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Supplementary Material

A An Expectation-Maximization algorithm

The model fitting procedure for a mixed model containing random effect can be achieved by the
EM algorithm (Dempster et al.l [1977)), which is an iterated procedure, performing expectation
step (E-step) and maximization step (M-step) alternately.

To illustrate the procedure of the EM algorithm, we first assume the covariance matrices

Ty and I's are known, then with Assumption [3] the joint distribution is

vec(AT) N 0 I, ®T A

vec(Y'T) vec(all + BTXT + DTZ™) el Yool +1,0T:

Let V = var(vec(YT)) = 07 @ Ty + I, @ T2, B = [o, BY, DT|T and & = [1,, X, Z],



the standard estimator of vec(B”) and vec(AT) are the GLS estimator
vec(BT|Y, Ty, Ts) = [(XT @IV (X Iq)] AT @ L)V veo(YT),  (AL)
and the posterior mean
E(vec(AN)|Y,B,T1,T2) = (" @ T1)V ' (vec(Y" — BT xT)). (A.2)

Then, we will discuss the EM algorithm for the estimation of I'y and I's.
E-step. In the E-step, we aim to obtain the expectation of the complete log-likelihood,

that is,

QT Ty TV 1Y) i= By i (—210g L(T1, T2)) (A:3)
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where we first estimate BI™*! according to 1) and vec(A[m“]T) = E(vec(AT)|Y, BIm 1,
ri™ i) via (A.2).
M-step. In the M-step, we consider minimizing the negative log-likelihood (A.4]). Then,

the maximum likelihood estimators of I'; and I's are
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where vec(E[mH]T) = E(vec(ET)|Y, B Tl 1My = vec(¥T) — vec(B[m“]TXT) - (T
I)vec(A™ 7Y The final T+ and T can be calculated by taking the average of

the corresponding block diagonal matrices. Here we applied the restricted maximum likelihood



(REML) estimates (Laird and Ware} 19825 Meng and Van Dyk)[1998]), correcting the downwards
bias of ML variance estimators.
Combining the E-step and M-step, we get a complete iteration procedure. We stop the

EM iteration if the change in log-likelihood is small enough.

A.1 Considerations of dimensions

The derivation of EM algorithm involves a calculation of the inverse of a ng X ng dimensional
matrix V! = (\II\IIT QI +1I, R 1"2)71, which is computational infeasible in practice when n
is large. Fortunately, one can simplify the inversion through its special structure. Precisely, we

have

(TP @71+ I, 2T2) ' = (¥ @T1T5" + Lg) (I, ®T2)) !

= (LT Yoo oy + 1) "

Then, denote K = O @ 'y + I, = (¥ ® I,)(¥T ® 1T, ") + I, using the Sher-

man—Morrison—-Woodbury formula again, we can get

K™ ' =Ty — (Y@ L) (I + (¥ @ T1T; ) (T @ 1,)) (T" @ T1T; 1))

=1, — (PRI,) Iy + "o o0y ) (e oIy h).

In this expression, the inverse matrix K ' only has dimension kq x kg, thus is fixed and would
not increase with the sample size. This is also the reason why we use k basis functions to

capture the heterogeneity structure of Y. As a result, we can rewrite (A.2)) as

vec(AT) = (€T @ T, YK ' (vec(YT — a1l — B"X" —D"Zz")). (A.5)

Other equations involve V™! can be simplified analogically.



B Technical development

Based on the Assumption [T} we first establish the GLS estimator.

Lemma B.1. With Assumption the OLS estimators based on the training sample from
are & =Y, B = (X"M.X) 'X"M.Y and D = (Z"M,Z) 'Z"M,Y, while S =
(Y — lA/')T(Y — Y) with Y = 1,&T + XB+ ZD. By plugging the OLS estimators to and
solving for &, we attain the GLS-type estimator
€us=(BS'B")'BS'(§ —a-D"%).

Compared with GLS, the reversed model for deriving (2.7) encounter the endogeneity issue.

To see this, we noticed that (2.3) admits an expression
X =YB"(BB")"' -1,a"B"(BB")"' - ZzDB" (BB")"' — EB"(BB")™!
=1,0" +Y® + ZT + E;;.

Since Y is correlated with E, Y also correlated with the transformed FE;., which leads to
endogeneity. As we have shown in Theorem [2] the inverse regression estimator is biased to
the prior mean of X, while the GLS estimator is a unbiased estimator with the true causal
direction. The endogeneity of éir is not caused by some unobserved confounders, thus can not
be handled by the instrumental variable (IV) regression (Greene, 2008]).

Moreover, let ¢ = [7* + 07" + ¢35 — ca + YL (YL Vees) Gles, where ¢ = ¢TC1¢ and

Yoos =75 — & — BT¢ — D2, the following theorem derives the Bayes estimator.
Lemma B.2. With Assumptions[]] and[3, the posterior of &

PE[G. Y. X. 2. 2') ~ Toprq (e (v~ p+0) 'e(Cr + BS'BT) )
and the Bayes estimator

~ ~ ~ -1 . N
€ry = (X"MLX) "+ BST'B")  BS '+ ¢ (B.1)



The second part of Lemma is readily implied from the fact that the mean of the
multivariate t-distribution coincides with its mode.
We use a two-stage expression as the intermediate result to derive the equivalence in

Theorem [1] (i).

