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Supplementary Material

This supplementary material contains the proofs of technical results and some

additional simulation results.

Appendix A: Useful Lemma

The following Lemma is a multivariate extension of the martingale central limit

theorem, see Lemma 4 in Zhang et al.| (2021)) for details.

Lemma S.1 (Multivariate version of martingale CLT). Let {my;,i =1,..., Ny} be a
martingale difference sequence in RP relative to the filtration {Fy;,i =0,1,..., Ny}
and let Z € RP be an Fpo-measurable random vector for k = 1,2,3,.... Denote

R, = Efi"l M- Assume the following conditions hold.
(i) Timgso0 300 B ([l ) = 0.

(i1) limg_, o E {|| vazkl E (nkm,ji | ]-"k7i_1) — Bk||2} = 0 for some sequence of positive-
definite matrices {By}ro, with Supy, Amax(Bg) < 00, say that the largest eigenvalue

is uniformly bounded.
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(#ii) For a probability distribution Lo, * denotes convolution and L(-) denotes the law of

random variables, L(Z})*N (0, By)— Ly, where the convergence is in distribution.
Then we have

L(Zk + Rk)—>L0.

Appendix B: Proof of Theorem

Proof. Denote

L) = 3 = 1= Y/ AKX )L L (8) = 5 32 1= Yl (X, 8,
& A
halB) = = 3" 1=V A(X2B), + S8

— N¥t
=1 3

The proof can be divided into the following intermediate parts.
First, we consider the influence of a fixed \. For a fixed 8 = (1,0])" € RPFL,
define

A (0) =n {zm (ﬁ* + %) —lan (ﬁT)} , T,(0) =FE{A,(0)}.

Observe that

ni0) =3 s { [ v (3 )| - n-veroen, )

i=1 ¢

A 0
w181+ S5 - I8{I?).

and E{L,(8)} = E[E{L,(8) | Dn}] = L(B) = E[1 - Y f(X,8)],. Under Assump-

tion , we assume BI # 0 without loss of generality. By Lemma 3 in [Koo et al.| (2008),
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we have

10) =n{z (o' + 5-) - 260 | + 5 (16:IP + 2vibl pl)

1 s A
= 50H(B)0 + 3 (|!91H2 + 2\/501TBI> :

by applying Taylor expansion of L(3) around 3, where B8 =0+ (6/y/n)t for some
O<t< 1

Define D;j(a) = H(B'+a);; —H(B");; for 0 <4, j < p+1. By Assumption [t H(3)
is continuous in B. Then, for any ; > 0, there exist d; > 0 such that D;;(a) < ¢ if

||| < d1 for all 0 < 4,5 < p+1. Thus, for sufficiently large n such that ||(8/y/n)t|| < 61

0
Dw(;ﬁQ‘SQQHMR

then 0TH(B3)8/2 = 0TH(81)8/2 + o(1) as n — co. Combining the assumption that

07 (H(3) - H(8)) 6| <66,

A = o(n"1/?), we have
7,(0) = S0TH(3)0 + o).

Next, we would like to provide an expansion of A, (@) under Assumptions . Let
W, = —n ' S0 (Nap) ' €Y Xy, where € =1 (Y; f(X;,81) < 1). If we define

0 0
R0 = e { v (xem e 20)] - noves o] e (x 21
+

)

0 0
f%NW)Z[Y—Ef<Xfﬂﬁ+VﬁO} —[L—Ef(xwﬁwh:+@%f(xﬁ——>a

NG

where i = 1,...,nand j = 1,...,N. Recall that E{(N7*) "' &YX} = S(8') = 0.

