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S.1 Decomposition

Matrix algebra represents the B-spline estimator η̂it (·) in (2.10) as

η̂it (·)
⊤ =

{
η̂
(1)
it (·) , . . . , η̂(L)it (·)

}
= {B1,p (·) , . . . , BJs+p,p (·)} (X⊤X)−1X⊤Y it,

where Y it and the design matrix X are respectively

(Y it)N×L = (Y it1, . . . ,Y itN)
⊤ =


Y

(1)
it1 . . . Y

(L)
it1

... . . . ...

Y
(1)
itN . . . Y

(L)
itN
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and

XN×(Js+p) =


B1,p(1/N) . . . BJs+p,p(1/N)

... . . . ...

B1,p(N/N) . . . BJs+p,p(N/N)

 .

Define the empirical inner product matrix of B-spline basis {Bℓ,p (·)}Js+p
ℓ=1 as

V p =
{
⟨Bℓ,p, Bℓ′,p⟩N

}Js+p

ℓ,ℓ′=1
= N−1X⊤X,

where ⟨Bℓ,p, Bℓ′,p⟩N = N−1
∑N

j=1 Bℓ,p(j/N)Bℓ′,p(j/N) denotes the empirical

inner product of Bℓ,p(·) and Bℓ′,p(·). According to Lemma A.3 in Cao et al.

(2012), for some constant Cp > 0,

∥∥V −1
p

∥∥
∞ ≤ CpJs. (S.1)

Define the following matrices,

(ηit)N×L = {ηit(1/N), . . . ,ηit(N/N)}⊤ , (m)N×L = {m(1/N), . . . ,m(N/N)}⊤ ,

(ξit)N×L = {ξit(1/N), . . . , ξit(N/N)}⊤ ,

(εit)N×L = {σit (1/N) ◦ εit1, . . . ,σit (N/N) ◦ εitN}⊤ ,

which are matrices of trajectories, vector mean function, centered trajecto-

ries and measurement errors on N points of observations respectively. Then
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(Y it)N×L = (ηit)N×L + (εit)N×L according to (1.7), and the approximation

error η̂it (·)− ηit (·) is decomposed as:

η̂it (·)− ηit (·) = η̃it (·)− ηit (·) + ε̃it (·) ,

where

η̃it (·)
⊤ = N−1B (·)⊤ V −1

p X
⊤ (ηit)N×L = m̃ (·) + ξ̃it (·) ,

m̃ (·)⊤ = N−1B (·)⊤ V −1
p X

⊤ (m)N×L ,

ξ̃it (·)
⊤ = N−1B (·)⊤ V −1

p X
⊤ (ξit)N×L ,

ε̃it (·)⊤ = N−1B (·)⊤ V −1
p X

⊤ (εit)N×L ,

(S.2)

with B(·) = {B1,p (·) , . . . , BJs+p,p (·)}⊤. By (2.9) and (2.10), the approxi-

mation error of m̂ (·) to m̄ (·) is

m̂ (·)− m̄ (·) = (nT )−1
nT∑

r(i,t)=1

{η̃it (·)− ηit (·) + ε̃it (·)} . (S.3)

S.2 Ancillary lemmas

For y > 0, let log∗ y = max {1, log y}. For r > 2, α > 0, L ∈ N+, define

constant A (r, α, L) = max
{(

L21/2+α(log∗ L)2
)r

, L
r(r+2)

4 (log∗ L)
r(r+1)

2

}
.

Lemma S.1 (Theorem 4 of Götze and Zaitsev (2010)). Let ξ be a RL-valued
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random vector with Eξ = 0L and E ∥ξ∥r2 < ∞ for some r > 2. Let λmax (Σ)

and λmin (Σ) be the maximal and minimal strictly positive eigenvalues of the

covariance matrix Σ = cov (ξ), respectively. Then one can construct on a

probability space a sequence of independent random vectors ξ1, ξ2, . . . and a

corresponding sequence of independent N (0,Σ) random vectors Z1,Z2, . . .

such that L (ξi) = L (ξ), and for all x > 0 and n ∈ N+, the following

inequality is valid:

P

{
max
1≤τ≤n

∥∥∥∥∥
τ∑

i=1

ξi −
τ∑

i=1

Zi

∥∥∥∥∥
2

> x

}
≤ cA {λmax (Σ) /λmin (Σ)}r/2 nE ∥ξ∥r2 /x

r,

where A = A(r, α, L) and c is a positive quantity depending on r and α only

with α > 0.

Lemma S.2 (Theorem 7.5 of Billingsley (1999)). Let (Ω,F ,P) be a prob-

ability space and let X map Ω into C [0, 1]: X (ω) is an element of C [0, 1]

with value Xt (ω) = X (t, ω) at t. For F ∈ C [0, 1], denote ω(F, h) =

supx,x′∈[0,1],|x−x′|≤h |F (x′)− F (x)| as the modulus of continuity. Suppose

that X,X1, X2, . . . are random functions. If
(
Xn

t1
, . . . , Xn

td

)
→D (Xt1 , . . . , Xtd)

holds for all t1, . . . , td, and if

lim
δ→0

lim sup
n→∞

P [ω (Xn, δ) ≥ ϵ] = 0 (S.4)



S.2. ANCILLARY LEMMAS

for each positive ϵ, then Xn →D X.

