Var(X"”, X — X'), thus by and , we can deduce that

1 1
VU,  Var(X", X — X')

— 0p(1/v/n). (03)

together with (X1 — X, Z7 — Z3) = Op(1) implies that

<X1*X2,Z{*Z§>:<X17X272f725> 10 ( 1 )
VU, WVar(X" X X7 " ’

where (X1 — Xo, Z7 — Z3) = Op(1) follows from X = EX + O,(vVVarX), E(< X1 — X2, Z7 —
Z3 >)=0and Var(< X1 — X2,2Z7 — Z3 >) < o0.

Similar to the proof of the above results, we can obtain the other conclusions in Theorem 1 are
indeed true.

This concludes the proof. O
Proof of Theorem 2

Recall that

wA(vaXqukvXk’;}/le’) (04)
= o X = X X = Xg) (X = Vi, X = X)
VU, VU

o Xy Vi Xy =X)L Vi X = Xo)

VU, VU, ’
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let f(x) = cosz, and represent

Based on Theorem 1, and applying the first order Taylor expansion of f(z) around

s ( (Xj — Xo, Xis — Xir) )
VVar (X =X, X)) )’

it can be seen that

cos (Ko = Xas X = Xu)\ _ (X — Xy, X — Xir) (L
( VU, ) (\/Var«X—Xf,XN))) +O (

Similarly

. ((Xj - X&%k - Yl’)) = cos <\>§;;(?§§j(§(/_§,/>>)> +0p (i) ,

3

and

o () o (BB ) 0 (G5),

).

cos <Xj — X4,V _)/l’> — cos <Xj - X, Y _)/l’> P
(=) <war<<XX',X~>>>+O (

Sl-

Now combining , , and , it can be concluded that

1
Anm:Anm O )
: m,1 T+ P(\/ﬁ)

where

1 S
An,m,l = 7~ 7/ Z Z¢A(Xj7XQ7Xkan/;}/l7}/l')7

n M j<q<k<k’ 1<V
4 2

5

(07)
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and

da (X5, Xq, Xi, X3 Y1, Yy) = Z Z dA(Xr1), Xr(2), Xr(3), Xra); Yo1)5 Yy(2),

1
412!
Ten(j,q,k,k") yEm(L,l)

¢A(Xj7Xq7Xk>Xk’;}/hY’)

= cos ( (X5 — Xo, Xi — Xp) > — cos < (X — Xg, Xi = Vo) )
VVar (X = X', X")) VVar (X = X', X))

— cos < <Xj _Xq7Xk’ _l/l> ) 1 cos ( <Xj —Xq,i/l —)/l/> )
VVar (X = X7, X)) VVar (X —x,x7) )

Note An m,1 is a general U-statistic (see Randles| (1982)), and F | ¢pa (X1, X2, X3, X4; Y3, Ya) |<

4, these facts along with Theorem 3.2.1 in [Koroljuk| (1994)), yield
An,m,l E>E¢Z(X17X27X37X4§Y37Y4)- (010)
In addition, direct calculation shows that

Epa(X1, X2, X3, X4;Y3,Ys)

= E{E[pa(X1, X2, X3, X4;Y3,Ys)| X1 — Xo]}
- E{ E <cos ( (X1 — X2, X3) ) 'Xl _X2> B <COS < (X1 — X2,Ys)
VVar (X = X', X)) VVar (X — X/, X))

) (X1 — X2, X3) B B sin (X1 — Xo2,Y3)
* E(Sm(\/vurux—xgxw)) 'Xl X2> E( (\/Var(<X—X’,X“>)> X

—
s
|
e
n
N————
—_
[

=A,

this fact together with and (010) implies that

a.s

Apm 255 A,

In a similar way, we can obtain

a.s

Cn,m — C:
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hence

Upm 5 A+ C.

This concludes the proof. O
Proof of Theorem 3

Consider f(z) = cosz, and represent

by using the second order Taylor expansion of cos (<Xj = Xo, Xoe = Xo) ) with Theorem 1,
VUn
one has
COS(<Xj7Xq’Xk7Xk/>) — cos <X]7Xquk7Xk/> (011)
VUn VVar (X — X', X))
= i X = Koy X = X) (X = X, Xoo = X)Xy = X, Xio = X)
VVar(X", X — X') VU VVar(X", X — X')
2
1 (X — X, X — Xpr) [((Xj — Xy Xie — X)) (X — Xg, Xie — Xpr)
— —cos —
2 Var(X", X - X') VU, VVar(X", X — X')
1
In a similar way, we have
cos (<Xj _Xq’Xk_Ym) — cos (X5 = Xa, Xo = Vir) (012)
VU, VVar (X — X', X))
_ —8in<Xj - Xg, Xy —Yy) <Xj = X, X — Y) _ <Xj — X, Xi _Yl’>
VVar(X", X — X') Un VVar(X", X — X')

2
1 (X=X, X =YY (X — X, X = Y1) (X — Xg, X — Y1)
—CO0S —

2 \/Var<X//’X - X" VU, \/V(M‘(X”,X — X

rori15)
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and

cos ((Xj — Xg, Xy — Yz)) ~eos [ K = Xg, X — V)
VU, VVar (X = X', X")

(Xj = Xg, X = V2) (X = X Xpr = Vi) (X; — Xy, Xy = Vi)
VVar(X", X — X') VU, VVar(X", X — X')

= —sin

1
— ~cos
2

VVar(X", X — X') VU, - VVar(X", X — X')

o)

cos ((Xj - Xg, Y - Yu>> —eos [ X =X Vi = V)
VU, VVar (X — X', X")