Lemma B.3. Given Assumption the inverse regression estimator in admits an expres-
sion
ir =X Yres (Vi Yres) ' Yres + ¢, (B.2)

where Yres =Y —1,&" ~P.XB — ZD.

We note that and (B.1) are formally equivalent.
Lemma B.4. With Assumption we have @ and are formally equivalent, say

(I + Hi) o~ ¢+ ¢ = (XTMLX) 7+ BS'BT) T BS gl 4 ¢

The following lemma combines with Lemmas and directly lead to Theorem [1| (i).

Lemma B.5. With Assumption[]] we have
XYoo (VL Vres) " Gee +¢ = (XML X) 7+ BSTBT) T BS gl ¢,

Combining the results from Lemmas to we finally obtain Theorem [1] (ii).

C Proof of Lemma [B.1]

Proof. The GLS solution is a classical estimator, obtained by first regressing ¥ on X and Z
using (2.3), and then solving & in (2.4) by the estimated parameters. By plug-in the estimated

parameters into equation ({2.4)), we obtain that

Y =16"+1¢"B+2Z'D+ F,



where in this equation, only £ is unknown. The GLS considers the following optimization

problem,

arg min tr [(Y/ —16" - 1"B-Z2D)S (Y - 16" — 16" B - z’b)T] ,
3

which is also equivalent to a weighted least square problem with weighting matrix §~'. Using

the first order condition, one can obtain the GLS estimator €45 as described in (2.6). O

D Proof of Lemma B.2

The proof of Lemma is decomposed into two parts. We first give the proof under the
additional condition X7 Z = 0, and then generalize the proof without constraint.
We first give the following Lemma and which would be useful for further

derivations.

Lemma D.1. With the model defined by equation (2.3), [2.4) together with Assumption[d, we

have
PEly,Y,X,Z2,Z2") x P(¢|X,2,Z")P(§'|Y,§,X,2,Z"):= P(§|X,Z,Z")L(§). (D.1)
Proof. We have the following steps:

PElY,Y,X,Z,Z")
<Py, Y&, X,Z,Z\P(E|X,Z,Z")
=P(|X,Z,Z"\P(Y|¢,X,2,Z\P(Y|Y,¢,X,Z,2Z)

xP(¢|X,Z,Z")P(Y'Y £ X.2,2),

which shows the result, where the second equality uses the fact that € is independent of X. [



Now, the key problem is to construct the distribution of L(£). In order to do that, we
use the noninformative invariant Jefferys prior as stated in Assumption [2| (i). Then, under the

condition XTZ = 0, the distribution of L(€) will be the multivariate ¢ distribution as follows.

Lemma D.2. Given Assumption@ denote 0 (€) = 1/1+1/n+€"(XTX) ¢ +27(272)" 'z

and §' (&) = &+ B¢ + DT 2, we have that

L(E) ~ T, (@'(s» Lo2(e)s (0°(€))> - (D.2)

v ) T PO+ @ T E)TS g —w©)

Proof. The proof contains the following steps:

(§'IT,6,X,Y,Z,Z')~N(&+ B¢+ D"z ,0°(€)T), (D.3)
T, X,Y,2,Z)~W ' (v+q—1,8"), (D.4)
('16,X,Y,2,2") ~T,(&¢+B ¢+ D2 ,v7 "0 (€)S), (D.5)

where W™1(v/, S) is the inverse-Wishart distribution with degree of freedom v’. When g’ and
! satisfy and (D.4)), we say the joint distribution of (§’,T'™') has a normal-inverse-
Wishart distribution, whose marginal distribution over 4’ is a multivariate t-distribution, leads
to and the result provides in .

Proof of :

We note that ¥’ = a + BT¢ + DTz’ + E’, the proof of can be divided into the
positerior distribution towards o, B, D and E’, respectively.

Since X is of column full rank, we can apply eigenvalue decomposition towards X7 X /n.
Let P, be an orthogonal p x p matrix of eigenvectors of X7 X /n, A; = diag(A11,...,A1p) be

the diagonal matrix of the corresponding eigenvalues, satisfying » 7_, A1; = p. We have
PIXTXP =nA.,

since tr(Pf XTX P;) = np = tr(nA1) due to X has been standardized. Similarly, we can find



a p’ x p’ orthogonal matrix P, such that
Py Z"ZP, = nA,,

with Az = diag(Aa1, ..., Agp) and 3 Aoy = p.
As the covariates X and Z is treated as fixed, one can find a n X n orthogonal matrix Q

to get the canonical form so that

n'2aT + EY e
n'?A}*PI'B + E, G
QY =Q"1,a"+Q"XB+Q"ZD +Q"E = = , (D.6)
n'/?AY?PID + E, Gs
E3 Gs

where GE € RY¥4, Gy € RPXY, G, € RP %% and G5 € R~ ~1X4_ The canonical form can

be derived by the singular value decomposition (SVD) of X = [1, X, Z], such that

X =QAVT,
where
1 0 0
0 A2 0 1 0 0

AT A is diagonal, consists of eigenvalues of X7 X.
The canonical form of (2.3)) is

aT

Q'Y=Q"X¥| p |+Q"E,

D



leading to .

