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Abstract

This document contains the supplementary material to the paper “Inferring Hub Nodes

on Differential Gaussian Graphical Models”. In Appendix A, we provide the proof of

Theorem 4.1 and Lemma 4.2. In Appendix B, we prove Theorem 4.4. Appendix C states

some technical lemmas of Appendix A. Appendix D presents additional numeric results

for Section 5.1.

Throughout the Appendix, we will use the following Landau symbols. We write f(n, d) =

O(g(n, d)) if f(n, d) ≤ Cg(n, d) for some positive constant C and all sufficiently large n and d. The

constant C is independent of the sample size n and the dimension d, but may vary from line to

line. For simplicity, we also write f(n, d) ≲ g(n, d) to indicate f(n, d) = O(g(n, d)). And we write

f(n, d) = o(g(n, d)) if f(n, d)/g(n, d) → 0 as n→ ∞ and d→ ∞.

A Proof of Theorem 4.1 and Lemma 4.2

In this section, we provide the proofs for Theorem 4.1 and Lemma 4.2. To this end, we start with

some technical lemmas that will be helpful in the proof. The proofs of the technical lemmas are

deferred to Appendix C. The following lemma shows that the term ∆̂d−∆ can be rewritten as the

summation of a leading term and a remainder term.

Lemma A.1. We have ∆̂d −∆ = Leading + Remainder, where

Leading = (VY −∆)
(
Σ̂X −ΣX

)
VT
X −VY

(
Σ̂Y −ΣY

)
(VX +∆)T ;

Remainder ={(∆̂−∆)−VY Σ̂Y (∆̂−∆)(VXΣ̂X)
T } −VY (Σ̂Y −ΣY )∆(Σ̂X −ΣX)V

T
X

−VY (Σ̂Y −ΣY )∆(VXΣX − I)T − (VYΣY − I)∆(Σ̂X −ΣX)V
T
X .
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The next lemma summarizes the estimation rates of the estimators. The results follow directly

from Theorem 3 in Zhao et al. (2014), and from Lemma E.5 in Ma et al. (2017). Thus the proof is

omitted.

Lemma A.2. Assume the conditions in Theorem 4.1. We have with probability at least 1− c/d,

∥∆̂−∆∥1,1 = O(s
√
log d/n), ∥Σ̂X−ΣX∥max = O(

√
log d/n), and ∥Σ̂Y−ΣY ∥max = O(

√
log d/n),

where c is a generic constant. Furthermore, we define the event Γ as follows:

Γ = {(XT ,YT ) ∈ R2n×d|∥Σ̂′
X −ΣX∥max ≤ C

√
log d/n, ∥Σ̂′

Y −ΣY ∥max ≤ C
√
log d/n}, (A.1)

where Σ̂′
X , Σ̂

′
Y are sample covariance matrices obtained from the splitted data D2 as suggested in

Section 3.1, and C is a sufficiently large constant. Then we have P(D2 ∈ Γ) ≥ 1− 4d−1.

The next lemma establishes properties of the bias correction matrices VX and VY that will be

useful for bounding the remainder term.

Lemma A.3. Assume the conditions in Theorem 4.1. Let λ′ in (34) satisfies λ′ = C ′√log d/n,

where C ′ is a sufficiently large constant. We have with probability at least 1− c/d,

∥VX∥∞ = O(1); ∥VY ∥∞ = O(1);

∥VXΣ̂X − I∥max = O(
√

log d/n); and ∥VY Σ̂Y − I∥max = O(
√
log d/n),

where c is a generic constant.

Next, we present a lemma on an upper bound for the remainder term.

Lemma A.4. Assume the conditions in Theorem 4.1. We have with probability at least 1− c/d

that ∥Remainder∥max = O(s log d/n), where c is a generic constant.

The next lemma provides a lower bound for the asymptotic variance ξjk defined in (43).

Lemma A.5. Under conditions in Theorem 4.1 , we have 1/ξjk = OP (1).
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The sixth lemma bounds of the third moment of a random variable, which can lead to the

asymptotic normality of the Leading term.

Lemma A.6. (Third moment bound) Suppose the conditions of Theorem 4.1 hold, and denote

Zjk = (VY −∆)j•
(
XXT −ΣX

)
VT
X,k• −VY,j•

(
Y Y T −ΣY

)
(VX +∆)Tk•, ∀j, k ∈ [d].

We have ∀(XT ,YT )T ∈ Γ, ρ := E(|Zjk|3
∣∣D2 = (XT ,YT )T ) = O(1).