<Xj_Xq7Yl_}/l’> <Xj_X¢I7Yl_}/l'>_ <Xj_XQ7}/l_)/l/>
VVar(X", X — X') VU, VVar(X", X — X')

= —sin

| (X = X Y- Y (X = X Yi—Yi) (X, — Xy Yi— Vi)
— =cos -
2 Var( X", X - X') VUn VVar(X", X — X')
1
Op|——= .
" P(nﬁ)

Based on (04)), (011), (012), (013) and (014), it can be further seen that

1 1
An m = An,m, - *’471,77747 : -
: ! 2 <w/Un VVar(X" X — X’))

An,m,3

- Lmms <\/% - \/Var<X’1’,X—X'>>2+OP (%)

where
1 s
Anmz = 7—~7—~ D > HAX;, X, Xp, X5 Vi, Vi),
n M\ 1<j<q<k<k/<n 1<I<l'<m
4 2
and
1 s
> > ha(X, X, Xi, Xprs Vi, Vi),

An,m,3 = 7~ /7
(n M\ 1<j<g<k<k/<n 1<I<l'<m
4 2

2
(X) = Xg, Xy = V) <<Xj “ X X = Y) (X = Xg, X — m)

(013)

(014)

(015)



FILL IN A SHORT RUNNING TITLE

For HL (W;, Wq, Wi, Wir, Wi, Wyy) and h(W;, Wy, Wi, Wy, Wi, Wyr), we define them as

s 1
HA(X5, Xq, Xy X3 Y1, Vi) = 4191 Z Z HA(XT(1)7XT(2)7XT(3)5X7—(4)§Yw(l)aY"/(2))7
Ten(j,q,k,k") yem(l,l")
and
s 1
ha (Wi, Wo, Wi, Wi, Wi, Wi) = 30 Z Z ha(Xray, Xr2), Xr3), Xr@); Y1), Yo2))s

Tem(j,q,k,k") yem(L,l)

where

HA(Xj’Xqu/ka’;)/la}/l’)

(X = Xo, Xoe — Xp) (X; — Xq, X1 — Xp) — sin (X = Xo, Xoe — Vi) (X; — Xq, X — Yi)
VVar(X", X — X') VVar(X", X — X')

(X = Xo, Xow = ¥i) (X; — Xy, X — Y)) + sin (X = X, 1 = ¥0) (Xj — X, Y1 = Yur),
J q J q
VVar(X", X — X') VVar(X", X — X')

= sin

— sin

and

hA(vaXqukvXk’; Y'laYVl’)

oK = Xy Xoe = Xp)
VVar(X", X — X')

(Xj — X, Xp — V1)

= C

(Xj — Xq, X1 — Xpr)? — cos (X = Xq, Xi = Vi)
VVar(X", X — X')

(X; — Xq, X — Yir)?

— cos <Xj_Xq,Xk/—yvl>2+COS <XJ_XQ7YZ_}/U> <Xj_Xq,y2_}/[/>2~
VVar(X", X — X") VVar(X", X — X')
Following the calculations in Ay, we can easily show that
1 1
Cn,m = Un,m,1 — C’rL,TVL, . - 016
' ’ (\/Um Var(Y",Y — Y’)> (016)

2
Chnym,3 1 1 ( 1 )
s - +0p (—= ),
2 (x/Um Var(Y“,Y—Y’)) "\mym

where

1
Coma = ——2 > D $o(Xe, Xu3 Y5, Y, Y0, o),
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Cr,m,2 = D> HE(Xn, Xps V5, Y, Vi, Vo),

1
n2m?
kk/=14,q,1,1/=1

1 n m s
Crma =37 ST hE(Xe, Xk Y5, Yy, Vi, Vo).

kk'=17,q,l,1'=1
For ¢é’(Xk7Xk’;§/jaYQ7}/laY2’)7 Hé(Xk7Xk’;Y37Yqvm7}/l/) and hSC(Xkka/;Yf7YQ7}fl7Y2’)7 de-

fined as follows

s 1
6o (X, X3 Y3, Yo, Vi, Vi) = 50 D0 > bo(Xe(), Xr(); Vo) Ya2)s Yyia)s Yo)s
Ten(k,k’) vEn(j,q,l,l")

s 1
He (X, Xpr3 Y5, Yq, Y1, Y ) = Z Z HC(XT(1)7X7—(2)§Y’y(l)yY7(2)»Y7(3):Y'y(4))7

Ten(k,k’) ven(4,q,l,l")

he(Xe, X Vi Yo Yo Yo) = oon D0 D0 ho(Xe), Xeg) Yoy, Yo, Yo Ya):
o Ten(k,k’) yen(4,q,1,l")
and
¢C(Xk7Xk';Yj7Y;17Y17Yl/)
X Xe Yy Y (VYY)
Var(Y"Y —Y") Var(Y",Y = Y’)
— cos <Xk—le’77Y.—7_YfI> — cos <Xk’ _Y27Y7 _YQ>,
Var(Y")Y = Y") VVar(Y")Y = Y")
Hc(Xk7Xk’;}G7YQ7Y271/'l/)
= sindXe = X, Y5 = Vo) (X1 — Xy, Y; = Y,) + sin (Vi = Yir, ¥ — ¥o) Y, —Yy,Y; = Yy,)
Var(Y",y — Y') Var{(Y”,Y —Y')
_ sin AXe =Y Y5 = Va) (Xp =Y, Y; = Y,) — sin (Xer = V1, ¥ = ¥o) (X —Y1,Y; = Y,),

Var(Y",Y —Y/) Var(Y",Y —Y')

hC(X]ﬁXk’; X/j’ylhyvhyvl,)