+
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Recall the definitions of 7,,(0) and W,,, we have

N o *Ti)}_<fi)
Mﬁiﬁmilﬁd&ﬁ+ﬁi+nLﬁ+ﬁ

A
Y (X580, +nL (81) + 5 (1641 + 2v76] 8)

sy X )T o - 1 xy % 3\ T 0
=T,(0) + v/nW, 6 + Z [Rin(0) —E{R;,.(0)}]. (S.1)
i=1

Recall that [-], denotes the hinge loss. We define p =1 (a <1)and D = [1 — 2], —
[1 —a], +¢(z —a). Then we have
D=(1-2Ia>1,z2<1)+(z—DI(a<1,z2>1)

<|lz—allla>1,2<1)+|z—a|l(a < 1,z>1)

(S.2)
=|z—al{lla>1,2<1)+Ia<1,z>1)}
<|e—aT(1—al <]z —a)).

Let z; = Y f(X}, 8"+ 0/y/n) and a; = Y f( X}, B") in (S.2)), we have
1 X0 X0
Runl®)] < 5 [LEL2 0 ((2220)), $9)

where U;(t) = I (|1 = Y; f(X;,8")| <t) with respect to the i-th subsample point for
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t € R. By (S.3]), for each fixed 8 we obtain

B> {Fin(6) ~ E (R, (6))} E{E Z{Ri,n<e>—E<Ri,n<e>>}] DN}

Il
o=

B[ L (Rr(0) - B (R, @)Y

1

1 2
e R0))
! je: jol
Ed = (1+|X;]? /1 x )
e o) Bl (Ve e

1E{%<1+||Xju2>Uj( el L

By Assumption [1] implies that E(|| X ||*) < oo, there exists ¢; such that

<
Il

VAN
=k

J

[\
2=

<
Il

S

N

M-

IN

N2

J

E{1+[IX[DI(IX] > c1)} < e2/2,

for any €5 > 0. Let U(t) =1 (|1 - Y f(X,B")| <t) for t € R. By Assumptlonand

holder inequality, we have

NiiE{%(HHXjH?)Uj( el
e ()T <r|Xju>c1>}+$éE{lj—fU( el

J (N?»Z )J {}V;N;HHXH <|rxj||>cl>}

+<1+c%>JE <Nifjwi”§fjl>{v (v/i+atonvi) =1},

By Assumption [1, the conditional distribution of X given Y is not degenerate,

”MZ u

which implies lim;_,o P (U(¢) = 1) = 0. We can take a large ¢y such that

p{u (Vi+dIolve) =1} <a 20+ ).
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for n > ¢,. By Assumption {4} it proves that E[>27, {R;.(8) — E(R;,(0))}]* — 0.

By (S.1)), for each fixed 6
1
An(6) = 5(JTH(ﬁT)e +vVnW, "0 + op(1).

Last, we devote to giving the Bahadur representation of ﬁ Let k, = —/nH(B") W,
and © be a convex open subset in RP™'. By Convexity Lemma in [Pollard| (1991)), we

have
Au(0) = 5 (60— ) H(BY) (6 — k) — SRTH(B )+ 7 (6),

where for each compact set K of ®, the aforementioned part is shown for every 8 € O,
and then we have supgcy |1n(60)] — 0 in probability. Lemma shows that K, is
asymptotically normal which will be proved in the next section, then there exists a
compact set K € B, with probability close to one, where B, is a closed ball with center

kn and radius p. Let A, = supgeg, [rn(6)|. Then we have
A, — 0 in probability. (S.4)

Next, we discuss the behavior of A,,(6) outside the closed ball B,. Consider 8 =
K, + e, with v > p and the unit vector e. A boundary point 8" = k,, + pe. Under
Assumptions and a similar discussion in Lemma 5 of Koo et al.|(2008), there exists

a constant cz such that 8TH(B7)3 > c3]|3||>. Then, by the convexity of A, () and
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the definition of A,,, we have

om0 1))

which implies that

An(8) > An(kn) + (%pz - 2An> .