Since Q is orthogonal and the row vectors of E are IID by N(0,I') , the newly generated
residuals E, E1, E> and E3 have 11D N(0,T') row vectors, too. To see this, let g; be the i-th
column of @, e be the i-th row of E. Then, the mean and variance of the i-th row of QT E

are
n
,u(ETqi) =0 and Var(ETqi) = qukl" =T,
k=1

and the independence follows from that

n n n
cov(E" qi, BT q;) = cov(D> _ qirer, Y _gue)) = Y qiwgsl = 0, if i # j.
k=1

k=1 =1

Similarly, we can find a [ x [ orthogonal matrix Q' for (2.4]) such that
Q/TY/ :Q/TllaT + Q/leﬁTB + Q/TZ/D + Q/TE/

l1/2(0T+£TB+2lTD)+E1T GllT

E; G
For example, the first column of Q’ is chosen to be %/zll’ and the following columns are orthog-
onal towards the unit vector. Indeed, the residuals E7 and E} are IID normal.
The least square estimators of a, B and D are given by

a=n""2G,

PI'B=n""2A"?c,

PI'D =n"'?A;'*G,.
Let A, = PTB, A, = PY' D, af, and al; be the row vectors of A; and As, and GT; and G35,
be the row vector of G1 and G2, we further have

a1 = n_l/z)\il/QGu,’i = 1, R 2

Qs =n 2N PG =1,...p.



Since Go ~ N(n'?a,T), Grii ~ N(n'/?A1/a1;,T), Gai ~ N(n'/?>A}/*as;,T) and they are
independent, the distribution of LS estimators are & ~ N(c, n™'T), @1; ~ N(aw;, n ' A;'T),
G2 ~ N(az,n *);;'T), while &, @11, ..., @1p, @21, ..., @g,y are independent.

To obtain the posterior distribution of B, we note that condition on {X,Y, Z, T}, {¢, 2’}
and {a, B, D} are independent. Recall that X = [1, X, Z], let B = [a, BT, DT|T, the full log

likelihood associated with B is propotional to

- %tr((Y — XB)T LY — xB)7)

— %tr((Y —XB+XB—XB)T MY - XB+ XB - xB)T)

- %[tr((Y _XBT Y — XB)T) + tr((XB — XB)T (XB — XB)T)+

tr((Y — XB) L Y (XB — xB)") + tr((XB — XB)T (Y — XB)")]

- %[m((y —_XB)T Y — XB)T) + tr((XB — XB)T " (XB — AB)T)+

tr(XT (Y — XB)T (B -B)") +tr(B- BT (Y — xB)"X)]

=— %[tr((Y —XB)T Y — XB)") + tr(XB— xB)T " (xB - xB)T)). (D.7)

The last equality is due to X7 (Y — XB) = 0 in OLS.
Moreover, condition on {I',¢, X,Y,Z,Z'}, B provides no additional information. Thus,
(BIT,¢,X,Y,Z,Z') = (B|T',¢,X,Y,Z,Z',B), and with the noninformative invariant Jefferys

prior, the posterior distribution

log P(BIT',¢,X.,Y,Z,Z',B) xtr((XB — XB)I' ' (xXB — xB)")

=tr(QAVT (B - B ' (B-B)"VAQ")

—tr(A%(A — A)P (A — A)7), (D.8)

where A = [, AT, AT]”. One can easily check that this is a Gaussian core function.

10



As a result, we have that

(aT,¢,X,Y,2,Z') ~ N(é,n'T),

(BTEIT,¢,X,Y,2,2Z") ~ N(BT¢, (n" Y (6" Pui)’ /AT,

’

P
(DTEI|F7£7 X7 Y7 Z7 Z/) ~ N(bTilvn_l(Z(EITPQi)Q/)‘Qi)F)7

=1

(E'T,¢,X,Y,2,2") ~N(0,17'T),

where Pi; and P»; are the column vectors of P; and P, respectively. Since these four conditional

distributions are independent, we can derive that
(1,6, X,Y,Z,Z)
~N (a+BTe+ DT {1 w0 4 €(XTX) e+ 27(272) 2T,
follows from ¢’ = oo+ BT¢ + DTz’ + E’ and

I rp 2y Lorg xc1pre  Lor T\lp Ty eT el
5;@ Pu)’ /= —"PIA P E = €T (PP T TE =61 (XTX)TE

Proof of (D.4)): It is well known that the sample covariance matrix (S|T',¢, X,Y, Z,Z') ~
W (v +q—1,T), that is,

1S|“2" exp(—Ltr(T~1S))

S ()

P(ST,¢,X.Y,Z2,Z") =

2
and I'q(+) is a multivariate gamma function. Similar to , condition on X, Y and Z, S pro-
vide no more information. Given the noninformative invariant Jefferys prior from Assumption
2(i), say, P(ee, B,D,T") |I‘\7(q+1)/2, we have the corresponding posterior distribution

P(DE, X, Y, 2,Z') x|T|” "% exp(—tr(I'"'8)/2) x ||~/

v+2

=IP| 72 exp(—tr(T ' 8) /2),
which is the core function of (D.4).

