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S.1 Technical Proofs

In this section, we prove the main results of the paper. Supporting results used in these

proofs can be found in Section S.2.

S.1.1 Proof of Theorem 1

Proof of Theorem 1. We will focus on proving the results for θ̂0 as the arguments for θ̂a

follow the same lines. This proof is divided into three parts.

(i) We will start by proving that there exists a local minimizer θ̂ of Qn(θ) with constraints

C∗θM′ = 0, θ(M′∪S)c = 0 such that
∥∥∥θ̂M′∪S − θ∗

M′∪S

∥∥∥
2
= Op

(√
s+m−r+1

n

)
. We define θ̃∗ as
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follows 

δ̃∗
M = δ∗

M −C′(CC′)−1γ∗hn

δ̃∗
Mc = δ∗

Mc

γ̃∗ = γ∗.

We see that Cδ̃∗
M − γ̃∗t = Cδ∗

M −CC′(CC′)−1γ∗hn − γ∗t = Cδ∗
M − γ∗hn − γ∗t = 0, with

the last equality following from (A1). We also find that

∥∥∥δ̃∗
M − δ∗

M

∥∥∥2
2
=
∥∥C′(CC′)−1γ∗hn

∥∥2
2

= h′
nγ

∗(CC′)−1CC′(CC′)−1γ∗hn

= γ∗2h′
n(CC′)−1hn

≤ γ∗2h′
nhnλmax{(CC′)−1}

= O(∥hn∥22)

= O

(
s+m− r + 1

n

)
with the last two equalities following from (A1). As such, if we can show that there ex-

ists a local minimizer θ̂ of Qn(θ) with constraints C∗θM′ = 0, θ(M′∪S)c = 0 such that∥∥∥θ̂M′∪S − θ̃∗
M′∪S

∥∥∥2
2
= Op

(
s+m−r+1

n

)
, then

∥∥∥θ̂M′∪S − θ∗
M′∪S

∥∥∥
2
= Op

(√
s+m−r+1

n

)
and we’ve

finished part (i) of the proof.

For any θ such thatC∗θM′ = 0, we see thatC∗(θM′−θ̃∗
M′) = CδM−γt−(Cδ̃∗

M−γ̃∗t) = 0.

As such, θM′−θ̃∗
M′ belongs to the null space of C∗. Let Z ∈ R(m+1)×(m−r+1) be a basis matrix

for the null space of C∗ with orthogonal columns, meaning that C∗Z = 0 and Z′Z = Im−r+1.

Then for any θM′ such that C∗θM′ = 0, there exists v ∈ Rm−r+1 such that θM′ − θ̃∗
M′ = Zv.
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For any ∆ ∈ Rs+m−r+1, we define θ(∆) by

θ(∆)M′ = θ̃∗
M′ + Z∆1:m−r+1

θ(∆)S = θ̃∗
S +∆m−r+2:m−r+s+1

θ(∆)(M′∪S)c = θ̃∗
(M′∪S)c

and define Qn(∆) := Qn(θ(∆)). Since ∥Z∆1:m−r+1∥22 = ∆′
1:m−r+1Z

′Z∆1:m−r+1 =

∆′
1:m−r+1∆1:m−r+1 = ∥∆1:m−r+1∥22, we see that

∥∥∥θ(∆)M′∪S − θ̃∗
M′∪S

∥∥∥
2
= ∥∆∥2. As such,

we need only show that there exists a local minimizer ∆̂ of Qn(∆) such that
∥∥∥∆̂∥∥∥

2
=

Op

(√
s+m−r+1

n

)
.

For τ > 0, we define Nτ :=
{
∆ ∈ Rs+m−r+1 : ∥∆∥2 ≤ τ

√
s+m−r+1

n

}
. Consider the event

En :=

{
Qn(0) < min

∆∈∂Nτ

Qn(∆)

}
where ∂Nτ denotes the boundary of Nτ . We can see that if En holds, then there exists a

local minimizer of Qn(∆) in Nτ . Therefore it suffices to show that En holds with probability

close to 1 as n → ∞ for large τ . For any ∆ ∈ Rs+m−r+1, a second order Taylor expansion

provides that

Qn(∆) = Qn(0) + ∆′∇Qn(0) +
1

2
∆′∇2Qn(∆̃)∆ (S1.1)

where ∆̃ lies on the line segment connecting 0 and ∆. We will use (S1.1) to show that

Qn(∆) > Qn(0) for all ∆ ∈ ∂Nτ with high probability.

Let τ ≤
√
log n/2 and ∆ ∈ ∂Nτ . Clearly ∆̃ ∈ Nτ . By definition, we have θ(∆)(M′∪S)c =

θ̃∗
(M′∪S)c = 0. Moreover, we see that for sufficiently large n

∥∥∥θ(∆̃)M′∪S − θ∗
M′∪S

∥∥∥
2
≤
∥∥∥θ(∆̃)M′∪S − θ̃∗

M′∪S

∥∥∥
2
+
∥∥∥θ̃∗

M′∪S − θ∗
M′∪S

∥∥∥
2
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≤ τ

√
s+m− r + 1

n
+O

(√
s+m− r + 1

n

)

≤ τ

√
s+m− r + 1

n
+

1

2

√
(s+m+ 1) log n

n

≤
√

(s+m+ 1) log n

n

and, consequently, θ(∆̃) ∈ N0.

We want to find a lower bound for ∆′∇2Qn(∆̃)∆. One can show that for any ∆ ∈

Rs+m−r+1

∇2Qn(∆) =
1

n

[
n1(γ̃

∗ + Zm+1∆1:m−r+1)
−2Z′

m+1Zm+1 0

0 0

]

+
1

n

Z′

[
−X′

1,M

y′
1

]
−X′

1,S

[[−X1,M y1

]
Z −X1,S

]

+
1

n

Z′

[
−X′

0,M

y′
0

]
−X′

0,S

D
(
δ(∆̃)

) [[
−X0,M y0

]
Z −X0,S

]

+

[
0 0

0 Λ(θ(∆))

]

where Λ(θ(∆)) is a diagonal matrix with negative diagonal elements.

We will derive lower bounds for each of the terms in the above expression for ∇2Qn(∆).

Since θ(∆̃) ∈ N0, one can easily show using the definition of κ0 that the smallest element

of Λ(θ(∆̃)) is bounded below by −λnκ0 and, therefore, λmin{Λ(θ(∆̃))} > −λnκ0. Moreover,

we see that n1(γ̃
∗ + Zm+1∆1:mr+1)

−2 > 0.

Bounding the remaining terms will require a bit more work. Let L =


Z1:m 0

0 Is

Zm+1 0

. Since
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we assumed M = {0, . . . ,m− 1}, we see that X(M∪S) =
[
X(M) X(S)

]
. We find

1

n

Z′

[
−X′

1,M

y′
1

]
−X′

1,S

[[−X1,M y1

]
Z −X1,S

]

+
1

n

Z′

[
−X′

0,M

y′
0

]
−X′

0,S

D
(
δ(∆̃)

) [[
−X0,M y0

]
Z −X0,S

]

=
1

n

Z′

[
−X′

(M)

y′

]
−X′

(S)


D(δ(∆̃)

)
0

0 In1

[[−X(M) y
]
Z −X(S)

]

=
1

n
L′

[
−X′

(M∪S)

y′

]D(δ(∆̃)
)

0

0 In1

[−X(M∪S) y
]
L

=
1

n
L′H(θ(∆̃))L.

Since the columns of Z are orthogonal, we see that ∥Zv∥22 = v′Z′Zv = v′v = ∥v∥22 for any

v ∈ Rm−r+1 and, by extension, ∥L∆∥2 = ∥∆∥2 for any ∆ ∈ Rs+m−r+1. Therefore, for any

∆ ∈ Rs+m−r+1 we have

1

n
∆′L′H(θ(∆̃))L∆ ≥ ∥L∆∥22 λmin

{
1

n
H(θ(∆̃))

}
= ∥∆∥22 λmin

{
1

n
H(θ(∆̃))

}
.

We know that λmin

{
1
n
H(θ(∆̃))

}
= min∥v∥2=1 v

′ 1
n
H(θ(∆̃))v. Let v ∈ Rs+m+1 with ∥v∥2 = 1.

We note that ∥v∥1 ≤
√
s+m+ 1 ∥v∥2 =

√
s+m+ 1. Consequently, we have∣∣∣∣v′ 1

n
H(θ(∆̃))v − v′ E

[
1

n
H(θ(∆̃))

]
v

∣∣∣∣ = ∣∣∣∣v′
(
1

n
H(θ(∆̃))− E

[
1

n
H(θ(∆̃))

])
v

∣∣∣∣
≤
∥∥∥∥ 1nH(θ(∆̃))− E

[
1

n
H(θ(∆̃))

]∥∥∥∥
max

∥v∥21

≤
∥∥∥∥ 1nH(θ(∆̃))− E

[
1

n
H(θ(∆̃))

]∥∥∥∥
max

(s+m+ 1).
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Since θ(∆̃) ∈ N0, (A3) implies that v′ E
[
1
n
H(θ(∆̃))

]
v ≥ infθ∈N0 λmin

{
E
[
1
n
H(θ)

]}
≥ cH .

Therefore if the event Ẽn,1 :=
{∥∥∥ 1

n
H(θ(∆̃))− E

[
1
n
H(θ(∆̃))

]∥∥∥
max

≤ cH
2(s+m+1)

}
holds, then

v′ 1

n
H(θ(∆̃))v ≥ v′ E

[
1

n
H(θ(∆̃))

]
v − cH

2
≥ cH − cH

2
=

cH
2

for all v such that ∥v∥2 = 1 and, by extension, λmin

{
1
n
H(θ(∆̃))

}
≥ cH

2
.

Pulling this all together, we see that if Ẽn,1 holds, then

∆′∇2Qn(∆̃)∆ ≥ n1

n
(γ̃∗ + Zm+1∆1:m−r+1)

−2 ∥Zm+1∆1:m−r+1∥2

+ ∥∆∥22 λmin

{
1

n
H(θ(∆̃))

}
+ ∥∆m−r+2:m−r+s+1∥22 λmin{Λ(θ(∆̃))}

≥ ∥∆∥22
cH
2

− ∥∆∥22 λnκ0

=
(cH

2
− λnκ0

)
∥∆∥22

≥ cH
4

∥∆∥22

for sufficiently large n due to (A2). Given ∆ ∈ ∂Nτ , if ∆
′∇2Qn(∆̃)∆ ≥ cH

4
∥∆∥22 then by

the Cauchy Schwarz inequality we have

Qn(∆) = Qn(0) + ∆′∇Qn(0) +
1

2
∆′∇2Qn(∆̃)∆

≥ Qn(0)− ∥∆∥2
∥∥∇Qn(0)

∥∥
2
+

cH
8

∥∆∥22

= Qn(0)− τ

√
s+m− r + 1

n

∥∥∇Qn(0)
∥∥
2
+

cH
8

τ 2(s+m− r + 1)

n

= Qn(0) + τ

√
s+m− r + 1

n

(
−
∥∥∇Qn(0)

∥∥
2
+

cH
8
τ

√
s+m− r + 1

n

)
.

This implies that Qn(∆) > Qn(0) for any ∆ ∈ ∂Nτ if Ẽn,1 and

Ẽn,2 :=
{∥∥∇Qn(0)

∥∥
2
< cH

8
τ
√

s+m−r+1
n

}
hold and n is sufficiently large.
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Lemma S.1 provides that

P (Ẽc
n,1) ≤ 2(s+m)2 exp

(
− nc2H
2(s+m+ 1)2O(1)

)
+ 4(s+m) exp

(
− nc2Hγ

∗2

2(s+m+ 1)2O(1)

)
+ 2 exp

(
−n

2
min

{
cHγ

∗2

16(s+m+ 1)
,

c2Hγ
∗4

4(s+m+ 1)2O(1)

})
≤ 2 exp

(
−n1/3c2H

O(1)
+ 2 log(s+m)

)
+ 4 exp

(
−n1/3c2Hγ

∗2

O(1)
+ log(s+m)

)
+ 2 exp

(
−min

{
n2/3cHγ

∗2

O(1)
,
n1/3c2Hγ

∗4

O(1)

})
,

if (A4) is satisfied and (s + m)3 = o(n). As such, P (Ẽc
n,1) → 0 under these assumptions.

Applying Markov’s inequality, we find

P (Ẽc
n,2) = P

(∥∥∇Qn(0)
∥∥
2
≥ cHτ

8

√
s+m− r + 1

n

)
≤

64nE
[∥∥∇Qn(0)

∥∥2
2

]
c2Hτ

2(s+m− r + 1)
.

Suppose we can show that

E
[∥∥∇Qn(0)

∥∥2
2

]
= O

(
s+m− r + 1

n

)
. (S1.2)

Then the union bound yields

P (En) ≥ P (Ẽn,1 ∩ Ẽn,2)

≥ 1− P (Ẽc
n,1)− P (Ẽc

n,2)

≥ 1− o(1)−
64nE

[∥∥∇Qn(0)
∥∥2
2

]
c2Hτ

2(s+m− r + 1)

= 1− o(1)−O

(
1

τ 2

)
.

This is sufficient to show that for any ϵ > 0, we can find N ∈ N and τ ≤
√
log(N)/2 such

that P (En) > 1 − ϵ for all n > N . By our earlier argument, this implies that there exists

a local minimizer θ̂ of Qn(θ) with constraints C∗θM′ = 0, θ(M′∪S)c = 0 which satisfies
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∥∥∥θ̂M′∪S − θ∗
M′∪S

∥∥∥
2
= Op

(√
s+m−r+1

n

)
.

All that remains for part (i) is to prove (S1.2). Let D(θ(∆)) denote the Jacobian of θ(∆)

and ∇∆ℓn(θ(∆)) and ∇θM′∪S
ℓn(θ(∆)) denote the gradient of ℓn(θ(∆)) with respect to ∆

and θM′∪S , respectively. Applying the chain rule, we have

∇∆ℓn(θ(∆)) = [D(θ(∆))]′∇θM′∪S
ℓn(θ(∆))

=


Z1:m 0

0 Is

Zm+1 0


′

∇θM′∪S
ℓn(θ(∆))

= L′∇θM′∪S
ℓn(θ(∆))

for any ∆. As such, ∇∆ℓn(θ(0)) = L′∇θM′∪S
ℓn(θ(0)) = L′∇M′∪Sℓn(θ̃

∗). We find that

∇M′∪Sℓn(θ̃
∗)−∇M′∪Sℓn(θ

∗) =
1

n

X′
1,M∪SX1,M(δ̃∗

M − δ∗
M) +X′

0,M∪S(g(δ̃
∗)− g(δ∗))

−y′
1X1,M(δ̃∗

M − δ∗
M)


=

1

n

X′
1,M∪S

−y′
1

X1,M(δ̃∗
M − δ∗

M) +
1

n

X′
0,M∪S

−y′
0

 (g(δ̃∗)− g(δ∗))

=
1

n

X′
(M∪S)

−y′

 g(δ̃∗)− g(δ∗)

X1,M(δ̃∗
M − δ∗

M)

 .