With Lemmas A.1–A.6, we now provide the proof of Theorem 4.1.

A.1 Proof of Theorem 4.1

Proof. From Lemma A.1, we have

√
n(∆̂d

jk −∆jk)/ξjk =
√
nLeadingjk/ξjk +

√
nRemainderjk/ξjk.

From Lemmas A.4–A.5 and the scaling condition s log d/
√
n = o(1), we have

√
nRemainderjk/ξjk =

oP (1). By Slutsky’s theorem, it remains to show that
√
nLeadingjk/ξjk ⇝ N(0, 1). To this end, let

Zi,jk = (VY −∆)j•
(
XiX

T
i −ΣX

)
VT
X,k• −VY,j•

(
YiY

T
i −ΣY

)
(VX +∆)Tk•,

Sn =
∑n

i=1 Zi,jk = n·Leadingjk, and sn =
√
nξjk. Conditioning onD2, we know that Z1,jk, . . . , Zn,jk

are i.i.d., so we can apply the Berry-Esseen Theorem (see Theorem 3.4.17 in Durrett (2019)) by

conditioning on D2 to obtain an upper bound: there exists a universal constant C such that for

every (XT ,YT )T ∈ Γ in (A.1) and every x ∈ R,

∣∣∣∣P(Snsn ≤ x
∣∣∣D2 = (XT ,YT )T

)
− Φ(x)

∣∣∣∣ ≤ Cρ√
nξ3jk

≤ C√
n
, (A.2)

where ρ is the conditional third moment in Lemma A.6 and C2 is another universal constant. Note

that the last inequality holds by an application of Lemmas A.5 and A.6.
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Define the event E = {D2 ∈ Γ}. Using the law of total probability, we have

∣∣∣∣P(Snsn ≤ x

)
− Φ(x)

∣∣∣∣ = ∣∣∣∣P(Snsn ≤ x
∣∣∣E)P(E) + P

(
Sn
sn

≤ x
∣∣∣Ec)P(Ec)− Φ(x)

∣∣∣∣
≤
∣∣∣∣P(Snsn ≤ x

∣∣∣E)− Φ(x)

∣∣∣∣P(E) + ∣∣∣∣P(Snsn ≤ x
∣∣∣Ec)− Φ(x)

∣∣∣∣P(Ec)
≤
∣∣∣∣P(Snsn ≤ x

∣∣∣E)− Φ(x)

∣∣∣∣+ 2P(Ec).

(A.3)

From (A.2), we have

∣∣∣∣P(Snsn ≤ x
∣∣∣E)− Φ(x)

∣∣∣∣ = ∣∣∣∣ ∫ [P(Snsn ≤ x
∣∣∣D2 = (XT ,YT )T

)
− Φ(x)

]
dP(XT ,YT )T

∣∣∣∣ ≤ C√
n
.

From Lemma A.2, we have P(Ec) ≤ 4d−1. From (A.3), we have

∣∣∣∣P(√
nLeadingjk

ξjk
≤ x

)
− Φ(x)

∣∣∣∣ = ∣∣∣∣P(Snsn ≤ x

)
− Φ(x)

∣∣∣∣ ≤ C√
n
+

8

d
= o(1),

indicating that
√
nLeadingjk/ξjk ⇝ N(0, 1), as desired.

A.2 Proof of Lemma 4.2

Proof. It suffices to prove |ξ̂2jk − ξ2jk| = OP (1). Recall from the definition of ξjk in (43), we have

ξ2jk = ((VY −∆)j•ΣX(VY −∆)Tj•)(VX,k•ΣXV
T
X,k•)︸ ︷︷ ︸

I1

+((VY −∆)j•ΣXV
T
X,k•)

2︸ ︷︷ ︸
I2

+ (VY,j•ΣYV
T
Y,j•)((VX +∆)k•ΣY (VX +∆)Tk•)︸ ︷︷ ︸

I3

+(VY,j•ΣY (VX +∆)Tk•)
2︸ ︷︷ ︸

I4

Similarly we use the definition of ξ̂jk in (45) to expand ξ̂2jk = Î1 + Î2 + Î3 + Î4. Then |ξ̂2jk − ξ2jk| ≤∑4
t=1 |It − Ît|. We start with showing |I1 − Î1| = OP (1). Note that

|I1 − Î1| = |((VY −∆)j•ΣX(VY −∆)Tj•)(VX,k•ΣXV
T
X,k•)− ((VY − ∆̂)j•Σ̂X(VY − ∆̂)Tj•)(VX,k•Σ̂XV