Lemma S.3 (Theorem 29.16 of Davidson (1994)). Define (C[0, 1])L as the

space of L-vectors of continuous functions on [0, 1], (D[0, 1])L as the space of

L-vectors of cadlag functions on [0,1]. Let Xn ∈ (D[0, 1])L be an L-vector

of random functions. Then Xn →D X, where P
{
X ∈ (C[0, 1])L

}
= 1, iff

λ⊤Xn →D λ
⊤X for every fixed λ ∈ RL with λ⊤λ = 1.

Lemma S.4 (Lemma A.14 of Wang et al. (2020)). For n > 2, a > 2,

Wi ∼ N (0, σ2
i ) , σi > 0, i = 1, . . . , n

P
(
max1≤i≤n |Wi/σi| > a

√
log n

)
<

√
2

π
n1−a2/2. (S.5)

As n → ∞, (max1≤i≤n |Wi|) / (max1≤i≤n σi) ≤ max1≤i≤n |Wi/σi| = Oa.s.

(√
log n

)
.

Lemma S.5. Assumption (A5) holds under Assumptions (A3) and (A5’).

Proof. Under Assumption (A5’), E ∥ζitk∥
r1
2 < ∞, r1 > 4+2ω with some ω >

0, thus there exists some β0 ∈ (0, 1/2), such that r1 > (2 + ω) /β0. Lemma

S.1 entails that for each 1 ≤ k ≤ knT , one can construct
{
ζ̃itk

}nT

r(i,t)=1−nInT

equal in distribution to {ζitk}nTr(i,t)=1−nInT
and N(0L,Σk,ζ) random vectors



SHUANG SUN AND LIJIAN YANG

{Zitk,ζ}nTr(i,t)=1−nInT
on a new probability space

(
Ω̃k,ζ , Ãk,ζ , P̃k,ζ

)
, such that,

P̃k,ζ

 max
1−nInT≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1−nInT

(
ζ̃itk −Zitk,ζ

)∥∥∥∥∥∥
2

> {n(InT + T )}β0


< c1A1c

r1/2
λ E

∥∥ζ11,k∥∥r1 {n(InT + T )}1−r1β0 ,

where c1 and A1 do not vary with k. Likewise, under Assumption (A5’),

E ∥εitj∥r22 < ∞ with r2 > (2 + θ)/β2. For each 1 ≤ r(i, t) ≤ nT , one

can construct {ε̃itj}Nj=1 equal in distribution to {εitj}Nj=1, and N (0L,Σit,ε)

random vectors {Zitj,ε}Nj=1 on a new probability space
(
Ω̃it,ε, Ãit,ε, P̃it,ε

)
such that

P̃it,ε

 max
1≤τ≤N

∥∥∥∥∥
τ∑

j=1

ε̃itj −
τ∑

j=1

Zitj,ε

∥∥∥∥∥
2

> Nβ2

 < c2A2c
r2/2
λ E ∥εit,1∥r2 N1−r2β2 ,

where c2 and A2 do not vary with (i, t).

Since Assumption (A5’) stipulates the independence of {ζitk}
nT,∞
r(i,t)=1−nInT ,k=1

and {εitj}nT,Nr(i,t)=1,j=1, the independence is automatically preserved for
{
ζ̃itk

}nT,knT

r(i,t)=1−nInT ,k=1

and {ε̃itj}nT,Nr(i,t)=1,j=1 if their new probability space
(
Ω̃k,ζ , Ãk,ζ , P̃k,ζ

)
, k ≥ 1

and
(
Ω̃it,ε, Ãit,ε, P̃it,ε

)
, r(i, t) ≥ 1 are all independently embedded into a

product probability space

(
Ω̃, Ã, P̃

)
≡

( ∞⊗
k=1

Ω̃k,ζ

)⊗ ∞⊗
r(i,t)=1

Ω̃it,ε

 ,

(
∞⊗
k=1

Ãk,ζ

)⊗ ∞⊗
r(i,t)=1

Ãit,ε

 , P̃
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according to Ionescu-Tulcea Theorem (Theorem 14.32 in Klenke (2014)).

This independent embedding also ensures that all Gaussian random vectors

{Zitk,ζ}nT,knT

r(i,t)=1−nInT ,k=1, {Zitj,ε}nT,Nr(i,t)=1,j=1 remain independent in the new

product probability space, as required in the Assumption (A5).

In what follows, with some abuse of notations, we will not distinguish

ζitk, εitj on the original probability space from ζ̃itk, ε̃itj on the above prod-

uct probability space, nor the original probability measure P from P̃ on the

product space.

Since supk≥1 E
∥∥ζ11,k∥∥r12 < ∞ by Assumption (A5’), there exists a com-

mon c > 0, such that

max
1≤k≤knT

P

 max
1−nInT≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1−nInT

(ζitk −Zitk,ζ)

∥∥∥∥∥∥
2

> {n(InT + T )}β0


< c{n(InT + T )}1−r1β0 .