Let i ∈ {1, . . . , n0}. By the Mean Value Theorem, there exists δ̄(i) on the line between δ̃∗ and

δ∗ such that g(−x′
iδ̃

∗)− g(−x′
iδ

∗) = g′(−x′
iδ̄

(i))(−x′
i(δ̃

∗ − δ∗)) = h(−x′
iδ̄

(i))x′
i,M(δ̃∗

M − δ∗
M).

Define D(δ̄) := diag(h(−x′
1δ̄

(1)), . . . , h(−x′
n0
δ̄(n0))). Then we have

g(δ̃∗)− g(δ∗) =


h(−x′

1δ̄
(1))x′

1,M(δ̃∗
M − δ∗

M)
...

h(−x′
n0
δ̄(n0))x′

n0,M(δ̃∗
M − δ∗

M)


= D(δ̄)X0,M(δ̃∗

M − δ∗
M).
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We plug this into our previous expression for ∇ℓn(θ̃
∗)−∇ℓn(θ

∗) to find

∇M′∪Sℓn(θ̃
∗)−∇M′∪Sℓn(θ

∗) =
1

n

[
X′

(M∪S)

−y′

][
D(δ̄)X0,M(δ̃∗

M − δ∗
M)

X1,M(δ̃∗
M − δ∗

M)

]

=
1

n

[
X′

(M∪S)

−y′

][
D(δ̄) 0

0 In1

]
X(M)(δ̃

∗
M − δ∗

M)

=
1

n

[
X′

(M∪S)

−y′

][
D(δ̄) 0

0 In1

] [
X(M∪S) −y

]
(θ̃∗

M′∪S − θ∗
M′∪S)

=:
1

n
H(θ̄)(θ̃∗

M′∪S − θ∗
M′∪S).

Based on the previous expression, we apply the Cauchy-Schwarz inequality to find

E
[∥∥∇Q̄n(0)

∥∥2
2

]
= E


∥∥∥∥∥∥∥∥L

′∇M′∪Sℓn(θ̃
∗) +


0

λnρ̄(δ
∗
S ;λn)

0


∥∥∥∥∥∥∥∥
2

2


≤ 3E

[
∥L′∇M′∪Sℓn(θ

∗)∥22
]
+ 3E

[∥∥∥∥ 1nL′H(θ̄)(θ̃∗
M′∪S − θ∗

M′∪S)

∥∥∥∥2
2

]

+ 3 ∥λnρ̄(δ
∗
S ;λn)∥22 . (S1.3)

We will bound the three terms in (S1.3) in turn. Leveraging that the Tobit model is an

exponential family, that ∥Lv∥2 = ∥v∥2, and Weyl’s inequality, we find

E
[
∥L′∇M′∪Sℓn(θ

∗)∥22
]
= E [∇M′∪Sℓn(θ

∗)′LL′∇M′∪Sℓn(θ
∗)]

= E [tr {L′∇M′∪Sℓn(θ
∗)∇M′∪Sℓn(θ

∗)′L}]

= tr {L′ E [∇M′∪Sℓn(θ
∗)∇M′∪Sℓn(θ

∗)′]L}

=
1

n2
tr
{
L′ E

[
−∇2

M′∪S logLn(θ
∗)
]
L
}

≤ s+m− r + 1

n2
λmax

{
L′ E

[
−∇2

M′∪S logLn(θ
∗)
]
L
}
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≤ s+m− r + 1

n2
λmax

{
E
[
−∇2

M′∪S logLn(θ
∗)
]}

=
s+m− r + 1

n2
λmax

{
E [H(θ∗)] + E

[[
0 0

0 n1γ
∗−2

]]}

≤ s+m− r + 1

n2

(
λmax {E [H(θ∗)]}+ λmax

{
E

[[
0 0

0 n1γ
∗−2

]]})

=
s+m− r + 1

n2

(
λmax {E [H(θ∗)]}+ E[n1γ

∗−2]
)

= O

(
s+m− r + 1

n

)
where the final equality follows from (A3) and the fact that E[n1γ

∗−2] = O(n).

Moving on to the second term in (S1.3), we see that

E

[∥∥∥∥ 1nL′H(θ̄)(θ̃∗
M′∪S − θ∗

M′∪S)

∥∥∥∥2
2

]
≤ 1

n2
∥L′∥22 E

[∥∥H(θ̄)
∥∥2
2

] ∥∥∥θ̃∗
M′∪S − θ∗

M′∪S

∥∥∥2
2

≤ 1

n2
∥L′∥22 E

[
λ2
max{H(θ̄)}

] ∥∥∥θ̃∗
M′∪S − θ∗

M′∪S

∥∥∥2
2
.

We find ∥L′∥22 = λmax{L′L} = λmax{Is+m−r+1} = 1. We’ve already established that∥∥∥θ̃∗
M′∪S − θ∗

M′∪S

∥∥∥2
2
=
∥∥∥δ̃∗

M − δ∗
M

∥∥∥2
2
= O

(
s+m−r+1

n

)
. Suppose that v ∈ Rp+2 with ∥v∥2 = 1.

We see that

v′

[
X′

(M∪S)

−y′

] [
X(M∪S) −y

]
v − v′H(θ̄)v

= v′

[
X′

(M∪S)

−y′

](
In −

[
D(δ̄) 0

0 In1

])[
X(M∪S) −y

]
v.

Sampford (1953) showed that 0 < h(s) < 1 for all s ∈ R. As such, In −

[
D(δ̄) 0

0 In1

]
is a
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diagonal matrix with non-negative diagonal entries and, by extension,

v′

[
X′

(M∪S)

−y′

](
In −

[
D(δ̄) 0

0 In1

])[
X(M∪S) −y

]
v ≥ 0.

Since this holds for all v with ∥v∥2 = 1, we see that

λmax

{
H(θ̄)

}
≤ λmax

{[
X′

(M∪S)

−y′

] [
X(M∪S) −y

]}
.

Pulling these findings together, we see that if condition (A3) holds, then

1

n2
∥L′∥22 E

[
λ2
max{H(θ̄)}

] ∥∥∥θ̃∗
M′∪S − θ∗

M′∪S

∥∥∥2
2

≤ 1

n2
E

[
λ2
max

{[
X′

(M∪S)

−y′

] [
X(M∪S) −y

]}]∥∥∥δ̃∗
M − δ∗

M

∥∥∥2
2

= O

(
s+m− r + 1

n

)
.

To bound the third term in (S1.3), we note that ∥λnρ̄(δ
∗
S ;λn)∥22 ≤ s(λnρ

′(dn;λn))
2 since

ρ′(t;λn) is non-increasing. Therefore if (A2) holds, then ∥λnρ̄(δ
∗
S ;λn)∥22 = o

(
1
n

)
. With that,

we have bounded all three terms in (S1.3) and shown that (S1.2) holds, completing this

portion of the proof.

(ii) We’ve shown that there exists a local minimizer θ̂ of Qn(θ) with constraints C∗θM′ = 0,

θ(M′∪S)c = 0 such that
∥∥∥θ̂M′∪S − θ∗

M′∪S

∥∥∥
2
= Op

(√
s+m−r+1

n

)
. We will now show that, with

probability converging to 1, this minimizer θ̂ is also a local minimizer of Qn(θ) with only

the constraint C∗θM′ = 0.

Per Lemma S.2, it is sufficient to show that

∥∥∥∇(M′∪S)cℓn(θ̂)
∥∥∥
max

< λnρ
′(0+;λn)
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with probability converging to 1, as (L2.1) and (L2.3) are clearly satisfied by θ̂. In part (i),

we showed that for some constant c̄ > 0 and any τ ≤
√
logn
2

, θ̂ satisfies

Fn :=

{∥∥∥θ̂M′∪S − θ∗
M′∪S

∥∥∥
2
≤ c̄τ

√
s+m− r + 1

n

}

with probability at least 1− o(1)−O
(

1
τ2

)
. By the Mean Value Theorem, we know that for

j = 0, 1, . . . , p+ 1

∇jℓn(θ̂) = ∇jℓn(θ
∗) +

[
∇2ℓn(θ

∗)
]
j
(θ̂ − θ∗) +Rj(θ̃

(j))

where [∇2ℓn(θ
∗)]j denotes the jth row of ∇2ℓn(θ

∗), θ̃(j) lies on the line segment join-

ing θ∗ and θ̂, and Rj(θ̃
(j)) =

[
∇2ℓn(θ̃

(j))−∇2ℓn(θ
∗)
]
j
(θ̂ − θ∗) . We define R(θ̃) =

(R0(θ̃
(0)), . . . , Rp+1(θ̃

(p+1)))′ for ease of notation. This gives us

∇(M′∪S)cℓn(θ̂) = ∇(M′∪S)cℓn(θ
∗) +

[
∇2ℓn(θ

∗)
]
(M′∪S)c (θ̂ − θ∗) +R(M′∪S)c(θ̃). (S1.4)

We will bound (with high probability) the max-norm of each of the terms in (S1.4) in turn.

We start with
∥∥∥R(M′∪S)c(θ̃)

∥∥∥
max

. For any j ∈ {0, 1, . . . , p}, we see that

Rj(θ̃
(j)) =

1

n
X′

(j)

[
D(δ̃(j))−D(δ∗) 0

0 0

] [
X −y

]
(θ̂ − θ∗)

=
1

n
X′

(j)

[
D(δ̃(j))−D(δ∗)

] [
X0 −y0

]
(θ̂ − θ∗)

=
1

n
X′

(j)

[
D(δ̃(j))−D(δ∗)

]
X0,M∪S(θ̂M∪S − θ∗

M∪S)

since θ̂(M′∪S)c = θ∗
(M′∪S)c = 0 and y0 = 0. Applying the Mean Value Theorem again, we

find

|Rj(θ̃
(j))| ≤ 1

n
(θ̂M∪S − θ∗

M∪S)
′X′

0,M∪S diag{|X0,j| ◦ |g′′(δ̄(j))|}X0,M∪S(θ̂M∪S − θ∗
M∪S)
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where δ̄(j) is on the line segment joining δ∗ and δ̃(j) and v ◦ w denotes the element-wise

vector product. Lemma S.6 of Jacobson and Zou (2023) establishes that |g′′(s)| < 4.3 for all

s ∈ R. Combining this with our last expression, we have

|Rj(θ̃
(j))| ≤ 4.3λmax

{
1

n
X′

0,M∪S diag{|X0,j|}X0,M∪S

}∥∥∥θ̂M∪S − θ∗
M∪S

∥∥∥2
2
.

Jacobson and Zou (2023) show in the proof of their Theorem S.4 that

λmax

{
1

n
X′

0,M∪S diag{|X0,j|}X0,M∪S

}
≤ λmax

{
1

n
X′

(M∪S) diag{|X(j)|}X(M∪S)

}
. (S1.5)

As such, if condition (A3) is satisfied and Fn holds, then

|Rj(θ̃
(j))| ≤ 4.3λmax

{
1

n
X′

(M∪S) diag{|X(j)|}X(M∪S)

}∥∥∥θ̂M∪S − θ∗
M∪S

∥∥∥2
2

= O

(
τ 2(s+m)

n

)
(S1.6)

for any j ∈ (M′ ∪ S)c and, by extension,
∥∥∥R(M′∪S)c(θ̃)

∥∥∥
max

= O
(

τ2(s+m)
n

)
.

We will now bound
∥∥∇(M′∪S)cℓn(θ

∗)
∥∥
max

with high probability. Lemma S.1 in Jacobson

and Zou (2023) provides that for j = 0, . . . , p, ∇j logLn(θ
∗) ∼ subG

(∥∥X(j)

∥∥2
2

)
. Applying a

Chernoff bound, we see that for any c > 0

P (|∇jℓn(θ
∗)| > c) = P (|∇j logLn(θ

∗)| > nc) ≤ 2 exp

(
− n2c2

2
∥∥X(j)

∥∥2
2

)
.

The union bound then provides that for any constant k > 0

P

(∥∥∇(M′∪S)cℓn(θ
∗)
∥∥
max

>
k
√
log p√
n

)
≤

∑
j∈(M′∪S)c

P

(
|∇jℓn(θ

∗)| > k
√
log p√
n

)

≤ 2(p− s−m+ 1) exp

−
n2
(

k
√
log p√
n

)2
2maxj

∥∥X(j)

∥∥2
2
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≤ 2 exp

(
−k2 log p

O(1)
+ log p

)
if condition (A4) holds. As such, for sufficiently large k, P

(∥∥∇(M′∪S)cℓn(θ
∗)
∥∥
max

≤ k
√
log p√
n

)
→ 1 as n, p → ∞. We define this key event Gn :=

{∥∥∇(M′∪S)cℓn(θ
∗)
∥∥
max

≤ k
√
log p√
n

}
, where

k is large enough that P (Gn) → 1, for later reference.

Lastly, we will bound
∥∥∥[∇2ℓn(θ

∗)](M′∪S)c (θ̂ − θ∗)
∥∥∥
max

with high probability. We note

that since θ̂(M′∪S)c = θ∗
(M′∪S)c = 0, we have [∇2ℓn(θ

∗)](M′∪S)c (θ̂ − θ∗) =

[∇2ℓn(θ
∗)](M′∪S)c,M′∪S (θ̂M′∪S − θ∗

M′∪S). We find

∥∥∥[∇2ℓn(θ
∗)
]
(M′∪S)c,M′∪S (θ̂M′∪S − θ∗

M′∪S)
∥∥∥
max

≤
∥∥∥[∇2ℓn(θ

∗)
]
(M′∪S)c,M′∪S

∥∥∥
∞

∥∥∥θ̂M′∪S − θ∗
M′∪S

∥∥∥
max

≤
∥∥∥[∇2ℓn(θ

∗)
]
(M′∪S)c,M′∪S

∥∥∥
∞

∥∥∥θ̂M′∪S − θ∗
M′∪S

∥∥∥
2
.