10—rnl>p

By , we can take A, such that 24, < c3p?/2 with probability tending to one.
Thus infjg_w,||>p An(0) > An(ky). This implies the minimum of A, (@) cannot occur
at any @ with [|@ — k,|| > p. Hence for each p > 0 and let 8, = /n(8 — 31), we have

P(||6, — Kn|| > p) — 0. Thus

V(B — B = —vnH(B) W, +op (1).

The theorem follows the above arguments. |

Appendix C: Proof of asymptotic normality
Recall that
1 e =
M = ZM va GV X Zl<mjzlémxj>, (55)

1 = _ -
N ZSJYX T= Z Nmﬁ:Yi*X;v By = VTl/QVMVTl/Qa
i=1 ¢

where V7 and Vs are the variances of T' and M.
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Lemma S.2. {M;,i=1,...,n} in (S.5) is a martingale difference sequence relative

to the filtration {Fn,,i=1,...,n}.

Proof. The F, ;-measurability follows from the definition of M; and the definition of

the filtration {Fn;,i =1,...,n}. Moreover, we have

N
1 — 1 —
E{M,; 1y =E — &YX __E V. X .
{ Z‘.FN,Z 1} YX{nNTr;kéz 7 ’L} nN j:1§] J<%

e
= D GYiXi— =) VX,
i=1 j=1

=0,

where Ey | x is the expectation with respect to sampling randomness or the conditional
expectation of Y given X with X = (X;,...,Xy). Then {M;,i=1,...,n} is a

martingale difference sequence. [

Lemma S.3. Suppose Assumptions[]] and[4 hold. Let V and Vg denote the variances

of T and Q. For any t € RP™L, we have
‘E {exp (itTV;l/QQ) } ) {exp (z’tTV;l/ vy 2AO) H 0,
as N — oo, where Ag ~ N(0,1,,1).

Proof. Note @ is a sum of i.i.d mean zero random vectors, @Y})/zj. The Linderberg-

Feller conditions are satisfied by Assumption [I] and Assumption [4] then we have
Vo ?Q-N(0,1,.). (S.6)
Furthermore, for any ¢ € RP*! and as N — oo

‘E {exp (igTVél/2Q> } —E {exp (igTAO) }‘ — 0.
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Let ¢ = Vg QV;l/ *tT. For any fixed ¢, we need to verify the following condition to

prove this lemma
sup [[s[| < oo.
N

We note that ||§]| < omax (Vclg/QV;/2> - ||t|l, where opmax(-) denotes the maximum
eigenvalue of the corresponding matrix. Hence it is enough to show amaX(Vl/ QV;l/ 2) <

1. Since the covariance matrix Vg and V are positive-defined, the following equation

holds

V1/2V 1/2 V1/4 <V 1/4V1/2V 1/4) V;1/4a
thus V1/2V 1/2 i similar to Vo, 1/4Vl/QV_1/4 It only needs to show amaX(V_l/4Vl/2V_1/4) <
1, which is equal to show

L. -V, 1/4V1/2V 1/4 _ V;1/4 <V1/2 V1/2> v, 1/4 >0,

1/2

that is equivalent to show V/° — Véz/ % is positive-defined.

Recall that M = T — @Q and by Lemma [S.I| we have Vp — Vg = Vj; > 0. Then

1/2

by the Léwner-Heinz theorem in |Zhan (2004)), we get V/ Vl/ > > 0 which completes

the proof of this lemma. O
Lemma S.4. Suppose Assumptions[]] and[4] hold. Then we have

V' *T—N(0,1,.).
Proof. Recall the conditions in Lemma [S.] with

Nki = TMING, Zk = V;1/2Q7Bk = BN7L0 ~ N(07IP+1)'
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By Lemmal[S.2] {M;,i =1,...,n} is a martingale difference sequence, then the first
two conditions in Lemma are easily satisfied by Assumption [I} It suffices to show
the third condition in Lemma [S.] holds.