Noting that InT ≍ log (nT ) and log−1 (nT ) log(1+ InT/T ) → 0 as nT → ∞

by the definition, log−1 (nT ) log(1 + InT/T ) < ϵ < 1/2 − β0 is solvable for

ϵ. Denote β1 = β0 + ϵ, then (nT )β1 > {n(InT + T )}β0 , 0 < β1 < 1/2. Since

r1 > (2 + ω) /β0, one can let γ1 = r1β0 − 1 − ω > 1, then there exists a
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C1 > 0 such that

P

 max
1≤k≤knT

max
1−nInT≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1−nInT

(ζitk −Zitk,ζ)

∥∥∥∥∥∥
2

> (nT )β1


< knT c{n(InT + T )}1−r1β0 < C1 (nT )

−γ1 .

Since supr(i,t)≥1 E ∥εit,1∥r12 < ∞, there exists a constant c′ such that

max
1≤r(i,t)≤nT

P

 max
1≤τ≤N

∥∥∥∥∥
τ∑

j=1

εitj −
τ∑

j=1

Zitj,ε

∥∥∥∥∥
2

> Nβ2

 < c′N1−r2β2 .

Denote γ2 = r2β2−1−θ, then γ2 > 1 since r2 > (2+θ)/β2 under Assumption

(A6). Assumption (A3) states that nT = O
(
N θ
)
, so there is a C2 > 0 such

that

P

 max
1≤r(i,t)≤nT

max
1≤τ≤N

∥∥∥∥∥
τ∑

j=1

εitj −
τ∑

j=1

Zitj,ε

∥∥∥∥∥
2

> Nβ2

 < c′ × (nT )×N1−r2β2

< C2N
−γ2 .

Lemma S.6. Under Assumption (A5), as T → ∞, for N (0L,Σk,ξ) random

vectors {Zitk,ξ}nTr(i,t)=1 defined by Zitk,ξ =
∑∞

t′=0 at′k ◦Zi,t−t′,k,ζ with Σk,ξ =

Σk,ζ ◦
∑∞

t=0 atka
⊤
tk and {Zitk,ζ} in Assumption (A5), 1 ≤ k ≤ knT , there
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exist constants C3, C4 ∈ (0,+∞), γ3 ∈ (0,∞), such that

P

 max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

(ξitk −Zitk,ξ)

∥∥∥∥∥∥
2

> C3 (nT )
β1

 < C4 (nT )
−γ3 .

Proof. One decomposes the difference of partial sum as follows:

max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

(ξitk −Zitk,ξ)

∥∥∥∥∥∥
2

≤ D1 +D2 +D3, (S.6)

where

D1 = max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

(
ξitk −

InT∑
t′=0

at′k ◦ ζi,t−t′,k

)∥∥∥∥∥∥
2

,

D2 = max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

InT∑
t′=0

at′k ◦
(
ζi,t−t′,k −Zi,t−t′,k,ζ

)∥∥∥∥∥∥
2

,

D3 = max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

∞∑
t′=InT+1

at′k ◦Zi,t−t′,k,ζ

∥∥∥∥∥∥
2

.

Since ∥atk∥∞ < Caρ
t
a, there exists a constant M > 0 such that

∑∞
t=0 ∥atk∥∞ <

M , k ≥ 1, then
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P
{
D2 > 2M (nT )β1

}
=P

 max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

InT∑
t′=0

at′k ◦
(
ζi,t−t′,k −Zi,t−t′,k,ζ

)∥∥∥∥∥∥
2

> 2M (nT )β1


≤P

 max
1≤k≤knT

max
1≤τ≤nT

InT∑
t′=0

∥at′k∥∞

∥∥∥∥∥∥
τ∑

r(i,t)=1

(
ζi,t−t′,k −Zi,t−t′,k,ζ

)∥∥∥∥∥∥
2

> 2M (nT )β1


≤P

M max
1≤k≤knT

max
1≤τ≤nT

max
0≤t′≤InT

∥∥∥∥∥∥
τ∑

r(i,t)=1

(
ζi,t−t′,k −Zi,t−t′,k,ζ

)∥∥∥∥∥∥
2

> 2M (nT )β1


≤P

2M max
1≤k≤knT

max
1−nInT≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1−nInT

(ζitk −Zitk,ζ)

∥∥∥∥∥∥
2

> 2M (nT )β1

 < C1 (nT )
−γ1 ,

in which the last inequality is entailed by Assumption (A5).

Note that

D1 = max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

∞∑
t′=InT+1

at′k ◦ ζi,t−t′,k

∥∥∥∥∥∥
2

≤ nT max
1≤k≤knT

max
1≤r(i,t)≤nT

∥∥∥∥∥
∞∑

t′=InT+1

at′k ◦ ζi,t−t′,k

∥∥∥∥∥
2

.

With InT > −10 log (nT ) / log ρa, then ρInT
a < (nT )−10, ∥at′k∥∞ < Ca (nT )

−10 ρt
′−InT
a
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when t′ > InT , then

∥∥∥∥∥
∞∑

t′=InT+1

at′k ◦ ζi,t−t′,k

∥∥∥∥∥
2

≤
∞∑

t′=InT+1

Ca (nT )
−10 ρt

′−InT
a

∥∥ζi,t−t′,k

∥∥
2

= Ca (nT )
−10

∞∑
t′=1

ρt
′

a

∥∥ζi,t−InT−t′,k

∥∥
2
.