T
X,k•)|

≤ |((VY −∆)j•ΣX(VY −∆)Tj• − (VY − ∆̂)j•Σ̂X(VY − ∆̂)Tj•)(VX,k•ΣXV
T
X,k•)|

+ |(VY − ∆̂)j•Σ̂X(VY − ∆̂)Tj•){VX,k•(Σ̂X −ΣX)V
T
X,k•}|.
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From Assumption 1, we have ∥(VY −∆)j•∥1 = OP (1), ∥(VY − ∆̂)j• − (VY −∆)j•∥1 = OP (1),

∥VX
k•∥1 = OP (1), ∥ΣX∥max = O(1), and ∥Σ̂X −ΣX∥max = OP (

√
log d/n). Combining the above

with Lemma A.2, we further have

|((VY −∆̂)j•Σ̂X(VY −∆̂)Tj•)−((VY −∆)j•ΣX(VY −∆)Tj•)| = OP (1); |(VX,k•ΣXV
T
X,k•)| = OP (1);

|(VX,k•Σ̂XV
T
X,k•)− (VX,k•ΣXV

T
X,k•)| = OP (1); |((VY −∆)j•ΣX(VY −∆)Tj•)| = OP (1).

Through the use of the inequality |uTAv| ≤ ∥u∥1∥A∥max∥v∥1 that holds for any vector u, v and

any matrix A, we conclude that |I1 − Î1| = OP (1), as desired.

The other quantities can be derived similarly and are hence omitted from the proof.

B Proof of Theorem 4.4

In this proof, we will use the notation TE to indicate the test statistic TE and TB to indicate

TBE . To approximate the statistic TE by the multiplier bootstrap process TB, we also define two

intermediate processes

TE0 := max
(j,k)∈E

1√
n

n∑
i=1

[(VY −∆)j•
(
XiX

T
i −ΣX

)
VT
X,k• −VY,j•

(
YiY

T
i −ΣY

)
(VX +∆)Tk•],

TB0 := max
(j,k)∈E

1√
n

n∑
i=1

[(VY −∆)j•
(
XiX

T
i −ΣX

)
VT
X,k• −VY,j•

(
YiY

T
i −ΣY

)
(VX +∆)Tk•]ξi.

Since TB0 is the multiplier bootstrap process of TE0 , we can use TB0 to estimate the quantiles of TE0 .

We will prove that we can utilize TE0 and TB0 to approximate TE and TB, respectively. To prove

this theorem, it suffices to check three conditions in Corollary 3.1 of Chernozhukov et al. (2013),

stated as follows:

1. For some positive constants c and C, we have

min
(j,k)∈E

E[(VY −∆)j•
(
XXT−ΣX

)
VT
X,k•]

2 ≥ c, min
(j,k)∈E

E[VY,j•
(
Y Y T−ΣY

)
(VX+∆)Tk•]

2 ≥ c;

max
(j,k)∈E

E[(VY−∆)j•
(
XXT−ΣX

)
VT
X,k•]

2 ≤ C, max
(j,k)∈E

E[VY,j•
(
Y Y T−ΣY

)
(VX+∆)Tk•]

2 ≤ C;
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2. P(|TE − TE0 | > ζ1) < ζ2;

3. And P
(
P
(
|TB − TB0 | > ζ1

∣∣D1

)
> ζ2

)
< ζ2 hold for ζ1

√
log d+ ζ2 = o(1).

Note that since we do not emphasize on the polynomial decaying in our result, we need only

ζ1
√
log d+ ζ2 = o(1) and the scaling condition (log(dn))7/n = o(1). We choose ζ1 = C

√
s2(log3(dn))

n

and ζ2 = c/d to check these conditions, where c and C are two constants. The scaling conditions in

Theorem 4.4 imply the aforementioned two scaling conditions.

We start with checking the first condition. The first two inequalities are proven in the proof of

Lemma A.5. Moreover, in the proof of Lemma A.6, we have ∀j, k ∈ [d],

∥(VY −∆)j•
(
XXT −ΣX

)
VT
X,k•∥ψ1 = O(1) and ∥VY,j•

(
Y Y −ΣY

)
(VX +∆)Tk•∥ψ1 = O(1),

which imply the two inequalities in the first condition.