Xi — Xy, Y; - Y, Y, - Y, Y; - Y,
:C05< - s q><Xk—Xk'7Yj—Yq>2+cos<l v, Y~ Ya)
Var(Y”, Y — Y/> V(M"(Y”, Y — Y/>

— cos (X = Vir, ¥ — ¥o) (Xp — Y, Y; —Y,)? — cos (Xer = Y1, ¥ = ¥o) (X —Y1,Y; = Yy)2.
Var(Y"Y —Y') Var(Y")Y —Y')

(Y1 — Yi,Y; — Yy)?
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Next, we will study the asymptotic distribution of A, m,1 + Cnym,1. Since Anm,1 is a
generalized two sample U-statistic, using H-decomposition (Koroljuk| (1994)), Section 3.2) to

An,m,1, one can obtain

j<q<k<k' <l

"2 () ()

where qudl’dz) is a two sample U-statistic with the kernel ¢g{4:%) from l ,

An,ml ( )( > Z Z¢A XJ7X117X1€7XI€’ naifl’) (017)
n

g @iy, iy Y Yy (018)
di ds

= > (eplarentutry 37 S @i T i i)
r1=07r2=0 1<y <+ <ipy <dp 1<j1 < <Jry <d2

Due to the fact that under the null hypothesis, A =0,

and

Elpa(x, X1, X2, X3;Y2,Y3)] = E[pa(X1,%, X2, X3; Y2, V3)]

- E[¢A(X1,X2,X, X37 Y27)/3)} - E[¢A(X1,X2,X3,X;)/2,Y3)] = 07

E[¢A(X17X27X37X4;Y7 Y)] = [¢A(X17X27X37X4;Ky)] = 0.

Elpa(x,x', X1, X2; Y1,Y2)] = E[pa(x, X1,%x', X2; Y1, Y2)] = E[pa(x, X1, X2,%x; Y1, Y2)]

= Elpa(X1,%x,%, X2; Y1, Y2)] = E[pa(X1,x, X2,x';Y1,Y2)] = 0,

E[¢A(X, X1>X27X3;y7y)} = E[(bA(X, X17X27X3§Ky)] = E[¢A(X17X7 X21X3§y7 Y)]

= E[¢A(X17X,X27X3;Y7Y)] = E[¢A(X17X27X7X3;y7 Y)] = E[¢A(X17X2:X37x§ Y7y)] =0.
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Therefore by the above results and (017)), it can be shown that

An,m,l

S S (X Xi) + 60D (X V) + 64 (X, i) + 90 (3, )

n m k<k/l<l
2 2

w0 () 70 (i) 7o (5m):

where
657 (x,x)
p— J— / J— —
=FE | cos (X Xj7x _X >/ + E | cos (X XQH’ L _YQ?
VVar(X", X — X') VVar(X" X — X')
— E [ cos (Xi = Xo,x — ¥5) — E [ cos (X1 = Xo,x' = 1)
Var(X", X — X') VVar(X" X =Xy )’
and
G y)
=FE | cos <X17Xi’x:X>, + E | cos <X17X5,Y:y>/
VVar(X", X — X') VVar(X", X — X')
— E | cos (X1 — Xo,x —y) — E | cos (X1 = X2, X — V)
Var(X", X — X') VVar(X" X =X )’
Y2y, y")
_E cos(X1 — X2, X3 — Xy4) L E cos(X1 — Xo,y —y')
VVar(X", X — X') VVar(X", X — X')
_E cos(X1 — X2, X5 —y') | P cos(X1 — X2, X4 —y)
VVar(X" X — X') VVar(X" X =Xy )’
Let

Qalx,y;x,y) = o5V (x,x) + ¢\ (x,¥) + 64V (X y) + 60 (v,5),
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then
PR S SR EUUE EPE T Jps
n\ (m\ == nym  my/n o nyn
2 2
Similar to the proof of A, m,1, we have
cn,m:#ii@dxk,ka,mwp( U S ) (020)
n\ (m\ == nym - ma/n o mym
2 2
where

Qe(x,y:x,y") = 657 (x,x) + 60V (x,y) + 651 (', ) + 657 (v, ¥),
and

2,0
¢ (x,x)

/
=FE | cos Y — Yo, x —x) + E | cos (1 — Y5, ¥5 — ¥4)
VVar(X", X — X') VVar(X", X — X')

<Y1_)/27x_)/4> <)/1—Y27X/—Y3>
— E | cos — E | cos R
Var(X", X — X') VVar(X", X — X')

1,1
o (x,y)

=FE | cos ("1 _Y%;X__X>/ + E | cos ("1 —Y?/,Y—_y>/
VVar(X", X — X') VVar(X", X — X7)

— E | cos (i —Yo,x —y) — E | cos M-Y5, X V) ,
Var(X", X — X') VVar(X", X — X')

o3 (v,¥)

/
= F | cos - Yo, X — Xo) + E | cos M-Yoy—y)
VVar(X", X — X7) VVar(X", X — X')

— E | cos (- ¥e, Xy — ) — E | cos (Vi — ¥5, X2 — y) .
Var(X", X — X') VVar(X", X — X7)
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On the other hand, under the null hypothesis it can be verified that

Qa(x,y;x,y") = Qe(x,y;x,y'),

set

Qz,y;x,y) =Qalx,y;x,y') = Qo(x,y;x,y'),

(019) and (020) imply that

An,m,l + C(n,m,l (021)
2 & 1 1 1 1
=~ Q(Xk, Xi; Y1,Y) + O ( + + + )
(n> (m> sz; * ! PAnvm " myn | mym | nyn
2]\ 2

