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Section provides additional remarks regarding the noisy and multivariate locally stationary functional
time series. Section provides approaches to the selection of tuning parameters and simulation results,
including the simulation results for both boundary and interior regions, and the simulation results checking the
Gaussian approximation and the long-run variance function estimator. Sectiondiscusses possible alternative
assumptions for Theorem [2] Section [S4] contains some details about simultaneous confidence bands for the
regression function in model , where one of the arguments is fixed (Section including additional
numerical results for this case (see Sections and . In Section we provide examples of locally
stationary functional processes, illustrating our approach of modeling non-stationary functional data. Section
[S6] contains the proof of all Theorems, while Section [S7] provides propositions. Finally, Section [S§| presents

auxiliary results for the proofs.

S1 Additional remarks

In this section, we provide two remarks which briefly discuss how to build simultaneous

confidence surface for noisy data and multivariate locally stationary functional time
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series using our method.

Remark S1. Indeed several authors consider (stationary) functional data models with
noisy observation (see |Cao et all [2012; |Chen and Song, 2015, among others) and we
expect that the results presented in this section can be extended to this scenario. More

precisely, consider the model
Yij=Xin(L)+0(4)z;, 1<i<n1<j<N,

where X, is the functional time series defined in . ), {zij}iz1 —1,..N Is an array

of centered independent identically distributed observations and o(-) is a positive func-
tion on the interval [0,1]. This means that one can not observe the full trajectory of
{Xin(t) | t €[0,1]}, but only the function X;, evaluated at the discrete time points
1/N,2/N,...,(N —1)/N,1 subject to some random error. If N — 0o as n — oo, and
the regression function m in is sufficiently smooth, we expect that we can con-
struct simultaneous confidence bands and surfaces by applying the procedure described

in this section to smoothed trajectories.

For example, we can consider the smooth estimate

[nut++/n] N 2
m(u,-) = argmin Z Z —g9(£)",
9€Sp i=|nu—y/n| j=1

where S, denotes the set of splines of order p, which depends on the smoothness of the
function t — m(u,t). We can now construct confidence bands applying the methodol-

ogy to the data X;,(-) = fn(\/Lﬁ, ), 4 =1,...,4/n due to the asymptotic efficiency of
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the spline estimate (see Proposition 3.2-3.4 in |Cao et al., 2012).

Alternatively, we can also obtain smooth estimates ¢ — X;,,(t) of the trajectory
using local polynomials, and we expect that the proposed methodology applied to the
data X Ly ,Xn,n will yield valid simultaneous confidence bands and surfaces, where
the range for the variable ¢ is restricted to the interval [c,,1 — ¢,] and ¢, denotes the

bandwidth of the local polynomial estimator used in smooth estimator of the trajectory.

Remark S2. The methodology presented so far can be extended to construct a simul-
taneous confidence surfaces for the vector of mean functions of a multivariate locally
stationary functional time series. For simplicity we consider a 2-dimensional series of
the form

xLm) [mco L, (1)

Xin(t) ma(5;,t) ein(t)

and define for a = 1,2
200 () = (20 (), 25 ()T

— K(ﬁ — “) ( é?,nl(,lg) €in(p) é?,n‘(p%l) &, (D) )T
b, &a(%%)’ &a( ,%)’ Toa( Y sa(ty)

ALY

where €2, (1) = X7, (t) — fg(£,t) and 67(%,t) is the estimator of long-variance of &,

n

defined in (2.16). Next we consider the 2(n — 2[nb, | + 1)p-dimensional vector

56 (56T 58T 56,T T
Zj - (Zj, [nby ]’ Zj+1,[nbﬂ+1 T anQ[nanrj,nf (nbn]) )
56 . ol _ (oLe 526 51,6 42,6\ T . . .
where Z7) = Z7(;) = (2,1, Zij1 - Ziip Ziyp)  contains information from both
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components. Define for a = 1,2
f);a(u, t) = mqa(u, t) — f34(u,t), A:‘,ia(u, t) = mg(u,t) + 734(u, t) ,

where
Ga(u, OV2T]1 o))

r3q(u,t) =
sa(ts 1) Vnbp+/2[nb, | —m/,

and Tf&(pa) B is generated in the same way as in step (d) of Algorithm [2] with p replaced

by 2p, m, is the kernel estimator of m, defined in (2.3). Further, define for a = 1,2

the set of functions

Cin ={fec®:0,1> >R | Lso(u,t) < fu,t) < Usg(u,t)

Yu € [by, 1 —b,] Vt € [0,1]}.

Suppose that the mean functions and error processes of X}, (t) and X7, (t) satisfy the
conditions of Theorem , then it can be proved that the set C{, x CJ, defines an
asymptotic (1 — ) simultaneous confidence surface for the vector function (my,ms)".

The details are omitted for the sake of brevity.

S2 Finite Sample Performance

In this section we study the finite sample performance of the simultaneous confidence
surfaces proposed in the previous sections. We start giving some more details regarding

the general implementation of the algorithms, and present the simulation study.

4
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S2.1 Implementation

For the estimator of the regression function in (2.3|) we use the kernel (of order 4) in

(b, 1 — by,]
K(z) = (45/32 — 15022 /32 + 105" /32)1(|z| < 1) ,

and for the boundary we use the kernel function Kj(z) = (4202 — 480z + 120)z(1 —

x)1(0 <z < 1). We choose the bandwidth as the minimizer of

S G, 2) — Xin(2)?
MEEVO = o = —a@.@)me

(S2.1)
Qs(b) is an n X n matrix such that
(oL, 2),10(2,2), . (1, 2)) T = Qu(B) (Xun(2), ., Xn(2))
n’p n’p p m\p M\ p

Here 1,(u, t) is the NW estimator with bandwidth b defined in ({2.3)).

The criterion (S2.1)) is motivated by the generalized cross validation criterion in-

troduced by [Craven and Wahbal (1978) and will be called Maximal Generalized Cross

Validation (MGCV) method throughout this paper.

For the estimator of the long-run variance in (2.16) we use w = [n?7| and 7, =

n~Y7 as recommended in [Dette and Wu (2019). The window size in the multiplier

bootstrap is then selected by the minimal volatility method advocated by
(1999). For the sake of brevity, we discuss this method only for Algorithm |2 in detail

(the method for Algorithm [1]is similar). We consider a grid of window sizes m; < ... <

5
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~

mas (for some integer M). We first calculate S’jm = (5%, ,,1<r<(n—2[nb,]+1)p)

Jms,T?

defined in step (c) of Algorithm |2/ for each mg. Let S'Zf denote the (n — 2[nb,| + 1)p

dimensional vector with r,, entry defined by

1 2[nbn]—ms
HE,o NG 2
Sﬁms,r - 2(nbn1 . ms Z (Sj'rhs,r) )
j=1

and consider the standard error of {SZ° 4?2 that is

k+2 k+2

se(t852, 12 = (3 0 (80— ¢

s=k—2 S
Then we choose m! = 1m.; where j is defined as the minimizer of the function
n J

] (n—2[nbn]+1)p
MV (k) = GO0 Vk+2
( ) (TL — 2(nbn—| —+ 1)p Z 86({ Ms,T s:k—2)

r=1

in the set {3,..., M — 2}. Throughout this section we consider p = |/n].

S2.2 Simulated data

We consider two regression functions

my(u, t)= (u+ 2t)?/2,

ma(u,t) = (1 +u?)(6(t — 0.5)*(1 + 1(t > 0.3)) + 1)

(note that my is discontinuous at the point ¢ = 0.3). For the definition of the error pro-
cesses let {¢;}icz be a sequence of independent standard normally distributed random

variables and {7; };ez be a sequence of independent t-distributed random variables with
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8 degrees of freedom. Define the functions

a(t) = 0.5 cos(wt/3), b(t) = 0.4t, c(t) = 0.3t%,

dl(t) =1 + 0.5 sin(mﬁ), dg’l(t) =2t — 1, d272(t> == 6t2 — 6t + ].,

and F! = (..., ei1,&), F2 = (...,mi_1,m;). We consider the following two locally

)

stationary functional time series errors (G; and G5 are defined by

Gi(u,t, F}) = Go(u, t, F)dy(t) /3, where Go(u,t, F}) = (a(u) — 0.18)Go(u, t, F}') + €,

Ga(u,t, F}, F2) = Gi(u, Fl)daa () /2 + Ga(u, Ff)das(t) /2
where the locally stationary time series G; and G, are defined as
él (ua -le> = @(u)él (ua -Fil—l) + &, 62(% -Fzz) = b<u>é2(ua -Fiz—l) + 1= C(u)mfl-

Note that G4 is a locally stationary AR(1) process (or equivalently a locally stationary
MA (c0) process), and that G is a locally stationary ARMA(1,1) model. With these

processes we define the following functional time series model (for 1 <i<n,0 <t <1)

(a’> Xz,n<t) = ml(%7t) + Gl(%7t7};ﬁl> (b)X%n(t) - ml(%7t) + GQ(%7taﬂl7‘7_—z'2)

(C) Xz,n(t) = m2(%7t> + Gl(%ataﬁl) (d>Xz,n(t) = m2(%7t> + GQ(%ataﬁlv"t?)'

In Figure |S1| we display typical 95% simultaneous confidence surfaces of the form ([2.2)
from one simulation run for model (a) with sample size n = 800 and B = 1000 bootstrap

replications, which are calculated by Algorithm [1] (constant width) and Algorithm

7
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(varying width). We observe that there exist differences between the surfaces with

constant and variable width, but they are not substantial.

m(ut)
m(ut)

Figure S1:  95% simultaneous confidence surfaces (2.13) and (2.18|) for the regression function in
model (¢) from n = 800 observations. Left panel: constant width (Algorithm ; Right panel: varying

width (Algorithm[3)

We next investigate the coverage probabilities of the different surfaces constructed
in this paper for sample sizes n = 500 and n = 800. All results are based on 1000
simulation runs and B = 1000 bootstrap replications. The left part of Table [S1| shows
the coverage probabilities of the surfaces with constant width while the results in the
right part correspond to the bands with varying width. We observe that the simulated
coverage probabilities are close to their nominal levels in all cases under consideration,

which illustrates the validity of our methods for finite sample sizes.

