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S1 Additional Details on Methods

Small example in Section 1 It is first noted that this small example serves to

provide a simple and intuitive presentation of the proposed method. All definitive

conclusions are based on the simulation results in Section 3, which have larger sizes,

more realistic settings, and more replicates. For this small example, we set p = 8

and q = 1. The one regulator is set to be associated with all eight gene expressions.

We first consider when the sample grouping is known. Then the network struc-

tures, without and with accounting for the regulations, can be directly generated

and plotted. This result is provided in Figure 1 of the main text.

We further simulate 100 replicates and conduct clustering analysis with the pro-

posed and various alternatives. The Rand index results are summarized in Table S1.

The proposed approach is observed to be superior. This finding is in line with those
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in the main text, and we refer to the main text for more discussions.

Table S1: Simulation results for the small example in Section 1. In each cell, mean Rand index.
K = 2 K = 4

K-means 0.441 0.236
nonp-mix 0.441 0.249

HeteroGGM 0.248 0.285
Proposed 0.883 0.874

Comparison of different methods The proposed approach shares certain techni-

cal components with Hao et al. (2018) and Radchenko and Mukherjee (2017). Their

key differences are briefly summarized in Table S2. More discussions are provided in

the main text.

Table S2: Comparison of different methods.
Component Known number of components Technique

Hao et al. (2018) GGM Yes mixture model
Radchenko and Mukherjee (2017) Mean No fusion

Proposed CGGM No mixture model + fusion

Flowchart The steps and rationale of the proposed approach are described in detail

in the main text. In Figure S1, we present a brief flowchart which may assist a better

understanding.
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Figure S1: Flowchart of the proposed method.
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S2 Additional Details on Computation

We show the detailed calculations to update the estimate of Θ(t) and Γ(t), solving

for the optimal solution of equations (2.6) and (2.7) in the t-th maximization step in

the EM algorithm.

Update of {Γ} in the EM algorithm

Recall that maximizing the conditional expectation with respect to Γ in the t-th

step is equivalent to solving:

{
Γ(t)
}
= argmin

Γ

(
1

2n

n∑
i=1

K∑
l=1

L
(t)
il

{
(yi − Γlxi)

T Θ
(t−1)
l (yi − Γlxi)

}
+

K∑
l=1

p∑
j=1

q+1∑
m=1

p(|γjm,l|, λ2) +
∑
l<l′

p
(
(∥Θ(t−1)

l −Θ
(t−1)
l′ ∥2F + ∥Γl − Γl′∥2F )1/2, λ3

))
.

With the local quadratic approximation, it can be rewritten as:

{
Γ(t)
}
= argmin

Γ

(
1

2n

n∑
i=1

K∑
l=1

L
(t)
il

{
(yi − Γlxi)

T Θ
(t−1)
l (yi − Γlxi)

}
+

K∑
l=1

p∑
j=1

q+1∑
m=1

1

2

p′(|γ(t−1)
jm,l |, λ2)

|γ(t−1)
jm,l |

γ2
jm,l +

∑
l<l′

1

2

p′(τ
(t−1,t−1)
ll′ , λ3)

τ
(t−1,t−1)
ll′

∥Γl − Γl′∥2F )

)
.

The update of Γ(t) is as follows. For j = 1, . . . , p, q = 1, . . . , q + 1 and l = 1 . . . , K,

γ
(t)
jm,l =

h
(t−1)
jm,l + nṽ

(t−1)
jm,l

nv̂
(t−1)
jm,l + nlθ

(t−1)
jj,l C

(t−1)
xl,mm + np′

(
|γ(t−1)
jm,l |, λ2

)
/|γ(t−1)

jm,l |
,

where

h
(t−1)
jm,l =− n

(t)
l

[
p∑
g ̸=j

θ
(t−1)
gj,l

(
q∑

h=1

C
(t−1)
xl,mhγ

(t−1)
gh,l

)
+ θ

(t−1)
jj,l

(
q∑

h̸=m

C
(t−1)
xl,mhγ

(t−1)
gh,l

)]

+ nle
T
m

(
C

(t−1)T
yx,l Θ

(t−1)
l

)
ej,
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ṽ
(t−1)
jm,l =

∑
l<l′

p′(τ
(t−1,t−1)
ll′ , λ3)

τ
(t−1,t−1)
ll′

γ
(t−1)
jm,l ,

v̂
(t−1)
jm,l =

∑
l<l′

p′(τ
(t−1,t−1)
ll′ , λ3)

τ
(t−1,t−1)
ll′

,

τ
(t−1,t−1)
ll′ =

(
∥Θ(t−1)

l −Θ
(t−1)
l′ ∥2F + ∥Γ(t−1)

l − Γ
(t−1)
l′ ∥2F

)1/2
,

the weighted covariance matrices C
(t−1)
yl =

∑n
i=1 L

(t−1)
il yiy

T
i /
∑n

i=1 L
(t−1)
il , C

(t−1)
yx,l =∑n

i=1 L
(t−1)
il yix

T
i /
∑n

i=1 L
(t−1)
il , C

(t−1)
xl =

∑n
i=1 L

(t−1)
il xix

T
i /
∑n

i=1 L
(t−1)
il with C

(t−1)
xl,mh as

its mh-th entry, and n
(t)
l =

∑n
i=1 L

(t)
il . em denotes a (q+1)× 1 vector with the m-th

entry being 1 and the others being 0, and ej denotes a p × 1 vector with the j-th

entry being 1 and the others being 0.