Define W := n [∇2ℓn(θ
∗)](M′∪S)c,M′∪S = X′

((M∪S)c)

[
D(δ∗) 0

0 In1

] [
X(M∪S) −y

]
. Consider

the event Hn :=
{∥∥ 1

n
W − E

[
1
n
W
]∥∥

max
≤ (log p)1/2(s+m+ 1)−3/2

}
. Under Hn, we see that∥∥∥∥ 1nW

∥∥∥∥
∞

≤ (s+m+ 1)

∥∥∥∥ 1nW − E

[
1

n
W

]∥∥∥∥
max

+

∥∥∥∥E [ 1nW
]∥∥∥∥

∞

≤
√
log p√

s+m+ 1
+

∥∥∥∥E [ 1nW
]∥∥∥∥

∞
.

Therefore if (A3) and Fn hold, then

∥∥∥[∇2ℓn(θ
∗)
]
(M′∪S)c,M′∪S (θ̂M′∪S − θ∗

M′∪S)
∥∥∥
max

≤
√
log p√

s+m+ 1
c̄τ

√
s+m

n
+O

(
τ

√
s+m

n

)

= O

(
τ
√
log p√
n

)
+O

(
τ
√
s+m√
n

)
.

Lemma S.4 of Jacobson and Zou (2023) can be adapted to show

P (Hc
n) ≤ 2(s+m)(p−m− s+ 1) exp

−
2n2

(
(log p)1/2

(s+m)3/2

)2
maxj,k

∑n
i=1 x

2
ijx

2
ik
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+ 2(p−m− s+ 1) exp

−
2n2

(
(log p)1/2

(s+m)3/2

)2
γ∗2

maxj
∑n

i=1 x
2
ij(2 + x′

iδ
∗ + g(−x′

iδ
∗))2


≤ 2(s+m)(p−m− s+ 1) exp

(
− 2 log p

1
n
maxj,k

∑n
i=1 x

2
ijx

2
ik

1
n
(s+m)3

)

+ 2(p−m− s+ 1) exp

(
− 2γ∗2 log p

1
n
maxj

∑n
i=1 x

2
ij(2 + x′

iδ
∗ + g(−x′

iδ
∗))2 1

n
(s+m)3

)

≤ 2 exp

(
−2 log p

o(1)
+ 2 log p

)
+ 2 exp

(
−2γ∗2 log p

o(1)
+ log p

)
if condition (A4) holds and (s+m)3 = o(n). As such, P (Hn) → 1 as n, p → ∞.

Let τn be a diverging sequence satisfying τn ≤ min{
√
log n/2,

√
log p} and

τnmax{
√
s+m,

√
log p}/

√
n = o(λn). Returning to (S1.4), we’ve shown that together Fn,

Gn, and Hn imply

∥∥∥∇(M′∪S)cℓn(θ̂)
∥∥∥
max

≤
∥∥∇(M′∪S)cℓn(θ

∗)
∥∥
max

+
∥∥∥[∇2ℓn(θ

∗)
]
(M′∪S)c

(θ̂ − θ∗)
∥∥∥
max

+
∥∥∥R(M′∪S)c(θ̃)

∥∥∥
max

= O

(√
log p√
n

)
+O

(
τn

√
log p√
n

)
+O

(
τn

√
s+m√
n

)
+O

(
τ2
n(s+m)

n

)
= o(λn) + o(λn) + o(λn) +O

(
τn

√
log p

n2/3

)
= o(λn)

provided that (A2) is satisfied and (s +m)3 = o(n). By extension,
∥∥∥∇(M′∪S)cℓn(θ̂)

∥∥∥
max

<

λnρ
′(0+;λn) for sufficiently large n. Therefore

P
(∥∥∥∇(M′∪S)cℓn(θ̂)

∥∥∥
max

< λnρ
′(0+;λn)

)
≥ P (Fn ∩ Gn ∩Hn) ≥ 1− o(1)−O

(
1

τ 2n

)
→ 1,

as n, p → ∞ if our assumptions hold. As such, we can conclude that θ̂ is a local minimizer

of Qn(θ) subject to C∗θM′ = 0 with probability converging to 1 as n → ∞.

Note: In part (ii) we’ve assumed that p diverges with n. The proof can easily be adapted

to handle the case where p does not diverge: simply replace log p with log n in Gn, Hn, (A2)

and the requirements for τn.
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(iii) Together, parts (i) and (ii) imply that there exists a local minimizer θ̂0 of (3.4) satisfying∥∥∥θ̂0,M′∪S − θ∗
M′∪S

∥∥∥
2
= Op

(√
s+m−r+1

n

)
. In particular, θ̂0 = θ̂ under Fn ∩ Gn ∩Hn.

Define In :=
{∥∥ 1

n
H(θ∗)− E

[
1
n
H(θ∗)

]∥∥
max

≤ cH
2(s+m+1)

}
. We see that P (In) → 1 by Lemma

S.1. Likewise, define Jn :=

{
∥∇2

M′∪Sℓn(θ
∗)−ΣM′∪S∥max ≤ k

√
log(s+m)

n

}
where k is large

enough that P (Jn) → 1 per (S2.54) in the proof of Lemma S.3. We will now show that if

Fn, Gn, Hn, In, and Jn hold, with τ in Fn satisfying 0 < τ ≤ min{
√
log n/2,

√
log p}, then

√
n(θ̂0,M′∪S − θ∗

0,M′∪S) =
1√
n
Σ

−1/2
M′∪S(Is+m+1 −Pn)Σ

−1/2
M′∪S∇M′∪S logLn(θ

∗)

−
√
nγ∗Σ

−1/2
M′∪SPnΣ

1/2
M′∪S

[
C′(CC′)−1hn

0

]
+ o(1) (S1.7)

under the ℓ2 norm. This is sufficient to prove (3.7) since P (Fn∩Gn∩Hn) ≥ 1−o(1)−O
(

1
τ2

)
as we showed in part (ii), implying that for any ϵ > 0 we can find N ∈ N and a corresponding

τ such that P (Fn ∩ Gn ∩Hn ∩ In ∩ Jn) > 1− ϵ for all n > N .

For the remainder of this proof, we suppose that Fn, Gn, Hn, In, and Jn hold and that

0 < τ ≤ min{
√
log n/2,

√
log p}. In parts (i) and (ii) we showed that, under Fn∩Gn∩Hn, θ̂0

is the local minimizer of Qn(θ) with constraints C∗θM′ = 0, θ(M′∩S)c = 0. As a consequence

of this, there exists ν ∈ Rr such that

∇M′∪Sℓn(θ̂0) =


1√
n
C′ν

−λnρ̄(θ̂0,S ;λn)

− 1√
n
t′ν

 . (S1.8)

Applying the Mean Value Theorem componentwise as in (S1.4), we find that

∇M′∪Sℓn(θ̂0) = ∇M′∪Sℓn(θ
∗) +∇2

M′∪Sℓn(θ
∗)(θ̂0,M′∪S − θ∗

M′∪S) +R (S1.9)

where Rj = [∇2
M′∪Sℓn(θ̃

(j))−∇2
M′∪Sℓn(θ

∗)](θ̂0,M′∪S−θ∗
M′∪S) and θ̃(j) lies on the line segment
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joining θ∗ and θ̂0.

We see that |Rj| = O
(

τ2(s+m)
n

)
= O

(
s+m
n

)
for j = 0, 1, . . . , p by the same argument

we used to prove (S1.6). Note that Rp+1 = n1

n
((γ̃(p+1))−2 − γ∗−2)(γ̂0 − γ∗) for some γ̃(p+1)

between γ̂0 and γ∗. Applying the Mean Value Theorem to this expression, we know that

there exists γ̄(p+1) between γ̃(p+1) and γ∗ such that

|Rp+1| ≤
∣∣∣∣2n1

n
(γ̄(p+1))−3(γ̃(p+1) − γ∗)(γ̂0 − γ∗)

∣∣∣∣
≤ 2

∣∣(γ̄(p+1))−3
∣∣ (γ̂0 − γ∗)2

=
O
(
s+m
n

)∣∣∣∣(γ∗ +O
(√

s+m
n

))3∣∣∣∣ . (S1.10)

Since s + m = o(n1/3), we have that γ∗ + O
(√

s+m
n

)
= γ∗ + o(1) ≥ γ∗

2
for large n. As

such, we see that |Rp+1| = O
(
s+m
n

)
and, consequently, ∥R∥2 ≤ (s + m + 1)1/2 ∥R∥max =

O
(

(s+m)3/2

n

)
= o

(
1√
n

)
since (s+m)3 = o(n).

Turning to the second term in (S1.9), we find

∇2
M′∪Sℓn(θ

∗)(θ̂0,M′∪S − θ∗
M′∪S) = ΣM′∪S(θ̂0,M′∪S − θ∗

M′∪S)

+
[
∇2

M′∪Sℓn(θ
∗)−ΣM′∪S

]
(θ̂0,M′∪S − θ∗

M′∪S).

Jn implies ∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S∥2 ≤ (s+m+ 1) ∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S∥max =

O

(
(s+m)

√
log(s+m)

√
n

)
. Since

∥∥∥θ̂0,M′∪S − θ∗
M′∪S

∥∥∥
2
= O

(√
s+m
n

)
and (s + m)3 log(s + m) =

o(n), this implies

∥∥∥[∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
]
(θ̂0,M′∪S − θ∗

M′∪S)
∥∥∥
2
= O

(
(s+m)3/2(log(s+m))1/2

n

)
= o

(
1√
n

)
.
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Applying this to (S1.9), we find

∇M′∪Sℓn(θ̂0) = ∇M′∪Sℓn(θ
∗) +ΣM′∪S(θ̂0,M′∪S − θ∗

M′∪S) +R0, (S1.11)

where ∥R0∥2 = o
(

1√
n

)
.

Combining (S1.8) and (S1.11), we see that
1√
n
C′ν

−λnρ̄(θ̂0,S ;λn)

− 1√
n
t′ν

 = ∇M′∪Sℓn(θ
∗) +ΣM′∪S(θ̂0,M′∪S − θ∗

M′∪S) +R0.

Multiplying both sides of this expression by
√
nΣ−1

M′∪S and rearranging terms, we find

√
n(θ̂0,M′∪S − θ∗

M′∪S) = −
√
nΣ−1

M′∪S∇M′∪Sℓn(θ
∗)

+Σ−1
M′∪S


C′ν

−
√
nλnρ̄(θ̂0,S ;λn)

−t′ν

−
√
nΣ−1

M′∪SR0. (S1.12)

Under Fn and assumption (A2), we have
∥∥∥θ̂0,S − θ∗

S

∥∥∥
max

≤ c̄τ
√

s+m
n

= o(λn) = o(dn).

As such, for sufficiently large n we have minj∈S |θ̂0,j| > minj∈S |θ∗
0,j| − dn = dn. Because

ρ′(t;λn) is non-increasing, (A2) provides that
∥∥∥√nλnρ̄(θ̂0,S ;λn)

∥∥∥
2
≤

√
sn|λnρ

′(dn;λn)| =

o(1). We see that (L3.3) from Lemma S.3 implies

∥∥∥∥Σ−1
M′∪S

[
0′ √

nλnρ̄(θ̂0,S ;λn)
′ 0′

]′∥∥∥∥
2

≤

λmax

{
Σ−1

M′∪S
}∥∥∥√nλnρ̄(θ̂0,S ;λn)

∥∥∥
2
= o(1) and

∥∥Σ−1
M′∪SR0

∥∥
2
≤ λmax

{
Σ−1

M′∪S
}
∥R0∥2 =

o
(

1√
n

)
. As such, (S1.12) simplifies to

√
n(θ̂0,M′∪S − θ∗

M′∪S) = −
√
nΣ−1

M′∪S∇M′∪Sℓn(θ
∗) +Σ−1

M′∪SC̃
′ν + o(1). (S1.13)

Since C̃θ̂0,M′∪S = Cδ̂0,M − γ̂0Mt = 0 and C̃θ∗
M′∪S = Cδ∗

M − γ∗t = γ∗hn, we have

C̃(θ̂0,M′∪S − θ∗
M′∪S) = −γ∗hn. As such, by multiplying both sides of (S1.13) by C̃ and
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rearranging terms, we find that

C̃Σ−1
M′∪SC̃

′ν = −
√
nγ∗hn +

√
nC̃Σ−1

M′∪S∇M′∪Sℓn(θ
∗) + C̃R∗

where R∗ ∈ Rs+m+1 satisfies ∥R∗∥2 = o(1). Recall that Ψ = C̃Σ−1
M′∪SC̃

′. Multiplying both

sides of the previous expression by Ψ−1, we find

ν = −
√
nγ∗Ψ−1hn +

√
nΨ−1C̃Σ−1

M′∪S∇M′∪Sℓn(θ
∗) +Ψ−1C̃R∗.

Plugging this expression for ν back into (S1.13), we have

√
n(θ̂0,M′∪S − θ∗

M′∪S)

=−
√
nΣ−1

M′∪S∇M′∪Sℓn(θ
∗)

+Σ−1
M′∪SC̃

′
(
−
√
nγ∗Ψ−1hn +

√
nΨ−1C̃Σ−1

M′∪S∇M′∪Sℓn(θ
∗) +Ψ−1C̃R∗

)
+ o(1)

=
1√
n

(
Σ−1

M′∪S −Σ−1
M′∪SC̃

′Ψ−1C̃Σ−1
M′∪S

)
∇M′∪S logLn(θ

∗)

−
√
nγ∗Σ−1

M′∪SC̃
′Ψ−1hn +Σ−1

M′∪SC̃
′Ψ−1C̃R∗ + o(1)

=
1√
n
Σ

−1/2
M′∪S (I−Pn)Σ

−1/2
M′∪S∇M′∪S logLn(θ

∗)

−
√
nγ∗Σ−1

M′∪SC̃
′Ψ−1hn +Σ−1

M′∪SC̃
′Ψ−1C̃R∗ + o(1). (S1.14)

From here, we aim to simplify the terms involving hn and R∗. Starting with the hn term,

we note that hn = CC′(CC′)−1hn = C̃

[
C′(CC′)−1hn

0

]
. Substituting this into our hn term,

we find

√
nγ∗Σ−1

M′∪SC̃
′Ψ−1hn =

√
nγ∗Σ−1

M′∪SC̃
′Ψ−1C̃

[
C′(CC′)−1hn

0

]
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=
√
nγ∗Σ

−1/2
M′∪SΣ

−1/2
M′∪SC̃

′Ψ−1C̃Σ
−1/2
M′∪SΣ

1/2
M′∪S

[
C′(CC′)−1hn

0

]

=
√
nγ∗Σ

−1/2
M′∪SPnΣ

1/2
M′∪S

[
C′(CC′)−1hn

0

]
. (S1.15)

Moving on to the R∗ term, we apply (L3.1) and (L3.3) from Lemma S.3 to find∥∥∥∥Σ−1
M′∪SC̃

′Ψ−1C̃R∗
∥∥∥∥
2

=

∥∥∥∥Σ−1/2
M′∪SΣ

−1/2
M′∪SC̃

′
(
C̃Σ−1

M′∪SC̃
′
)−1

C̃Σ
−1/2
M′∪SΣ

1/2
M′∪SR

∗
∥∥∥∥
2

≤
∥∥∥Σ−1/2

M′∪S

∥∥∥
2

∥∥∥∥Σ−1/2
M′∪SC̃

′
(
C̃Σ−1

M′∪SC̃
′
)−1

C̃Σ
−1/2
M′∪S

∥∥∥∥
2

∥∥∥Σ1/2
M′∪S

∥∥∥
2
∥R∗∥2

= λ1/2
max{Σ−1

M′∪S}λ
1/2
max

{
Σ

−1/2
M′∪SC̃

′
(
C̃Σ−1

M′∪SC̃
′
)−1

C̃Σ
−1/2
M′∪S

}
λ1/2
max{ΣM′∪S} ∥R∗∥2

= λ1/2
max{Σ−1

M′∪S}λ
1/2
max

{
C̃Σ−1

M′∪SC̃
′
(
C̃Σ−1

M′∪SC̃
′
)−1
}
λ1/2
max{ΣM′∪S} ∥R∗∥2

= λ1/2
max{Σ−1

M′∪S}λ
1/2
max {Ir}λ1/2

max{ΣM′∪S} ∥R∗∥2

= o(1).