11



Proof of (D.5): Following (D.3), (D.4), the joint distribution of (Y/,T'~') will have a
normal-inverse-Wishart distribution, whose marginal distribution over Y is a multivariate-t

distribution (Gelman et al., [2013) (p. 73). To be precise, we obtain

(¥'16,X,Y,2,2") ~T,(6a+B ¢+ D "2 v '0%(£)S).

Now we are ready to establish the theorem without the condition X7 Z = 0.

Lemma D.3. Given Assumption@ denote 0?(€) = 1/1+1/n + £TC1€ — T € + c3, where

Ci=(X"M.X)!
co=((X"M.X)'X"Zz(z"z2)' +(X"X)'X"Z2(Zz"M,2)" )7

cs=2"(2"M.2)" 7,

are the same as what in Assumption|q Further let y' =&+ BT¢ + D%, we have that
74 Yy ’

v

o, (0*(€)}
L&) ~T, (€),=07(€6)S | x - - e (D.9
© <y v © > (026 + @ —§(©)S g — (&) :

Proof. The derivations of (D.4) and (D.5) do not require the orthogonal assumption. We only

need to show that

(¥'IT,6,X,Y,Z,Z")~N(a+ B¢+ D"z, 0°(£)T) (D.10)

holds when ZT X # 0.
Denote W = [X, Z] and then apply eigenvalue decomposition towards WTW. Let P be

an orthogonal (p+p’) x (p+ p’) matrix of eigenvectors of WTW, A, = diag(\1, ..., A\pip) be

p+p’
i=1

the diagonal matrix of corresponding eigenvalues, satisfying Xi = p+p'. Then we have

P"WTWP = nA,,

12



noting that tr(PTWTW P) = n(p + p) = tr(nA,) due to W has been standardized.
Also let ® = [BT, DT]" be the stacked parameters. As the covariate X is treated as fixed,

one can find a n X n orthogonal matrix @ to get the canonical form so that

n'/2aT + ET GT
Q'Y =Q"1.0" +Q"XB+Q"ZD+Q"E= | ,12pA2pTe + g, | = | @, |, (D.11)
E; G,

where G € R1*?, G, € RPTPIX4 and Gy € RP~P ~1X4 The canonical form can be derived

by the singular value decomposition (SVD) of [1, W], such that

[1,W]=QAVT,
where
1 0
0 A2 1 0
A=n'? V= ,
0 P
0 0

AT A is diagonal, consists of eigenvalues of [1, W]T[1, W]. The canonical form of (2.3) is

OLT
Q'Y=Q"L,W]| B | +Q"E,
D
leading to (D-11)).

Since Q is orthogonal and the row vectors of E are IID by N(0,T), the newly generated

residuals E{, E; and Es have IID N(0,T') row vectors, too. Similarly, we can find a I x [

13



orthogonal matrix Q' such that
Q/TY/ :QlTllaT + Q/TIZETB + Q/TllZ/TD + Q/TE/

11/2((1T JrETB + Z/TD) + EiT GIIT

E; G

1

\ﬁll, and the following columns are orthog-

For example, the first column of Q' is chosen to be
onal towards the unit vector. Indeed, the residuals e} and e are IID normal.

The least square estimators of a, B and D are given by

o= n_l/QGo

PTO = n 22,
Let A = PT@®, al be the row vector of A, and GT be the row vector of G, we further have
a; =n"Y2A2Gi=1,... p+p

Since Go ~ N (n'%a,T), G; ~ N(nl/Qkimai,l") and they are independent, the distribution
of OLS estimators are & ~ N(a,n™'T), a; ~ N(a:;,n 'A\]'T), while &, a1, ..., G,,, are
independent.

The posterior distribution is derived via the same discussions in and , As a
result, let w’ = [¢7, Z'T]T, we have that P(a+BT¢+DTZ'|I,¢, XY, Z, Z') ~ N(a+BT ¢+
D*Z' n7'I'(1 + Zfilp’ (w'TP;)?/):)), where P; are the column vectors of P. Moreover, we

can derive that

W.6X.Y.2.2) ~ N (a + BT+ D7, {% . +w'T<WTW>—1w'} r) ,

follows from 4’ = a + BT¢ + DTz’ + E’ and

P
1 > (whP)? /N = L TPA1PTw = lw’T(PAPT)—lu/ =w T (W'W) "'
n n n

=1

14



Adopting the matrix inversion of (WTW)™!, one can verify that w'” (WTW) lw’' =

£7C1¢ — cL'€ + ¢3, and we have the result in equation (D.10). O

Proof of Lemma [B.2l

Proof. First, from Assumption |2| (ii) and the definition of multivariate t-distribution, we note
that the prior P(£|X,Z, Z’) « (02(¢))” 2. Then from Lemma we see this prior will exactly

cancel the numerator of , which leads to
PElT.Y X, 2,2) = PEIX, 2,2)LE) = (O + @ -5)"s7' (@ -9)) °