Denote Witk =
∞∑

t′=1

ρt
′
a

∥∥ζi,t−InT−t′,k

∥∥
2
, then

D1 ≤ Ca (nT )
−9 max

1≤k≤knT

max
1≤r(i,t)≤n

Witk.

By noticing that supk E
∥∥ζit,k∥∥r02 < ∞, one has

max
1≤k≤knT

(EW r0
itk)

1/r0 ≤ max
1≤k≤knT

(E ∥ζitk∥
r0
2 )

1/r0

∞∑
t′=1

ρt
′

a < ∞.

Therefore, max1≤k≤knT
EW r0

itk < K for some K > 0. Note that knT =

O{(nT )ω} in Assumption (A5), thus

P
{
D1 > M (nT )β1

}
≤ P

{
Ca (nT )

−9 max
1≤k≤knT

max
1≤r(i,t)≤nT

Witk > M (nT )β1

}
< knT × nT × Cr0

a K

M r0
(nT )−(β1+9)r0 <

Cr0
a K ′

M r0
(nT )−(β1+9)r0+1+ω .

Finally, define random vectors W ′
itk =

∑∞
t′=InT+1 at′k ◦Zi,t−t′,k,ζ , then

D3 = max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

W ′
itk

∥∥∥∥∥∥
2

≤ nT max
1≤k≤knT

max
1≤r(i,t)≤nT

∥W ′
itk∥2 .
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Noting that E ∥W ′
itk∥

2
2 =

∑∞
t=InT+1 ∥atk∥22 < C(nT )−20 holds for k ∈ N+

uniformly, one has

P
{
D3 > M (nT )β1

}
≤ P

{
max

1≤k≤knT

max
1≤r(i,t)≤nT

∥W ′
itk∥2 > M (nT )β1−1

}
< knT × nT × max1≤k≤knT

E ∥W ′
itk∥

2
2

M2 (nT )2(β1−1)
<

C

M2
(nT )−17−2β1+ω .

By decomposition (S.6), one obtains that

P

 max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

(ξitk −Zitk,ξ)

∥∥∥∥∥∥
2

> 4M (nT )β1


≤ P

{
D2 > 2M (nT )β1

}
+ P

{
D1 > M (nT )β1

}
+ P

{
D3 > M (nT )β1

}
< C1 (nT )

−γ3 +
Cr0

a K ′

M r0
(nT )−(β1+9)r0+1+ω +

C

M2
(nT )−17−2β1+ω ,

in which the first term is dominating. Denote C3 = 4M , then there exists

constant C4 such that

P

 max
1≤k≤knT

max
1≤τ≤nT

∥∥∥∥∥∥
τ∑

r(i,t)=1

(ξitk −Zitk,ξ)

∥∥∥∥∥∥
2

> C3 (nT )
β1

 < C4 (nT )
−γ3 .



S.2. ANCILLARY LEMMAS

Lemma S.7. Under Assumptions (A2) and (A6), as T → ∞,

max
1≤ℓ≤Js+p

∥∥∥∥∥∥(nTN)−1

N∑
j=1

nT∑
r(i,t)=1

Bℓ,p (j/N)σit(j/N) ◦Zitj,ε

∥∥∥∥∥∥
∞

= Oa.s.

{
(nT )−1/2 N−1/2J−1/2

s log1/2 N
}
.

Proof. Denote random vector Z̄ ··j,ε =
(
Z̄

(1)
··j,ε, . . . , Z̄

(L)
··j,ε

)⊤
= (nT )−1

∑nT
r(i,t)=1 σit(j/N)◦

Zitj,ε, and note that

E

{
N−1

N∑
j=1

Bℓ,p (j/N) Z̄
(l)
··j,ε

}2

=N−2

N∑
j=1

B2
ℓ,p

(
j

N

)
EZ̄(l)

··j,ε
2

≤ (nT )−1 N−1 ∥Bℓ,p∥22,N max
1≤r(i,t)≤nT

sup
x∈[0,1]

∥σit(x)∥2∞

≍ (nT )−1 N−1J−1
s

uniformly for 1 ≤ ℓ ≤ Js+p and 1 ≤ l ≤ L, with ∥Bℓ,p∥2,N = ⟨Bℓ,p, Bℓ,p⟩1/2N .

It follows from Lemma S.4 that

max
1≤ℓ≤Js+p

∥∥∥∥∥N−1

N∑
j=1

Bℓ,p (j/N) Z̄ ··j,ε

∥∥∥∥∥
∞

= max
1≤ℓ≤Js+p

max
1≤l≤L

∣∣∣∣∣N−1

N∑
j=1

Bℓ,p (j/N) Z̄
(l)
··j,ε

∣∣∣∣∣
= Oa.s.

{
(nT )−1/2 N−1/2J−1/2

s log1/2 (Js + p)
}

= Oa.s.