Second, we bound the difference between TE and TE0 . Note that TE0 can be rewritten as

TE0 = max(j,k)∈E
√
nLeadingjk. By Lemma A.1, we have

|TE − TE0 | ≤
√
n max

(j,k)∈E
|Remainderjk| ≤

√
n∥Remainder∥max.

From Lemma A.4, we have |TE − TE0 | ≤ Cs log d/
√
n with probability at least 1 − c/d for some

positive constants C and c, implying the second condition.

Finally, to verify the third condition, we bound the difference between TB and TB0 :

|TB − TB0 | = max
(j,k)∈E

|f(D1, ξ)|, where

f(D1, ξ) =
1√
n

n∑
i=1

[((VY − ∆̂)j•
(
XiX

T
i − Σ̂X

)
VT
X,k• − (VY −∆)j•

(
XiX

T
i −ΣX

)
VT
X,k•)

− (VY,j•
(
YiY

T
i − Σ̂Y

)
(VX + ∆̂)Tk• −VY,j•

(
YiY

T
i −ΣY

)
(VX +∆)Tk•)]ξi (B.1)

Notice that the right hand side of the above inequality is a suprema of the Gaussian process when

conditioning on the data D1, so we need to bound the conditional variance of f(D1, ξ) as σ
2
ξ in the
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following inequality.

1

n
max

(j,k)∈E
|
n∑
i=1

([(VY − ∆̂)j•
(
XiX

T
i − Σ̂X

)
VT
X,k• − (VY −∆)j•

(
XiX

T
i −ΣX

)
VT
X,k•]

− (VY,j•
(
YiY

T
i − Σ̂Y

)
(VX + ∆̂)Tk• −VY,j•

(
YiY

T
i −ΣY

)
(VX +∆)Tk•)]|2

≤max
i∈[n]

max
(j,k)∈E

|([(VY − ∆̂)j•
(
XiX

T
i − Σ̂X

)
VT
X,k• − (VY −∆)j•

(
XiX

T
i −ΣX

)
VT
X,k•]

− (VY,j•
(
YiY

T
i − Σ̂Y

)
(VX + ∆̂)Tk• −VY,j•

(
YiY

T
i −ΣY

)
(VX +∆)Tk•)]|2

≤2max
i∈[n]

max
(j,k)∈E

|[(VY − ∆̂)j•
(
XiX

T
i − Σ̂X

)
VT
X,k• − (VY −∆)j•

(
XiX

T
i −ΣX

)
VT
X,k•]|2

+ 2max
i∈[n]

max
(j,k)∈E

|(VY,j•
(
YiY

T
i − Σ̂Y

)
(VX + ∆̂)Tk• −VY,j•

(
YiY

T
i −ΣY

)
(VX +∆)Tk•]|2.

(B.2)

Denote the right hand side of (B.2) as VM . We now bound each term of VM . For the first term, we

have

(VY − ∆̂)j•
(
XiX

T
i − Σ̂X

)
VT
X,k• − (VY −∆)j•

(
XiX

T
i −ΣX

)
VT
X,k•

=(VY − ∆̂)j•
(
ΣX − Σ̂X

)
VT
X,k• − (∆̂−∆)j•

(
XiX

T
i −ΣX

)
VT
X,k•.

Moreover, with probability at least 1− c/d, we have

max
(j,k)∈E

|(VY − ∆̂)j•|1 ≤ ∥VY ∥∞ + ∥∆∥∞ + ∥∆̂−∆∥∞ = O(1),

∥ΣX − Σ̂X∥max = O(
√

log d/n), and max
(j,k)∈E

|VX,k•|1 ≤ ∥VX∥∞ = O(1).

Thus, we have with probability at least 1− c/d,

max
i∈[n]

max
(j,k)∈E

|(VY − ∆̂)j•
(
ΣX − Σ̂X

)
VT
X,k•|

≤ max
(j,k)∈E

|(VY − ∆̂)j•|1∥ΣX − Σ̂X∥max max
(j,k)∈E

|VX,k•|1 = O(
√

log d/n).

(B.3)

From Lemma A.2, we have with probability at least 1− (dn)−1, ∥XiX
T
i −ΣX∥max = O(log(dn)).