Then, we will show that the remaining denominator of is the core function of the

multivariate t-distribution as shown in Lemma [B:2] To see this,

P+ -9 @ -9)) T
=(¢7(C1+BST'BT)E— (cF +25 —a— D) ST B e+
(¥ —a-D"2)'S g —a-DTZ)+1 " +nt + 03)_ﬂ
= ((6 = €10))"(C1 + BST' BT)(€ — €b0y) — €0, (C1 + BS™ BT )uy+

_vrtq
(F — & — ﬁTZ/)TS—l(g/ G- ﬁTZI) 1 et 03)

In addition, we noticed that
(¥ —a-D"2)'S ' (y —a—D"Z) — €, (C1 + BS'B )dvay
'—a-BT¢-D"z)'(S -8 'BT(Ci+BS 'B") 'BS!)x
(' —a-B'¢-D"2)-¢"C¢
=y —-a-B"¢-D"z)"(8§+B"C;'B) (¥ —a—-B"¢-D"Z) -4

=g —a—-BT'¢-D"Z) (YL Vres) ' —a—BT¢—D"Z) —c,

15



where the second equation is from the SMW formula, the last equation uses the fact that
Y Yes = (Y -1,6" —P.XB-2ZD)'(Y —1,&" —-P.XB - ZD)=B'C{'B +S.
Finally,
PEly.Y, X, 2,2")

x ((g - ébay)T(Cl + BSABT)(i - ébay) + (’g, —&— BTC — bel)TX

_vtg
(VoYree) (@ &= BTC-DT2)+17 40! + s — 1)
. A . _vig
=((€ = &) (C1 + BS'BT)(€ ~ &) + ) 2,
which is the core function of T, —p4q (ébay, V%Wc(cl + Bs—lBT)—l). O

E Proof of Lemma B.3

To obtain the explicit formula of , recall that the inverse regression estimator is built un-
der the reversed models X = 1,07 + Y® + ZU + E, ¢ = 0 + Ty + ©73' + E|,. Let
O = (0,27, 7|7 and ¥ = [1,,Y, Z], based on the first model, the OLS estimators for
the parameters are © = (YTY)"'YTX. The specific form of 8, ®, ¥ are o7 = —-a%(r -
Y(YM.Y) 'Y )1,) 1Ly (YTM.Y) 'Y TM. X, & = (YTM.Y) 'YM. X7 and ¥ =
(ZTM; Z) ' ZMy X, respectively, where Y = MY, M; = I —1,(1%1,)" %1%, M, = I —
Z(Z"Z)'Z" and My = I - Y (YTY)"'YT. Substituting them to the second inverse regres-

sion model above to attain the inverse regression estimator
Lr=0+0"y + 0%

Similar as before, we first give the proof of Lemma with the condition XTZ = 0 as
follows:

Lemma E.1. Given Assumption when XTZ = 0, the inverse regression estimator (2.7)

16



admits an expression
éiv‘ = XTﬁes(i/;"l;sYres)il(gl - & - bTZ/)a (El)
where Yres =Y -1,&7 — ZD.

Proof. The proof contains two parts. We first give the equivalence result by assuming that the
mean of Y is 0, and then we give the full proof with the intercept involved.
(i). When § = 0, then we have @ = § = 0 and Y = Y. Since D = (272)7'Z"Y,

Yies =Y — ZD =M.Y, our goal is to proof that

i =X"M.Y(Y'M.Y) 'y + X"™M,Z(Z2"M,2) 2

=X"Yreo (V0 Vreo) (7' — D7),
or
X"™M.Y(Y'M.Y)'Y'Zz(z"2)' = -X"M,Z(Zz"M,Z)"'Z. (E.2)
The right-hand side of can be denoted as

-X"™™M,z(z"™™M,2Z) "2
=—X"M,Zz((Zz"2)'+ (272" Z"Y(Y'Y -YTZz(Z"2) ' Zz"Y) 'Y 2(2z"2)" "%
=—X"M,Zz((Zz"2)"' +(Zz"2) ' Z"Y(Y'M.Y) 'Y Z(2z"Z2) "%
= X"M,(I+P.Y(Y'M.Y) 'Y"Z(z"2)"'Z
= X"M,(I -M.Y(Y'M.Y) 'Y"Zz(2z"2) "%
= X"™M,Z(Zz"2) 2 + X"M.Y(Y"M.Y) 'Y Z(2"Z) ' - X"P,Z2(Z2"Z) 2
=—C¢+X"M.Y(Y'™™M.Y) 'YTZ(2"2) 7

=X"M.Y(Y'M.Y) 'Y"z(2"2)'Z,

17



where P, = Z(ZTZ)™*ZT and the first equivalence used the Sherman—Morrison-Woodbury
(SMW) formula. Since it is equivalent to the left hand side of (E.2), thus we finished our proof

without intercept.