8
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We conclude this section mentioning that confidence bands for the regression func-
tion m for a fixed u or a fixed ¢ can be constructed in a similar manner and details and

some additional numerical results for these bands are discussed in Section

Table S1: Simulated coverage probabilities of the simultaneous confidence bands (2.13|) and (2.18)

calculated by Algorithm (constant width) and Algorithm@ (varying width), respectively.

constant width varying width

model (a) model (b) model (a) model (b)

level 90% 95% 90% 95% 90% 95% 90% 95%

n=500 88.0% 94.2% 90.1% 93.8% 91.2% 95.3% 87.9% 93.6%

n=800 89.9% 95.8% 88.3% 93.9% 90.9% 96.1% 90.7% 96.0%

model (c) model (d) model (c) model (d)

level 90% 95% 90% 95% 90% 95% 90% 95%

n=500 87.9% 93.9% 91.3% 954% 87.5% 95.1% 87.7% 94.8%

n=800 88.6% 94.2% 89.9% 95.9% 90.8% 95.0% 90.1% 94.9%

S2.3 Simulation results in the boundary

We examine the proposed method for the simultaneous inference in the boundary region
in Remark 2l 'We summarize our results in table and find that our method in

boundary works reasonably well.
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Table S2: Simulated coverage probabilities of simultaneous confidence surface in the boundary using

methods in_Remark Pl

constant width

varying width

model (a) model (b) model (a) model (b)
level 90% 95% 90% 95% 90% 95% 90% 95%
n=500 87.6% 93.9% 87.2% 93.7% 91.9% 96.0% 91.2% 96.2%
n=800 89.4% 94.4% 90.6% 96.1% 90.2% 95.4% 89.7% 95.0%

model (c) model (d) model (c) model (d)
level 90% 95% 90% 95% 90% 95% 90% 95%
n=500 91.4% 95.1% 89.8% 94.6% 90.4% 955% 90.8% 95.3%
n=800 89.8% 95.7% 90.1% 94.9% 90.7% 95.4% 88.4% 94.1%

S2.4 Empirical investigation of Theorem

In this section we investigate the finite sample accuracy of the Gaussian approximation
in Theorem [l We consider model (d), the sample size n = 500,800 and b = 0.1, 0.2 and
compare the simulated quantiles of the maximum deviation of maxbn%qg b, \V/nb, ]A(u, t)]
and that of the maximum norm of the sum of corresponding high—c]irzlensional Gaus-
sian vectors with the auto-covariance structure described in Theorem [II The results

are presented in Figure [S2] which shows that the approximation accuracy of Theorem

is quite high.

10
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n=500,0=0.1 n=500,b=0.2
n
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Figure S2: Quantile-quantile  plot  of the max,, <y<i—b,,0<t<1 \/nbn|A(u, t)|  wversus
ﬁ Ziqb"]fl Y; L described in Theorem .
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S2.5 Empirical performance of the long-run variance estimator

In this section we investigate the finite sample performance of the difference based

long-run variance estimator (4.1)). We examine the maximum error

max _|6(i/n,j/p) —o(i/n,j/p)| (52.2)

1<i<n,1<j<p
where p = [n'/2] as mentioned in Section [S2.1, We consider model (a), (c), (b), (d)
with sample size n = 500 and 800, respectively. The results are shown in Figure [S3]
where we display for each case the box plot of 2000 simulations of . We observe
that the estimator works reasonably well and in all simulation scenarios the estimation

error decreases as the sample size increases.

S3 Discussion on the alternative assumptions of Theorem

In this section, we discuss alternative assumptions for Theorem |2l Some assumptions

in the main paper can be relaxed yielding different approximation rates.
Remark S3.

(i) A careful inspection of the proofs in Section |[S6| shows that it is possible to prove
similar results under alternative moment assumptions. For example, Theorem

holds under the assumption

E[ sup (G(u,t,fo))‘*] <0 . (S3.1)

0<u,t<1

12
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e
-
g o
0 0
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Figure S3: Box plot of the simulated estimation error (S2.2)) for model (a), (c), (b), (d) with sample
size 500 and 800, respectively. The label a500 means model (a) for sample size 500. Other labels can

be understood similarly.
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The details are omitted for the sake of brevity. Note that the sup in (S3.1|) appears
inside the expectation, while it appears outside the expectation in (3.2). Thus

neither (3.2) implies (S3.1)) nor vice versa.

(ii) Assumption [3.2(2) requires geometric decay of the dependence measure 0,(G, 1)
and a careful inspection of the proofs in Section [S6|shows that similar (but weaker)
results can be obtained under less restrictive assumptions. To be precise, define
Apg = Y21 04(G, 1), By = o0, 102(G, i) and consider the following assump-

tions.

(a) Y02, 103(G, 1) < oo.

(b) There exist constants M = M(n) > 0, v = v(n) € (0,1) and Cy > 0 such

that
(2[nb, )M 121 58 > oyl

where I, = max(log(2[nb, |(n — 2[nb,| + 1)p/v), 1).

Then under the conditions of Theorem [I] with Assumption [3.22) replaced by (a)

and (b), we have

B = O (o, + O (Vbu(Bh + ),1p) +O(((np) /7 ((nb,) ™ +1/p) 77 ) )

14
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with

>q/(1+q) A? )1/(1+q)

o = (ab) VSN o () Vo2 ) (g,

+231° (1 log (np/Zpr))** .
The same arguments as given in the proof of Theorem [2|show that (under the other
conditions in this theorem) the set C,, defined by defines an (asymptotic)
(1 — o) simultaneous confidence surface if 1/, = o(1). For example, if §,(G,i) =

O(i~17%) for some a > 0, p = n” for some B > 0 and b, = n~" for some 0 < v < 1,

then 7/, = o(1) if (1 4+ 5) — (1 — v)qa/4 < 0, which gives a lower bound on g.

S4 Simultaneous confidence bands for fixed v or ¢

S4.1 Theoretical background and algorithms

In this section, we present the simultaneous confidence band for the regression function
(u,t) — m(u,t) in model (2.1, where one of the arguments u and t is fixed. Let C*
be the class of functions with Lipschitz continuous a;, order derivatives with bounded

Lipschitz constant. Consider
(1) simultaneous confidence bands for fized t, which have the form
Ct)={feC| Liu,t) < f(u) < U(ut) Vu}, (54.1)

where L; and U; are appropriate lower and upper bounds calculated from the

data. As t € [0,1] is fixed these bounds can be derived generalizing results for

15
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confidence bands in nonparametric regression from the independent (see Konakov
and Piterbarg, 1984; Xia, 1998; |Proksch| 2014, among others) to the locally sta-
tionary case (see also Wu and Zhao, 2007}, for results in a model with a stationary
error process). An alternative approach based on multiplier bootstrap will be given

below.

(2) simultaneous confidence bands for fized u, which have the form

Clu) ={feC| La(u,t) < f(t) < Us(u,t) vt e[0,1]}, (S4.2)

where Ly and U, are appropriate lower and upper bounds calculated from the
data. Note that these bounds can not be directly calculated using results of Dette
et al. (2020) as these authors develop their methodology under the assumption of

stationarity.

Recall the definition of the residuals é;,,(¢) and the long-run variance estimator &

in the main article. For the construction of a simultaneous confidence bands for a fixed

t € [0, 1] of the form (S4.1)) we define
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Next we consider the (n — 2[nb, | + 1)-dimensional vectors

2 . . . T
Zj (t) = (Zj,fnbn-\ (t)a Zj+1,|—nbn'\+1(t)7 CIE Zn72|—nbn'\+j,nf [nbn] (t)) 5 (843>
S5 56 56 56 T

Z7(t) = (25t () Z5 1 a1 118 -+ -3 Zgy— a1 4 jin— e (£)) (S4.4)

(1 < j < 2[nb,] — 1), then a simultaneous confidence band for fixed ¢ € [0,1] can be

generated by the Algorithms [S1| (constant width) and Algorithm [S2| (varying width).

17



Holger Dette & Weichi Wu

Algorithm S1:

Result: simultaneous confidence band of the form (S4.1) with fixed width

(a) Calculate the the (n — 2[nb,] + 1)-dimensional vector Z:j () in (S4.3);

(b) For window size my, let m;, = 2|m, /2], define

| tlmeszi-n 1 Jtmi, -1
Simi, () = = L == ). L
mn r=j Mn r=j+|mn/2]

Let €;.jym: x(t) be the ki, component of S'jm& (t).

(¢) for r=1, ..., B do

- Generate independent standard normal distributed random variables {Rl(r)}ie[l,n—mgl]' -
Calculate
2[nbyp—m),
TV = > e sORY) ., k=1, n—2[nb,] +1,
j=1
T (t) = T @)
() 199@%%“1' (D)l
L end

(d) Define T|(1—a)5)(t) as the empirical (1 — a)-quantile of the sample T @), ..., TP (t) and
La(u,t) = m(u,t) — 73(t) ,  Us(u,t) = m(u,t) + #3(t)

where

V2T (1-a)B)(t)
Vnbny/2[nb,| —m,

Output: Cn(t)={feC®:[0,1]> =R | La(u,t) < f(u) < Us(u,t) Yu € [bp,1— bn}

73(t) =

18
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Algorithm S2:
Result: simultaneous confidence band of the form (S4.1) with varying width

(a) Calculate the estimate of the long-run variance &2 in ([2.16)

(b) Calculate the (n — 2[nb,] + 1)-dimensional vectors ZJ (¢) in (S4.4)

(¢) For window size my, let m;, = 2|my /2], define

B 1 gtlmn/2)-1 1 j+mi,—1 .
820 (1) = S Zw- Sz
' (LT — Vi o 2]

Let S’fm;,k(t) be the ki, component of Sfm% (t). Let éjf}j+m%7k(t) be the k:n component of Sfm/n (t).