Now by Theorem 1.1 in [Neuhaus| (1977), one has

Qx,y;x,y') =Y Mfulx,y) fu(x,¥),
k=1

and

mn 2 " &

X, Xp; Y1, Y0 022
n X <n><m> é/;@( &y Xir3 Y1, Yir) (022)
2 2
D, Z 22 [(an(0) Z1k + bi(0) Zax)® — (ai(0) + b (0))],

k=1

where

ai(0) = (1 — 0)Ex By fr(X,Y)]?, bi(0) = 0Ey[Ex fr(X,Y))?,

ik, Zop U N(0,1),k=1,2,- - .
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Combining (021]) and , we have

mn >
e (Apm1 + Crmt) = > 22k [(ar(0) Zu + bx(0)Z2x)” — (ai(0) + b7 (0))].  (023)
k=1
In a similar way, we have nTran n,m,2s ni—man,m,g, &—mmAn m,3 and n+an,m,3 are all

asymptotically chi-squared. These results together with (015]), (016]), (023) and Theorem 1, as
well as Slutsky’s theorem, imply that

oo

n’lmm U -2 ;m[(ak(e)zlk +b1,(0) Zor)? — (a3(0) + b2(6))).
This concludes the proof. O

Proof of Theorem 4

Similar to the proof of (015]) and (016)), one can verify

An,m + Cn,m (024)

1 1
= An,’m, + Cn,’m, - An,nL, -
(Anim 2 ’ (\/Un VVar(X" X - X’))

1 1 1 1
— Cum _ or (1) +0p(L).
2 (\/Um Var(Y”,YY’)) +or <n> or <m>

Next, for the convenience of proving, we first establish the limit behavior of n’f:n (Ap,ma+

Chn,m,1). By (017), we can get

An,m,l + Cn,m,l
L[4[ 2 2) (4
s () () s (1) (e
d1=0 d3=0 <d1> <d> d1=0 d3=0 d )\ d2
1 n
= At =3 (007 () + 0l (X) + 045 (X)) + 041 (Xi))
k=1
1 m
+ LS G000 + 0P +C + L3I () + 689 (X))
=1 k=1

1y (0.1) y- 01y, .0y, 00y, 11 1
o D00 + 60000 + 68 (00) + oD 0) + 0, (1 4 -+ =),
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where
GO (2) = B(pa(X1, X2, X5, Xa3 Y1, Y2) | Xi = x) — 4, i=1,2,3,4,
YY) = B(pa(X1, X2, X3, Xa3Y1,Y2) | Vi = y) — A, i=1,2,
531’,’1'0)(3:) = E(¢C(X17X2;)/17Y27Y37)/4) | Xi = X) - C: 1= 1727
O y) = B(pc (X1, X23Y1,Y2, Y3, Ya) | Vi = y) — C, i=1,2,3,4.
Let

g0 (X)) = o400 (Xk) + 842 (X)) + 045 (Xi) + ¢l (Xe) + 08 (Xi) + 005 (X

9OV = o0V (M) + oL (V) + 08 (V) + 055 (V) + 0L (Vi) + 690 (V).

then

1 — 1 & 1 1 1
Anmi+Cami=A+C+ = WOx Y+ — OCYyY+0, (= +—
1+ Crma = A+ +n;g (Xe)+— > gV + Op (- +

hence

\/W(An,m,l + Cnm,1 — CD(X,Y))
(1, 0) nm i i (0,1) Vi L
\/: Zg n+mm§9 (Y1) + 0p(1).

Notice that

)7
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denote

Var(gh™(X3) = 610,  Var(g®P (V1)) = 624,

combining the above results, together with the central limit theorem and Slutsky’s theorem, we

can obtain

nm

— m(An,m,1 + Crymia — CD(X,Y)) —* N(0, (1 —0)d7. + 635.1). (025)

On the other hand, similar to the proof of (010]), one has
Anm2 =5 EHA(X1, X2, X3, X4;Y3,Ya),

and
Crm,2 25 EHo (X3, X3 Y1, Yo, Y3, Ya).

So by Theorem 1, it can be obtained that

nm A 1 _ 1
ntm N\ VO, Var(X7 X - X

) ©% VT = 9EHA(Xy, X, X3, X133, Ya),

(026)
and
nm 1 1 a.s,
Cnom,2 - — OFEHc (X3, X4;Y1,Yo,Y3,Ys). (027
ntm <m Var<Y”,Y—Y’>>—>f o X, T2 10 1) (020
Denote

(= —V1—-0BHA(X1, X2, X3, X4;Y3, Y1) — VOEHc (X3, X4; Y1, Yo, Y3, Ya),

based on (024)), (025)), (026) and (027)), as well as Slutsky’s theorem, one can show that

(Unim — CD(X,Y)) 25 N(0, (1 — 0)630 + 0621) + C.
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This concludes the proof. O
Proof of Theorem 5
To prove Theorem 5, we proceed with our proof in the following steps.

(i) Using the Chebyshev’s inequality to prove

Us (1
varx =y~ =00 (75): (02%)

(ii) Applying the Lagrange mean value theorem, further by (028]), to show that

\/ Var((X ;nx’, X)) 1o, (%) . (029)

(iii) Invoking assumption (A2) and (029) to verify

(X0 = X5, 27 — Z3) _ (Xa — X5, 21 — Z3) 4 Op (L>
VU, VVar(X", X — X') vn)

Following the same steps as the above proof, we begin with (i), and then (ii) and (iii).