This implies that with probability at least 1− 1/d, maxi∈[n] ∥XiX
T
i −ΣX∥max = O(log(dn)). In

addition, we have with probability no smaller than 1− c/d,

|(∆̂−∆)j•|1 ≤ ∥∆̂−∆∥∞ = O(s
√
log d/n), and max

(j,k)∈E
|VX,k•|1 ≤ ∥VX∥∞ = O(1),
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Therefore, we have with probability no smaller than 1− c/d,

max
i∈[n]

max
(j,k)∈E

|(∆̂−∆)j•
(
XiX

T
i −ΣX

)
VT
X,k•|

≤|(∆̂−∆)j•|1max
i∈[n]

∥XiX
T
i −ΣX∥max max

(j,k)∈E
|VX,k•|1 = O

(
s log(dn)√

n

)
.

(B.4)

The second term in (B.2) can be bounded using a similar argument.

Next, we define the event E about VM as E = {VM ≤ C s2(log2(dn))
n } where C is a constant. From

(B.2), (B.3) and (B.4), we have P(Ec) ≤ c
d , where c is a constant related to C. By Lemma A.1 in

Chernozhukov et al. (2013), under the event E , recall that f(D1, ξ) is defined in (B.1) and we have

EM := E
[

max
(j,k)∈E

f(D1, ξ)
∣∣∣D1

]
≲
√
nVM

√
log d/n = O

(√
s2(log3(dn))

n

)
. (B.5)

Applying Borell’s inequality (see Proposition A.2.1 in Van Der Vaart and Wellner (1996)), we have

∀t > 0,

P
(

max
(j,k)∈E

|f(D1, ξ)− EM | > t
∣∣∣D1

)
≤ 2 exp

(
− t2

2σ2ξ

)
,

where the conditional variance σ2ξ is the left side in (B.2). From (B.2) and (B.5), setting t =√
c log(2d)σ2ξ , we have under the event E ,

P
(

max
(j,k)∈E

f(D1, ξ) > C

√
s2(log3(dn))

n

∣∣∣∣D1

)
≤ c

d
.

From (B.1), we have

P
(
P
(
|TB − TB0 | > C

√
s2(log3(dn))

n

∣∣∣∣D1

)
>
c

d

)
≤ P(Ec) ≤ c

d
,

as desired. Therefore, by Corolllary 3.1 of Chernozhukov et al. (2013), we have

lim
n→∞

|P(TE > c(α,E))− α| = 0,

as desired.
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C Proof of Lemmas A.1–A.6

In this section, we provide proofs for Lemmas A.1–A.6 provided in Section A. We start with a

lemma on the the basic property of the fourth order moments of a multivariate Gaussian random

variables.

Lemma C.1. For a random vector X ∼ N(0,Σ) and four matrices A,B,C,D, we have

E[(AX)(BX)T (CX)(DX)T ] = (AΣBT )(CΣDT ) + (AΣCT )(BΣDT ) + tr
(
BΣCT

)
(AΣDT ).

Proof. The proof can be found in Isserlis (1916).

C.1 Proof of Lemma A.1

Proof. Using the equality ΣY∆ΣX −
(
ΣX −ΣY

)
= 0, from (31), we have

∆̂d −∆ = −VY (Σ̂Y ∆̂Σ̂X −
(
Σ̂X − Σ̂Y

)
)VT

X + (∆̂−∆) +VY (ΣY∆ΣX −
(
ΣX −ΣY

)
)VT

X .

Note that Σ̂Y ∆̂Σ̂X = Σ̂Y (∆̂−∆)Σ̂X + Σ̂Y∆Σ̂X . Thus, we have

Σ̂Y∆Σ̂X −ΣY∆ΣX = (Σ̂Y −ΣY )∆(Σ̂X −ΣX) + (Σ̂Y −ΣY )∆ΣX +ΣY∆(Σ̂X −ΣX).

The result in Lemma A.1 can then be obtained after some algebraic manipulation.

C.2 Proof of Lemma A.3

Proof. We first show that ΘX and ΘY are feasible solutions for the optimization problems in (34),

respectively. For two matrices A and B, we have ∥AB∥max ≤ ∥AT ∥1∥B∥max and ∥AB∥max ≤

∥A∥∞∥B∥max. By the aforementioned inequality, Lemma A.2, and the fact that ΘX is symmetric,

we have

∥ΘXΣ̂
′
X − I∥max = ∥ΘX(Σ̂

′
X −ΣX)∥max ≤ ∥ΘX∥1∥Σ̂′

X −ΣX∥max = O(
√
log d/n),
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with probability at least 1− c/d where c is some positive constant. Since we select λ′ = C ′√log d/n,

where C ′ is a sufficiently large constant, we know that ΘX and ΘY are feasible solutions for

optimization problem (34) with probability at least 1− c/d.