(ii). To study the effect of the intercept, recall that ¥ = MY and P; = 1,,(151,,)7 117,
we first give some useful results as below:

M.P; =P,
1

Yies =Y — 1,67 = ZD = M.Y — ~1,17Y = M.Y — 1,(1;1,) " '17Y

=M.Y —P,Y =M.Y — M.P,Y =M.Y

Then, our goal is to prove that

—X"M.Y(Y'M.Y) 'Y, (I -Y(Y"M.Y) 'Y )1,) T+

X"™™MLY(Y'M.Y) 'y + X"M;Z(Z"MyZ) 2

We note the equivalence in part (i) still holds, say, XTMLY (YTM.Y) g +

XT™M;Z(Z2™M;;Z2) 12 = XTMLY (YTM.Y) (g’ — DT%'). We only need to show that

X"™M.Y(Y'M.Y) 'YT1,, (I -Y(Y"M.Y) 'Y")1,)!

=X"M.Y(Y"M.Y) 5. (E.3)
Denote IZY(SN’MZY)AYTIH = ¢y, using the SMW formula,

(Y'M.Y) "' = (Y +P,Y)"M.(Y + P, Y)) "

(YM.Y) ' —(YM.Y) 'Y"1,1f 1, + 17 Y (YM.Y) 'Y "1,) "1) Y (YM.Y) !

_ 1

(YM.Y) 'Y"1,1]Y(YM.Y) !,
n—+cy
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and

aAfr-vyy™.y)'y"1,)! 1 llfY(fYTMzY + YTIP>1Y)*1YT1Hl
n n
:% + %lfY(f’sz’)’lYTln%
1 c
=(1 Y

Using these results, the left hand side of (E.3)) is

1
n—+ ¢y

LHS :XTMZ?{(ifM[ZY)*l - (f/sz/)’lYTlnlfY(f’sz/)’l}g(l + %’)

1

=X"M.Y(YM.Y) 'g(1+ ) - =
n n

X MY (YM.Y) 'Y 71,10 Y (YM.Y) 'y

=XTM.Y(YM.Y) 'g(1+ ) - LXTM.Y(YM.Y) 'y
n n

=X"M.Y(YM.Y) 'y = RHS
Thus, we have finished our proof. O

Proof of Lemma [B.3l
For the general case without the additional constraint X7 Z = 0, we follow the similar

proof steps as illustrated in Lemma

Proof. Without loss of generality, we assume that the mean of Y is 0, that is to say & = 0, and

we aim to prove:

XTﬁES(Yrqewsi/;‘ES)il(g/ - BTC - bTZ_’I) + C

=X"M.Y Y"M.Y) ' + X"M,Z(Zz"M,Z) ' (E.4)

Denote LY = Z(Z™™,Z)~"'Z" for simplicity and LZ, L%, LY similarly. From definition,
we can directly get LYM,P. = P, and LYP., = LY along with their counterparts for LY, L7 and

L by simple algebra.
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Moreover, consider the SMW formula on (Z7M,Z)™!, we have:

LY=zz"(1-pr,)2)'z"
=2Z(Zz"2)y'+(z"2)'z"L,z(z"z) "HZz"

=P, +P.LiP..

Equations for L3, L7, L; by SMW formula can be calculated similarly.
Now we start our proof from observing that Yy, = M.Y here (without X7 Z = 0). To

show this, recall that B = (XM, X) ' X"M.Y and D = (Z"M,Z) 'Z"M,Y, we have

Y=Y —P.XB—ZD
= - P.L;M. - LIM,)Y
= (I =P.L;M; — (P, + P.L;P:)M,)Y
= (I -P.Li;M. — P.M, — P.L;P.M,)Y
= (I - P.L:M. — P.M, — P.(~LiM. +P,))Y
= (I —P.M, — P.P,)Y
= (I-P.)Y

=M.Y. (E.5)
Also, note that in the proof of (E.2)), we have

X"™™M,z(Zz"M,z)" 7

=¢-X"M.Y(Y"M.Y)'Y"Z(Zz"Z2) 7 (E.6)

still holds true without the assumption X*Z = 0. Combining (E.5) and (E.6) with (E.4), we
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can simplify our target to proof

X"™™M.Y(Y"M.Y) ' (-B"¢ - D"%)

=—X"ML.Y(Y'™™M.Y)'Y"z(2z"z) '
For the left-hand side,

X"M.Y(Y"M.Y) ' (-B"¢ - D"%)

= X"ML.Y(Y'M.Y) "(Y"M.X(X"M.X) 'X"2(Zz"Z) '+
Y'M,Z(Z2"M,2Z)" ")z

= X"M.L;(M.L:Z(Z2"Z)"' + M, Z(Z"M,2Z)"")%’

= X"M.L;(M.L:Z + M, Z(I+ (2" 2)'2"L:2))(2"2)"'Z

— - XTM.L;(M.LZ + M, + M,P.L3) Z(272) %

=— X"M.L;(M.L; + M, + M, L} - M,M.L})Z(2"2)"'#

= — X"M.L;(M.L: + M, + 0+ P, — M.L3) 2(27 Z) %'

= X"M.Y(Y'M.Y) 'YTZz(z"Zz)'Z,

match with the right-hand side, thus we finish the proof.
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F Proof of Lemma [B.4

Proof.
(I+Hir) ' (€gts =) +¢

=I+(BS'B") (XM, X)) " (BST'B")'BS ' (y —a-D"Z)-X"2(Z2"z) "' Z)+
XxTz(z"z) g

=(BS'B" + (X"M,X)"")y " (BS'(§ —a-D"Z)-BS 'B"X"2(2"2) 'z )+
xTz(z"z) 7

A A~ _1 A A
= ((X"MLX)"' + BS'B")  BS 'y +¢

G Proof of Lemma [B.5l
Proof. By the SMW formula, we have

(X™.X)"'+BS 'B")!