(d) for r=1, ..., B do
- Generate independent standard normal distributed random variables {Rgr)}ie[lyn_m%].
- Calculate
2[nb,]—m],
Ty (1) Eem kORY). L k=1,...,n—2[nb,] +1,
j=1
770 (1) = 77" ().
0= o max T
L end

(e) Define T[}(I—a)Bj (t) as the empirical (1 — a)-quantile of the sample T7M(¢), ..., 7% B () and

LY (u,t) = m(u, t) — fa(u,t), U (u,t) = m(u,t) + fa(u, t)

where
Fau, ) = &(u:t)ﬂTﬁ1—a)BJ (t)
4(u,t) =
Vnbry/2[nbn] —mi,
Output:

Cot)={feC®: 0,1 >R | Li(u,t) < f(u) < UJ (u,t) Yu € [bn, 1 — by}

The following result shows that the sets constructed by Algorithms [S1| and [S2| are

asymptotic (1 — a)-confidence bands of the form (S4.1)). The proof is similar to but

19



Holger Dette & Weichi Wu

easier than the proof of Theorems [2| and [3] is therefore omitted for the sake of brevity.

Theorem S1. Assume that the conditions of Theorem[1] hold. Define

9t — log®n n my logn . M a/q.

n

My, nb, nb,

(i) If 052 {1 v log(ﬁ)}ﬂ/3 + O((vVma logn(\/%Tn + bi)(n)%)qmqﬂ),n) = o(1) we have

that for any o € (0,1) and any t € [0, 1]

lim lim P(meC,(t) | F) =1—«

n—oo0 B—oo

in probability.
(1) If further the conditions of Theorem @ and Proposition (1| hold, then

lim lim P(meCi(t) | Fn)=1—a

n—o00 B—oo

in probability.

The next theorem presents a Gaussian approximation in the case where u is fixed.
It is the basis for the construction of a confidence band for fixed u and its proof follows

by similar (but easier) arguments as given in the proof of Theorem .

Theorem S2. Let Assumptions|[3.1] -[2.1] be satisfied and assume that the bandwidth in
[2.3) satisfies that n't20? = o(1), n® b1 = o(1) for some 0 < a < 4/5. For any fived
u € (0,1) there ezists a sequence of centered p-dimensional Gaussian vectors (Y;(u))ien

20
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with the same covariance structure as the vector Z;(u) in (2.5)), such that

Po () = sup [P( max \/n_m!A<u,t>\§x)—P(\\/TllTnZn(u)\ g)]

veR | \0<t<1 o

-0 5o (1)) +0(r.5)

for any sequence p — oo with p = O(exp(n')) for some 0 < ¢ < 1/11. In particular,
PBn(u) = o(1) if p = n° for some ¢ > 0 and the constant ¢* in Assumption is

sufficiently large.
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Algorithm S3:

Result: simultaneous confidence band for fixed u € [by,1 — by] as defined in li

(a) Calculate the p-dimensional vectors Z;(u) in (2.1)

(b) For window size my, let m;, = 2|my /2], define

A 1 jH+lmn/2]—1 A 1 j+ml —1 R
Simy, (u) = —= Y Ze(w) - = > Ze(w
M5 M i lmn /2)

(c) for r=1, ..., B do
|nu+nby, |

i=[nu—nby]

- Generate independent standard normal distributed random variables {RET')}

Calculate the bootstrap statistic

[nu+nby, | 7m;1+1

W= Y S @R

j=Tnu—nby] <

end

(d) Define T|(1—ay5)(u) as the empirical (1 — a)-quantile of the sample TW (W), ..., TP (u) and

Ls(u,t) = m(u,t) —fs(u) , Us(u,t) = m(u,t) + 75(u) ,

where

() = V2T (1-a)B) (u)
Vnbp/([nu + nb, | — [nu — nb,] —mj, + 2)

Output:

Co(u)={feC®:[0,1> >R | Ls(u,t) < f(t) < Us(u,t) Vte€[0,1]}.

(S4.5)

22
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Algorithm S4:

Result: simultaneous confidence band of the form (S4.2) with varying width.
(a) For given u € [by, 1 — by], calculate the the estimate of the long-run variance 62(u, -) in (2.16)

(b) Calculate the vector Z7* (u) in (S4.7);

(¢) For window size my, let mj = 2|m, /2| and define the p-dimensional random vectors

R 1 G4 lmn/2)—1 1 j+my,—1

Sa = S w3 20w

r=j r=j+|myn/2]

s~

(d) for r=1, ..., B do

|nu+nby, |

- Generate independent standard normal distributed random variables {RET)}i:mu—nbn] -

Calculate the bootstrap statistic

[nu+nby, | 77n;1 +1
reOw =] Y S R

o0
j=[nu—nby]

end

(e) Define TL&(“{_Q)BJ (u) as the empirical (1 — a)-quantile of the sample 77« (u), ..., T ®B) (4) and

ﬁgu (ua t) = m(uv t) - f'gu (uvt) ’ Ugu (U, t) = m(ua t) + fgu (uv t)a
where
5 6(u, t)\/in("LOOBJ (u)
Te (u7t) =
Vnbn/([nu + nb, | — [nu — nb, | — mj, + 2)
Output:
Crt(w) ={fec’: 0,1 =R | L§"(u,t) < f(t) <Ug*(u,t) Vte[0,1]}. (54.6)

Next we present details of the algorithms for a simultaneous confidence band for a

fixed u (of the form (S4.2))) with fixed and varying width. For this purpose we define
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the p-dimensional vector

Z0(u) = (253 (w), ..., Z7 ()" (S4.7)

where &;,, and ¢ are defined in the main article, respectively. Algorithms and
provides asymptotically correct the confidence bands of type (S4.2). The next Theorem

yields the validity of Algorithms [S3]and [S4, which is a consequence of Theorem [S2]

Theorem S3. Assume that the conditions of Theorem [1] hold. Define

log’n  m,logn my,
my, nb,, nb,,

and assume that p — oo such that p = O(exp(n*)) for some 0 < ¢ < 1/11.

(1) If « € (0,1) and

9231V log (%)}”Z@((m(ﬁ

then we have for the confidence band in ((S4.5))

q/(q+1)
+ bi)zﬁ) ,p> =o(1),

lim lim P(m e C,(u) | Fp) =1—«a

n—oo B—oo

in probability.

(i1) If further the conditions of Theorem @ and Proposition |1 hold, then for the confi-

dence band in (2.13))

lim lim P(m € Cl(u) | Fn) =1—«

n—oo B—oo
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in probability.

The proof of Theorem |S3| follows by similar (but easier) arguments as given in the

proof of Theorem [2] and Theorem [3]

Remark S4. One can prove similar results under alternative moment assumptions. In

fact, Theorem [S2| remains valid if condition (3.2)) is replaced by

E[ sup (G(u,t,fo))4] <00 .

0<t<1

Moreover, one can prove Theorem [S2| under weaker assumptions than Assumption [3.2
(ii), which requires geometrically decaying dependence measure. More precisely, If the
assumptions of Theorem [S2| hold, where Assumption (i) is replaced by assumption

(a) in (ii) of Remark [S3|and the following conditions
(b1) There exist constants M = M(n) > 0, v =~(n) € (0,1) and Cy > 0 such that
(2[nba1)¥*M Y2155 > Cu,
where [,, = max(log(2[nb,|p/7v), 1).
Recall the quantity =), and Ay, defined in Remark . Then we have
Po(w) = O (m + O(Vaba(th + ), p) + O(p1F )
with
T = (nbn)—wle/leL/s I ((nbn)l/SM—lﬂl;S/S)‘J/(H‘Q) (pA?%q)l/(Hq)

+212 (1 v log (p/Zu))*? .
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By similar arguments as given in Remark [S3| the sets C,(u) and CZ*(u) defined by
and (S4.6), respectively, define an (asymptotic) (1 — a) simultaneous confidence
surface if , = o(1). For example, if 6,(G,4) = O(i~17%) for some a > 0, p = n? for
some > 0 and b, = n~7 for some 0 < v < 1, then 7, = o(1) if 5 — (1 — v)ga/4 < 0,

which gives a lower bound on q.

S4.2 Finite sample properties

In this section we provide numerical results for the confidence bands for the regression

function m with fixed u or ¢ derived in Algorithms [ST]-[S4} As in the main part of the
paper we consider simulated and real data.

For the simultaneous confidence band for a fixed ¢ € [0, 1] in and a fixed

€ (0,1) in , the tuning parameters are chosen in a similar way as described in

Section [S2.1] In particular for a fixed u € (0, 1) use the bandwidth b, as the minmizer

of the loss function

[nu+nby, | A ords 51)2
(s, 2) — Xin(3
MGCV (b) = max 2=l (100 ) = Xin)) (S4.8)

1<s<p (1 — tr(Qq(b,w))/(|nu + nby,| — [nu —nb,] +1))%

and Q,(b,u) is the submatrix of Q4(b) defined in (S2.1)) consisting of [nu — nb,] :

|nu + nby, |, rows and lines. The criterion (S4.8)) is also motivated by the generalized

cross validation criterion introduced by |Craven and Wahba/ (1978)).
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S4.3 Simulated data

For simulated data, the regression functions and locally stationary functional time series
are stated in Section [S2.2] We begin displaying typical 95% simultaneous confidence
bands obtained from one simulation run for model (a) with sample size n = 800. Fig-
ure |S4{ shows the simultaneous band of the type with constant width (Algorithm
and variable width (Algorithm [S2)), while in Figure we display the simultane-
ous confidence bands of the form (S4.2) (for fixed u) with constant width (Algorithm
and variable width (Algorithm [S4). We observe that in all cases there exist differ-

ences between the bands with constant and variable width, but they are not substantial.

18
18

16
16

14

12

1.0

S
=

08
1
08

Figure S4: 95% simultaneous confidence bands of the form (S4.1) (fized t = 0.5) for the regression
function in model (¢) from n = 800 observations. Left panel: constant width (Algorithm ; Right

panel: varying width (Algorithm @)
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We next investigate the coverage probabilities of confidence bands constructed for
fixed t = 0.5 and u = 0.5 for sample sizes n = 500 and n = 800. All results presented
in the following discussion are based on 1000 simulation runs and B = 1000 bootstrap
replications. In all tables the left part shows the coverage probabilities of the bands
with constant width while the results in the right part correspond to the bands with
varying width.

In Table [S3| we give some results for the confidence bands of the form (S4.1)) (for
fixed t = 0.5) with constant and variable width (c.f. Algorithm [S1{and Algorithm ,
while we present in Table [54] the simulated coverage probabilities of the simultaneous
confidence bands of the form (S4.2), where u = 0.5 is fixed (c.f. Algorithm [S3| and
Algorithm . We observe that the simulated coverage probabilities are close to their
nominal levels in all cases under consideration, which illustrates the validity of our

methods for finite sample sizes.
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Figure S5: 95% simultaneous confidence band of the form (S4.2) (fixed w = 0.5) for the regression

function in model (c¢) from n = 800 observations. Left panel: constant width (Algorithm ; Right

panel: varying width (Algorithm|S4]).