To prove (028)), by applying Cauchy-Schwarz inequality, it is sufficient to show that

U, B
B (Var(X”,X - X’)) =1 (030)

and

Var (wmx%c _ X,>> —0 (%) . (031)

(030) is easy to verify, we only prove (031)).

Note

L

Uy, E(U2)
Var = _
Var(X", X — X') Var(X", X — X’))?

to proceed, we will first calculate E(U2).
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Based on the definiton of U,,, we can deduce that

E(U,)? =

o X D Elea X X )oK X X)) (032

n?(n—1 L L
11,J1,k1 12,J2,k2

_(n=3)(n—-4)(n-5)
nn—1)(n—2)

9(n —3)(n—4)

Elp(X1, X2, X3)p(X4, X5, Xo)]

Elp(X1, X2, X3)o(X1, X4, X5)]
18(n — 3)
n(n —1)(n — 2)

6
n(n —1)(n — 2)

Elp(X1, X2, X3)p(X1, X2, X4)]

+ Elp(X1, X2, X3))°.

Next, for the convenience of calculations, write
I3 = {i1, j1, k1 } N {iz, jo, ka},

and consider the cases as below,
o Ca={i1,j1, k1,12, j2, k2 : #[Is| = 0},
o Cy = {i1,J1, k1,12, j2, k2 : #|Z3| = 1},
o C.={i1,71,k1,12,j2, k2 : #|Is| = 2},
o Ca={i1,J1,k1,i2,72, k2 : #|Z3| = 3}.

For C,, it is not difficult to see that
Elp(X1, X2, X3)p(Xa, X5, X6)] = [Var(X".X - X"))*. (033)
Similarly, for Cp direct calculation shows

Elp(X1, X2, X3)p(X1, X4, X5)]

4 4
= 5 BLX0, Xo = Xo)* (X, X5 — X0)*] + G B[(Xs, Xz — X1)*(Xa, X5 — X1)]

1
+ G EUX, Xo — X5)° (X1, Xa = X5)7).
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For C. and Cg4, similar arguments can also be used to show

Elp(X1, X2, X3)0(X1, X2, X4)]

2 2
= GBI, Xa = Xo)* (X0, Xo = X)) + SE[(X0, Xz — X5)*(Xa, X1 — Xa)?]

2 2
+ 5 BlX1, Xo = Xa) (X, Xo — X1)°] + S B[(X2, X1 — X5)*(Xa, Xo — X1)°]

1
g Bl(Xa, Xo = X1)* (X, Xz = X)),
and
1 2
Elip(X1, Xo, Xo)) = 2 B[(X1, Xo = Xo)*] + S B[(X1, Xo = X3)* (X2, X1 — X)),

Now by using Cauchy-Schwarz inequality and the assumption (A2), it can be seen that

E[(X1, X5 — X3)* (X4, X5 — X1)°] < VE(X1, X2 — X3)*E(X4, X5 — X1)* = O(p?),

also note

E[(X3, X2 — X1)%(X4, X5 — X1)’] = 0(p?),

and

E[(X1, X2 — X3)*(X1, X4 — X5)°] = 0(p?),

based on the previous observation, we can conclude

E[@(X17X25X3)W(X15X47X5)] = O(p2)' (034)

Similarly

E[LP(X17X27X3)90(X17X27X4)] = O(pQ), (035)

and

Elp(X1, X2, X3)]* = O(p”). (036)
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In addition,

Var(X", X — X') = 2u% Sx pux + 2tr3%,

thus by assumption (A1), we have

Var(X", X — X'} = O(p). (037)

Now plugging (033), (034), (035), (036) and into , we have

E(U,)? B 1
Var(X", X — X")2 L+0 (H) ‘

Hence

U, (1
Var (Var(X’QX — X’)) =0 <n) :

by using the Langrange mean value theorem, it is easy to be seen

(if) Consider f(t) = %,

Var(X", X - X') U, 1
U, - 2./ Var(X", X — X') ’

where n,, is between 1 and U,,/Var({X", X — X')). So, by this result and (028)), we can deduce

that (029) is indeed true.

(iii) Notice that

(Xh = X0, 27 — 2Z3)  (Xu— X5, 27 — Z3)

VUn VVar(X", X — X')

Xy = X0, ZE - 75 [ [Var(X", X — X)
VVar(X", X — X') Un

(038)

-1 ,

<X1 — X27Zf - Z;>

to proceed, let us now turn to study the asymptotic behavior of .
VVar(X", X — X')

First based on the assumption (A1), we can conclude that

Var((X1 — X2, 27 — Z3)) = O(p),
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then by the formula

X =EX +O0p(Var(X)),

it follows that

(X1 = X2, Z1 — Z3) = Op (V).

Combining the result with (037) yields

<X1 — X27 Zf — Z§>
VVar(X", X — X')

— 0p(1). (039)

Now let us substitute (029) and (039) into ((038)), we can obtain

(Xa — X5, 27 — Z3) _ (Xo — X5, Z7 — Z3) +O0p (L)
VU, VVar(X", X — X') '

Vn
In a similar way, we have the other formulas in Theorem 5 hold.
This concludes the proof. O
Proof of Theorem 6

Following the same steps in the proof of Theorem 2, and by using Theorem 5, it is not
difficult to see that the result holds. This concludes the proof. O
Proof of Theorem 7

To prove the results, we will apply the same argument used in Theorem 3. More specifically,

based on the Taylor expansion with Theorem 5, it can be seen that

<Xk — Xk’an — X‘Z>

cos i (040)
_COS<Xk7Xk/’Xj7Xq> _ in<kaXk/,Xijq> <Xk7Xk/,Xj*Xq> VCLT(X”,XfX/>
VVar(X", X — X') VVar(X" X — X7y /Var(X", X — X') Unom