=X"M.X - X"M.XB(S+B"X"M.XB) 'B"X"M. X.
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Since (Y —1,&T —P.XB - ZD)T(Y —1,&T —P.XB - ZD) = BT X"M.X B + S, which

gives

ST'BT(X"™™.X) '+ BS 'B")"!
=S"'B"(X"™M.X - X"M.XB(S+B"X"M.XB) 'B"X"M.X)
=S 'I-B"X"M.XB(S+B"X"M.XB) ")B"X"M. X
=S'I - (B"X"M.XB+S-S)(S+B"X"M.XB) )B"X"M.X

=(S+B"X"™M.XB) 'B"X"M. X

Combining these results, we finished with

Evay =X"Yee (YY) (4 —a—-B'X"2(272)'2 - D2+ X"2(2"2)'Z .

H Proof of Theorem (1]

Proof. Theorem |[1] (i) follows immediately from Lemmas to And Theorem [l (ii) is

already established by Lemmas and m O
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I Proof of Theorem [2|

Proof. Given Assumption [I[] when n — oo, we have the following results:
=Y =a+ELa
B=(X"M.X)"'X"M.Y =B+ (X"M.X)"'X"M.E % B
D=(Z"M,2)'Z"M,Y =D+ (Z2"M.2) 'Z"M.E % D
STt~ W) BT

where n =n — p — p’ — 1. Denote e; follows the distribution F(0,T"), then ¢’ ~

F (a +BT¢+ D77, lilI‘). By the Slutsky’s theorem, we have that

n— 00

lim €. = lim (BST'B")'BS (4 —a—-D"z) L F (g, %(BI‘_lBT)_I) (R
n— o0

Then, the asymptotic mean and variance of égl s are

lim E(§,) =¢ and  lim Var(€,.) =1 (Br 'BT)"L.

n— oo n— oo

Since we have assumed E|le;||27° = E||e;]|27° < oo for a § > 0 by Assumption (i), the

uniform integrability of E||e||3 is satisfied, which leads to the moment convergence as given

above.
Furthermore, as n — oo,

E(€—€) =((I+H) "Edus — & —{(I+H)" - I}
—{I+H)" -1} - {I+H)" I
={I+H)" —I}E~¢),

var(§) =(I + H) 'var(€qs)(I + HT) ™
I (I+H)Y(Br'BY) "1+ H") ',

and we finished the proof. O
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J Proof of Theorem [3

Proof. From Theorem [2] the asymptotic bias and variance are
Bias(,€) = (I+ H)™' = I)(¢ = ¢) and Var(§) - (I+H) "(Br'BT) NI+ H)T,

respectively. To derive the shrinkage estimator, we optimize the limiting average MSE with

respect to H,

Hope = argmin tr ((I+ H)™' = DE(€ = 06 - Q)T+ )" = 1)) +
1 -1 —1 /Ty\—1 17
7tr((MH) (Br'B")"'(I + H) )
The first order condition yield

aMSE(é)

9H 2(I+H) ' - DE[¢-¢)(E-OT+ 7 (I+H) YBr—'BN' =0,

hence

(I+ Hop) ' =E[(€ — (€ — O I{() (BT 'B") " +E[(€ - ) (- ¢},

—1

which leads to Hope = 17 (BL " 'B")™' {T; — T,.T;'T'%,

K Proof of Theorem [4]

To appreciate the benefit of the additional covariates Z, suppose we omit Z and Z’ from the
Models (2.3) and (2.4)), and suppose that the remaining models are still correctly specified, say,
XTZ =0, which prevents the estimation of B will suffer from the omitted variable bias. Then

the proof can be given as follows.

Proof. First, for Theorem || (i)., we noticed that ¢ = 0 and MzX = X given X7 Z = 0. By
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definition, when n — oo,

Ee(MSE()) —tr (I +H) ™ — DE(¢6")(T+ H)™ = D)") +
e ((I+H)*1(BrlBT) (I+H)~ )
=tr ((T+ H)™ = DPo(T+ H) ™ = D)7) +

e ((I + H) /(BT 'BY) NI+ H)™ )
By a similar derivation of Theorem
H,,:=1""(Br'B")7'r;".
When n — oo, we have X7 X /n — T',. By plug-in X7 X /n, we noticed that Hop: —

H,,;, which means that £,,+ minimizes limiting E¢ (MSE(£)) among all the € = (I+H) ™" (égls —
¢)+¢.

Then, consider Theorem ] (ii)., we will show that the limiting E(MSE(£,p:)) is positively
correlated with the covariance term I', and the covariance will be reduced with additional Z
involved in.