That is, Σ−1
M′∪SC̃

′Ψ−1C̃R∗ = o(1) under the ℓ2 norm. Substituting these simplified expres-

sions into (S1.14), we arrive at (S1.7), completing the proof.

S.1.2 Proof of Theorem 2

Proof of Theorem 2. We begin by defining a few key terms. Let

ωn := 1√
n
C̃Σ−1

M′∪S∇M′∪S logLn(θ
∗) and T0 := (ωn +

√
nγ∗hn)

′Ψ−1(ωn +
√
nγ∗hn) =∥∥Ψ−1/2(ωn +

√
nγ∗hn)

∥∥2
2
. Note that ΣM′∪S is positive definite by (A3). This proof is

divided into five parts. We will prove that TW = T0 + op(r), TS = T0 + op(r), and

TL = T0 + op(r) in parts (i), (ii), and (iii), respectively. In part (iv) we will show that
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supx |P (T0 ≤ x)− P (χ2(r, ν) ≤ x)| → 0 as n, p → ∞. We will then combine our findings in

parts (i) - (iv) to finish the proof.

(i) We know from (3.6) in Theorem 1 that

√
n
(
θ̂a,M′∪S − θ∗

M′∪S

)
=

1√
n
Σ−1

M′∪S∇M′∪S logLn(θ
∗) +Ra

where ∥Ra∥2 = op(1). Left-multiplying both sides of this expression by C̃, we have

√
nC̃
(
θ̂a,M′∪S − θ∗

M′∪S

)
=

1√
n
C̃Σ−1

M′∪S∇M′∪S logLn(θ
∗) + C̃Ra = ωn + C̃Ra.

We know that C̃θ∗
M′∪S = Cδ∗

M − γ∗t = γ∗hn by (A1). Moreover, we note that C̃θ̂a,M′∪S =

C∗θ̂a,M′ . Therefore we have

√
nC∗θ̂a,M′ = ωn +

√
nγ∗hn + C̃Ra.

Left multiplying both sides of this expression by Ψ−1/2, we find

√
nΨ−1/2C∗θ̂a,M′ = Ψ−1/2

(
ωn +

√
nγ∗hn

)
+Ψ−1/2C̃Ra.

We find
∥∥∥Ψ−1/2C̃Ra

∥∥∥
2
≤
∥∥∥Ψ−1/2C̃

∥∥∥
2
∥Ra∥2 = op(1) by (L3.5) in Lemma S.3. Combining

this with the previous expression, we have

√
nΨ−1/2C∗θ̂a,M′ = Ψ−1/2

(
ωn +

√
nγ∗hn

)
+ op(1). (S1.16)

Because the Tobit model is an exponential family, we find

E
[∥∥Ψ−1/2ωn

∥∥2
2

]
=E

[
tr
{
ω′

nΨ
−1/2Ψ−1/2ωn

}]
=E

[
tr
{
Ψ−1/2ωnω

′
nΨ

−1/2
}]
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=tr
{
Ψ−1/2 E [ωnω

′
n]Ψ

−1/2
}

=tr

{
Ψ−1/2C̃Σ−1

M′∪S E

[
− 1

n
∇2

M′∪S logLn(θ
∗)

]
Σ−1

M′∪SC̃
′Ψ−1/2

}
=tr

{
Ψ−1/2C̃Σ−1

M′∪SC̃
′Ψ−1/2

}
=tr

{
Ψ−1/2ΨΨ−1/2

}
=tr{Ir} = r.

Therefore by Markov’s inequality

∥∥Ψ−1/2ωn

∥∥
2
= Op(

√
r). (S1.17)

Moreover, by (A1) and (L3.4) we see that

∥∥√nγ∗Ψ−1/2hn

∥∥
2
≤
∥∥Ψ−1/2

∥∥
2

∥∥√nγ∗hn

∥∥
2
= O(

√
r). (S1.18)

Applying these bounds to (S1.16) , we find

∥∥∥√nΨ−1/2C∗θ̂a,M′

∥∥∥
2
= Op(

√
r). (S1.19)

Let TW,0 := nC∗′θ̂′
a,M′Ψ−1C∗θ̂a,M′ . When Ŝa = S, we have ∇2

M′∪Ŝa
ℓn(θ̂a) = ∇2

M′∪Sℓn(θ̂a)

and TW = n(C∗θ̂a,M′)′
(
C̃
(
∇2

M′∪Sℓn(θ̂a)
)−1

C̃′
)−1

C∗θ̂a,M′ . By extension,

|TW − TW,0| ≤
∥∥∥√nΨ−1/2C∗θ̂a,M′

∥∥∥2
2

∥∥∥∥∥Ψ1/2

(
C̃
[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′
)−1

Ψ1/2 − Ir

∥∥∥∥∥
2

= Op

(
r(s+m)

√
log(s+m)√
n

)

= op(r)

where the last two equalities follow from (S1.19), (L3.6), and the fact that (s+m)3 log(s+
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m) = o(n). Since Ŝa = S with probability converging to 1 by Theorem 1, the previous

expression implies that TW = TW,0 + op(r). In addition, we apply (S1.16) and the Cauchy-

Schwarz inequality to find

TW,0 =
∥∥∥√nΨ−1/2C∗θ̂a,M′

∥∥∥2
2

=
∥∥Ψ−1/2

(
ωn +

√
nγ∗hn

)
+ op(1)

∥∥2
2

=
∥∥Ψ−1/2

(
ωn +

√
nγ∗hn

)∥∥2
2
+ op(1) + op

(
Ψ−1/2

(
ωn +

√
nγ∗hn

))
= T0 + op(1) +Op(

√
r)

= T0 + op(r),

where the penultimate equality follows from (S1.17) and (S1.18). Thus TW = TW,0+ op(r) =

T0 + op(r), completing this portion of the proof.

(ii) We established in (S1.11) in the proof of Theorem 1 that

∇M′∪Sℓn(θ̂0) = ∇M′∪Sℓn(θ
∗) +ΣM′∪S(θ̂0,M′∪S − θ∗

M′∪S) +R1

where ∥R1∥2 = op

(
1√
n

)
. Multiplying both sides of the previous expression by

√
n, we find

√
n∇M′∪Sℓn(θ̂0) =

√
n∇M′∪Sℓn(θ

∗) +
√
nΣM′∪S(θ̂0,M′∪S − θ∗

M′∪S) + op(1). (S1.20)

By combining (3.7) from Theorem 1 and (S1.15), we find that

√
n(θ̂0,M′∪S − θ∗

M′∪S) =
√
nΣ

−1/2
M′∪S(Pn − Is+m+1)Σ

−1/2
M′∪S∇M′∪Sℓn(θ

∗)

−
√
nγ∗Σ−1

M′∪SC̃
′Ψ−1hn +R2

where ∥R2∥2 = op(1). By (L3.1), we see that ∥ΣM′∪SR2∥2 ≤ ∥ΣM′∪S∥2 ∥R2∥2 = op(1). As
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such, left-multiplying both sides of the previous expression by ΣM′∪S yields

√
nΣM′∪S(θ̂0,M′∪S − θ∗

M′∪S) =
√
nΣ

1/2
M′∪S(Pn − Is+m+1)Σ

−1/2
M′∪S∇M′∪Sℓn(θ

∗)

−
√
nγ∗C̃′Ψ−1hn + op(1). (S1.21)

Plugging (S1.21) into (S1.20), we see that

√
n∇M′∪Sℓn(θ̂0) =

√
nΣ

1/2
M′∪SPnΣ

−1/2
M′∪S∇M′∪Sℓn(θ

∗)−
√
nγ∗C̃′Ψ−1hn + op(1).

Left-multiplying both sides of the previous expression by Σ
−1/2
M′∪S , we find

√
nΣ

−1/2
M′∪S∇M′∪Sℓn(θ̂0) =

√
nPnΣ

−1/2
M′∪S∇M′∪Sℓn(θ

∗)−
√
nγ∗Σ

−1/2
M′∪SC̃

′Ψ−1hn + op(1).

(S1.22)

since
∥∥∥Σ−1/2

M′∪S

∥∥∥
2
= O(1) by (L3.3).

We see that

E

[∥∥√nPnΣ
−1/2
M′∪S∇M′∪Sℓn(θ

∗)
∥∥2
2

]
= E

[
tr
{
nPnΣ

−1/2
M′∪S∇M′∪Sℓn(θ

∗) (∇M′∪Sℓn(θ
∗))′ Σ

−1/2
M′∪SPn

}]
= tr

{
PnΣ

−1/2
M′∪S E

[
n∇M′∪Sℓn(θ

∗) (∇M′∪Sℓn(θ
∗))′
]
Σ

−1/2
M′∪SPn

}
= tr

{
PnΣ

−1/2
M′∪S E

[
− 1

n
∇2

M′∪S logLn(θ
∗)

]
Σ

−1/2
M′∪SPn

}
= tr

{
PnΣ

−1/2
M′∪SΣM′∪SΣ

−1/2
M′∪SPn

}
= tr {PnPn}

= tr {Pn}

= tr
{
Σ

−1/2
M′∪SC̃

′Ψ−1C̃Σ
−1/2
M′∪S

}
= tr

{
C̃Σ−1

M′∪SC̃
′Ψ−1

}
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= tr{Ir} = r.

As a result, ∥∥∥√nPnΣ
−1/2
M′∪S∇M′∪Sℓn(θ

∗)
∥∥∥
2
= Op(

√
r) (S1.23)

by Markov’s inequality. In addition, we find

∥∥∥√nγ∗Σ
−1/2
M′∪SC̃

′Ψ−1hn

∥∥∥
2
≤

√
nγ∗

∥∥∥Σ−1/2
M′∪S

∥∥∥
2

∥∥∥C̃′Ψ−1/2
∥∥∥
2

∥∥Ψ−1/2
∥∥
2
∥hn∥2 = Op(

√
r)

(S1.24)

by (L3.3), (L3.4), (L3.5), and (A1). Applying these bounds to (S1.22), we now have

∥∥∥√nΣ
−1/2
M′∪S∇M′∪Sℓn(θ̂0)

∥∥∥
2
= Op(

√
r). (S1.25)

We know from Theorem 1 that Ŝ0 = S with probability converging to 1 and, by extension,

TS = 1
n

(
∇M′∪S logLn(θ̂0)

)′ (
∇2

M′∪Sℓn(θ̂0)
)−1

∇M′∪S logLn(θ̂0) with probability converging

to 1. We define TS,0 := 1
n

(
∇M′∪S logLn(θ̂0)

)′
Σ−1

M′∪S∇M′∪S logLn(θ̂0). When Ŝ0 = S, we

see that (S1.25) and (L3.7) imply

|TS − TS,0| =
∣∣∣∣ 1n (∇M′∪S logLn(θ̂0)

)′([
∇2

M′∪Sℓn(θ̂0)
]−1

−Σ−1
M′∪S

)
∇M′∪S logLn(θ̂0)

∣∣∣∣
=

∥∥∥∥ 1√
n
Σ

−1/2
M′∪S∇M′∪S logLn(θ̂0)

∥∥∥∥2
2

∥∥∥∥Σ1/2
M′∪S

[
∇2

M′∪Sℓn(θ̂0)
]−1

Σ
1/2
M′∪S − Is+m+1

∥∥∥∥
2

= Op

(
r(s+m)

√
log(s+m)√
n

)

= op(r) (S1.26)

since (s+m)3 log(s+m) = o(n). As such, we have that TS = TS,0 + op(r).

Define TS,1 :=
∥∥∥ 1√

n
PnΣ

−1/2
M′∪S∇M′∪S logLn(θ

∗) +
√
nγ∗Σ

−1/2
M′∪SC̃

′Ψ−1hn

∥∥∥2
2
. From (S1.22),
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we derive

TS,0 =

∥∥∥∥ 1√
n
Σ

−1/2
M′∪S∇M′∪S logLn(θ̂0)

∥∥∥∥2
2

=

∥∥∥∥ 1√
n
PnΣ

−1/2
M′∪S∇M′∪S logLn(θ

∗) +
√
nγ∗Σ

−1/2
M′∪SC̃

′Ψ−1hn + op(1)

∥∥∥∥2
2

=

∥∥∥∥ 1√
n
PnΣ

−1/2
M′∪S∇M′∪S logLn(θ

∗) +
√
nγ∗Σ

−1/2
M′∪SC̃

′Ψ−1hn

∥∥∥∥2
2

+ op(1) +Op(
√
r)

= TS,1 + op(r), (S1.27)

where the penultimate equality follows from (S1.23) and (S1.24). Next, we find

TS,1 =

∥∥∥∥ 1√
n
PnΣ

−1/2
M′∪S∇M′∪S logLn(θ

∗) +
√
nγ∗Σ

−1/2
M′∪SC̃

′Ψ−1hn

∥∥∥∥2
2

=

∥∥∥∥Σ−1/2
M′∪SC̃

′Ψ−1/2

(
1√
n
Ψ−1/2C̃Σ−1

M′∪S∇M′∪S logLn(θ
∗) +

√
nγ∗Ψ−1/2hn

)∥∥∥∥2
2

=
∥∥∥Σ−1/2

M′∪SC̃
′Ψ−1/2

(
Ψ−1/2ωn +

√
nγ∗Ψ−1/2hn

)∥∥∥2
2

=
(
Ψ−1/2ωn +

√
nγ∗Ψ−1/2hn

)′
Ψ−1/2C̃Σ−1

M′∪SC̃
′Ψ−1/2

(
Ψ−1/2ωn +

√
nγ∗Ψ−1/2hn

)
=
(
Ψ−1/2ωn +

√
nγ∗Ψ−1/2hn

)′
Ψ−1/2ΨΨ−1/2

(
Ψ−1/2ωn +

√
nγ∗Ψ−1/2hn

)
=
∥∥Ψ−1/2ωn +

√
nγ∗Ψ−1/2hn

∥∥2
2
= T0. (S1.28)

Thus we have TS = TS,0 + op(r) = TS,1 + op(r) = T0 + op(r), completing this portion of the

proof.