{
(nT )−1/2 N−1/2J−1/2

s log1/2 (N)
}
,

where the last step follows from Assumption (A6) on the order of Js relative

to N.
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Lemma S.8. Under Assumptions (A2), (A5) and (A6), one has

sup
x∈[0,1]

∥∥∥∥∥∥(nT )−1
nT∑

r(i,t)=1

ε̃it (x)

∥∥∥∥∥∥
∞

= Oa.s.

{
(nT )−1/2 N−1/2J1/2

s log1/2 N +Nβ2−1Js

}
.

Proof. According to Assumption (A5), one has

max
1≤r(i,t)≤nT

max
1≤τ≤N

∥∥∥∥∥N−1

τ∑
j=1

(εitj −Zitj,ε)

∥∥∥∥∥
2

= Oa.s.(N
β2−1).

Next, the B spline basis satisfies

∣∣∣∣Bℓ,p

(
j

N

)
− Bℓ,p

(
j + 1

N

)∣∣∣∣ ≤ N−1 ∥Bℓ,p∥0,1 ≤ CJsN
−1

uniformly over 1 ≤ j ≤ N and 1 ≤ ℓ ≤ Js + p, and the stardard deviation

functions satisfy

∥∥∥∥σit

(
j

N

)
− σit

(
j + 1

N

)∥∥∥∥
∞

≤ N−ν ∥σit∥0,ν ≤ CJsN
−1

uniformly over 1 ≤ j ≤ N, 1 ≤ r (i, t) ≤ nT , in which the first inequal-

ity is entailed by Assumption (A2), and the second inequality holds since

JsN
−1 = Nγ−1dN ≫ N−ν by Assumption (A6). Note that Bℓ,p (·) and

σit (·) are bounded on [0, 1] uniformly for 1 ≤ ℓ ≤ Js+p and 1 ≤ r(i, t) ≤ nT
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respectively, then

∥∥∥∥Bℓ,p

(
j

N

)
σit

(
j

N

)
− Bℓ,p

(
j + 1

N

)
σit

(
j + 1

N

)∥∥∥∥
∞

=

∥∥∥∥{Bℓ,p

(
j

N

)
− Bℓ,p

(
j + 1

N

)
+Bℓ,p

(
j + 1

N

)}
σit

(
j

N

)
−Bℓ,p

(
j + 1

N

)
σit

(
j + 1

N

)∥∥∥∥
∞

≤
∥∥∥∥{Bℓ,p

(
j

N

)
− Bℓ,p

(
j + 1

N

)}
σit

(
j

N

)∥∥∥∥
∞

+

∥∥∥∥{σit

(
j

N

)
− σit

(
j + 1

N

)}
Bℓ,p

(
j + 1

N

)∥∥∥∥
∞

≤ CJsN
−1.

Since the support of Bℓ,p (·) has length at most p/ (Js + 1), one obtains that

for 1 ≤ ℓ ≤ Js + p,

N−1∑
j=1

∥∥∥∥Bℓ,p

(
j

N

)
σit

(
j

N

)
− Bℓ,p

(
j + 1

N

)
σit

(
j + 1

N

)∥∥∥∥
∞

≤ C.
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Hence,

max
1≤ℓ≤Js+p

∥∥∥∥∥∥(nTN)−1
nT∑

r(i,t)=1

N∑
j=1

Bℓ,p (j/N)σit (j/N) ◦ (εitj −Zitj,ε)

∥∥∥∥∥∥
∞

= max
1≤ℓ≤Js+p

∥∥∥∥∥∥(nT )−1
nT∑

r(i,t)=1

N−1∑
j=1

[{
Bℓ,p

(
j

N

)
σit

(
j

N

)
− Bℓ,p

(
j + 1

N

)
σit

(
j + 1

N

)}

◦

{
N−1

j∑
s=1

(εits −Zits,ε)

}]
+ (nT )−1

nT∑
r(i,t)=1

{
Bℓ,p (1)σit (1) ◦N−1

N∑
j=1

(εitj −Zitj,ε)

}∥∥∥∥∥∥
∞

≤ max
1≤r(i,t)≤nT

{
max
1≤j≤N

∥∥∥∥∥N−1

j∑
s=1

(εits −Zits,ε)

∥∥∥∥∥
∞

}

×

{
max

1≤ℓ≤Js+p

N−1∑
j=1

∥∥∥∥Bℓ,p

(
j

N

)
σit

(
j

N

)
− Bℓ,p

(
j + 1

N

)
σit

(
j + 1

N

)∥∥∥∥
∞
+ ∥Bℓ,p(1)σit(1)∥∞

}

= Oa.s.

(
Nβ2−1

)
.

The above inequality and Lemma (S.7) together imply that

max
1≤ℓ≤Js+p

∥∥∥∥∥∥(nTN)−1
nT∑

r(i,t)=1

N∑
j=1

Bℓ,p (j/N)σit (j/N) ◦ εitj

∥∥∥∥∥∥
∞

= Oa.s.

{
(nT )−1/2 N−1/2J−1/2

s log1/2 N +Nβ2−1
}
.