2 2
— 1cos (X = Xpr, Xj = Xo) [((Xoe = Xir, Xy — Xo) Var(X", X — X') -1
2 Var(X", X -X) \ VVar(X", X - X) Un,m

+Op (%)

)
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Similarly
cos i = Yl/[’]Xj = Xo) (041)
e Y X =Xy V=Y X = Xe) (MY X = X ([Var(X”, X - X))
VVar(X", X — X') VVar(X", X — X') /Var(X", X — X') Un,m
2 2
L e =Y X = Xy) [ (V=Y X — Xo) Var(X", X - X) |
2 Var(X", X — XY\ /Var(X", X — X') Un,m
1
+or ()
cos (X = Yl/U’Xj — Xa) (042)
= rose =Yi X = Xo) (X = Vi, X — Xg) (X = Vi, X = X) ([Var(X", X - X7)
VVar(X", X — X7) VVar(X", X — X'y /Var(X", X — X') Un,m
2 2
L (X =Y X = Xy (=Y X - X) Var(X",X - X') |
2 WVar( X", X - X))\ /Var(X", X — X') Un,m
1
[0) -
tor (n\/ﬁ) ’
and
eos Xk — Y;}Xg‘ —Xg) (043)
= cos (X = V1, X5 = Xo) — sin (X =Y, X5 — Xg) (X = Y1, X — Xy) Var(X", X — X')
VVar(X", X — X7) VVar(X", X — X') /Var(X", X — X') Un,m
2 2
L (X =YX = X (X -V X - X) Var(X", X - X') |
2 Var( X", X - X))\ /Var(X", X - X') Un,m
1
Op| ——).
+or (7)
Now, based on (04)), (040), (041)), (042) and (043), we have
Anm (044)

)

2
1 / 1 !
= Anm1 — Anym,2 <\/VW(X U’X X0 1) —Anms (\/V(MX U’X -X) 1)

o)

)

)

)
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where

1<j<q<k<k’<n 1<I<U/<m

~ 1 7S
Apm2 = ()() Z Z H) (X5, Xq, Xi, Xir; Y1, Y1),
n

and

1<j<q<k<k/<n 1<I<l'<m

~ 1 —
Anm,z = ()() Z Z hA(Xj7Xq7Xkan’§Yl7Yl’)'

For ﬁZ(Wj7WQ7Wk7Wk'7m7Wl') and TLZ(WjVWQ7Wk7Wk’7lem’)7 denote

~ 1 ~
H (X5, Xq, X, Xpr; Y1, Y0 ) = a0 Z Z Ha(X71), Xr2), Xr 3y, Xr); Y1), Yy2),
T ren(d,a.k,k) yer (L)

and

-~ 1 ~
A (Wi, Wo, Wi, Wi, Wi, Wy ) = 30 Z Z ha(Xray, Xr@), Xr@) Xr@)i Yy), Yye)s

Tem(j,q,k,k") yEm(L,l)

where

HA(Xj, Xq, Xy, Xp3 Y1, Y1)

— Si?’L<Xj — Xg, Xi — Xk'> <X] — X, Xk — Xk’) — sin <X] — Xq, X — l/l’> <XJ — Xg, Xk — le’)

VVar(X", X — X') /Var(X", X — X') VVar(X", X — X'y \/Var(X", X — X')

Cin X = Xg, Xy = Y1) (X — X, X = YY) 4 sin (Xj = Xo, Y1 = Yi) (X; —Xo, V1 —Y0)
VVar(X", X — X') \/Var(X", X — X') VVar(X7" X — X'y /Var(X", X — X'}’

h/A(X]'7XQ7Xk7Xk’;Y17Yl’)

cos
\/Var(X”,XfX/> \/Var<X”,X7X’) \/Var<X”,XfX’>

2 2
= eos i = Xay X = X)) (X = Koy Xoe = X)X = Xy Xi = Vi) (X = X, Xoo = V0)
VVar(X", X — X')

2 2
_COS<XJ'7XQ7X7€'7Y'Z> <Xj7Xquk’7le> + cos <Xj7X117}/17le’> <XJ‘7X117Y27Y2’>
VVar(X", X = X'y \ /Var(X", X — X') VVar(X", X — X'y \ /Var(X", X - X')
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Similar to the proof of Ay, ., we will further show that

Cnom (045)
2
- G 1 1 G 1 1
ml I U VarY Y — V) I\ VO, Var(Y7,Y — Y
1
O I
" P(mm>’
where
~ 1 ~
Comp=—F~7~ > HE(Xk, Xi Y5, Y, Vi, Vo),
n M\ 1<k<k/<n1<j<q<I<l/<m
2/\ 4
and

~ 1 ~
Cn,m,3:7 Z Z hC(Xkan';Y}7Yq’Y27}/I’)'
<”> <m> 1<k<k/<n 1<j<q<I<l'<m

2 4

For HE( Xk, Xp; Yy, Yy, Yi, Yyr) and hi(Xk, Xi; Y;, Yy, Vi, Vi), we define them as

. 1

He(Xy X Yy Yo Yo Yi) = g D 3 Ho(Xew, Xowi Yo Yt Y, Vo),
Ten(k,k") vEm(j,q,L,l")

and

~ 1

hC(kaXk’§YJ'7YQlele'):ﬂ > Yo he(Xe@) Xews Yo Yo Yo, Yaw)s
Ten(k,k') ver(4,q,l,1")

where

HC(XIWXIC/;}/J',Y(I:YMYV)