Table S3:  Simulated coverage probabilities of the simultaneous confidence band of the form (S4.1) for

fized t = 0.5 calculated by Algorithm[S1] (constant width) and[S9 (varying width).

Level

Constant Width

Varying Width

Model (a)

Model (b)

Model (a)

Model (b)

90% 95%

90% 95%

90% 95%

90% 95%

n=>500

n=800

90.3%  95.0%

88.5% 95.4%

91.7%  96.0%

88.7% 94.4%

91.2%  95.6%

88.8%  94.5%

91.3% 96.2%

88.4% 94.0%

Level

Model (c)

Model (d)

Model (c)

Model (d)

90% 95%

90% 95%

90% 95%

90% 95%

n=500

n=800

91.7%  96.3%

89.1% 94.8%

91.4% 95.6%

94.5%

2Q

89.8%

91.5% 95.4%

87.5%  93.4%

90.4% 94.1%

88.7% 94.4%
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Table S4:  Simulated coverage probabilities of the simultaneous confidence band of the form (S4.2)) for

fized w = 0.5 calculated by Algorithms [Sg (constant width) and[S| (varying width).

Level

Constant Width

Varying Width

Model (a)

Model (b)

Model (a)

Model (b)

90% 95%

90% 95%

90% 95%

90% 95%

n=>500

n=800

87.0% 93.4%

88.7% 93.7%

88.4% 93.5%

88.4% 94.7%

86.9% 92.2%

89.4% 94.4%

88.7% 93.7%

88.9% 94.1%

Model (c)

Model (d)

Model (c)

Model (d)

Level 90% 95% 90% 95% 90% 95% 90% 95%

n=500 86.6% 92.3% 90.2% 94.0% 90.2% 94.5% 89.5% 94.2%

n=800 89.6% 94.7% 87.8% 93.3% 88.9% 93.4% 89.8% 94.1%

S4.4 Real data

In this section we further study the well documented volatility smile for implied volatil-
ity of the European call option of SP500 data set considered in Section {4f of the main
article. In Figure of we display 95% simultaneous confidence bands of the form
for fixed ¢ = 0.5 (which corresponds to Moneyness=1.1) where the parameters
are chosen as b, = 0.12 and m,, = 18. We observe that the implied volatility changes
with time (or precisely the time to maturity) when moneyness (or equivalently, the

strike price and underlying asset price) is specified. We also calculate confidence bands
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of the form for fixed u = 0.5, by Algorithm [S3| (constant width) and Algorithm
(varying width). The parameter selection procedure yields b, = 0.1 and m,, = 32,
and the resulting simultaneous confidence bands of the form are presented in
Figure [S71 We observe that both 95% simultaneous confidence bands indicate that
the implied volatility is a quadratic function of moneyness, which supports the well
documented phenomenon of 'volatility smile’. We observe that the differences between

the bands with constant and variable width are rather small.

0.18
1
0.18
1

0.10
1
0.10
1

02 0.4 0.6 0.8 02 04 06 08

Time Time

Figure S6: 95% simultaneous confidence bands of the form (S4.1)) (fized t = 0.5) for the data example

in Section . Left panel: constant width (Algorithm ; Right panel: variable width (Algorithm @)

S5 Examples of locally stationary error processes

In this section we present several examples for the error processes, which satisfy the

assumptions of the main article.
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Figure S7: 95% simultaneous confidence bands of the form (S4.2) (fixed uw = 0.5) for the IV surface.

Left panel: constant width (Algorithm ; Right panel: variable width (Algorithm .

Example S1. Let (B;);>0 denote a basis of L*([0,1]*) and let (1;)i>0,>0 denote an
array of independent identically distributed centered random variables with variance

o%. We define the error process

€i(u,v) = Z ni,;Bj(u, v),
=0

assume that

1 oo
sup / E(e(u,v))dv = o* sup Z/Bz(u,v)dv < 00.
ue0,1] JO u€l0,1] (5

Next, consider the locally stationary MA(oo) functional linear model

gin(t) = Z/o a;(t,v)e_(%,v)dv , (S5.1)

where (a;);>0 is a sequence of square integrable functions a; : [0, 1]* — R satisfying

o0

sup |a;j(u,v)| < oo.
=0 u,v€(0,1]
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Define F; = (...,n;_1,m;), then we obtain from (S5.1)) the representation of the form

ein(t) = G(£,t, F;), where

00 1 00
G(u,t, F;) = Z/o a;(t,v) Zni_%sBS(u,v)dv
=0 s=0

Further, assume that ||n; ||, < oo for some ¢ > 2, then by Burkholder’s and Cauchy’s

inequality the physical dependence measure defined in (3.2)) satisfies
5,(G.1) = sup Z / ai(t,0) B, v)do (s — 15,
u,t€[0,1]
1 1/2
:O< sup (Z(/ i(t,v)Bs(u,v)dv> ) )
u,t€[0,1] Ty 0
1 1/2
:O< sup [/ a?(t,v)dv] > :
tel0,1] 0

Therefore Assumption [3.2)(2) will be satisfied if

sup} [/Ola?(t,v)dv} v o) .

te(0,1

Similarly, it follows for ¢ > 2 that

60t F 1 < Mo >0 S [t Bl o)

7=0 s=0
© 1
< MqZ/O a?(t,v)de/O BZ(u,v)dv|n]|2 (S5.2)
=0 s=0

for some sufficiently large constant M. Consequently, the filter G has finite moment of

order ¢, if

o 1
Z/atvdv<oo. (S5.3)
0

Jj=0
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Furthermore, if there exists positive constants My and « such that |||, < Mog*/?~,

Assumption (1) is also satisfied, because for any fixed ty, the sequence

toll G (us t, Fo)llg Ctfqi— 1 Ctoe
LT o U)o )
q q! 2rq° q

is summable, where

o 1 o 1
C= sup M, MZ/ a?(t,v)de/ B2(u,v)dv
j=0 70 s=0 70

t€[0,1],u€0,1]

Moreover, if by(u, v) := £ B,(u, v) exists for u € (0,1),v € [0,1], then it follows observ-

ing (S5.2) that Assumption [3.2{3) holds under ([S5.3) and

sup Z/bqudv<oo

u€(0,1]

¢+ < 0o and

til[ég] [/01 (%ai(t,v)yclv} 1/2 — 0(y) |

it can be shown by similar arguments as given above that Assumption is satisfied.

Finally, i

Example S2. For a given orthonormal basis (¢ ())r>1 of L%*([0, 1]) consider the func-

tional time series (G(u,t,F;));cz defined by
Glut, Fi) =Y Hi(u, Fi)enl(t) , (S5.4)

where for each k € N and u € [0, 1] the random coefficients (Hy(u, F;));ez are stationary

time series. A parsimonious choice of (55.4)) is to consider F; = U2, F;  where {F; 1 }72,
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are independent filtrations. In this case we obtain

G(u,t, F;) = Z Hy(u, Fi )k (t), (S5.5)

and the random coefficients Hy(u, F;j) are stochastically independent. A sufficient

condition for Assumption [3.2)2) in model (S5.5) is

sup Y 6 (1)1, (Hy, i) = O(x')

te(0,1] 1.2,
where 0, (Hy, i) := supy,epo1) | Hr(u, Fir) — Hi(u, Fy)|lg- The gth moment of the process

G in (S5.95)) exists for ¢ > 2, if

[e.o]

A, = sup Zﬁ(@”Hk(uv]:O,k)Hg < 0.
t€[0,1],u€(0,1] =5

If further A, = O(¢*/?>~%) for some o > 0, then similar arguments as given in Example
show that Assumption [3.2|(1) is satisfied as well. Finally, if the inequality

2
< o0
q

S 60| | o i, Fos)

k=0

holds uniformly with respect to ¢,u € [0,1], Assumption [3.2(3) is also satisfied.

On the other hand, in model we have Hy(u, Fi) = [ G(u,t, Fi)ox(t)dt, and
consequently the magnitude of ||Hgl||, and d,(Hy,?) can be determined by Assumption
For example, if the basis of L*([0,1]) is given by ¢y (t) = cos(knt) (k=0,1,...)

and the inequality

< 00,
q

+ sup Hg—;G(u,t,}])

4  t€0,1]

0
G, 0, ), + |5, G 0. 1)
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holds for uw € [0, 1], it follows by similar arguments as given in Zhou and Dette| (2020)

that

sup || Hi(u ]—"k)|| = O(k™?), 6,(Hg,i) = O(min(k™>ds(i,q))).  (S5.6)

u€l0,1]

Similarly, assume that the basis of L?([0,1]) is given by the Legendre polynomials and

that

< Q.
q

Y2G(u, t, F
sup max H/ oG 0)|dx

uelo,1] $=12:3 V1—2a?

If additionally for every € > 0, there exists a constant 6 > 0 such that

S

ZZHat (2, F2) = aatGW“ b 7))

s=1,2 k

<e€
q

for any finite sequence of pairwise disjoint sub-intervals (x_1, zx) of the interval (0,1)
such that >, (zy — xx—1) < 0, it follows from Theorem 2.1 of [Wang and Xiang (2012)
that holds as well.

Finally, if

a3 164016, (He 1) = O,

te(0,1] 150

it can be shown by similar arguments as given above that Assumption is also

satisfied.

S6 Proofs of Theorems

In the proofs, for two real sequence a,, and b,, we write a,, < b, if there exists a universal

positive constant M such that a, < Mb,. Let 1(-) be the usual indicator function. For
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simplicity let f((u) = % Z? ) K(z/n u)

n

S6.1 Proof of Theorem [1l

For p € N define by ¢, = 3 (v=0,...,p) an equidistant partition of the interval [0, 1]
and let M be a sufficiently large generic constant which may vary from line to line.

Define

i

Wi(u, ) = v/nb, (17(u, t) — E(in(u, ) = WK ZGW&]—" (l;“)

(S6.1)

we have by triangle inequality

W, (u,t)| — W, (a || < W,
bnSuﬁlslll}r)“OStSI‘ n(u )] (nbmsrz?saf—rnw' nGopll < Wars
1<s<p
where
W, = max |W(u,t) —Wn(%,i)].