(iii) By combining (3.6) and (3.7) from Theorem 1, we find

√
n(θ̂a,M′∪S − θ̂0,M′∪S) =

1√
n
Σ

−1/2
M′∪SPnΣ

−1/2
M′∪S∇M′∪S logLn(θ

∗)

+
√
nγ∗Σ

−1/2
M′∪SPnΣ

1/2
M′∪S

[
C′ (CC′)−1 hn

0

]
+ op(1).
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We showed in (S1.15) in the proof of Theorem 1 that

√
nγ∗Σ

−1/2
M′∪SPnΣ

1/2
M′∪S

[
C′ (CC′)−1 hn

0

]
=

√
nγ∗Σ−1

M′∪SC̃
′Ψ−1hn.

As such, we have

√
n(θ̂a,M′∪S − θ̂0,M′∪S) =

1√
n
Σ

−1/2
M′∪SPnΣ

−1/2
M′∪S∇M′∪S logLn(θ

∗)

+
√
nγ∗Σ−1

M′∪SC̃
′Ψ−1hn + op(1). (S1.29)

Note the similarity to (S1.22). Following the argument we used to prove (S1.25) and lever-

aging (L3.3), one can show

∥∥∥√n(θ̂a,M′∪S − θ̂0,M′∪S)
∥∥∥
2
= Op(

√
r). (S1.30)

Taking a Taylor series expansion, we find that

ℓn(θ̂0)− ℓn(θ̂a) = (θ̂0 − θ̂a)
′∇ℓn(θ̂a) +

1

2
(θ̂0 − θ̂a)

′∇2ℓn(θ̂a)(θ̂0 − θ̂a)

+
1

2
(θ̂0 − θ̂a)

′
(
∇2ℓn(θ̃)−∇2ℓn(θ̂a)

)
(θ̂0 − θ̂a)

where θ̃ lies on the line segment between θ̂0 and θ̂a. Theorem 1 establishes that θ̂0,(M′∪S)c =

θ̂0,(M′∪S)c = 0 with probability converging to 1. When θ̂0,(M′∪S)c = θ̂0,(M′∪S)c = 0, the

previous expression simplifies to

ℓn(θ̂0)− ℓn(θ̂a) = (θ̂0,M′∪S − θ̂a,M′∪S)
′∇M′∪Sℓn(θ̂a)

+
1

2
(θ̂0,M′∪S − θ̂a,M′∪S)

′∇2
M′∪Sℓn(θ̂a)(θ̂0,M′∪S − θ̂a,M′∪S)

+ (θ̂0,M′∪S − θ̂a,M′∪S)
′R (S1.31)

where R = 1
2

(
∇2

M′∪Sℓn(θ̃)−∇2
M′∪Sℓn(θ̂a)

)
(θ̂0,M′∪S − θ̂a,M′∪S).
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Note that R is similar to the remainder terms in (S1.4) and (S1.9). Taking the same

approach as in (S1.6), we can show that for j ∈ M∪ S,

|Rj| ≤ 4.3λmax

{
1

n
X′

(M∪S) diag{|X(j)|}X(M∪S)

}∥∥∥θ̂M∪S − θ∗
M∪S

∥∥∥2
2
= Op

( r
n

)
by (A3) and (S1.30). Following the same lines as in (S1.10), we can show that (S1.30) implies

|Rp+1| ≤ 2
∣∣γ̃−3

∣∣ (γ̂0 − γ̂a)
2 =

Op

(
r
n

)∣∣∣∣∣
(
γ∗ +Op

(√
max{s+m,r}

n

))3
∣∣∣∣∣
= Op

( r
n

)

since r ≤ m and (s+m)3 = o(n), so that γ∗+Op

(√
max{s+m,r}

n

)
≥ γ∗

2
for large n. Therefore

∥R∥max = Op

(
r
n

)
and, by extension,

∥∥∥(θ̂0,M′∪S − θ̂a,M′∪S)
′R
∥∥∥
2
≤
∥∥∥θ̂0,M′∪S − θ̂a,M′∪S

∥∥∥
2
∥R∥2

= Op

(√
r

n

r

n

√
s+m+ 1

)
= op

(√
r

n

)
(S1.32)

since r ≤ m and (s+m)3 = o(n). By a similar argument, we can show

∥∥∥(θ̂0,M′∪S − θ̂a,M′∪S)
′
(
∇2

M′∪Sℓn(θ̂a)−∇2
M′∪Sℓn(θ

∗)
)
(θ̂0,M′∪S − θ̂a,M′∪S)

∥∥∥
2

= op

(√
r

n

)
. (S1.33)

Together (S1.30) and (S2.55) from the proof of Lemma S.3 imply∥∥∥∥(θ̂0,M′∪S − θ̂a,M′∪S)
′
(
∇2

M′∪Sℓn(θ
∗)−ΣM′∪S

)
(θ̂0,M′∪S − θ̂a,M′∪S)

∥∥∥∥
2

≤
∥∥∥θ̂0,M′∪S − θ̂a,M′∪S

∥∥∥2
2

∥∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
∥∥
2

= Op

(
r

n

(s+m)
√
log(s+m)√
n

)

= op

(√
r

n

)
(S1.34)
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since r ≤ m and (s+m)3 log(s+m) = o(n).

Because θ̂a is the minimizer of ℓn(θ) +
∑

j∈Mc pλn(|δj|), we know that

∇M′∪Sℓn(θ̂a) =


0

−λnρ̄(δ̂a,S ;λn)

0


Theorem 1 implies that minj∈S |δ̂a,j| ≥ minj∈S |δ∗j | − dn ≥ dn with probability converging to

1. Therefore
∥∥∥∇M′∪Sℓn(θ̂a)

∥∥∥
2
≤
∥∥∥λnρ̄(δ̂a,S ;λn)

∥∥∥
2
≤

√
s(λnρ

′(dn;λn)) = op

(
1√
n

)
by (A2).

Combining this with (S1.30), we find

∥∥∥(θ̂0,M′∪S − θ̂a,M′∪S)
′∇M′∪Sℓn(θ̂a)

∥∥∥
2
≤
∥∥∥θ̂0,M′∪S − θ̂a,M′∪S

∥∥∥
2

∥∥∥∇M′∪Sℓn(θ̂a)
∥∥∥
2

= op

(√
r

n

)
. (S1.35)

Applying our findings in (S1.32) - (S1.35) to (S1.31), we have

ℓn(θ̂0)− ℓn(θ̂a) =
1

2
(θ̂0,M′∪S − θ̂a,M′∪S)

′ΣM′∪S(θ̂0,M′∪S − θ̂a,M′∪S) + op

(√
r

n

)
. (S1.36)

From here, we leverage (S1.29) and (L3.1) to show

n(θ̂0,M′∪S−θ̂a,M′∪S)
′ΣM′∪S(θ̂0,M′∪S − θ̂a,M′∪S)

=
∥∥∥√nΣ

1/2
M′∪S(θ̂0,M′∪S − θ̂a,M′∪S)

∥∥∥
2

=

∥∥∥∥ 1√
n
PnΣ

−1/2
M′∪S∇M′∪S logLn(θ

∗) +
√
nγ∗Σ

−1/2
M′∪SC̃

′Ψ−1hn + op(1)

∥∥∥∥
2

= T0 + op(r),

as we showed in (S1.27) and (S1.28) in part (ii). Together, this and (S1.36) imply that

TL = 2n(ℓn(θ̂0)− ℓn(θ̂a)) = T0 + op(r), completing this portion of the proof.
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(iv) Let logL1(θ; yi,xi) denote the log-likelihood for a single observation (xi, yi). For i =

1, . . . , n, we define ξi :=
1√
n
Ψ−1/2C̃Σ−1

M′∪S∇M′∪S logL1(θ
∗; yi,xi). We see that the ξi are

independent and that E[ξi] = 1√
n
Ψ−1/2C̃Σ−1

M′∪S E[∇M′∪S logL1(θ
∗; yi,xi)] = 0 since the

Tobit model is an exponential family. In addition, we find

n∑
i=1

Var(ξi) = Var

(
n∑

i=1

ξi

)

=
1

n
Ψ−1/2C̃Σ−1

M′∪S Var(∇M′∪S logLn(θ
∗))Σ−1

M′∪SC̃
′Ψ−1/2

=
1

n
Ψ−1/2C̃Σ−1

M′∪S E[−∇2
M′∪S logLn(θ

∗)]Σ−1
M′∪SC̃

′Ψ−1/2

= Ψ−1/2C̃Σ−1
M′∪SΣM′∪SΣ

−1
M′∪SC̃

′Ψ−1/2

= Ψ−1/2C̃Σ−1
M′∪SC̃

′Ψ−1/2

= Ψ−1/2ΨΨ−1/2 = Ir.

Since the ξi are independent, E[ξi] = 0, and
∑n

i=1Var(ξi) = Ir, we can apply Lemma S.6 of

Shi et al. (2019) to conclude

sup
C

∣∣∣∣∣P
(

n∑
i=1

ξi ∈ C

)
− P (Z ∈ C)

∣∣∣∣∣ ≤ c0 r
1/4

n∑
i=1

E
[
∥ξi∥32

]
(S1.37)

where c0 is a constant, Z ∼ N(0, Ir), and the supremum is taken over all convex sets C in

Rr.

Our next goal is to show limn→∞ r1/4
∑n

i=1 E
[
∥ξi∥32

]
= 0. Let i ∈ {1, . . . , n}. We see that

E
[
∥ξi∥32

]
≤ 1

n3/2

∥∥∥Ψ−1/2C̃
∥∥∥3
2

∥∥Σ−1
M′∪S

∥∥3
2
E
[
∥∇M′∪S logL1(θ

∗; yi,xi)∥32
]
. (S1.38)

We know from (L3.3) and (L3.5) in Lemma S.3 that there exists b1 > 0 such that∥∥∥Ψ−1/2C̃
∥∥∥3
2

∥∥Σ−1
M′∪S

∥∥3
2
< b1 for all n.
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Define vi = ∇M′∪S logL1(θ
∗; yi,xi) for i = 1, . . . , n. Lemmas S.1 and S.2 of Jacobson and

Zou (2023) establish that for all i, j, vij ∼ subExp(σ2
ij, 4) where σ2

ij < b2 for some constant

b2 > 0 by (A4). As an immediate corollary, Proposition 2.7.1 of Vershynin (2018) implies

that there exists some K > 0 such that for all i, j, E[et|vij |] ≤ etK for t ∈ [0, 1
K
]. Applying

the generalized Hölder Inequality, we find that for i = 1, . . . , n and t ∈
[
0, 1

K(m+s+1)

]
,

E
[
et∥vi∥1

]
= E

[
et

∑
j |vij |

]
= E

[∏
j

et|vij |

]

≤
∏
j

(
E
[
et|vij |(m+s+1)

]) 1
m+s+1

≤
∏
j

(
etK(m+s+1)

) 1
m+s+1

=
∏
j

etK

= etK(m+s+1).

By Proposition 2.7.1 of Vershynin (2018), this implies that there exists some K̃ > 0 such

that E
[
∥vi∥31

]
≤ (3K̃)3. Thus we find

E
[
∥∇M′∪S logL1(θ

∗; yi,xi)∥32
]
≤ E

[
∥∇M′∪S logL1(θ

∗; yi,xi)∥31
]
≤ (3K̃)3

for i = 1, . . . , n. Returning to (S1.38), we have shown that E
[
∥ξi∥32

]
≤ 1

n3/2 b1(3K̃)3 for

i = 1, . . . , n. Since r ≤ m = o(n2), the previous expression and (S1.37) imply that as
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n → ∞,

sup
C

∣∣∣∣∣P
(

n∑
i=1

ξi ∈ C

)
− P (Z ∈ C)

∣∣∣∣∣ ≤ c0 r
1/4

n∑
i=1

1

n3/2
b1(3K̃)3 = c0b1(3K̃)3 · r

1/4

n1/2
→ 0.

(S1.39)

For x ∈ R, we define the set Cx :=
{
z ∈ Rr :

∥∥z +√
nγ∗Ψ−1/2hn

∥∥2
2
≤ x

}
. Since each set

Cx is convex, (S1.39) implies

sup
x

∣∣∣∣∣P
(

n∑
i=1

ξi ∈ Cx

)
− P (Z ∈ Cx)

∣∣∣∣∣→ 0.

Note that Ψ−1/2ωn =
∑n

i=1 ξi. We see that
∑n

i=1 ξi ∈ Cx if and only if

T0 =
∥∥Ψ−1/2ωn +

√
nγ∗Ψ−1/2hn

∥∥2
2
≤ x. By the definition of the non-central χ2 distribution,

we also know that Z ∈ Cx if and only if χ2(r, νn) ≤ x. As such, we have

sup
x

∣∣P (T0 ≤ x)− P (χ2(r, νn) ≤ x)
∣∣→ 0 (S1.40)

as n, p → ∞, completing this portion of the proof.

(v) Let T be a test statistic satisfying T = T0 + op(r). This implies that for any x ∈ R and

ϵ > 0

P (T0 ≤ x− ϵr) + o(1) ≤ P (T ≤ x) ≤ P (T0 ≤ x+ ϵr) + o(1).

At the same time, (S1.40) in part (iv) implies that P (χ2(r, νn) ≤ x− ϵr) = P (T0 ≤ x− ϵr)+

o(1) and P (χ2(r, νn) ≤ x+ ϵr) = P (T0 ≤ x+ ϵr) + o(1). As such, we see that

P (χ2(r, νn) ≤ x− ϵr) + o(1) ≤ P (T ≤ x) ≤ P (χ2(r, νn) ≤ x+ ϵr) + o(1). (S1.41)
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Lemma S.7 of Shi et al. (2019) provides that

lim
ϵ→0+

lim sup
n

∣∣P (χ2(r, νn) ≤ x+ ϵr)− P (χ2(r, νn) ≤ x− ϵr)
∣∣ = 0.