Since VX and VY are minimizers of the optimization problem (34) and by Assumption 1, we

have with probability at least 1− c/d that ∥VX∥∞ ≤ ∥ΘX∥∞ = ∥ΘX∥1 = O(1), ∥VY ∥∞ = O(1),

and ∥V∥∞ = ∥VX∥∞∥VY ∥∞ = O(1), where V = VX ⊗VY .

Finally, by the triangle inequality and Lemma A.2, we have with probability at least 1− c/d

that

∥VXΣ̂X−I∥max ≤ ∥VXΣ̂
′
X−I∥max+∥VX(Σ̂

′
X−ΣX)∥max+∥VX(Σ̂X−ΣX)∥max = O(

√
log d/n),

where we use the inequality ∥VX(Σ̂X −ΣX)∥max ≤ ∥VX∥∞∥Σ̂X −ΣX∥max.

C.3 Proof of Lemma A.4

Proof. Throughout the proof, for simplicity, we will use the notation OP (·) to indicate that an

event occurs with probability at least 1− c/d. The remainder term in (33) is

Remainder = [(∆̂−∆)−VY Σ̂Y (∆̂−∆)(VXΣ̂X)
T ]︸ ︷︷ ︸

I1

−VY (Σ̂Y −ΣY )∆(Σ̂X −ΣX)V
T
X︸ ︷︷ ︸

I2

−VY (Σ̂Y −ΣY )∆(VXΣX − I)T︸ ︷︷ ︸
I3

− (VYΣY − I)∆(Σ̂X −ΣX)V
T
X︸ ︷︷ ︸

I4

.

We will provide upper bounds for I1, I2, I3, and I4 under the max norm, respectively.

We start with obtaining an upper bound for ∥I1∥max. First, note that

∥I1∥max = ∥(∆̂−∆)−VY Σ̂Y (∆̂−∆)(VXΣ̂X)
T ∥max

= ∥{I−V(Σ̂X ⊗ Σ̂Y )}vec(∆̂−∆)∥∞

≤ ∥I−V(Σ̂X ⊗ Σ̂Y )∥max · ∥vec(∆̂−∆)∥1,

where the second equality holds by vectorizing the product of matrices. It suffices to obtain

upper bounds for ∥I−V(Σ̂X ⊗ Σ̂Y )∥max and ∥vec(∆̂−∆)∥1. By Lemma A.2, ∥vec(∆̂−∆)∥1 =

OP (s
√

log d/n). Next, we bound the term ∥I−V(Σ̂X ⊗ Σ̂Y )∥max.

10



By the triangle inequality, we have

∥V
(
Σ̂X ⊗ Σ̂Y

)
− I∥max = ∥V

{(
Σ̂X ⊗ Σ̂Y

)
−
(
ΣX ⊗ΣY

)}
∥max + ∥V

{(
ΣX ⊗ΣY

)
−
(
Σ̂′
X ⊗ Σ̂′

Y

)}
∥max

+ ∥V
(
Σ̂′
X ⊗ Σ̂′

Y

)
− I∥max.

To bound the above term, we start with some intermediate results obtained from Lemma A.2 and

Assumption 1:

∥(Σ̂X −ΣX)⊗ΣY ∥max = OP (
√
log d/n);

∥ΣX ⊗ (Σ̂Y −ΣY )∥max = OP (
√
log d/n);

∥(Σ̂X −ΣX)⊗ (Σ̂Y −ΣY )∥max = OP (log d/n).

Moreover, it can be shown that

∥Σ̂X ⊗ Σ̂Y −ΣX ⊗ΣY ∥max = OP (
√
log d/n); ∥Σ̂′

X ⊗ Σ̂′
Y −ΣX ⊗ΣY ∥max = OP (

√
log d/n).

The first term can then be upper bounded as

∥V
(
Σ̂X ⊗ Σ̂Y −ΣX ⊗ΣY

)
∥max ≤ ∥V∥∞∥

(
Σ̂X ⊗ Σ̂Y

)
−
(
ΣX ⊗ΣY

)
∥max = OP (

√
log d/n).

The second term can be proven similarly. Finally, since λ′ = C ′√log d/n for some sufficient large

constant C ′, from (34), we have ∥((VXΣ̂
′
X)⊗ (VY Σ̂

′
Y ))− I⊗ I∥max = OP (

√
log d/n), which implies

∥V
(
Σ̂′
X ⊗ Σ̂′

Y

)
− I∥max = OP (

√
log d/n). Combining the above, we have ∥I1∥max = OP (s log d/n).