By in Lemma , we have Vél/ QN (0, I,i1). Next, we devote ourselves
to verifying the third condition in Lemma[S.I} Let Vj; be the variance of M. For any

t € RP*! we have the following characteristic function
E S Tr—1/2 1 rv—1/2 —1/2
exp (it V. '"Q) ¢ -exp —§t V"V V.7t
_ _ 1 _ _
:{exp (z‘tTVT” VoV, 2t> + 0(1)} . exp (—itTVTl/QVMVTmt)
_ L Ty—1/2 —1/2 L+ -1/2 —1/2
=qexp (it V, "VoV, . "t) ¢ -exp —§t V"V Ve 7t ) 4+ o(1)
1 1

=exp _Et t)+o(1),

where the first equality holds by Lemma And the third condition in Lemma

is satisfied. Then by Lemma and ([S.6) we have

V2Q+ Vi PM =V, TN (0,1,.).

Proof of Theorem [2| By Theorem [I] and Lemma we have
V(B = BY) = —VrH(B") T + 0,(1).
It follows that

VR PHBN (B - BY) + 0,(1) = — VT
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By Lemma [S.4] we have

V2B - BN (0,L,4),

where V = H(3")"'VH(8")~L. O

Appendix D: Proof of Theorem

Proof of Theorem [3] Recall that X¥ = (X,..., Xy) and YV = (V3,...,Yy), then
Dy = {X{",Y{"}. Let var(Y | X) be the conditional variance of ¥ given X. First we

calculate var(T | X{). We have
var(T | X|¥) = Ey|x {var(T | Dy)} + varyx {E(T | Dn)} .

Some algebra yields

N
vary|x {E(T | DN)} = valy|x (% Zf]%‘i)

Jj=1

1 & = 5 - ’
=5z ZEY|X <§?YjQXijT> Z {EY|X &Y >}
1 o = 1 & .
= WZEHX (ijijT> - mz

j=1 7j=1

IEY\X 5] )}2 )

—

(S.7)

where the third equality holds by the fact that §J2 =¢; and Yf = 1. Next

N

N
1 1 - 1 2
Evix {var(T [ D)} = 5 > Eyix {77]' (—szf-szXijT)} - {EY\X<€J'Y}XJ'>}
i=1 =1

N
= mlvz > Evix {%@‘X XT} Z{EYIX &Y )} '

(S.8)
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In view of (S.7)) and (S.8), we get

N
1 = 1 = =
var(T | X{V) = N2 E Ey x (W_jngijT> + N2 E :EY\X (ijijT>
=1

e @) (5+)
j=1

Next we calculate V1 through

Vo =E {var(T | X{")} +var {E(T | X{")}.
A simple calculation shows that

N
1 —~
E(T | X)) =E{E(T | X}, ¥{")} = § :EY‘X (&7 %;) .

1O = = RS <)
var {E(T'| X")} = — > Evix (ngijT) -2 {EY|X (é“ijXj)} .
j=1

j=1

Therefore, we have

VT:

N
1 1 PR

EjE —&X. X C
niV* e (ngj ’ j)+ ’

— \2
where C = 2N SN, Byix (6 XX] ) -N ) {Bvix (6Y5X)) ) @V 407
is a constant matrix that does not depend on 7.

Let tr(A) denotes the trace of matrix A. We minimize tr(Vr) to obtain the A-

optimality subsampling probability

(V) = {Ey|x (Leme X xTmE) ) |+ o)

: {iﬁ |

Jj=1 Jj=1

N

@HH(ﬁT) X, rP) } +t( ©)

Vv

e {Z B < 1) |H(8) X, ||} +tr(C),

1
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where the last inequality follows from the Cauchy-Schwarz inequality, and the equality

holds if and only if
) e L(Y;f( X,,81) < 1) [H(B) ' X,

Note that H(B")lvar(T | X{N)H(B")~! depends on subsampling probability 7
only through var(T' | X7¥). Hence, by the similar argument for minimizing tr {var(T | X{V)},

we get the L-optimality subsampling probability

T 1Y, £( X5, 87) < 1) | X]].