[nbn | <l1<n—[nbp],1<s<p,
=11 /mft—21<1 /pautelo,]

By Assumption [3.3] Burkholder’s inequality and similar arguments as given in the proof

of Proposition 1.1 of Dette and Wu, (2022)) we obtain

M
sup H U t) S 7 sup HQWTL(UHI(;) S M7
utelo,1) 11O q bn" utefo, 10 7 (56.2)
o .
swp [ < XL
wtelo,1) 1 Oudt e~ by
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Note that we have for 7, >0, s = 1,2 and z,y € [0, 1),

T1 a
sup Wt +ata+9) = Wale)l| < [ | SWe )| du
0<ti<m o |l0u .
0<t2<72 q*
T2 a T1 T2 82
_Wn ) d —Wn y dudv.
+/O P (z,y +v) . v—i—/o /0 ERen (x +u,y +v) ) udv

Therefore, (S6.2) and similar arguments as in the proof of Proposition B.2 of Dette

et al.| (2019) show

1Wallg- = O((np) Y ((nby) ™ + 1/p)). (56.3)

Observing (S7.7) and (S7.8). Lemma [S1] and (S6.3)) it therefore follows that

B < (nby) "1/ @<\/n_bn (bi + %) , np) + 05, np) + P(W, > o)
< (nby,)~(-10/5 | 9<\/n_bn (b;ﬁ + %) , np) + O3, np)

+ ((np) " ((nby) ™" + 1/p) /8)" .

Solving 8 = ((np)! /7" ((nb,) ™" +1/p)/5)" we get 8 = (np) 7 ((nb) ™ +1/p)) *7 and

the assertion of the theorem follows. O

S6.2 Proof of Theorem [2

Proof. In the following discussion we use the following notation. For any vector y,
indexed by n, let y,, be its ry, component. For example, Srmmj is the j;, entry of the

vector Sy, .
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Let T} denote the statistic generated by (2.15]) in one bootstrap iteration of Algo-

rithm [I] and define for integers a, b the quantities
2[nby—m.,

T:m—b Z gjm%,(a—l)p-{-bRk-I—j—l) a = 1, L= 2[nbn] + 1, 1 S b S P
7=1

o o o T
17 = ((Tl )T7 SRR (T(n—2|'nbn‘\+1)p)T)T = (T1T7 s 7Tn—2[nbn]+1T)

T=|Tw = max | Tk | oo
1<k<n—2[nb,]+1

It suffices to show that the following inequality holds

2[nby-1

Janb, ; Y, . < a:)‘
) np) (11>q/ Y np>(>3.6.4)

If this estimate has been established, Theorem 2 follows from Theorem [I}, which shows

sup [P(T°/ /2] = ) < 2l F2) — P o

z€R

~0 (191/3{1\/10g( )}2/3+@(<\/W<

that the probabilities P(maxbngugl,bmogtg \/nbn]A(u,tﬂ < x) can be approximated

by the probabilities

anbn'\ 1

Z Y|OO§:U

uniformly with respect to = € R.

For a proof of ((S6.4) we assume without loss of generality that m,, is even so that

m, = m,. For convenience, let Zg’:a Z; = 0 if the indices a and b satisfy a > b. Given
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the data, it follows for the conditional covariance

((2[nbp] — 1) — my + 1)a@j_1)p+jh(k2_l)p+j2 = E(TG 1yt Tohr-1)pt o | F) (S6.5)

2[nbn]—mn 2[nbn]—mn
= E( E Srmn,(k1—1)p+j1Rk1+r—1 § Srmn,(kQ—l)p—l—jsz2+'r—1 ]:n>
r=1 r=1
Q(an]—mn—(kz—k‘l)
= > S(rtka—kn)min, (ks ~Dpt1 Srm, (ka—)p-+j-
r=1

where 1 < kb < ky < (n—2[nb,] +1), 1 < j1,72 < p. Here, without generality, we
assume k; < k9. Define TO, and S’jmn in the same way as T°, and S’jmn in (2.15) and
, respectively, where the residuals Z defined in and used in step (a) of
Algorithm [1| have been replaced by quantities Z; defined in (2.7).Then we obtain by
similar arguments

((20nba] = 1) = 1+ Dol 1psi o tiprss = BTG i Do 1 F)

[2nby ] —mn—(ka—k1) ~ R
= Z S (ko —k Y (k1 —1)p+-31 Srim, (ka—Dp+jaz - (56.6)

r=1

Recall the definition of the random variable Y; in Proposition [S1| and denote by Z;.,
17” the ith component of the vectors Zj and ffj, respectively (1 < ¢ < (n—2[nb,]|+1)p,

1 <j<2[nb,] —1). Then we obtain

) 1 2[nbn]—1 2[nbn|—1
0221—1)p+j1,(k2—1)p+j2 = E(—_ Z Yir (k1= 1)pi1 Z Yiz,(szl)erJé)
2[nb,] =1 =~ —
1= io=
2[nbp1—1 7~ 2[nbn|—1 ~
_ E(Z’Ll’—zl -| Zilv(klfl)p+jl 212[21 -‘ Zi27(k271)p+j2)
2[nb,] — 1
2[nb,]—1 2[nbn,]—1
_ B ™ Zi 1) b =10 Domes” | Dt (a1, bl (ha—1).52) (96.7)
2[nb,| — 1 ’ ‘
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where Zj 4 (k,-1),[nbn]1,j; 18 the jith entry of the p—dimensional random vector Z;, 4 (x,—1y,nb,.]

and Zi, 4 (ky—1),[nbn],j» 15 defined similarly. We will show at the end of this section that

If (S6.8)) holds, it follows from Lemma [S3|that there exists a constant 7y > 0 such that

0

Y
max |0 e _1yorii (ko1 ol -
k1,k2,51,52 (ki=Dp+i1,(ke—Dp+jz 7 (ki—1)p+ij1,(ka—1)p+ja

, =00 (568)

. rj’wo )
P<1<k<(nr—an(I'r1Lbn1+1) O (k=1)p+j,(h—L)p+s = 770) > 1 — 0093
Ty

Then, by Theorem 2 of |Chernozhukov et al. (2015), we have

|T0|oo 2[nbn]—1
sup [P <7 |7) - P( o] > ¥ <e)]

—0(191/3{1v10g( )}2/3) (56.9)

Since conditional on F,, (TQ —T°) is an (n—2[nb,]+1)p dimensional Gaussian random
vector we obtain by the (conditional) Jensen inequality and conditional inequality for
the concentration of the maximum of a Gaussian process (see Chapter 5 in Appendix

A of |Chatterjee], 2014, where a similar result has been derived in Lemma A.1) that

2[nby—m.,
~ n—2[nby ~ 1/2
E(T° - T°I4IF) < MIViogmp " s ™ (3" (Singr = Sy )?) (96.10)
j=1

for some large constant M almost surely. Observing that
i
max |Z|! < Z | Z:]| for any | > 0,n € N (S6.11)
1<i<n
and using a similar argument as given in the proof of Proposition 1.1 in Dette and Wu
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(2022) and the fact that K; and K, are both three order kernels, we have

1
2[nb,| —

U (S S5 0 (v + ) o),

and combining this result with the (conditional version) of Lemma and ([S6.10|) yields

T°, L2l
ilelﬂgp<\/2ﬁll)n_|——m>m’}—n)_lp><\/ﬁ ; Y;oo>x>‘
<omlp( Pl o ) - P( | S W >)
 aeR V2[nb, ] —m, ~n V2nb, i1
+p( |2T(n;n1T—|O;1 - >3 Fo ) +0(616,7p))
- 2Mmbn]-1
<2eP( < 1) Pl X )

=1

n)(np)é)q) +0(0(8,np)), (S6.12)

1
—l—Op((S’q(\/mn log np(M

where we have used the Markov’s inequality. Taking § = (v/m, log np( \/%Tniji)(np)%)q/ (e+)

n (S6.12), and combining this estimate with (S6.9)) yields (S6.4) completes the proof.

Proof of (56.8). To simplify the notation, write

Giik =G(HE=L 5 /p, Fivie), Giipu = G §/p, F)

Without loss of generality, we consider the case k1 < ky. We calculate a( )ptin, (ke —)pja

observing the representation

3 nbn
Zil+(k1_1)7’—nbn1+(k1_1),jl = Gjlﬂ'l,le(%>
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By Lemma [S2)it follows that

E[Zi1+(k1*1)’fnanr(kl*l)vjlZi2+(k2*1):fnbn1+(k2*1),j2] = O(X|ilii2+klik2|)' <86'13>

uniformly for 1 < iy,i5 < 2[nb,| — 1, 1 < j1,jo < p, 1 < ki, ky < n—2[nb,| + 1.
We first show that (S6.8]) holds whenever ky — k; > 2[nb,| — m,. On the one hand,

observing and (S6.5)) and (S6.6|) that if 2[nb, | —m,, — (ko — k1) < 0 then

T(}
O (k1 —D)p+j1,(ka—Dp+ja — 0 as. (86.14)

Moreover, by (56.7)) and (S6.13)), straightforward calculations show that

2[nbn]—12[nbn]—1

Yy 11 —i2+k1—k
J(k1—1)P+jb(k2—1)P+j2 - [ O( Z Z X‘ e 2‘> O(n_bn(§6 15)

i1=1 i2=1

Combining (S6.14)), (S6.15)) and by applying similar argument to k; > ks, we obtain

oo

Now consider the case that ko — k; < 2[nb,| — m,,. Without losing generality we

Y T°

max |0 (ks 1)t (ko —1 O(k1—1 ko—1

H ki1 k2.j1.52 (k1—D)p+j1,(ka—1)p+j2 ~ Y (k1—1)p+j1,(k2—1)p+j2
|k:2—k:1|>2(nbn]—mn

consider k; < ko. Again by ([S6.7))

ko—k 2[nbn]—1
E( Z Ziy (k1 —1),[nbn ] +(k1—1).j1 Z Zi2+(k2—1),[nan(kQ—l),jQ>
i1=1 i9=1
ka—ky 2[nbn]—1 ko—ky 2[nbn]—1
S0 £ ) oS s —on),
i1=1 i2=1 i1=1 i2=1
2[nb,]—1 2[nbn]-1
]E< Z ZZ1+ ki1—1) fnbn-‘-i-(kl 1),71 Z Zi2+(k2—1),fnbn]+(k2—1),j2)
i1=1 19=2[nbn|—(k2—k1)
2[nbn]—1 2[nbn]—1 2[nbn]—1 2[nbn]—1
—o( X X awmmm)eo( 35 )=o),
i1=1 i2:2(nbn]f(k27k1) ’i1:1 i2:2[nbn]f(k27k1)
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Let a = | M logn| for a sufficiently large constant M. Using (S6.7)), it follows (consid-

ering the lags up to a) that

v
U(kl—l)p+j1,(k2—1)p+j2
2[nbp]-1 2[nbn]—(k2—k1)—1
= WE( Z Ziy (b —1),[nbn ]+ (k1 —1),j1 Z Zig—i—(kQ—l),[nbn]—i—(kg—l),jg)
i1=ka—k1+1 ig=1