For I2, using a similar argument as the upper bound for I1, we have

∥VY (Σ̂Y −ΣY )∆(Σ̂X −ΣX)V
T
X∥max = ∥V[

(
Σ̂X −ΣX

)
⊗
(
Σ̂Y −ΣY

)
]vec(∆)∥∞

≤ ∥V[
(
Σ̂X −ΣX

)
⊗
(
Σ̂Y −ΣY

)
]∥max∥vec(∆)∥1

≤ sM · ∥V[
(
Σ̂X −ΣX

)
⊗
(
Σ̂Y −ΣY

)
]∥max

= OP (s log d/n),

where the second inequality holds under the family of true differential graphs defined in (41).

For I3, similar to the proof of Lemma A.3, we have ∥VXΣX−I∥max = OP (
√
log d/n). Moreover,

11



∥VY (Σ̂Y −ΣY )∥max ≤ ∥VY ∥∞∥Σ̂Y −ΣY ∥max = OP (
√
log d/n). Coupling the above with the fact

that ∥∆∥1,1 ≤ sM = O(s) under the condition in (41), we obtain

∥I3∥max ≤ ∥VY (Σ̂Y −ΣY )∥max∥∆∥1,1∥VXΣX − I∥max = OP (s log d/n).

The upper bound for I4 can be derived using the same argument as the above and is omitted.

Putting the upper bounds for I1, I2, I3, and I4 together, we obtain the desired result.

C.4 Proof of Lemma A.5

Proof. We first show that conditional on D2, Var(
√
nLeadingjk) = ξ2jk for all j, k ∈ [d]. From the

definition in (32), it can be shown that E(
√
nLeadingjk) = 0. From the fact that conditional on D2,

X1, . . . ,Xn are i.i.d. samples and Y1, . . . ,Yn are i.i.d. samples, after some algebraic manipulation,

we have

Var(
√
nLeadingjk) = Var(eTj VY

(
Y Y T −ΣY

)
(VX +∆)Tek)︸ ︷︷ ︸

I1

+Var(eTj (VY −∆)
(
XXT −ΣX

)
VT
Xek)︸ ︷︷ ︸

I2

.

The term I1 can be computed as

I1 = E(eTj VY

(
Y Y T −ΣY

)
(VX +∆)Teke

T
j VY

(
Y Y T −ΣY

)
(VX +∆)Tek)

= I11 − (eTj VYΣY (VX +∆)Teke
T
j VYΣY (VX +∆)Tek),

where I11 = E(
(
eTj VY Y

)(
eTk (VX +∆)Y

)T (
eTj VY Y

)(
eTk (VX +∆)Y

)T
). Applying Lemma C.1

to I11, we obtain

I1 = (VY,j•ΣYV
T
Y,j•)((VX +∆)k•ΣY (VX +∆)Tk•) + (VY,j•ΣY (VX +∆)Tk•)

2.

The term I2 can be computed similarly, and thus conditional on D2, Var(
√
nLeadingjk) = ξ2jk.

Next, we show that 1/ξjk = OP (1). Similar to the proof of A.3, we have with probability at

least 1− c/d for a universal constant c, ∥VXΣX − I∥max = O(
√
log d/n). And under the conditions

12



in Lemma A.5, we then know with probability at least 1− c/d,

∥VX −ΘX∥max = ∥(VXΣX − I)ΘX∥max ≤ ∥VXΣX − I∥max∥ΘX∥1 = O(
√

log d/n).

And we have mins∈[d]{ΘX,ss} ≥ λmin{
(
ΘX

)
} = 1/λmax{ΣX} = 1/∥ΘX∥2. Therefore, with proba-

bility at least 1− c/d, there exists K > 0, such that

min
s∈[d]

∥VX,s•∥2 ≥ min
s∈[d]

{|VX,ss|} ≥ min
s∈[d]

{ΘX,ss} − ∥VX −ΘX∥max ≥ K.

Similarly, we have ∥VY −∆−ΘX∥max = ∥VY −ΘY ∥max = OP (
√
log d/n). Combining the above

with Assumption 1, with probability at least 1− c/d, there exists K > 0, such that

min
s∈[d]

∥(VY −∆)s•∥2 ≥ min
s∈[d]

{|(VY −∆)ss|} ≥ min
s∈[d]

{ΘX,ss} − ∥VY −∆−ΘX∥max ≥ K.