Together this and (S1.41) imply

sup
x

∣∣P (T ≤ x)− P (χ2(r, νn) ≤ x)
∣∣→ 0

as n, p → ∞. Since TW = T0 + op(r), TS = T0 + op(r), and TL = T0 + op(r), as we showed in

parts (i) - (iii), this completes the proof.

S.2 Supporting Results

In this section, we state and prove supporting results used in our theoretical study. Our tech-

nical results rely on the properties of sub-Gaussian and sub-exponential random variables,

which we define as follows:

Definition S.1 (Sub-Gaussian). We say that a random variable X with EX = µ is sub-

Gaussian with variance proxy σ2 ≥ 0 if its moment generating function satisfies

E
[
et(X−µ)

]
≤ e

σ2t2

2 ∀t ∈ R.

We denote this by X ∼ subG(σ2).

Definition S.2 (Sub-Exponential). We say that a random variable X with EX = µ is

sub-exponential with parameters σ2 ≥ 0, α ≥ 0 if its moment generating function satisfies

E
[
et(X−µ)

]
≤ e

σ2t2

2 ∀|t| < 1

α
.

We denote this by X ∼ subExp(σ2, α).
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Lemma S.1. Suppose Y ∗
i = x′

iβ + εi where εi
iid∼ N(0, σ2) and define Yi = Y ∗

i 1Y ∗
i >0 for

i = 1, . . . , n. Then for c > 0 and any θ ∈ Rp+2

P

(∥∥∥∥ 1nH(θ)− E

[
1

n
H(θ)

] ∥∥∥∥
max

> c

)
≤ 2(s+m)2 exp

(
−n · 2c2

1
n

∑n
i=1 x

2
ijx

2
ik

)

+ 4(s+m) exp

(
−n · 2c2γ2

1
n

∑n
i=1 x

2
ij(2 + x′

iδ + g(−x′
iδ))

2

)

+ 2 exp

(
−n

2
min

{
cγ2

8
,

c2γ4

65
2
+ 1

n

∑n
i=1

1
2
(x′

iδ)
2(2 + x′

iδ + g(−x′
iδ))

2 + 8(x′
iδ)

2

})
.

Proof of Lemma S.1. We see that H(θ) has three types of entries.

(i)
∑n

i=1 xijxik[di + (1− di)h(−x′
iδ)] for j, k ∈ M∪ S.

Following the proof of Lemma S.3 in Jacobson and Zou (2023), one can show∑n
i=1 xijxik[di + (1 − di)h(−x′

iδ)] ∼ subG
(
1
4

∑n
i=1 x

2
ijx

2
ik

)
. By applying a Chernoff bound,

we find

P

(∣∣∣∣∣
n∑

i=1

xijxik[di + (1− di)h(−x′
iδ)]− E

[
n∑

i=1

xijxik[di + (1− di)h(−x′
iδ)]

]∣∣∣∣∣ > c

)

≤ 2 exp

(
− 2c2∑n

i=1 x
2
ijx

2
ik

)
for any j, k ∈ M∪ S.

(ii) −
∑n

i=1 diY
∗
i xij for j ∈ M∪ S

Again following the proof of Lemma S.3 in Jacobson and Zou (2023), one can show

−
∑n

i=1 diY
∗
i xij ∼ subG

(
1

4γ2

∑n
i=1 x

2
ij(2 + x′

iδ + g(−x′
iδ))

2
)
and, consequently,

P

(∣∣∣∣∣−
n∑

i=1

diY
∗
i xij − E

[
−

n∑
i=1

diY
∗
i xij

]∣∣∣∣∣ > c

)
≤ 2 exp

(
− 2c2γ2∑n

i=1 x
2
ij(2 + x′

iδ + g(−x′
iδ))

2

)
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for any j ∈ M∪ S.

(iii)
∑n

i=1 diY
∗
i
2

Following the proof of Lemma S.5 in Jacobson and Zou (2023), one can show that∑n
i=1 diγ

2Y ∗
i
2 ∼ subExp(65

2
n +

∑n
i=1

1
2
(x′

iδ)
2(2 + x′

iδ + g(−x′
iδ))

2 + 8(x′
iδ)

2, 8). As such,

we find

P

(∣∣∣∣∣
n∑

i=1

diY
∗
i
2 − E

[
n∑

i=1

diY
∗
i
2

]∣∣∣∣∣ > c

)

≤ 2 exp

(
−1

2
min

{
cγ2

8
,

c2γ4

65
2
n+

∑n
i=1

1
2
(x′

iδ)
2(2 + x′

iδ + g(−x′
iδ))

2 + 8(x′
iδ)

2

})
.

We apply the union bound to arrive at our final result.

Lemma S.2. Let pλ(t) be a folded-concave penalty function. Then θ̂ is a strict local mini-

mizer of Qn(θ) subject to the constraint C∗θM′ = 0 if

(L2.1) ∇M′∪SQn(θ̂) =


C′ν

0

t′ν

 for some ν ∈ Rr, C∗θ̂M′ = 0

(L2.2)
∥∥∥∇(M′∪S)cℓn(θ̂)

∥∥∥
max

< λnρ
′(0+;λn), and

(L2.3) λmin

{
∇2

M′∪Sℓn(θ̂)
}
> λnκ(ρ, θ̂, λn).

Proof of Lemma S.2. Define A := {θ : C∗θM′ = 0} and B :=
{
θ : θ(M′∪S)c = 0

}
. Under

condition (L2.3), we have λmin

{
∇2

M′∪SQn(θ̂)
}
> 0, meaning that Qn(θ) is strictly concave

in a ball N0 ⊆ B centered at θ̂. Additionally, condition (L2.1) provides that θ̂ is a stationary

point of the Lagrangian. As a result, we have that θ̂ is the unique minimizer of Qn(θ) in

N0 ∩ A.

We will now show that θ̂ is a strict local minimizer of Qn(θ) on A. We know that ρ′(t;λn)
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is decreasing in t because ρ(t;λn) is concave. Since ∇jℓn(θ) is continuous for j = 0, 1, . . . , p

and ρ′(t;λn) is continuous, we know from (L2.2) that there exists ϵ > 0 such that for all θ

in a ball with radius ϵ centered at θ̂,
∥∥∇(M′∪S)cℓn(θ)

∥∥
max

< λnρ
′(ϵ;λn).

Let N1 ⊆ A be a ball centered at θ̂ with a radius which is less than ϵ and is also small

enough that N1 ∩ B ⊆ N0 ∩ A. Our goal is to show that Qn(θ̂) < Qn(θ) for all θ ∈ N1.

It suffices to prove that Qn(θ̂) < Qn(θ) for all θ ∈ N1 ∩ N c
0 , as we already know that

Qn(θ̂) < Qn(θ) for all θ ∈ N1 ∩N0 ⊆ N0 ∩ A.

Let θ1 ∈ N1 ∩ N c
0 and let θ2 be the projection of θ1 onto B. Then θ2 ∈ N0 ∩ A, so

Qn(θ̂) < Qn(θ2). By the Mean Value Theorem, there exists θ̃ on the line segment between

θ1 and θ2 such that

Qn(θ2)−Qn(θ1) = (∇Qn(θ̃))
′(θ2 − θ1).

Since θ2 is the projection of θ1 onto B, we have that θ1,j − θ2,j = 0 for j ∈ M′ ∪ S,

sgn(θ̃j) = sgn(θ1,j) for j ∈ (M′ ∪ S)c, and θ̃ ∈ N1. Therefore

∇Qn(θ̃)
′(θ2 − θ1) = −(∇(M′∪S)cℓn(θ̃))

′θ1,(M′∪S)c −
∑

j∈(M′∪S)c
λnρ

′(|θ̃j|;λn)|θ1,j|

Because θ̃ ∈ N1, we see that |θ̃j| ≤ |θ1,j| < ϵ for all j ∈ (M′∪S)c and
∥∥∥∇(M′∪S)cℓn(θ̃)

∥∥∥
max

<

λnρ
′(ϵ;λn). Leveraging these properties and the fact that ρ′(t;λn) is decreasing, we have

−(∇(M′∪S)cℓn(θ̃))
′θ1,(M′∪S)c −

∑
j∈(M′∪S)c

λnρ
′(|θ̃j|;λn)|θ1,j|

<
∥∥∥∇(M′∪S)cℓn(θ̃)

∥∥∥
max

∥∥θ1,(M′∪S)c
∥∥
1
− λnρ

′(ϵ;λn)
∥∥θ1,(M′∪S)c

∥∥
1

< λnρ
′(ϵ;λn)

∥∥θ1,(M′∪S)c
∥∥
1
− λnρ

′(ϵ;λn)
∥∥θ1,(M′∪S)c

∥∥
1
= 0,

giving us Qn(θ2) < Qn(θ1) and, by extension, Qn(θ̂) < Qn(θ1).
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Lemma S.3. If (A1) - (A5) are satisfied and (s+m)3 log(s+m) = o(n), then the following

hold

(L3.1) λmax {ΣM′∪S} = O(1)

(L3.2) lim infn λmin

{
Σ−1

M′∪S
}
> 0

(L3.3) λmax

{
Σ−1

M′∪S
}
= O(1)

(L3.4) λmax{Ψ−1} = O(1)

(L3.5)
∥∥∥Ψ−1/2C̃

∥∥∥
2
= O(1)

(L3.6)

∥∥∥∥∥Ψ1/2

(
C̃
[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′
)−1

Ψ1/2 − Ir

∥∥∥∥∥
2

= Op

(
(s+m)

√
log(s+m)

√
n

)

(L3.7)

∥∥∥∥Σ1/2
M′∪S

(
∇2

M′∪Sℓn(θ̂0)
)−1

Σ
1/2
M′∪S − Is+m+1

∥∥∥∥
2

= Op

(
(s+m)

√
log(s+m)

√
n

)
.

Proof of Lemma S.3. We see that (L3.1) follows immediately from (A3), as Weyl’s inequal-

ity provides that λmax {ΣM′∪S} ≤ λmax

{
E[ 1

n
H(θ∗)]

}
+ E

[
n1

n
γ∗−2

]
≤ λmax

{
E[ 1

n
H(θ∗)]

}
+

γ∗−2 = O(1). Because ΣM′∪S is positive definite, we know that lim infn λmin

{
Σ−1

M′∪S
}

=

lim infn (λmax {ΣM′∪S})−1. As such, (L3.2) follows immediately from (L3.1). Under (A3),

we apply Weyl’s inequality to show that λmin {ΣM′∪S} ≥ λmin

{
E[ 1

n
H(θ∗)]

}
≥ cH for all n.

Therefore we have that λmax

{
Σ−1

M′∪S
}
= (λmin {ΣM′∪S})−1 ≤ c−1

H for all n, proving (L3.3).

We will show that

λmax

{(
∇2

M′∪Sℓn(θ
∗)
)−1
}
= Op(1) (S2.42)

as it is a helpful intermediate result. Let n ∈ N and define

En :=

{∥∥∥∥ 1nH(θ∗)− E

[
1

n
H(θ∗)

]∥∥∥∥
max

≤ cH
2(s+m+ 1)

}
.
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As in the proof of Theorem 1, we can show that if (A3), (A4), and En hold, then

λmin

{
1
n
H(θ∗)

}
≥ cH

2
. This implies that λmin {∇2

M′∪Sℓn(θ
∗)} ≥ λmin

{
1
n
H(θ∗)

}
≥ cH

2
and,

by extension, λmax

{
(∇2

M′∪Sℓn(θ
∗))

−1
}
= (λmin {∇2

M′∪Sℓn(θ
∗)})−1 ≤ 2

cH
. As in the proof of

Theorem 1, one can show that if (A4) holds and s+m = o(n1/3), then P (En) → 1 as n → ∞.

As such, if (A3) and (A4) are satisfied and s+m = o(n1/3), then (S2.42) holds.

We will prove (L3.4) next. Recall that Ψ = C̃Σ−1
M′∪SC̃

′. Because ΣM′∪S is positive

definite and C̃ has full row rank, we see that Ψ is positive definite as well. As such, we have

λmax

{
Ψ−1

}
= λmax

{(
C̃Σ−1

M′∪SC̃
′
)−1
}

=
(
λmin

{
C̃Σ−1

M′∪SC̃
′
})−1

. (S2.43)

Define a := lim infn
(
λmax

{
(CC′)−1})−1

. Under (A1), we have that a > 0. Since C has full

rank, CC′ is positive definite and, by extension, lim infn λmin {CC′} =

lim infn
(
λmax

{
(CC′)−1})−1

= a. We see that λmin

{
C̃C̃′

}
≥ λmin {CC′} + λmin {tt′} ≥

λmin {CC′} for all n, so lim infn λmin

{
C̃C̃′

}
≥ a. By the min-max theorem, we have that

λmin

{
C̃C̃′

}
= minv ̸=0

v′C̃C̃′v
v′v

. Therefore for sufficiently large n, minv ̸=0
v′C̃C̃′v

v′v
> a

2
and, by

extension, v′C̃C̃′v > a
2
v′v for all v ̸= 0. Thus we find that

lim inf
n

λmin

{
C̃Σ−1

M′∪SC̃
′
}
= lim inf

n
min
v ̸=0

v′C̃Σ−1
M′∪SC̃

′v

v′v

≥ lim inf
n

min
v ̸=0

v′C̃Σ−1
M′∪SC̃

′v
2
a
v′C̃C̃′v

≥ a

2
lim inf

n
min
w ̸=0

w′Σ−1
M′∪Sw

w′w

=
a

2
lim inf

n
λmin

{
Σ−1

M′∪S
}

> 0

by (L3.2). Combining this with (S2.43), we see that (L3.4) holds.
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Moving on to (L3.5), we see that
∥∥∥Ψ−1/2C̃

∥∥∥
2
≤
∥∥∥Ψ−1/2C̃Σ

−1/2
M′∪S

∥∥∥
2

∥∥∥Σ1/2
M′∪S

∥∥∥
2
. We find

∥∥∥Ψ−1/2C̃Σ
−1/2
M′∪S

∥∥∥
2
= λ1/2

max

{
Ψ−1/2C̃Σ−1

M′∪SC̃
′Ψ−1/2

}
= λ1/2

max

{
Ψ−1/2ΨΨ−1/2

}
= λ1/2

max {Ir} = 1.

Combining this with (L3.1) yields (L3.5).