+ O((nb,)™h)
2[nbn ] —(ka—k1)—1

= 2[nbi]71E( Z Gjhil,sz(M)GJQQJQK(%)) + O((nbn)_l)

nbn
i1,02=1

= A+ B+ O(nb,x* + (nb,) ™), (S6.17)

where the terms A and B are defined by

2[nbn]— (k2 —k1)—1

=1

A = E(Gj1,i,kz,Osz,i,kz,())K(i+k27k17(nbn] ) K (i=lnbaly

a

_ 1
B = G Z(Bl,u + Bau),

u=1
2[nbn]—(ka—k1)—1—u
B, = > By, (86.19)
=1
anbn-‘ —(k2—k1)—1—u
Bay =: > Ba.wi- (S6.20)
=1

and

i+u+ko—ki—[nbn i—[nbn
Bioi = E(Gjy i jouGi g 0) K (2 iz nbnly g1 Tnbalyy

Bai = B(Gjy iy 0 G iy ) I (= l0ely j (Hefnial

nbn nby
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Therefore, by (S6.17)), we have that

1 2[nbp|—1—(ka—k1) a 2[nbn]—1—(k2—k1)—u

Y/ l
T (k1 =1)p+i1,(ka—D)p+jz — 2[nb, | — 1 ( Z Ai + Z Z (Brui+ BQ’u’i)>

=1

+0(nb, X" + (nb,)™").

(86.21)
Now for the term in (S6.6) we have
r4+ko—ki14+myn/2—1 r+ko—ki1+mn
M S (kg — ket Y, (k1 = D1 O, (ka—1)pjs = § - § >Zi+k1—1,(nbn1+k1—1,j1
i=r+ko—k1 i:r+k2—k1+mn/2
r+my, /2—1 r+mn
§ E ) i+ko—1 [nbn“Jer 1,_]2
i=r+mn/2
r+mn/2 1 r+mn r+mn/2 1 r+mn
z+k27k17[nbn] 2 [nby ]
Jm k2 Tbn J2 i kz Tbn )
i=r+my /2 i=r+my/2

By Lemma , it follows that uniformly for |ky — k1| < 2[nb,| —m, and 1 < r <

[2nb,] — m, — (ko — k1),

mnES(T+k2 —k1)mn,(k1—1)p+j1 STmn’(kQ*DPJFjZ

T+mn
i+ko—k1—[nby i—[nbn
= Z E(Gj1,i,k2Gj2,i,k2)K( = nén |— “)K< T[bn -|>

i=r

r+mp—u

i+utko—ki—[nbn i—[nbn
+ Z( Z (G i (k) G ik ) K ( e S : UK( ibn W)

i=r

+ E(Gj27i7(k2+u)Gj17i7k2)K(i+k2—k1_’—nbn-| )K(Z-‘(‘U_l—nbn-‘ ))) _I_ O(mnXCL _|_ G/Q), (8622)

nby, nbn

where the the term m,, x* corresponds to the error of omitting terms in the sum with a

large index a, and the term a? summarizes the error due to ignoring different signs in
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the product g(r+k2—k1)mn,(k‘1—l)p+j1gr,«mn7(k2_1)p+j2 (for each index u, we omit 2u). Fur-

thermore, by Assumption and [3.2/(3) it follows that uniformaly for |u| < a

1 e 7 —k1—|n i—|n My
m_ Z ]E(Gjlyi,k2Gj27i7k2)K( the :lljn (58] )K< r[b:ﬂ) = A + O(E)a <8623>

1 r+mp—u

i+utko—k1—[nbn i—[nbn my a
— > (G it Gy K (et 2]y — O~ +—),

(S6.24)

1 r+mp—u

7 —k1—[nby i+u—[nby My
m_ Z E(Gh,i,(szru)Gj1,i,k2)K( thy—1—[nb -‘)K< tu—[nb 1) = B2,u,7“ + O(_ + _))7

nby, nby, nbn My

i=r

(S6.25)

where terms A,, By, and B, are defined in equations (56.18)), (56.19) and (S6.20)),

respectively. Notice that (56.6) and expressions (56.22)), (56.23)), (56.24) and (S6.25)

yield that

1 anbn-‘ —mn—(ka—k1)

7o _ T
Ea(k1*1)p+j1,(l€2*1)l’+12 o 2(nb '| —m Z (AT * O<ﬁ))
n n r=1 "
a 2[nby]—mp—(ka—k1) m a a2
Biur+ Bour +O(2 —} O(x* + 2).(86.26
*l L Bt Bt O+ )y + 00+ 1) (56.26)
Lemma [S2| implies
max Bsyr = O(X“)»

1<r<2[nbp|—(ka—k1)—1,
1<k1<ka<(n—2[nbn]+1),s=1,2

which yields in combination with equations (S6.21)), (S6.26) with a = M logn for a
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sufficiently large constant M, and a similar argument applied to the case that ky > ko,

Fo log’n  my,logn
T Y _ n
1<k}1 k‘2<I(1;1’L%)2(’—nbn.|+1) ‘Eo—(kl—l)p+j17(k2—1)p+j2 o o-(kl—l)p+j17(k2_1)p+j2 - O< m'n, + nbn >
ko —k1|<2[nbp]—mn,1<j1,j2<p
(56.27)

Furthermore, using (S6.11)), the Cauchy-Schwartz inequality, a similar argument as

given in the proof of Lemma 1 of [Zhou/ (2013) and Assumption [3.2(2) yield that

7o 7o
O (ky—1)ptins(ha—Dprrdz — O (ks —1)p-tg,(ka—1)psa |

max |E
1<ky <ko<(n—2[nbn]+1),
1<)1,j2<p

— My 4/q
a2 O( nb,, (np) >
(56.28)

Combining (S6.27)) and (S6.28)), we obtain

Lax |0 Cks —1)p (ke Dtz — Tk Dptin, (ko —1)pi
v o g1 (k1=1)p+j1,(k2—1)p+j2 (k1—=D)p+j1,(ke—1)p+j2

|ka—k1|<2[nbn]—mn

H Y e

q/2

logZn  my,logn My, 1/q
= ) 2
0 ( my, * nby, * nby, () ) (56.29)

Therefore the estimate (S6.8)) follows combining (S6.16|) and (S6.29)). &

S6.3 Proof of Theorem [3

Similarly to (S7.1)) and (S7.2) in the proof of Proposition [S1| we obtain

1 ‘ 1
su E(i(u, t —mu,t‘SM——l—bfL $6.30
LS B ) = (e, (= +5) (S6.30)
t€[0,1]

for some constant M, where we have used the fact that, by Assumption , [ K(v)v*dv =

0. Moreover, by a similar but simpler argument as given in the proof of equation (B.7)

47



Holger Dette & Weichi Wu

in Lemma B.3 of Dette et al.| (2019)) we have for the quantity

SO () g,

((u, t) —E(n(u, ) 1 )
o(u,t) _nbnf((u); o(u,t) b,

the estimate
sup v/ b, |97 (u, t) — W (u, t)]H = O(b1=%9), (S6.31)
] q

u€bp,1—by],t€[0,1

where

"L G4
nb, K (u P

K2
’L n )

(% bn

O (u,t) =

Following the proof of Theorem [I] we find that
2[nbn]—1

sup IP>< max \/n_bn’@”(u,t)‘ S x) - (’W Z

bpn Su<l—by, ,0<t<1

°| <a)

z€R
= 0((nb,) 01975 4 O (np) = (nb,) ™ + 1/p)) 57 mp) ).
Combining this result with Lemma (with X = maxy, §Z§<11b Vv/nb, ‘q)ff u, t) |
Y = F Zﬂnw 1Y" X' = maxy, <y<i—b,,0<t<1 \/n_bn‘\ll" u, t) ‘ ) and (S6.31)) gives
2[nby]—1

sup IP’( max \/W‘\If"ut) <x)— QW Z Y?e <:r;>‘

z€R b <u<l—b,,0<t<1
! e
+1/p)) 7, np)

— O((nby) =115 - O(((mp) " (nbn)~

—HP’( sup Vb, |97 (u, t) — W (u, t)] > 5) +0O(4, np))
u€E[bp,1—by],t€[0,1]
q 2

O((nba) ™01 1 O(((mp) 7 ((nb,) " +1/9) 77 ) + O5, mp) + (s 52)

q—2

Taking 6 = b2 we obtain for the last two terms in (56.32)

q—2 —2

by o2
66, np) + - = 0(@(@; ,np)).
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On the other hand, ([S6.30), (S6.32)) and Lemma (with X = max;, <u<i—s, 0<e<1 V1bn |97 (u, t)],
Y = \/W ZQ[nbn1 ! YU XI = maangugl_meStgl \/nbn|A"(u, t)| and 5 = M\/ nbn(% ‘I‘

b}) with a sufficiently large constant M) yield

2[nbp]—1

sup IP’( max \/n_bn|A”(u,t)} §x>— (‘\/W Z YG

<z )
z€R bp, <u<1—by,,0<t<1 )

= O((nb) UM O (((np) /7 (mby) ™+ 1/p)) 77 mp)

+@<\/n_bn(b;§+%) >+@(b52, p)>.