Under Assumption 1, there exists λ0 > 0, such that λmin(ΣX) = 1/∥ΘX∥2 > λ0. Therefore, we

know that with probability at least 1− c/d, there exists K1 > 0, such that

((VY −∆)j•ΣX(VY −∆)Tj•)(VX,k•ΣXV
T
X,k•) > K1.

Similarly, with probability at least 1− c/d, there exists K2 > 0, such that (VY,j•ΣYV
T
Y,j•)((VX +

∆)k•ΣY (VX +∆)Tk•) > K2. The lemma then follows from these two inequalities.

C.5 Proof of Lemma A.6

Proof. Define Ijk = (VY − ∆)j•
(
XXT − ΣX

)
VT
X,k•, Jjk = −VY,j•

(
Y Y T − ΣY

)
(VX + ∆)Tk•.

Since |Zjk|3 ≤ 4(|Ijk|3 + |Jjk|3), it suffices to prove

E
(
|Ijk|3

∣∣D2 = (XT ,YT )T
)
= O(1), and E

(
|Jjk|3

∣∣D2 = (XT ,YT )T
)
= O(1).

In the following, we will show that E
(
|Ijk|3

∣∣D2 = (XT ,YT )T
)
= O(1). A similar proof technique

can be employed to prove E
(
|Jjk|3

∣∣D2 = (XT ,YT )T
)
= O(1). Conditioned on D2 = (XT ,YT )T ,

13



from Lemma A.3 and Assumption 1, we have

∥VX,k•∥1 ≤ ∥VX∥∞ ≤ ∥ΘX∥∞ = O(1), and ∥VY,j•∥1 = O(1).

By Assumption 1, we obtain ∥VY − ∆∥1 = O(1), and ∥VX + ∆∥1 = O(1). We define Ijk,1 =

(VY −∆)j•X, and Ijk,2 = VX,k•X. Then Ijk,1 ∼ N(0, (VY −∆)j•ΣX(VY −∆)Tj•), and Ijk,2 ∼

N(VX,k•ΣXV
T
X,k•). From Condition 1, we have ∥ΣX∥2 = O(1). We also have ∥(VY −∆)j•∥2 ≤

∥(VY −∆)j•∥1 = O(1), and ∥VX,k•∥2 ≤ ∥VX,k•∥1 = O(1). Therefore, both the variance of Ijk,1

and that of Ijk,2 are O(1), which means that ∥Ijk,1∥ψ2 = O(1) and ∥Ijk,2∥ψ2 = O(1). Then from

the centering property of the sub-exponential norm and the inequality ∥XY ∥ψ1 ≤ 2∥X∥ψ2∥Y ∥ψ2

which can be found in the proof of Lemma 23 in Javanmard and Montanari (2014), we know that

Ijk = Ijk,1Ijk,2 − E(Ijk,1Ijk,2) satisfies ∥Ijk∥ψ1 = O(1), which implies E
(
|Ijk|3

∣∣D2 = (XT ,YT )T
)
=

O(1) based on the definition of ψ1-norm, as desired.

D Additional numeric results for Section 5.1

Tables 1–4 present the numerical results for Section 5.1, when n = {400, 600, 800}, p = {1600, 3600},

and SP = {0.005, 0.01, 0.015, 0.02, 0.025} under the sparse and dense models respectively. We see

from Table 1 and 3, only our proposed estimator is able to control the type I error at around

α = 0.05 with minimal type II error. To evaluate SP, as it increases from 0.005 to 0.025, both type

I error and type II error for three methods would increase. When the model switches from sparse to

dense, the type I error of the naive method increases from around 0.08 to around 0.12 for various n

and p, in which this influence is much more heavy than the other two methods. For the cross-fitting

method, although it has smaller type II error, its type I error is always larger than our proposed

algorithm. As our algorithm controls the type I error at around α = 0.05, the cross-fitting method,

however, could not provide this guarantee and lead to higher type I errors such as 0.640 in Table 3

even when the sample size is 800. For our proposed method, it not only is able to control the type

I error, but also ensures the type II error approaching zero as n is increased. In addition, we see

from Table 2 and 4, the average length of confidence interval over S and Sc will also increase as SP

increases. Although the naive method and the cross-fitting method provides narrower confidence

14



intervals, these intervals are not valid for the given confidence, since the naive method assumes that

both the network ΘX and ΘY are sparse while our constructed models violate this assumption,

and the cross-fitting method considers two dependent debiased estimator as independent.
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