It will take us several steps to prove (L3.6). We will start by showing that

∥∥∥∇2
M′∪Sℓn(θ

∗)−∇2
M∪Sℓn(θ̂a)

∥∥∥
2
= Op

(
s+m√

n

)
, (S2.44)

a helpful intermediate result for the rest of our proof. Since ∇2
M′∪Sℓn(θ

∗) and ∇2
M∪Sℓn(θ̂a)

are symmetric, Lemma S.8 of Shi et al. (2019) provides that

∥∥∥∇2
M′∪Sℓn(θ

∗)−∇2
M∪Sℓn(θ̂a)

∥∥∥
2

≤
∥∥∥∇2

M′∪Sℓn(θ
∗)−∇2

M∪Sℓn(θ̂a)
∥∥∥
∞

=

∥∥∥∥∥ 1n
[
X′

(M∪S)

−y′

][
D(δ∗)−D(δ̂a) 0

0 0

] [
X(M∪S) −y

]
+

1

n

[
0 0

0 n1(γ
∗−2 − γ̂−2

a )

]∥∥∥∥∥
∞

= max

{∥∥∥∥ 1nX′
0,M∪S

[
D(δ∗)−D(δ̂a)

]
X0,M∪S

∥∥∥∥
∞
,
∣∣∣n1

n
(γ∗−2 − γ̂−2

a )
∣∣∣} (S2.45)

We will start by bounding the first term in (S2.45). Applying the Cauchy Schwarz inequality,

we find

∥∥∥ 1
n
X′

0,M∪S

[
D(δ∗)−D(δ̂a)

]
X0,M∪S

∥∥∥
∞

= max
j∈M∪S

∥∥∥∥ 1nX′
0,j

[
D(δ∗)−D(δ̂a)

]
X0,M∪S

∥∥∥∥
1

≤ max
j∈M∪S

√
s+m+ 1

∥∥∥∥ 1nX′
0,j

[
D(δ∗)−D(δ̂a)

]
X0,M∪S

∥∥∥∥
2

. (S2.46)
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Let j ∈ M∪ S. By the Fundamental Theorem of Calculus, we have

1

n
X′

0,j

[
D(δ∗)−D(δ̂a)

]
X0,M∪S = (δ∗ − δ̂a)

′
∫ 1

0

1

n
X′

0 diag{X0,j ◦ g′′(tδ∗ + (1− t)δ̂a)}X0,M∪S dt

where the integral is applied componentwise. Theorem 1 establishes that δ̂a,(M∪S)c =

δ∗
(M∪S)c = 0 with probability converging to 1, which implies (δ∗ − δ̂a)

′X′
0 = (δ∗

M∪S −

δ̂a,M∪S)
′X′

0,M∪S with probability converging to 1. As such, the previous expression implies

that for all j ∈ M∪ S

∥∥∥∥ 1nX′
0,j

[
D(δ∗)−D(δ̂a)

]
X0,M∪S

∥∥∥∥
2

≤
∥∥∥δ∗

M∪S − δ̂a,M∪S

∥∥∥
2
sup
t∈[0,1]

∥∥∥∥ 1nX′
0,M∪S diag{X0,j ◦ g′′(tδ∗ + (1− t)δ̂a)}X0,M∪S

∥∥∥∥
2

(S2.47)

with probability converging to 1. Lemma S.6 of Jacobson and Zou (2023) provides that

|g′′(s)| < 4.3 for all s ∈ R. Therefore, we see that

sup
t∈[0,1]

∥∥∥∥ 1nX′
0,M∪S diag{X0,j ◦ g′′(tδ∗ + (1− t)δ̂a)}X0,M∪S

∥∥∥∥
2

= sup
t∈[0,1]

λmax

{
1

n
X′

0,M∪S diag{X0,j ◦ g′′(tδ∗ + (1− t)δ̂a)}X0,M∪S

}
≤ 4.3λmax

{
1

n
X′

0,M∪S diag{|X0,j|}X0,M∪S

}
≤ 4.3λmax

{
1

n
X′

M∪S diag{|X(j)|}XM∪S

}
= O(1)

where the final two lines follow from (S1.5) and (A3). Moreover, Theorem 1 provides that∥∥∥δ∗
M∪S − δ̂a,M∪S

∥∥∥
2
= Op

(√
s+m
n

)
. Applying these findings to (S2.47), we have

∥∥∥ 1
n
X′

0,j

[
D(δ∗)−D(δ̂a)

]
X0,M∪S

∥∥∥
2
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≤ 4.3
∥∥∥δ∗

M∪S − δ̂a,M∪S

∥∥∥
2
λmax

{
1

n
X′

M∪S diag{|X(j)|}XM∪S

}
= Op

(√
s+m

n

)

for all j ∈ M∪S. Applying this to (S2.46), we find
∥∥∥ 1
n
X′

0,M∪S

[
D(δ∗)−D(δ̂a)

]
X0,M∪S

∥∥∥
∞

=

Op

(
s+m√

n

)
.

Turning to the second term in (S2.45), the Mean Value Theorem guarantees that there

exists γ̃ between γ∗ and γ̂a such that
∣∣n1

n
(γ∗−2 − γ̂−2

a )
∣∣ =

∣∣2n1

n
γ̃−3(γ∗ − γ̂a)

∣∣. By The-

orem 1, we have that γ∗ − γ̂a = Op

(√
s+m
n

)
and, by extension,

∣∣2n1

n
γ̃−3(γ∗ − γ̂a)

∣∣ ≤

Op

(√
s+m
n

) ∣∣∣∣(γ∗ +Op

(√
s+m
n

))−3
∣∣∣∣. Since (s+m)3 = o(n), γ∗+Op

(√
s+m
n

)
= γ∗+op(1) ≥

γ∗

2
for sufficiently large n. Thus we have

∣∣n1

n
(γ∗−2 − γ̂−2

a )
∣∣ = Op

(√
s+m
n

)
. Our bounds for

the two terms in (S2.45) are sufficient to establish (S2.44).

We now focus on (L3.6) directly. We see that∥∥∥∥Ψ1/2
(
C̃
[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′
)−1

Ψ1/2 − Ir

∥∥∥∥
2

=

∥∥∥∥∥
{
Ψ−1/2C̃

[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2

}−1

− Ir

∥∥∥∥∥
2

≤

∥∥∥∥∥
{
Ψ−1/2C̃

[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2

}−1
∥∥∥∥∥
2

×
∥∥∥∥Ψ−1/2C̃

[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2 − Ir

∥∥∥∥
2

. (S2.48)

We will bound the second term on the right hand side of (S2.48) first. We find that

∥∥∥Ψ−1/2C̃
[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2 − Ir

∥∥∥
2

=

∥∥∥∥Ψ−1/2

(
C̃
[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′ −Ψ

)
Ψ−1/2

∥∥∥∥
2
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=

∥∥∥∥Ψ−1/2C̃

([
∇2

M′∪Sℓn(θ̂a)
]−1

−Σ−1
M′∪S

)
C̃′Ψ−1/2

∥∥∥∥
2

≤
∥∥∥Ψ−1/2C̃

∥∥∥2
2

∥∥∥∥[∇2
M′∪Sℓn(θ̂a)

]−1

−Σ−1
M′∪S

∥∥∥∥
2

. (S2.49)

We have that
∥∥∥Ψ−1/2C̃

∥∥∥
2
= O(1) from (L3.5). As for the second term in (S2.49), we see

that ∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1

−Σ−1
M′∪S

∥∥∥∥
2

≤
∥∥∥∥(∇2

M′∪Sℓn(θ̂a)
)−1

−
(
∇2

M′∪Sℓn(θ
∗)
)−1

∥∥∥∥
2

+
∥∥∥(∇2

M′∪Sℓn(θ
∗)
)−1 −Σ−1

M′∪S

∥∥∥
2
. (S2.50)

Focusing on the first term in (S2.50), we find∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1

−
(
∇2

M′∪Sℓn(θ
∗)
)−1

∥∥∥∥
2

=

∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1 (
∇2

M′∪Sℓn(θ̂a)−∇2
M′∪Sℓn(θ

∗)
) (

∇2
M′∪Sℓn(θ

∗)
)−1

∥∥∥∥
2

≤
∥∥∥∥(∇2

M′∪Sℓn(θ̂a)
)−1
∥∥∥∥
2

∥∥∥∇2
M′∪Sℓn(θ̂a)−∇2

M′∪Sℓn(θ
∗)
∥∥∥
2

∥∥∥(∇2
M′∪Sℓn(θ

∗)
)−1
∥∥∥
2
. (S2.51)

Since (∇2
M′∪Sℓn(θ

∗))
−1

is symmetric,
∥∥∥(∇2

M′∪Sℓn(θ
∗))

−1
∥∥∥
2
= λmax

{
(∇2

M′∪Sℓn(θ
∗))

−1
}

=

Op(1) by (S2.42). Turning our attention to

∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1
∥∥∥∥
2

, we see that

λmin

{
∇2

M′∪Sℓn(θ̂a)
}
= min

∥v∥2=1
v′∇2

M′∪Sℓn(θ̂a)v

= min
∥v∥2=1

v′
(
∇2

M′∪Sℓn(θ
∗)−∇2

M′∪Sℓn(θ
∗) +∇2

M′∪Sℓn(θ̂a)
)
v

≥ min
∥v∥2=1

v′∇2
M′∪Sℓn(θ

∗)v − sup
∥v∥2=1

∣∣∣v′
(
∇2

M′∪Sℓn(θ
∗)−∇2

M′∪Sℓn(θ̂a)
)
v
∣∣∣

= λmin

{
∇2

M′∪Sℓn(θ
∗)
}
− λmax

{
∇2

M′∪Sℓn(θ
∗)−∇2

M′∪Sℓn(θ̂a)
}

= λmin

{
∇2

M′∪Sℓn(θ
∗)
}
−

∥∥∥∇2
M′∪Sℓn(θ

∗)−∇2
M′∪Sℓn(θ̂a)

∥∥∥
2

(S2.52)

where the second to last equality follows from Lemma S.5 of Shi et al. (2019). We established
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in our proof of (S2.42) that if (A3) and (A4) are satisfied, then λmin{∇2
M′∪Sℓn(θ

∗)} ≥ cH
2

with probability converging to 1. Under the assumption that (s +m)3 = o(n), we see that

(S2.44) implies
∥∥∥∇2

M′∪Sℓn(θ
∗)−∇2

M′∪Sℓn(θ̂a)
∥∥∥
2
≤ cH

4
for sufficiently large n with probability

converging to 1. Combining these findings with (S2.52), we see that λmin

{
∇2

M′∪Sℓn(θ̂a)
}
≥

cH
4

for sufficiently large n and, by extension,∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1
∥∥∥∥
2

= λmax

{(
∇2

M′∪Sℓn(θ̂a)
)−1
}

= λ−1
min

{
∇2

M′∪Sℓn(θ̂a)
}
≤ 4

cH

with probability converging to 1. Thus,

∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1
∥∥∥∥
2

= Op(1). Combining this

with (S2.44), we return to (S2.51) and find

∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1

− (∇2
M′∪Sℓn(θ

∗))
−1

∥∥∥∥
2

=

Op

(
s+m√

n

)
.

Moving on to the second term in (S2.50), we see that

∥∥∥(∇2
M′∪Sℓn(θ

∗)
)−1 −Σ−1

M′∪S

∥∥∥
2
=
∥∥∥(∇2

M′∪Sℓn(θ
∗)
)−1 (∇2

M′∪Sℓn(θ
∗)−ΣM′∪S

)
Σ−1

M′∪S

∥∥∥
2

≤
∥∥∥(∇2

M′∪Sℓn(θ
∗)
)−1
∥∥∥
2

∥∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
∥∥
2

∥∥Σ−1
M′∪S

∥∥
2

= Op

(∥∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
∥∥
2

)
, (S2.53)

by (L3.3) and (S2.42). We know

∥∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
∥∥
2
≤ (s+m+ 1)

∥∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
∥∥
max

.

Lemma S.3 of Jacobson and Zou (2023) establishes that for k > 0

P

(
∥∇2

M′∪Sℓn(θ
∗)−ΣM′∪S∥max > k

√
log(s+m)

n

)
= P

(∥∥∇2
M′∪S logLn(θ

∗)− E
[
∇2

M′∪S logLn(θ
∗)
]∥∥

max
> k

√
log(s+m)n

)
≤ 2(s+m+ 1)2 exp

(
−k2 log(s+m)

O(1)

)
+ 4(s+m+ 1) exp

(
−k2 log(s+m)

O(1)

)
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+ 2 exp

(
−1

2
min

{
k
√
log(s+m)n

O(1)
,
k log(s+m)

O(1)

})
(S2.54)

if (A4) is satisfied. As such, we see that if k is sufficiently large, then P

(
∥∇2

M′∪Sℓn(θ
∗) −

ΣM′∪S∥max ≤ k
√

log(s+m)
n

)
→ 1 as n → ∞. Therefore

∥∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
∥∥
2
≤ (s+m+ 1)

∥∥∇2
M′∪Sℓn(θ

∗)−ΣM′∪S
∥∥
max

= Op

(
(s+m)

√
log(s+m)√
n

)
. (S2.55)

and, by (S2.53),
∥∥∥(∇2

M′∪Sℓn(θ
∗))

−1 −Σ−1
M′∪S

∥∥∥
2
= Op

(
(s+m)

√
log(s+m)

√
n

)
.

Having bounded both terms in (S2.50), we can conclude∥∥∥∥(∇2
M′∪Sℓn(θ̂a)

)−1

−Σ−1
M′∪S

∥∥∥∥
2

= Op

(
(s+m)

√
log(s+m)√
n

)
. (S2.56)

As an immediate consequence, (S2.49) simplifies to∥∥∥∥Ψ−1/2C̃
[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2 − Ir

∥∥∥∥
2

= Op

(
(s+m)

√
log(s+m)√
n

)
,

giving us a bound for the second term in (S2.48).

Shifting our focus to the first term of (S2.48), we take a similar approach to (S2.52) to

show that for any n

λmin

{
Ψ−1/2C̃

[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2

}
≥ λmin

{
Ψ−1/2C̃Σ−1

M′∪SC̃
′Ψ−1/2

}
−
∥∥∥Ψ−1/2C̃

∥∥∥2
2

∥∥∥∥Σ−1
M′∪S −

[
∇2

M′∪Sℓn(θ̂a)
]−1
∥∥∥∥
2

.

We see that λmin

{
Ψ−1/2C̃Σ−1

M′∪SC̃
′Ψ−1/2

}
= λmin

{
Ψ−1/2ΨΨ−1/2

}
= λmin{Ir} = 1. We

have already established that

∥∥∥∥Σ−1
M′∪S −

[
∇2

M′∪Sℓn(θ̂a)
]−1
∥∥∥∥
2

= Op

(
(s+m)

√
log(s+m)

√
n

)
= op(1)



S.3. NULL DISTRIBUTIONS OF P-VALUES 45

and
∥∥∥Ψ−1/2C̃

∥∥∥
2
= O(1) if (s+m)3 log(s+m) = o(n). Therefore with probability converging

to 1 as n → ∞, we have

lim inf
n

λmin

{
Ψ−1/2C̃

[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2

}
> 0.