(S.7)
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Recall that ε̃it (·)⊤ = N−1B (·)⊤ V −1
p X

⊤εit, and note that

(nTN)−1X⊤
nT∑

r(i,t)=1

εit


(Js+p)×L

=

(nTN)−1

nT∑
r(i,t)=1

N∑
j=1

Bℓ,p (j/N) σ
(l)
it (j/N) ε

(l)
itj


Js+p,L

ℓ=1,l=1

,

Thus

sup
x∈[0,1]

∥∥∥∥∥∥(nT )−1
nT∑

r(i,t)=1

ε̃it (x)

∥∥∥∥∥∥
∞

= sup
x∈[0,1]

∥∥∥∥∥∥B (x)⊤ V −1
p

(nTN)−1X⊤
nT∑

r(i,t)=1

εit


∥∥∥∥∥∥
∞

≍ max
1≤l≤L

∥∥∥∥∥∥V −1
p

(nTN)−1

nT∑
r(i,t)=1

N∑
j=1

Bℓ,p (j/N) σ
(l)
it (j/N) ε

(l)
itj


Js+p

ℓ=1

∥∥∥∥∥∥
∞

≤ CpJs max
1≤l≤L

∥∥∥∥∥∥
(nTN)−1

nT∑
r(i,t)=1

N∑
j=1

Bℓ,p (j/N) σ
(l)
it (j/N) ε

(l)
itj


Js+p

ℓ=1

∥∥∥∥∥∥
∞

=Oa.s.

{
(nT )−1/2 N−1/2J1/2

s log1/2 N + JsN
β2−1

}
,

in which the inequality and the last equation are suggested by (S.1) and

(S.7) respectively.
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S.3 Proof of Theorem 2

Proof. Denote matrix (ϕk)N×L = {ϕk(1/N), . . . ,ϕk (N/N)}⊤ for k ≥ 1,

and denote the vector-valued function

ϕ̃k (·)
⊤ = N−1B (·)⊤ V −1

p X
⊤ (ϕk)N×L .

According to (S.2), η̃it (·) = m̃ (·) +
∑∞

k=1 ξitk ◦ ϕ̃k (·), therefore,

η̃it (·)− ηit (·) = m̃ (·)−m (·) +
∞∑
k=1

ξitk ◦
{
ϕ̃k (·)− ϕk (·)

}
.

Lemma A.4 of Cao et al. (2012) provides a constant Cq,µ > 0, such that

sup
x∈[0,1]

∥m̃(x)−m(x)∥∞ ≤Cq,µ ∥m∥q,µ J
−p∗

s , (S.8)

sup
x∈[0,1]

∥∥∥ϕ̃k(x)− ϕk(x)
∥∥∥
∞

≤Cq,µ ∥ϕk∥q,µ J
−p∗

s , k ≥ 1, (S.9)

which lead to

sup
x∈[0,1]

∥η̃it(x)− ηit(x)∥∞

≤ sup
x∈[0,1]

∥m̃(x)−m(x)∥∞ +
∞∑
k=1

∥ξitk∥∞ × sup
x∈[0,1]

∥∥∥ϕ̃k(x)− ϕk(x)
∥∥∥
∞

≤ Cq,µJ
−p∗

s Wit,
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where Wit,ξ = ∥m∥q,µ +
∑∞

k=1 ∥ξitk∥∞ × ∥ϕk∥q,µ. Note that Assumption

(A4) entails that EW r0
it,ξ < ∞, then

P
{

max
1≤r(i,t)≤nT

Wit,ξ > (nT log nT )2/r0
}

≤ EW r0
it,ξ (nT )

−1 (log nT )−2 .

Since
∑∞

s=1 s
−1 (log s)−2 < +∞, then max1≤r(i,t)≤nT Wit,ξ = Oa.s.

{
(nT log nT )2/r0

}
by Borel-Cantelli Lemma, hence

sup
x∈[0,1]

∥∥∥∥∥∥(nT )−1
nT∑

r(i,t)=1

{η̃it (x)− ηit (x)}

∥∥∥∥∥∥
∞

≤ max
1≤r(i,t)≤nT

sup
x∈[0,1]

∥η̃it (x)− ηit (x)∥∞

= Oa.s.{J−p∗

s (nT log nT )2/r0}.

Together with Lemma S.8 and decomposition in (S.3), one obtains that

sup
x∈[0,1]

∥m̄ (x)− m̂ (x)∥∞

= Oa.s.

{
J−p∗

s (nT log nT )2/r0 + (nT )−1/2 N−1/2J1/2
s log1/2 N +Nβ2−1Js

}
,

then orders of nT and Js relative to N in Assumptions (A3) and (A6) imply

that

sup
x∈[0,1]

(nT )1/2 ∥m̄ (x)− m̂ (x)∥∞ = Op (1) .
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S.4 Proof of Theorem 1

Proof. Define an ℓ2-random variable by

Z̄nT,ξ =

{
(nT )1/2

(
λ

1/2
1 ◦ Z̄ ··1,ξ

)⊤
, (nT )1/2

(
λ

1/2
2 ◦ Z̄ ··2,ξ

)⊤
, . . .

}⊤

,

with Z̄ ··k,ξ = (nT )−1
∑nT

r(i,t)=1 Z̄itk,ξ. Recalling the definition of Π : ℓ2 →

(L2[0, 1])
L in (2.18), one has

Π(Z̄nT,ξ)(·) =
∞∑
k=1

(nT )1/2λ
1/2
k ◦ Z̄ ··k,ξ ◦ψk(·) =

∞∑
k=1

(nT )1/2Z̄ ··k,ξ ◦ ϕk(·).