— sin<Xk - Xw, Y — Yq> <Xk - X, Y — Yq> + sin <Yl -Y,Y; - Yq> <Yl -Y,Y; - Yq>
VVar(Y",Y =Y") \/Var(Y"Y —=Y7) VVar(Y'.Y =Y") \/Var(Y",Y —Y')
o e Y YY) (X VeV - Ye) (X LY - Y) (X — VLY V)

VVar(Y",Y =Y") \/Var(Y",Y —Y") VVar(Y Y =Yy \/Var(Y",Y —Y')’
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and

hC(Xkan';}/}WYthVZaY'l’)

= CO

S S
VVar(Y"Y =Y") \ /Var(Y",Y —Y) VVar(Y",Y =Y7)

— C

2
(X = X, Y5 = Yy) (X — X, Y — Y) +co M =YY, =Yy (M =Y, Y- Y)
VVar(Y"Y —=Y7)

o VVarY”)Y =Yy \ \/Var(Y")Y —Y7) VVarY)Y —=Y7)

Next, under the null hypothesis, we need to verify the theorem holds. The proof will consist
of three steps. In the first step, we establish the limiting null distribution o %(AmmA +
Ch,m,1) under the high-dimensional distance inference. In the second step, we discuss the
asymptotic behavior of Zn,m,g, gn,m,g, 5n,m,2 and én,m,g. At last, by using Slutsky’s theorem
and Theorem 5 to obtain the desired result.

Indeed, based on Theorem 5, similar to the proof of Theorem 3, it can be verified that
also holds in high-dimensional cases. The details are omitted. Next, we focus on the
limit behavior of /Tn,m,g, gmm,g, ,C‘;n’m’Q and énmd Under Hy, it is not difficult to see that the

kernels

ﬁZ(Xj7XQ7Xk7Xk/;K7}/Z/)7 ?Lz(Wj7anWk7Wk’an7Wl’)a

and

ﬁé‘(Xth';Y}’Y:th)/l’), FHSC(X}C7XIC’;}/J',YQ’Y27YZ')

are all degenerate. Hence, using the limit theorem for two-sample degenerate U-statistics, we
can obtain that they all follow the mixture of x? distributions.
Now combining the previous results with Slutsky’s theorem and Theorem 5, as well as ((044))

and (045]) yields

nm

I — i%k[(ak(@)Zlk +b1(60) Zak)” — (ai(9) + bi(6))].

k=1

2
Xo =Y, V5 = Yg) (X =V0, Y5 =Ye) \ (X =V, Y —Ye) (((Xp =YY — Yy
VVarY”)Y =Y7)

>2
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This concludes the proof. O
Proof of Theorem 8

Similar to the proof of Theorem 4, under the alternative hypothesis, by applying Slutsky’s
theorem and Theorem 5, we have the conclusion holds. O
S2 Appendix B: Additional Simulation Results

We conduct additional simulations to assess the finite sample performance of the proposed

tests. Let ¢3(u, ) stand for the multivariate ¢ distribution with 3 degrees of freedom, location
vector p and shape matrix X, Np(u,X) stands for the multivariate normal distribution with
mean vector p and shape matrix 3.
Example 1. Suppose Xy = (Xp1, -, Xkp), Y1 = Y1, - ,Y}p) with £ = 1,--- ,n, | =
1,---,m. We will generate independent identically distributed samples from the models: X} ~
ts(p1, 1), Yi ~ ts(pe, X2), where g1 = Opx1, X1 = (0.5‘i_j|)pxp, pe = 01px1 and o = o2y,
We consider four scenarios for (8,02): (0, 1), (0.2, 1), (0.18, 1.3) and (0, 1.6), which corre-
sponds to the null hypothesis Hy, location shift, both location shift and scale difference and
scale difference only.

Under the multivariate ¢ distribution with 3 degrees of freedom, the empirical size and
power of each test are reported in Table 1. As can be seen from Table 1, when two populations
are identically distributed, the sizes of all tests are very close to the significance level a = 0.05,
indicating that these methods can control the type I error well. When X and Y have different
distributions, the results in Table 1 show that no method outperforms the others for all the
considered populations throughout our empirical studies. If the location shift is present, i.e.,
6 = 0.2 or 0.18, the new test performs best, and the ED test follows, which are often substantially
higher than BD and MMD tests. For example, the empirical power of ED, BD, MMD and our

approach are 0.4325, 0.0750, 0.2075 and 0.5150 under the alternative § = 0.2, n = m = 50
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Table 1: Empirical size and power for different test procedures.

Model Methods
p=>50 p=100 p=50 p=100 p=50 p=100
CD 0.0675 0.0575 0.0525 0.0600 0.0400 0.0500
ED 0.0525 0.0675 0.0750 0.0700 0.0600 0.0575
(0,1)

BD 0.0600 0.0325 0.0350 0.0450 0.0575 0.0675
MMD  0.0500 0.0500 0.0425 0.0600 0.0575  0.0425
CD 0.5150 0.5825 0.6975 0.6700 0.8800  0.9650
ED 0.4325 0.5825 0.6350 0.6700 0.7850  0.8900

(0.2,1)
BD 0.0750  0.0800 0.1100 0.1000  0.1200  0.2000
MMD  0.2075 0.1950 0.3975 0.3050 0.5375  0.7850
CD 0.4225 0.5200 0.5950 0.6300 0.7625  0.9000
ED 0.4000 0.5275 0.6050 0.6400 0.7125 0.8300

(0.18,1.3)

BD 0.3400 0.3350 0.4250 0.3650 0.5625 0.6700
MMD  0.3975 0.3975 0.5800 0.5025 0.7325 0.9075
CD 0.3175 0.3700 0.4525 0.4250 0.5500  0.7500
ED 0.3250 0.4025 0.5300 0.4625 0.5700 0.7150

(0,1.6)
BD 0.6525 0.6875 0.7975 0.7450 0.8975  0.9650
MMD  0.6150 0.6475 0.8050 0.7475 0.8975  0.9500
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and p = 50 respectively. However, when only the scale difference is present, i.e., o = 1.6, the
BD and MMD test procedures have better performance, the ED and our approach deteriorate
quickly. For example, the BD test (and the MMD, ED and the new test) has power 0.6875 (and
0.6475, 0.4025 and 0.3700) for the setting with n = m = 50 and p = 100.