Appendix E: Additional simulation results

method B3 Lc-A BF Lc-L

im-Uniform normMIX T3 T3MIX
0.020- :
. 0.04- 154
; 0.075- i
Pt o
0015wy ji i ! 0.03-
(L})J I [ - "'mJ L(jDJ LlJ 10- , 0
0.050- . .
= 0.010- = = 00-
0.005- 0.025- 0.01- & 4 Q é* # l ! l 1 I
0.000+ ] ] ] 1 ] ' ] ) ) ] ] U 0.001
500 600 700 800 900 1000 500 600 700 800 900 1000 500 600 700 800 900 1000 500 600 700 800 900 1000
No No

Figure S1: Comparison of MSE for approximating the full sample SVM estimator ﬁ with different

pilot subsample sizes given n = 1000 under Scenarios I-1V.

To assess the impact of the pilot study in our proposed algorithm, we conduct
the following boxplot by 500 replications on the four scenarios presented in Section

[l Figure [S1] reveals that the MSE is not sensitive to the pilot subsample size ny.
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As ng increases, the boxplot shows a slight decrease in MSE, suggesting that a smaller

pilot subsample size can reduce computational costs without significantly compromising

accuracy.
method LC-A -4+ LC-L LC-UNIF
n+n,=1000 n+n=1500
0.011-
0.0150- 0.010-
A 0.009-
w & w
& 0.0125 = - A
= = 4.008- o
-‘4 A"
. 7
5 0.007-
0.0100- p S
) 'h“‘
—“"
= L T S ~
. B
02 04 06 08 02 03 0.4 05 0.6
Ng No
n+ng n+np

Figure S2: Comparison of mean squared errors (MSEs) for approximating the full sample SVM esti-

mator ,@ with different subsample size allocations under Scenario I.

Moreover, we fix the total subsample size of n + ng and vary the proportions of
n and ng. It provides practical guidelines on allocating subsamples in two steps. We
evaluate both 7 and 7" and the results are presented in Figure |[S2| under Scenario
I. It illustrates that the MSEs increase when ng is either too small or too large. This
is because that if ng is too small, the pilot estimate is not accurate, and thus the
optimal subsampling probabilities may not be well approximated; on the other hand,
if ng is too large, there is not enough sampling budget to select informative subsample
in subsequent steps. Figure shows that our methods perform well when the ratio

no/(n + ng) is around (0.2,0.4). Therefore, we use nyg = 500 in our simulation studies
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with N = 10°.

Bandwidth selection is a critical issue in nonparametric estimation. In Table[ST] we
compare the MSE and accuracy of LC-A with three bandwidth selectors: Silverman’s
rule of thumb (ROT, Silverman) (1986|), Sheather and Jones method, (SJ, Sheather and
Jones, 1991)), and biased cross-validation, (BCV, |Scott and Terrell, |1987)). Clearly, The
results demonstrate that the choice of bandwidth selector has a negligible impact on the
empirical MSE and accuracy. To this end, we employ the commonly-used bandwidth
selector, Silverman’s rule of thumb (Silverman, [1986), in our numerical analysis.

Table S1: Comparison of MSE (1072) and prediction accuracy (%) for LC-A against different band-

width selectors under Scenarios I-1I when n = 1000.

ROT SJ BCV
Scenario ng MSE Accuracy MSE  Accoracy MSE  Accuracy
300 0.68 95.54 0.92 94.52 0.65 94.56
im-Uniform 400 0.64 94.53 0.85 94.52 0.61 94.54
500  0.60 94.53 0.75 94.52 0.60 94.53
300 4.84 97.52 4.89 97.52 4.87 97.52
normMIX 400  4.49 97.53 4.63 97.53 4.56 97.53

500  4.33 97.54 4.43 97.54 4.35 97.54
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