Denote φnT (·) = G−1/2
φ (·, ·)Π(Z̄nT,ξ)(·), then for any positive integer d,

(x1, . . . , xd) ∈ [0, 1]d, (c1, . . . , cd)⊤ ∈ Rd, and b = (b1, . . . , bL)
⊤ ∈ RL with

∥b∥2 = 1,

lim
T→∞

Var

{
d∑

s=1

csb
⊤φnT (xs)

}

= lim
T→∞

d∑
s,s′=1

Cov
{
csb

⊤φnT (xs), cs′b
⊤φnT (xs′)

}
=

d∑
s,s′=1

cscs′b
⊤
[
lim
T→∞

E
{
φnT (xs)φnT (xs′)

⊤}] b.
Noting that limT→∞ nT EZ̄ ··k,ξZ̄

⊤
··k,ξ =

∑∞
h=−∞ Eξitkξ⊤i,t+h,k = ∆k, one has

lim
T→∞

E
{
φnT (xs)φnT (xs′)

⊤} = G−1/2
φ (xs, xs)Gφ (xs, xs′)G

−1/2
φ (xs′ , xs′) ,
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thus

lim
T→∞

Var

{
d∑

s=1

csb
⊤φnT (xs)

}

=
d∑

s,s′=1

cscs′b
⊤ G−1/2

φ (xs, xs)Gφ(xs, xs′)G
−1/2
φ (xs′ , xs′)b

= Var

{
d∑

s=1

csb
⊤φ (xs)

}
,

with the Gaussian process φ(·) defined in (2.19). Hence

{
b⊤φnT (x1), . . . , b

⊤φnT (xd)
}
→D

{
b⊤φ(x1), . . . , b

⊤φ(xd)
}
, T → ∞.

(S.10)

Under Assumption (A4), there exists cφ > 0 such that Gφ (x, x) ≥ cφI,

x ∈ [0, 1], then by the definition of ω(φnT , δ),

ω(b⊤φnT , δ) = sup
x,x′∈[0,1],|x−x′|≤δ

∣∣b⊤φnT (x)− b⊤φnT (x
′)
∣∣

≤ sup
x,x′∈[0,1],|x−x′|≤δ

∥b∥2
∥∥∥G−1/2

φ (x, x)
{
Π
(
Z̄nT,ξ

)
(x)− Π

(
Z̄nT,ξ

)
(x′)
}∥∥∥

2

≤ sup
x,x′∈[0,1],|x−x′|≤δ

c−1/2
φ

∥∥Π (Z̄nT,ξ

)
(x)− Π

(
Z̄nT,ξ

)
(x′)
∥∥
2
,
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thus

P
{
ω(b⊤φnT , δ) ≥ ϵ

}
≤ P

{
sup

x,x′∈[0,1],|x−x′|≤δ

c−1/2
φ

∥∥Π (Z̄nT,ξ

)
(x)− Π

(
Z̄nT,ξ

)
(x′)
∥∥
2
≥ ϵ

}

≤ ϵ−1c−1/2
φ E sup

x,x′∈[0,1],|x−x′|≤δ

∥∥∥∥∥
∞∑
k=1

(nT )1/2Z̄ ··k,ξ ◦ {ϕk(x)− ϕk (x
′)}

∥∥∥∥∥
2

≤ ϵ−1c−1/2
φ δµ

∞∑
k=1

∥ϕk∥0,µ
{
(nT )1/2E

∥∥Z̄ ··k,ξ
∥∥
2

}
.

Noting that

lim
T→∞

(nT )E
∥∥Z̄ ··k,ξ

∥∥2
2
= lim

T→∞

∥∥∥∥∥
∞∑
t=0

atk ◦ atk + 2
T−1∑
h=1

∞∑
t=0

T − h

T
atk ◦ at+h,k

∥∥∥∥∥
2

2

=

∥∥∥∥∥
(

∞∑
t=0

atk

)
◦

(
∞∑
t=0

atk

)∥∥∥∥∥
2

2

is uniformly bounded for k ≥ 1, with Assumption
∑∞

k=1 ∥ϕk∥0,µ < ∞, one

has

lim
δ→0

lim sup
T→∞

ϵ−1c−1/2
φ δµ

∞∑
k=1

∥ϕk∥0,µ (nT )
1/2 E

∥∥Z̄ ··k,ξ
∥∥
2
= 0,

and

lim
δ→0

lim sup
T→∞

P
{
ω(b⊤φnT , δ) ≥ ε

}
= 0.

According to (S.10) and Lemma S.2, one has that b⊤φnT →D b
⊤φ holds

for any b ∈ RL with b⊤b = 1. Since φnT ∈ (D[0, 1])L and φ ∈ (C[0, 1])L
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a.s., according to Lemma S.3, φnT →D φ.