Example 2. In this example, we generate i.i.d. samples from the following models: X ~
Np(0,%), Y, ~ 0.6-Ny(us, X)+0.4- Np(pa,X), where Xj, and Y] are set to be the same as those
in Example 1. Besides, three different choices are considered for ¥ = (oy;): (1) 05 = 1,04 =
0 (i #5); (2) 05 = 02", (3) 645 = 1,045 = 0.2 (i # ), which correspond to X1, X, and X3
respectively. For ¥; and X, we choose puz = (0.3,---,0.3)" and ps = (—0.3,---,—-0.3)". For
Y3, ug and p4 are set to be (0.5,---,0.5)7 and (—0.5,--- ,—0.5)7 respectively.

Table 2 summarizes the simulations results of different choices for X, n,m and p. From
Table 2, we can see that: (i) The empirical powers of each test procedure improve quickly as
p increases. This is perhaps because the deviations from Hy are accumulating as p diverges.
(ii) The CD test is superior to the other three competitive methods under the alternatives 3;
and Y. For example, when n = m = 50 and p = 100, the new test (and the ED, BD and MMD
test procedures) has power 0.9850 (and 0.1875, 0.9125 and 0.9050) for the setting with X = Xq;
0.9600 (and 0.2025, 0.8800 and 0.8100) for the setting with ¥ = X,. (iii) It can also be seen
that, under the alternative 33, BD test has the best power performance, CD test follows, and
ED test is somewhat insensitive.

Example 3. We draw the p-vectors Xg,k = 1,---,n, from Np(u1,%31) with g1 = Opx1,
Y1 = (045), 0is = 1,04 = 0.7 (i # j), and the p-vectors Y;,l = 1,--- ,m, from Np(p2,X2) with
p2 = 0lpx1, and By = 02%;. We consider three scenarios for (§,02): (0, 1), (0.5, 1), (0.45,
1.3), which corresponds to the null hypothesis Hy, location shift, both location shift and scale

difference, respectively.
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Table 2: Empirical power for different test procedures.

Model Methods
p=950 p=100 p=50 p=100 p=50 p=100
CD 0.6325 0.9850 0.9625 1.0000 0.9700 1.0000
ED 0.1375 0.1875 0.2075 0.2650 0.2200 0.2750
. BD 0.5750 09125 0.7425 0.9800 0.8625  0.9900
MMD  0.4925 0.9050 0.6975 0.9875 0.8450  1.0000
CD 0.5275 0.9600 0.9225 1.0000 0.9300 1.0000
ED 0.0900  0.2025 0.1850 0.2550  0.2000 0.3625
. BD 0.5525 0.8800 0.7725 0.9400 0.8200 1.0000
MMD  0.3850 0.8100 0.6150 0.9450 0.7550  0.9500
CD 0.4625 0.5150 0.6900 0.8100 0.8075  0.9200
ED 0.1625 0.1800 0.2225 0.2350 0.2850 0.4725
. BD 0.6150 0.6575 0.7800 0.8200  0.8750  1.0000
MMD  0.3675 0.3900 0.5500 0.5900  0.6500  0.8675
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Under the multivariate normal distribution, the empirical size and power of each test
are reported in Table 3. As can be seen from Table 3, when two populations are identically
distributed, the rejection probabilities of all tests are very close to the preselected significance
level 0.05. When X and Y have different distributions, the results in Table 3 show that, ED
test performs the best, BD and our proposed CD tests follow when 6 = 0.5 and ¢ = 1, that is,
when only the location shift is present. However, if there exists scale difference, i.e., 02 = 1.3,
the BD test has the best power performance, our approach deteriorates quickly, indicating that

the new test is not so sensitive to the scale difference under high correlations.
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Table 3: Empirical size and power for different test procedures.

Model Methods
p=50 p=100 p=50 p=100 p=50 p=100

CD 0.0700  0.0575 0.0375 0.0650 0.0675  0.0550

ED 0.0625 0.0575 0.0400 0.0500  0.0750  0.0300

(0, 1)
BD  0.0700 0.0525 0.0450 0.0550 0.0700  0.0525
MMD  0.0700 0.0525 0.0425 0.0500 0.0600 0.0675
CD  0.6750 0.6600 0.8500 0.7775 0.9375 0.9500
ED 07500 0.7375 0.9075 0.8525 0.9550  0.9650
(0.5, 1)
BD  0.6750 0.6825 0.8500 0.7800 0.9100 0.9175
MMD 04475 03725 0.6575 0.5350 0.7225 0.7275
CD 05275 05075 0.7200 0.5825 0.8725 0.8775
ED  0.6000 0.5950 0.8125 0.6650 0.8800 0.8875
(0.45, 1.3)

BD 0.6825 0.7000 0.8675 0.7700  0.9200 0.9625

MMD  0.5725 0.6800 0.8000 0.8250 0.8925 0.9875