By extension, we see that∥∥∥∥∥
{
Ψ−1/2C̃

[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2

}−1
∥∥∥∥∥
2

= λ−1
min

{
Ψ−1/2C̃

[
∇2

M′∪Sℓn(θ̂a)
]−1

C̃′Ψ−1/2

}

= Op(1).

Having shown that the two terms on the right hand side of (S2.48) are Op(1) and

Op

(
(s+m)

√
log(s+m)

√
n

)
, respectively, our proof of (L3.6) is complete.

Moving on to (L3.7), we see that

∥∥∥Σ1/2
M′∪S

(
∇2

M′∪Sℓn(θ̂0)
)−1

Σ
1/2
M′∪S − Is+m+1

∥∥∥
2

=

∥∥∥∥Σ1/2
M′∪S

((
∇2

M′∪Sℓn(θ̂0)
)−1

−Σ−1
M′∪S

)
Σ

1/2
M′∪S

∥∥∥∥
2

=
∥∥∥Σ1/2

M′∪S

∥∥∥2
2

∥∥∥∥(∇2
M′∪Sℓn(θ̂0)

)−1

−Σ−1
M′∪S

∥∥∥∥
2

= O

(∥∥∥∥(∇2
M′∪Sℓn(θ̂0)

)−1

−Σ−1
M′∪S

∥∥∥∥
2

)
by (L3.1). By the same argument we used to prove (S2.56), we can show that∥∥∥∥(∇2

M′∪Sℓn(θ̂0)
)−1

−Σ−1
M′∪S

∥∥∥∥
2

= Op

(
(s+m)

√
log(s+m)

√
n

)
, establishing (L3.7).

S.3 Null Distributions of p-values

In this section, we examine the empirical distributions of the p-values for the partial penalized

Wald, score, and likelihood ratio tests in simulations where the null hypothesis is true. Based



S.3. NULL DISTRIBUTIONS OF P-VALUES 46

on Corollary 1, we would expect these p-values to approximately follow a standard uniform

distribution. As such, we plot the quantiles of the observed p-values against the theoretical

quantiles of a Uniform(0, 1) distribution.

We examine the same simulation settings as in Section 6 of the main paper: we consider

every combination of Σ = Ip and Σij = 0.5|i−j| for all i, j and p ∈ {50, 250, 400}. As in those

simulations, we test the following four hypotheses:

� H
(1)
0 : β1 + β2 = 0

� H
(2)
0 : β2 = −2

� H
(3)
0 : β1 + β2 + β3 + β4 = 0

� H
(4)
0 : β1 + β2 = 0, β2 = −2, and β1 + β2 + β3 + β4 = 0 .

In these simulations, we set β0 = 1 and β = (2,−2,0p−2). As such, for i = 1, 2, 3, 4, H
(i)
0 is

true in all of these results.

Figures S.1 - S.6 present QQ-plots of the observed p-values from 600 simulation repli-

cations against the Uniform(0, 1) distribution. Each figure contains results for simulations

with one combination of Σ and p (for example, Figure S.1 contains results for simulations

with Σ = Ip, p = 50). We see that across all of the simulation settings examined and for all

four null hypotheses, the quantiles of the observed p-values for the partial penalized tests

align well with the theoretical quantiles of the Uniform(0, 1) distribution. Thus we see that

our finite sample simulation results agree with the theoretical results in Corollary 1.
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Figure S.1: QQ-plots of observed partial penalized test p-values from 600 simulation replications against the
Uniform(0, 1) distribution when Σ = Ip, p = 50.
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Figure S.2: QQ-plots of observed partial penalized test p-values from 600 simulation replications against the
Uniform(0, 1) distribution when Σ = Ip, p = 250.
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Figure S.3: QQ-plots of observed partial penalized test p-values from 600 simulation replications against the
Uniform(0, 1) distribution when Σ = Ip, p = 400.
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Figure S.4: QQ-plots of observed partial penalized test p-values from 600 simulation replications against the
Uniform(0, 1) distribution when Σij = 0.5|i−j| for all i, j, p = 50.
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Figure S.5: QQ-plots of observed partial penalized test p-values from 600 simulation replications against the
Uniform(0, 1) distribution when Σij = 0.5|i−j| for all i, j, p = 250.
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Figure S.6: QQ-plots of observed partial penalized test p-values from 600 simulation replications against the
Uniform(0, 1) distribution when Σij = 0.5|i−j| for all i, j, p = 400.
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S.4 The Effects of n and ρ

In this section, we conduct additional simulation studies to examine how the sample size

n and the correlation coefficient ρ in the AR1 model structure impact the power of the

partial penalized Tobit tests. As in Section 6 of the main paper, we test the following four

hypotheses:

� H
(1)
0 : β1 + β2 = 0

� H
(2)
0 : β2 = −2

� H
(3)
0 : β1 + β2 + β3 + β4 = 0

� H
(4)
0 : β1 + β2 = 0, β2 = −2, and β1 + β2 + β3 + β4 = 0

and generate the data with σ = 1, β0 = 1, and β = (2,−2− h1,0p−2), varying h1 to create

different test cases. We run 600 replications in each simulation setting to estimate the power

of the tests.

We first examine the effect of n on the power of the partial penalized Tobit tests. We

fix p = 50 and Σ = Ip and vary n ∈ {100, 200, 400} across simulation settings. Table S.1

reports the estimated rejection probabilities by n. As in our simulation study in the main

paper, we see that the partial penalized tests all achieve rejection probabilities close to their

nominal size of α = 0.05 when the null hypothesis is true, that the tests have similar rejection

probabilities to each other within each simulation setting, and that the power of the tests

steadily increases with h1. In addition, we see that the power of the tests increases with n

when the null is false, as one would expect.
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Table S.1: Estimated rejection probabilities by n

n = 100 n = 200 n = 400

LRT Wald Score LRT Wald Score LRT Wald Score

h1 H
(1)
0

0.0 4.33 (0.83) 4.17 (0.82) 4.67 (0.86) 6 (0.97) 6 (0.97) 6.17 (0.98) 4.67 (0.86) 4.67 (0.86) 4.67 (0.86)
0.1 11.5 (1.3) 11.5 (1.3) 11.5 (1.3) 13.67 (1.4) 13.5 (1.4) 13.5 (1.4) 22 (1.69) 21.83 (1.69) 21.83 (1.69)
0.2 23.33 (1.73) 23.17 (1.72) 23 (1.72) 36.5 (1.97) 36.5 (1.97) 36.5 (1.97) 70 (1.87) 70 (1.87) 70 (1.87)
0.4 67 (1.92) 66.5 (1.93) 66.5 (1.93) 92 (1.11) 92.17 (1.1) 92.17 (1.1) 99.67 (0.24) 99.67 (0.24) 99.67 (0.24)

h1 H
(2)
0

0.0 5.67 (0.94) 5.33 (0.92) 5.5 (0.93) 3.67 (0.77) 4 (0.8) 3.83 (0.78) 4.83 (0.88) 4.83 (0.88) 4.83 (0.88)
0.1 11 (1.28) 10.83 (1.27) 10.83 (1.27) 18.5 (1.59) 18.17 (1.57) 18.17 (1.57) 30 (1.87) 29.33 (1.86) 29.33 (1.86)
0.2 32.5 (1.91) 31.67 (1.9) 31.5 (1.9) 54.67 (2.03) 54.17 (2.03) 54.17 (2.03) 81.67 (1.58) 81.17 (1.6) 81.33 (1.59)
0.4 77.33 (1.71) 77.17 (1.71) 77.17 (1.71) 98 (0.57) 98 (0.57) 98 (0.57) 100 (0) 100 (0) 100 (0)

h1 H
(3)
0

0.0 6.83 (1.03) 6.83 (1.03) 6.83 (1.03) 5.83 (0.96) 5.83 (0.96) 6 (0.97) 5.83 (0.96) 5.83 (0.96) 5.83 (0.96)
0.1 7 (1.04) 7 (1.04) 7 (1.04) 9.83 (1.22) 9.67 (1.21) 9.67 (1.21) 11.17 (1.29) 11.17 (1.29) 11.17 (1.29)
0.2 13 (1.37) 12.83 (1.37) 13.17 (1.38) 23.83 (1.74) 23.83 (1.74) 23.83 (1.74) 43 (2.02) 42.83 (2.02) 42.83 (2.02)
0.4 40.83 (2.01) 40.83 (2.01) 40.67 (2.01) 62.33 (1.98) 62.33 (1.98) 62.33 (1.98) 93.17 (1.03) 93.17 (1.03) 93.17 (1.03)

h1 H
(4)
0

0.0 7.33 (1.06) 6.83 (1.03) 6.83 (1.03) 4.5 (0.85) 4 (0.8) 4 (0.8) 6 (0.97) 6 (0.97) 6 (0.97)
0.1 9.5 (1.2) 8.5 (1.14) 8.5 (1.14) 13.83 (1.41) 13.33 (1.39) 13.17 (1.38) 23.83 (1.74) 23.83 (1.74) 23.83 (1.74)
0.2 25.33 (1.78) 23.83 (1.74) 23.83 (1.74) 36.17 (1.96) 35.5 (1.95) 35.5 (1.95) 68.5 (1.9) 68.33 (1.9) 68.33 (1.9)
0.4 67.83 (1.91) 66.67 (1.92) 66.67 (1.92) 96.17 (0.78) 96 (0.8) 95.83 (0.82) 99.83 (0.17) 99.83 (0.17) 99.83 (0.17)
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Next we examine the effect of ρ on the power of the partial penalized Tobit tests. We fix

p = 50 and n = 200 and vary ρ ∈ {0.7, 0.8, 0.9} in the predictor covariance matrix Σij = ρ|i−j|

across simulation settings. Table S.2 reports the estimated rejection probabilities by ρ. As in

our previous simulation studies, we see that the rejection probabilities of the tests are close

to their nominal size of α = 0.05 when the null hypothesis is true and that the power of the

tests increases with h1. While the rejection probabilities of the three tests are similar to each

other in most cases, we note that the powers of the LRT and (to a lesser extent) the score test

are lower than that of the Wald test when ρ = 0.9 and h1 = 0.4 or 0.2, though the differences

are smaller in the latter case. We also see that the powers of the tests of H
(2)
0 decrease as ρ

increases when the null is false. This is likely because H
(2)
0 tests a single coefficient and the

high correlation between predictors is masking the predictor’s signal. Conversely, the powers

of the tests of H
(3)
0 appear to slightly increase as ρ increases when h1 = 0.1 or 0.2, perhaps

because H
(3)
0 tests four highly correlated predictors.
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Table S.2: Estimated rejection probabilities by ρ

ρ = 0.7 ρ = 0.8 ρ = 0.9

LRT Wald Score LRT Wald Score LRT Wald Score

h1 H
(1)
0

0.0 5.5 (0.93) 5.67 (0.94) 5.67 (0.94) 5.83 (0.96) 6 (0.97) 5.83 (0.96) 4.83 (0.88) 4.5 (0.85) 5 (0.89)
0.1 22.33 (1.7) 22.5 (1.7) 22.33 (1.7) 23.5 (1.73) 23.67 (1.74) 23.5 (1.73) 24.83 (1.76) 25.67 (1.78) 25 (1.77)
0.2 60.67 (1.99) 61.5 (1.99) 61 (1.99) 66 (1.93) 67 (1.92) 66.83 (1.92) 67.33 (1.91) 72.67 (1.82) 68.17 (1.9)
0.4 97.33 (0.66) 99.5 (0.29) 99.33 (0.33) 94.5 (0.93) 99.83 (0.17) 98.83 (0.44) 78.83 (1.67) 99.67 (0.24) 85.5 (1.44)

h1 H
(2)
0

0.0 5.33 (0.92) 5.33 (0.92) 5.33 (0.92) 4.83 (0.88) 4.83 (0.88) 4.83 (0.88) 4.5 (0.85) 4.5 (0.85) 4.83 (0.88)
0.1 12.17 (1.33) 11.33 (1.29) 11.17 (1.29) 12.17 (1.33) 11.83 (1.32) 11.5 (1.3) 8.67 (1.15) 8.67 (1.15) 8.67 (1.15)
0.2 32.5 (1.91) 32.17 (1.91) 32.17 (1.91) 30.17 (1.87) 29.67 (1.86) 29.67 (1.86) 17.67 (1.56) 17.83 (1.56) 17.33 (1.55)
0.4 88.33 (1.31) 88.67 (1.29) 88.67 (1.29) 79.67 (1.64) 79.83 (1.64) 79.5 (1.65) 58 (2.01) 59.17 (2.01) 58.67 (2.01)

h1 H
(3)
0

0.0 5.67 (0.94) 5.67 (0.94) 5.83 (0.96) 5.83 (0.96) 5.33 (0.92) 5.67 (0.94) 6.33 (0.99) 5.83 (0.96) 6.17 (0.98)
0.1 19.67 (1.62) 19.67 (1.62) 19.83 (1.63) 19.67 (1.62) 19.67 (1.62) 19.83 (1.63) 24.33 (1.75) 25.17 (1.77) 25 (1.77)
0.2 54.17 (2.03) 54.17 (2.03) 54 (2.03) 58.17 (2.01) 58.67 (2.01) 58.33 (2.01) 68.83 (1.89) 72.33 (1.83) 69.83 (1.87)
0.4 97.67 (0.62) 98.33 (0.52) 98.33 (0.52) 95.5 (0.85) 99 (0.41) 98.17 (0.55) 81.5 (1.59) 99.83 (0.17) 88.17 (1.32)

h1 H
(4)
0

0.0 4.5 (0.85) 4.5 (0.85) 4.33 (0.83) 6 (0.97) 5.83 (0.96) 5.83 (0.96) 4.5 (0.85) 4.5 (0.85) 4.67 (0.86)
0.1 16.17 (1.5) 15.67 (1.48) 15.5 (1.48) 16.83 (1.53) 16.5 (1.52) 16.5 (1.52) 16.33 (1.51) 16.33 (1.51) 16.33 (1.51)
0.2 49.67 (2.04) 49.17 (2.04) 49.17 (2.04) 53 (2.04) 52.5 (2.04) 52.5 (2.04) 52.5 (2.04) 54 (2.03) 52.67 (2.04)
0.4 98.83 (0.44) 99 (0.41) 99 (0.41) 97 (0.7) 99.17 (0.37) 98.17 (0.55) 89 (1.28) 99 (0.41) 92.5 (1.08)
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