The limiting MSE of éom can be derived as

E(MSE(€opt)) =tr((I + Hope) " = I)(n ™' X" X)((I + Hope) ™' = I)")+
tr(I”" (I + Hop) ' (BL™'B") " (I + Hop) ™)
=te(((I + Hope) ) (n ' X" X +17/(BT'B")"")(I + Hop) ') -
2r((I 4+ Hop) H)(n ' X7 X)) 4+ tr(n ' X7 X)
=tr(n” ' X" X)—

te{(n ' XTX) T 1T (T XTX) TN BT BY) T XT X)) T,
which is positively correlated with I".
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Given the full model

Y =1.0"+XB+ZD+E,

and a partial model

Y =1, + XB + E.,

with E, = ZD + E. Since XTZ = 0, the condition XTE, =0 is also satisfied for the partial

model, thus it is also correctly specified. However, the covariance term of E is I', while for E,

isT, = D' ZTZD +T. Clearly T', — T is positive definite, and the limiting E(MSE(€,p:)) is

thus larger compared with the full model.

L. Proof of Theorem [5l

Proof. Indeed, consider a class of penalized estimators solving

= arg min tr[(Y' —Y'(€)S (Y = Y'(€)"]+ Ao”(€),

O

(L.1)

where 02(§) = 1/l +1/n+¢7C1€ — €+ c3, Y (6) =167+ 1,6"T B+ Z'D and A€ R is a

tuning parameter controls the penalty. The first order condition yield

IAC1€ —2M(X"M.X)"'¢ —201BS (¥ —a—- D"z —B"¢) =0,

and it has the solution of the form

-1
E-(JXTX) 4 BSTBT) BS g +e,

where §l... =4 — & — BT¢ — DT %'

When A =0,

(L.2)



coincide with (2.6)).
When A =1,

1
C2) = (1(XTMZX)—1 + Bs—lﬁT) BS '(§ —a—-B"¢-D"z)+¢

l

=(BS'B" + %(XTMZX)_l)_l(BS_l('g’ -a-D"Z)-BS 'B"X"z(z"z)'Z)+
xX"z(z"z)'#

=T+ {(BSTB") (X M, X) ") N (BS ' BT) ' BS (5 - &~ DF)-

XTzz"z)y 'Y+ XxTzz"z) 7

=(I + Hopt) " (€qis — €) + ¢,

is the same as (2.11]).
When A =1, by Lemma we know é”- is the solution with A\ = [. O

M Derivation of the optimal shrinkage estimator un-

der heterogeneity
For the GLS estimator (2.16), we can derive the variance of €5 by
var(€,5) = (BST'BT)71.

If we further assume that &, B, ﬁ, f‘l, I convergence to the true parameter, since IE(A) =
0, we can obtain the mean of E(égls) = £. Combining the mean and variance term, we can

yield

s ~ N(£,(BST'BT) ).
Based on the asymptotic normal property, we then consider é = Hégls as a shrinkage estimator
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of &, where H is a p X p matrix. We have
Bias(€, £) = (H — I,
Var(§) = H(BS'B") 'H”.
From the definition of limiting MSE, as n — oo,
MSE(€) — tr ((H —Dee(H - I)T) Ftr (H(Br_lBT)_lHT) :

and H,p, = £€¢7 {(BT'BT)~' + £¢7} " that minimizes the limiting MSE. Then, replacing

€¢T by X7 X /n, we finally get the optimal shrinkage estimator

T
Eopt = XnX ((BrilBT)il —+

T —1
X X) égl& (Ml)

which leads to (2.17).

N Simulation results for the convergence of the EM

algorithm

We have conducted extra simulations to evaluate the performance of the parameter estimations
in the linear effect models ([2.15)). The results are included here in Figure

We have evaluated ||@ — |2 under different sample sizes. The relative efficiency, defined as
the ratio against the case when n = 30, is reported in Figure When n = 30, & and I'y were
seen less stable, so there was a drastic drop in I3 loss from n = 30 to n = 100. The Is losses
of all parameter estimations decayed geometrically as n increases from 100. These observations

agree with the existing theoretical investigations, e.g., those from Balakrishnan et al.| (2017)).
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Figure S1: Empirical means and the 10th, 90th quantiles of the Iy loss [|@ — 6]y (in
log-scale) calculated from 1000 simulation replications for the estimators with respect to

the sample size n.
O Simulation results against the o,

In section [3.I] we have introduced an extra hyperparameter o to generate the repeated mea-
surements. As shown in Figure for the three statistical methods GLS, IR and OPT, the
MSE was not affected by the o, while the performance of RF was worse given a larger .. This
is expected from our Theorem 2 where the asymptotic mean and variance do not involve with

the o, term.
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1.00+
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0.10- < RF
0.031
1202 le’01 1e+00 le+01 le+02
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Figure S2: Empirical means and the 10th, 90th quantiles of the MSEs (in log-scale)
calculated from 1000 simulation replications for the GLS, the inverse regression (IR),

the optimal shrinkage (OPT) and the inverse regression with the random forest (RF)

2

estimators with respect to the variances of the noises 2.
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