S6.4 Proof of Theorem 4

Proof. Recall that g, = 227' Y /212y, A 24 4+ w1 and let 7, be a sequence
of positive numbers such that 7, — oo and (g, + 7,,)n, — 0 (note that g, + 7, is the

convergence rate of the estimator 62 in Proposition . Define the F,, measurable event

A, = { sup |62 (u,t) — o (u,t)| > (gn + Tn)ﬁn} ;
u€0,1],t€[0,1]

then Proposition [I] and Markov’s inequality yield
P(A4,) = O(n, 7). (S6.33)

Then by Theorem [3, Proposition [I] and Lemma [S1] we have

2[nbn]—1

B = [p(, VRIS <) B[ DS

veR | \bn<u<1=b, 0<t<1

< :17)‘ = 0,(1).

(S6.34)
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Let T denote the statistic T, ,f () i step (d) of Algorithm [2| generated by one bootstrap

iteration and define for integers a, b the quantities
2[nby—m.,
Tosy =Y S wprsBira=1,..n—=2nb,] +1,1<b<p

& G, G, ‘A G T
7= (T 0) (T(noz[nbnul) )T)T - (Tl 1o Tn=2nbn]4+1 )

and therefore

T° =T = max  [I{]x
1<k<n—2[nb,]+1

We recall the notation (4.2), introduce the (n—2[nb, | +1)p-dimensional random vectors

Sa* Z]+mn 1 ZU and

Jmn

Sa’ 1 Ao % 1 Ao %

g = Dalma 2] T i ma 24 L ma /2]

and consider

2[nby—m.,

9= Y S teyprrhg Brriot - E=1,....n—2[nb,] +1

0,0 . o, o, o T o T
T = ((Ty 0) (T(nog(nbn]ﬂ) )T>T = (Tl a---aTn—Q[nanl ) J
where 79 is obtained from 7 by replacing 6 by o. Similar arguments as given in

the proof of Theorem [2| show, that it is sufficient to show the estimate

sup B0 BT = e < 217) — B

z€R

2[nby|—

Z Y" < m)‘
=0 (191/3{1\/10g(19 )}2/3+@(\/mnlogn (\/_ 2)(n )é)q“qﬂ),np)
+ O((VimaTog np((gn + 7)) (np) )" mp) + 7 ) (96.35)
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where 9, is defined in Theorem [2J The assertion of Theorem [4 then follows from
(156.34]).

Now we prove (56.35)). By the first step in the proof of Theorem [2] it follows that

2[nbn]—1
iléug P(IT7°//2nb,] = mp|oe < x| Fp) = (\/W‘ Z YU < a:)‘

~0 (01/3{1 \/log( )}2/3
+ 6/ (/i lognn( W}L_bﬁbg)(np)z)q/@m,np)). (36.36)

By similar arguments as given in the proof of Theorem [2| we have

[2nby]—m/,
N n—2[nby, PN 1/2|q
E(|T7° — T7°[1,1(A,)| F) < M‘«/logn e (X (S — S5y )P1(A)
i=1

(S6.37)

for some large constant M almost surely, and the triangle inequality, a similar

argument as given in the proof of Proposition 1.1 in [Dette and Wul (2022) and (S6.11)

yield
[2nby]—m/,
1 (n—2[nby|+1)p 1/2
maX ng - So‘m T A _ O . + Tn . n
2nby] — i ( ; (S = St )1 )> | = O(V/mu(gn =+ ) ()

Q=
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This together with the (conditional version) of Lemma [S1| and (S6.37]) shows that

2[nby]—1

sup P<\/2(|:;—loim >x‘]—"n> —P(\/%_bn Zl el >x)’
< sup P<\/2(‘:l;;—‘oim > x‘]—"n> _P<¢%—bn 2[72120 > m)‘
( |T2W;?_7|: > 5|7.) + 0(0(6.m))

<o (s > %) (] % >)

+0p (67 (v/manlog np((gn + ) (np)7)") + O (O(8,1p) + 1, %),
where we used Markov’s inequality and ((56.33)). Taking
0= (\/mn log np((gn + Tn)nn)(np)é)qmqﬂ)

and observing (S6.36)) yields (S6.35)) and proves the assertion. &

S7 Proposition [S1] and Proof of Proposition

S7.1 Proposition

The proof of Theorems |1]is based on the following auxiliary result providing a Gaussian
approximation for the maximum deviation of the quantity v/nb,|A(u, t,)| over the grid

of {1/n,....,n/n} x {t1,....t,} where t, = 7 (v=1,...,p).

Proposition S1. Assume that n'**b) = o(1), n® b1 = o(1) for some 0 < a < 4/5,

and let Assumptions and[2.1] be satisfied.
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(i) For a firtedu € (0,1), let Yi(u), ..., Y, (u) denote a sequence of centered p-dimensional

Gaussian vectors such that Y;(u) has the same auto-covariance structure of the vec-

tor Z;(u) defined in (2.5). If p = O(exp(n')) for some 0 < ¢ < 1/11, then

PBpn(u) :=sup IP’( max \/nbn|A(u,t,)| <:c> —]P’(’\/%bni}/;(u))m gx)‘

2€R 1<v<p

- of(m - o (i 1) )

(ii) Let Yi,. .. ,372[”5”1_1 denote independent (n — 2[nb, | + 1)p-dimensional centered
Gaussian vectors with the same auto-covariance structure as the vector Z; in ([2.7).

If np = O(exp(n')) for some 0 < < 1/11, then

2[nby -1
A 1 ~
PBp.n := sup IP’( max Vb | A(L,t,)| < x) — ]P’(‘ NG E Y; N < :1:)‘
nooi=1

z€R [nbn]<I<n—[nbnp],1<v<p

-of -0 1) )

Proof. Using Assumptions [3.1] and a Taylor expansion we obtain

2
sup ’E(m(u,t)) m(u,t) /K dea—m (u,t) /2‘ < M( —|—b4)S7 1)
ue[bn[,lf]bn] a

tefo,1

for some constant M. Notice that by assumption [ K(v)v*dv = 0. Notice that for

€ [bn, 1 — by,

(u, t) — E(i(u, t)) = ZG (4., F) (ﬁb_n“) (S7.2)

Ln(u+bn J i

:—nbnll?(u) Z G(it, F)K (‘b—nu)

i=[n(u—>byn)]
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Therefore, observing the definition of Z;(u) in (2.5) we have (notice that Z;(u) is a

vector of zero if |£ —u| > b,)

[n(utbn)]

wmax v/nbi(u, 1) — B(rn(u, £,))| K (u) = | w% Zi(u)

1<v< '
- i=[n(u—bn)] °°

We will now apply Corollary 2.2 of Zhang and Cheng| (2018) and check its assumptions

first. By Assumption [3.2(2) and the fact that the kernel is bounded it follows that

. _ 7(i=g) — j
{g%sgpllZz,z(U) Ziy (W)l = O(X),

where for any (measurable function) g = g(F;), we define for j < i the function ¢g¥) by
g¥ = g(]—“i(j)), where .E(j) = (M1, M1, - - M) and {7 }iez is an independent
copy of {n;}iez (recall that F; = (n_wo, ..., 1;)). Lemma |S3|in Section [S8 shows that
condition (9) in the paper of|Zhang and Cheng| (2018)) is satisfied. Moreover Assumption
3.2(1) implies condition (13) in this reference. Observing that for random vector v =

(v1,...,v,) " and all z € R

{|v]oo <2} = {max(vl, ey Upy =V, ey —Up) < a:},

we can use Corollary 2.2 of Zhang and Cheng| (2018)

1
z€R V nbn

sup IP’(‘ \/:L_bn gYZ(u)LO < 3:) - IP’( gZZ(u)LO < 33)’ = O((nb,,)~ 01178y,

(S7.3)

Therefore by (S7.1)), (S7.3) and Lemma , and the fact that K(u) = 1 + O(%) for
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b, <u<1-b,

s [ VAt < 0) ~B(| = Y ViR G| <)

z€R
1
_ —(1-110)/8 4, L
O((nbn) + @(\/nbn (bn + nbn)’p))' (S7.4)
Using Theorem 2 of (Chernozhukov et al.| (2015)), it follows that
1« 1« .
(i Sovin] )7 Sovikial <)
oup [P(| 7o 2 Y| < #) B[ 7o 2o vtk | _<<)
_ o((nbn)*l/?’ log2/3(npbn)>. (S7.5)

Since p = O(exp(n')) , Then part (i) of the assertion follows from (S7.4) and (S7.5)).
For part (ii), notice that K (i/n) = K(j/n) for i, € Z such that b, < i/n,j/n < 1—b,.
Let K = K(|n/2]/n). Further note that by the definition of the vector Z; in (2.7)) we

have that (Recall the notation W, (u,t) in (S6.1))

n 2[nbn]—1

. 1 l 1 -

KW,k 1) = ——=>7()| =] Z
% B WGt = e D A0 = [ 2
(S7.6)

Let Z; , denote the sth entry of the vector Z; defined in (2.7) (1 < s < (n—2[nb,]+1)p).

By Assumption [3.2/2) it follows that

reoeX S 2 = 25 Tl = OK)

By Lemma [S3]in Section [S§ we obtain the inequality

< min 0j; < max 0j; < ¢
1<j<(n—2[nbn]+1)p 1<j<(n—2[nbn|+1)p
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for the quantities
1 2[nbn]—1

gj, = ST —1 ”Zl Cov(Zij, Zj).
Therefore condition (9) in the paper of [Zhang and Cheng (2018]) holds, and condition
(13) in this reference follows from Assumption (1) As a consequence, Corollary 2.2
in [Zhang and Cheng (2018) (the validity of Corollary 2.2 of |Zhang and Cheng (2018))

for Z; can be verified via the argument of Proposition 2.1, A.1 and Theorem 2.1 of that

paper and via (S7.6|); details are omitted for the sake of brevity) yields

2[nby -1
: 1 )
IP’( KW, (b ) < ) _IP( E V| < )’ _ b, )~ (1=110/8).
P PN a1 g BV Dl < Vb, = = O((nbn) )

1<ia<p
(S7.7)

Using Theorem 2 of Chernozhukov et al.| (2015) and the the fact that K =1 + O

it follows that

N < x) — ]P’( ! ifif()m < x)‘ = O((nbn)’l/3 log2/3(n2pbn)).