Define

ϖ1,nT (·) =
knT∑
k=1

(
ξ̄··k − Z̄ ··k,ξ

)
◦ϕk (·) , ϖ2,nT (·) =

∞∑
k=knT+1

(
ξ̄··k − Z̄ ··k,ξ

)
◦ϕk (·) ,

where ξ̄··k = (nT )−1
∑nT

r(i,t)=1 ξitk. Lemma S.6 suggests that

P
{

max
1≤k≤knT

∥∥ξ̄··k − Z̄ ··k,ξ
∥∥
2
> C3 (nT )

β1−1

}
< C4 (nT )

−γ3 ,

then by Borel-Cantelli Lemma, one has

max
1≤k≤knT

∥∥ξ̄··k − Z̄ ··k,ξ
∥∥
2
= Oa.s.

{
(nT )β3−1

}
,

then

sup
x∈[0,1]

∥∥∥(nT )1/2G−1/2
φ (x, x)ϖ1,nT (x)

∥∥∥
∞

≤ (nT )1/2 sup
x∈[0,1]

∥∥∥G−1/2
φ (x, x)ϖ1,nT (x)

∥∥∥
2

≤ c−1/2
φ (nT )1/2 sup

x∈[0,1]
∥ϖ1,nT (x)∥2

≤ c−1/2
φ (nT )1/2 max

1≤k≤knT

∥∥ξ̄··k − Z̄ ··k,ξ
∥∥
2

knT∑
k=1

∥ϕk∥∞

= Oa.s

{
(nT )β3−1/2

}
= Oa.s.(1).
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Similarly,

sup
x∈[0,1]

∥∥∥(nT )1/2G−1/2
φ (x, x)ϖ2,nT (x)

∥∥∥
∞

≤ c−1/2
φ (nT )1/2 sup

x∈[0,1]
∥ϖ2,nT (x)∥2

≤ c−1/2
φ (nT )1/2

∞∑
k=knT+1

∥ϕk∥∞
∥∥ξ̄··k − Z̄ ··k,ξ

∥∥
2
.

Since (nT )1/2E
∥∥ξ̄··k − Z̄ ··k,ξ

∥∥
2
≤ 2(nT )1/2E

∥∥ξ̄··k∥∥2 are uniformly bounded

for k > knT and
∑∞

k=knT+1 ∥ϕk∥∞ = o(1) by Assumption (A4),

sup
x∈[0,1]

∥∥∥(nT )1/2G−1/2
φ (x, x)ϖ2,nT (x)

∥∥∥
∞

= Op(1),

hence

∥∥∥∥∥ sup
x∈[0,1]

(nT )1/2G−1/2
φ (x, x) {ϖ1,nT (x) +ϖ2,nT (x)}

∥∥∥∥∥
∞

= Op(1).

Finally by Slutsky’s theorem and the equation that

(nT )1/2G−1/2
φ (·, ·) {m̄ (·)−m (·)} = φnT (·)+(nT )1/2G−1/2

φ (·, ·) {ϖ1,nT (·) +ϖ2,nT (·)} ,

one completes the proof.
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Figure S.1: Plots of the true m(1)(·) − m(2)(·) ≡ 0 (solid) and cubic spline estimator

m̂(1)(·) − m̂(2)(·) (dashed), with 95% SCB (dotted). The number N of observations in

(a) and (b) are 900 and 1600 respectively.
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Table S.1: Coverage frequencies for m(1)(·) ≡ (1, 0, 0)m (·) by SCB (3.27).

ζitk Σζ,k N 1− α
ε
(l)
itj ∼ N(0, 1) ε

(l)
itj ∼ U(−

√
3,
√
3)

σhomo σhetero σhomo σhetero

Normal

AR-1
900 0.95 0.938 0.942 0.939 0.938

0.99 0.984 0.985 0.985 0.989

1600 0.95 0.926 0.928 0.931 0.924
0.99 0.986 0.985 0.983 0.988

TOEP
900 0.95 0.941 0.937 0.943 0.941

0.99 0.987 0.989 0.989 0.987

1600 0.95 0.957 0.953 0.956 0.958
0.99 0.994 0.994 0.996 0.992

Student’s t

AR-1
900 0.95 0.932 0.931 0.928 0.931

0.99 0.98 0.977 0.981 0.981

1600 0.95 0.939 0.938 0.938 0.931
0.99 0.984 0.982 0.986 0.983

TOEP
900 0.95 0.939 0.94 0.937 0.937

0.99 0.985 0.988 0.986 0.986

1600 0.95 0.931 0.93 0.929 0.935
0.99 0.984 0.982 0.984 0.985

covariance function of dense functional data. J. Multivariate Anal. 176, 104584.
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Figure S.2: Plots of cubic spline estimator (solid) with 95% SCB (dot-

ted) for m(l)(·), l = 1, . . . , 6 of group 1, in which (a)-(f) correspond to

m(O1) (·) ,m(O2) (·) ,m(P3) (·) ,m(P4) (·) ,m(C3) (·) ,m(F3) (·) respectively.
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Figure S.3: Plots of cubic spline estimator (solid) with 95% SCR (dotted) for m (·) of

group 1, in which (a)-(f) correspond to m(O1) (·), m(O2) (·), m(P3) (·), m(P4) (·), m(C3) (·)

and m(F3) (·) respectively.
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