J A
su ]P’(‘ Y,
l‘eg \/ nbn ; V nbn i

(S7.8)

Consequently part (ii) follows by the same arguments given in the proof of part (i) via

an application of Lemma [S1] O

S7.2 Proof of Proposition

Proof. Define g,gr(t) = \/LF S Gifn, t, F), and define for u € [w/n, 1 —w/n)

i=1

w(u, j)

56



S7. PROPOSITION [S1] AND PROOF OF PROPOSITION

as the analogs of A;(t) defined in the main article and the quantities in (2.16)), respec-
tively. We also use the convention 62(u,t) = 6*(w/n,t) and 6%(u,t) = 6%(1 — w/n,t)
if u € [0,w/n) and u € (1 —w/n, 1], respectively. Assumption and the mean value

theorem yield

Jtw
max sup |A;(t) —A;(t)] = max sup ‘ m(r/n,t) — Z m(r/n,t)‘ = O(w/n).
w<j<n—w 0<t<1 w<j<n—w 0<t<1 R el

(S7.9)

On the other hand, Assumption and Assumption and similar arguments as given

in the proof of Lemma 3 of Zhou and Wu/ (2010) give

= O(v/w). (S7.10)

max |, (1)l = O(vw) maxHa

~ . iy
Here we use the convention that A jlt=0 = tAj|t:0+, 50 li=1 = 5;Aj]i=1-. Moreover,

Proposition B.1. of Dette et al. (2019)) yields

= O(vw). (S7.11)

ql

max H sup |A;(1)]
j t

Now we introduce the notation C;(t) = A;(t) — A;(t) (note that this quantity is not

random) and obtain by (S7.9) the representation

7 ut) = () = Y w(28,(1) —203 (OGO
= Z wlA;(£)C;(t)@(u, j) + O(w® /n?) (S7.12)
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uniformly with respect to u,t. Furthermore, by (57.9) we have

n

sup ’ZWAj(t)Cj(t)@(u,j) < W(u) i= M(w/n) Yy w sup |A;(t)[@(u, j) ,

=1 t€l0]
where M is a sufficiently large constant. Notice that W<°(u) is differentiable with
respect to the variable u. Therefore it follows from the triangle inequality, (S7.11)) and

Proposition B.1 of Dette et al.| (2019), that

w5/2 ’
sup W] = o(—T,;l/q ) (S7.13)
UE([Yn,1—7Yn] 7 n
Combining (S7.12))- (S7.13)), we obtain
w5/2 ’
sup |62 (u,t) — 62w, t)l| = o( 71/ +w3/n2>. (S7.14)
UE [Vn,1—Yn] q n

t€[0,1]

By Burkholder inequality (see for example Wu, 2005) in £9/2 norm, (S7.10) and similar

arguments as given in the proof of Lemma 3 in |Zhou and Wu (2010) we have

sup |63 (u.t) — E(53(u, 1))
ue[’le—Wn]
t€[0,1]

= O(,Lljl/zq,fl/27,;1/2)7

sup “2(62(u,t)—E(&2(u,t))) = O(w!Pn~ 27112,

u€lyn 1] 1 O ¢/

t€[0,1]

sup H (2 + 0? (52(u t) — E(5%(u t))) _ O(wl/Zn_l/QT_l/Q—l)‘
ue[wn[bliyn] au auat ? 3 q//2 -

telo,

It can be shown by similar but simpler argument as given in the proof of Proposition

B.2 of Dette et al.| (2019) that these estimates imply

|| sup léz(uat) o ]E<&2<u7t))‘
ue["/ml_’Yn}
te(0,1]

= O(w!/2n V2 12200) (5715

q/2
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Moreover, it follows from the proof of Theorem 4.4 of Dette and Wu| (2019) that

sup } ‘EaQ(u,t) — 02(u,t)) = O( w/n + w4 Tr%>?

ue['Ynal_'Yn
te(0,1]
sup E&?(u,t) — o*(u, t)‘ = O(\/w/n +w™! + ’Tn> (S7.16)
UE[O,’}/n)U(l—"{n,l]
te(0,1]
and the assertion is a consequence of (S7.14), (S7.15) and (S7.16]). &

S8 Some auxiliary results

This section contains several technical lemmas, which will be used in the proofs of the

main results in Section [S@l

Lemma S1. For any random vectors X, X',Y, and § € R, we have that

sup [P(|X'| > z) — P(|Y| > 2)| < sup [P(|X| > ) — P(|Y] > 2)|
z€R

zeR

FP(X — X| > 6) + 2supP([Y — 2| <48).  (S8.1)

z€R
Furthermore, if Y = (Y1,...,Y,)" is a p-dimensional Gaussian vector and there exist

positive constants ¢; < ¢y such that for all1 < j <p, ¢; < E(Yf) < ¢g, then

sup |[P(|1X'| > z) = P(|Y o > 2)| < suﬂg IP(|X]| > 2) —P(|Y]s > 2)| + P(|X — X'| > §)
S

z€R
+CO(4,p),
(S8.2)
where C' is a constant only dependent on ¢ and cs.
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Proof of Lemma[S1]. By triangle inequality, we shall see that

P(IX'| > 2) — P([Y] > 2) < P(X' — X| > 6) + P(|X| > = — 6) — P(|Y] > 2(58.3)

P(|X'| > z) = P([Y]| > z) > —P(| X' — X| > ) + P(|X]| > 2+ ) — P(]Y] > 2(S8.4)
Notice that right-hand side of is
P(|X' — X|>0)+P(|X|>2—-08) —P(|Y]|>z—-98) +P(|Y| >z —9) —P(|Y| > z).
The absolute value of the above expression is then uniformly bounded by
P(| X' — X| > 4) + Slel]g P(|X| >2z) —P(|Y| > z)|+ QSlelﬂglPﬂY — x| <9). (S8.5)

Similarly, the absolute value of right-hand side of (S8.4)) is also uniformly bounded by
(S8.5)), which proves ([S8.1)). Finally, (S8.2) follows from (S8.1)) and an application of
Corollary 1 in (Chernozhukov et al,| (2015)). Note that in this result the constant C' is
determined by maxi<;<p E()/;Q) S (&) and minlgjgp E<}/;2) Z C1. <>
The following result is a consequence of of Lemma 5 of |Zhou and Wu| (2010)).
Lemma S2. Under the assumption[3.4(2), we have that
sup  |E(G(ur, b, Fi)Gluz, ta, )| = O(" 7).

u1,u2,t1,t2€[0,1]

Lemma S3. Define
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where Z; ; are the components of the vector Z;(u) defined in (2.5). If b, = o(1) logn _

7 nbp

o(1) and Assumption and Assumption are satisfied, then there exist positive

constants ¢y and co such that for sufficiently large n

< min o, ;(u) < (u) < :
0<e < 11&_1;11?0]7](@ < 1123;;0],](@ <y <00

for all u € [b,,1 —b,]. Moreover, we have for

2[nbn]—1

1 ..
COV(ZZ‘J‘, Zl,j)a (886)

2[nb,] — 1

054 =
il=1

the estimates

< min 0j; < max 0j; < Co.
1<j<(n—2[nbn]+1)p 1<j<(n—2[nbn]+1)p

Proof of Lemma[S3. By definition,

) = o S B FIK ()6t Fp (1)),

Observing Assumption [3.2] and Lemma [S2], we have
E(G(%> tj’ ]:'L)G(%a tj? ]:l) - G(u’ tjv E)G(ua tjv ]:l)) - O( min(Xll_i|7 bn))

uniformly with respect to u € [b,, 1 —b,], |£ —u| < b, and |L —u| < b,. Consequently,

observing Assumption [2.1] it follows that

o) = = 3 B (Gu, t, ) K (22 ) Gl ty, F K (22) ) + O(=by log(B9)7)

On the other hand, if 7, is a sequence such that r, = o(1) and nb,r, — oo, A(u,r,) :=
!

u

{l: ﬁb; | <1—rp,u € by, 1 —b,)} we obtain by (S8.7) and Lemma [S2| that
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oj(u) = %Zn:zn:uh —1 < nbnrn)]E<G(u,tj,]—“i)K<%bnu)g(u,tj,fl)K<%Z;U))

=1 =1
+ O(—b, log b, + x""™)
1 — %—u Ly
:n_m;K2< bn> Z E(G(“atj»ﬂ)G(u,tj,fz)l( ;

1<i<n,
|i—1l|<nbnrn

+ O(=b, logb, + X™"™ +1,)

1 Ly L —
- = 3 Kz<nbn > 3 E(G(u7tj,,7:i)G(u,tj,.7:l)1< - ’ < 1))
1<i<n, 1<i<n,
leA(u,rn) [i— l\<nbnrn
+ O(=by, log b, + x""™ +1,,) (S8.8)

uniformly for 7 € {1,...,p}. We obtain by the definition of the long-run variance

o?(u,t) in Assumption [3.24) and Lemma [S2] that

= O(x""™)

‘ZE( (u,t;, F) G(u,tj,ﬁﬂ(‘?’ <1,)i—1l < nbnrn>> — o*(u, t;)

(38.9)

uniformly with respect to [ € A(u,r,) = {l : — Tyt € [by, 1 — by]} and

j€{1,...,p}. Combining (S8.8) and ([S8.9) and using Lemma [S2| yields
1 - 2 % —u 2 nbp Ty
7300 = == S K (220w, ty) + O(=by loghy + X +1,)
"o=1 n

! 1
= o2(u,t;) / K2(t)dt + 0( — by log b, + Y 4, T)
-1 nop

Let r, = “log” for some sufficiently large positive constant a, then the assertion of the
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lemma follows in view of Assumption [3.2(4)).
For the second assertion, consider the case that j = kyp + ko for some 0 < k; <

n —2[nb,] and 1 < ky < p. Therefore by definition (2.7)) in the main article,

Zigoprty = G B2 7 VR (E0,

n ’?’ nbn

which gives for the quantity in (|S8.6|)

2[nbn]—1
0 1 i i—[nbn 1—[nbn
Fupsiirs = grp w0 E(GOH B Fu) KORG8 b F ) K (5D
" il=1

Consequently, putting i + k; = s; and [ 4+ k; = s, and using a change of variable, we

obtain that

~ _ k1+(’nbn—|
Okip+ka,kiptks — Ukz,k2< n )

which finishes the proof. &
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