Update of {Θ} in the EM algorithm

Recall that maximizing the conditional expectation with respect to Θ in the t-th

step is equivalent to solving:

{
Θ(t)

}
= argmin

Θ

{
K∑
l=1

n
(t)
l

[
− log det(Θl) + tr(S

(t)
ΓlΘl)

]
+

K∑
l=1

∑
j ̸=m

p(|θjm,l|, λ1) +
∑
l<l′

p
(
(∥Θl −Θl′∥2F + ∥Γ(t)

l − Γ
(t)
l′ ∥

2
F )

1/2, λ3

)}
,

where S
(t)
Γl = C

(t)
yl −C

(t)
yx,lΓ

(t)T
l −Γ

(t)
l C

(t)T
yx,l +Γ

(t)
l C

(t)
xl Γ

(t)T
l , and C

(t)
yl , C

(t)
xl , and C

(t)
yx,l are

the weighted covariance matrices based on L
(t)
il . This can be solved using the ADMM

algorithm (Danaher et al., 2014; Wang and Jiang, 2020), which can be reformulated

5



RONG LI AND QINGZHAO ZHANG AND SHUANGGE MA

as:

argmin
Θ,Ξ

{
K∑
l=1

n
(t)
l

[
− log det(Θl) + tr(S

(t)
ΓlΘl)

]
+

K∑
l=1

∑
j ̸=m

p(|ξjm,l|, λ1)

+
∑
l<l′

p
(
(∥Ξl −Ξl′∥2F + ∥Γ(t)

l − Γ
(t)
l′ ∥

2
F )

1/2, λ3

)}
, s.t.Ξl = Θl, l = 1, . . . , K,

where {Ξ} = (Ξ1, · · · ,ΞK) and Ξk = (ξjm,k)1≤j,m≤p. The scale augmented La-

grangian form for this problem is:

arg min
Θ,Ξ,Ψ

{
K∑
l=1

n
(t)
l

[
− log det(Θl) + tr(S

(t)
ΓlΘl)

]
+

K∑
l=1

∑
j ̸=m

p(|ξjm,l|, λ1)

+
∑
l<l′

p
(
(∥Ξl −Ξl′∥2F + ∥Γ(t)

l − Γ
(t)
l′ ∥

2
F )

1/2, λ3

)
+

κ

2

K∑
l=1

∥Θl −Ξl +Ψl∥2F −
κ

2

K∑
l=1

∥Ψl∥2F

}
,

where Ψ = (Ψ1, . . . ,ΨK) are dual variables. κ is the penalty parameter, and we set

κ = 1. We update Θ, Ξ and Ψ iteratively with initial values Θ
(0)
l = I, Ξ

(0)
l = Ψ

(0)
l =

0.

First, update Θ
(m)
l for l = 1, . . . , K by solving:

argmin
Θ

(
K∑
l=1

n
(t)
l

[
− log det(Θl) + tr(S

(t)
ΓlΘl)

]
+

κ

2

K∑
l=1

∥Θl −Ξ
(m−1)
l +Ψ

(m−1)
l ∥2F

)
.

The closed-form solution is given by:

Θ
(m)
l = UD̃UT ,

whereUDUT is the eigen-decomposition of S
(t)
Γl−κΞ

(m−1)
l /n

(t)
l +κΨ

(m−1)
l /n

(t)
l , D̃ is a

diagonal matrix with the j-th diagonal element n
(t)
l

[
−Djj + (D2

jj + 4κ/n
(t)
l )1/2

]
/2κ,

and Djj is the j-th diagonal element of D. Note that Θ
(m)
l ’s are not necessarily

6



S2. ADDITIONAL DETAILS ON COMPUTATION

symmetric. They can be symmetrized as:

θ
(m)
jm,l = θ

(m)
jm,lI(|θ

(m)
jm,l| ≤ θ

(m)
mj,l) + θ

(m)
mj,lI(|θ

(m)
jm,l| > θ

(m)
mj,l).

Second, update Ξ
(m)
l for l = 1, . . . , K by solving:

argmin
Ξ

(
κ

2

K∑
l=1

∥Ξl −Zl∥2F +
K∑
l=1

∑
j ̸=m

p(|ξjm,l|, λ1)

+
∑
l<l′

p
(
(∥Ξl −Ξl′∥2F + ∥Γ(t)

l − Γ
(t)
l′ ∥

2
F )

1/2, λ3

))
,

where Zl = Θ
(m)
l −Ψ

(m−1)
l . This can be done using the sparse alternating minimiza-

tion algorithm (S-AMA), which has reformulation:

argmin
Ξ

κ

2

p2∑
j=1

∥ξ(j) − z(j)∥22 +
p2∑
j=1

K∑
l=1

p(|ξjl|, λ1) · I(j ∈ O) +
∑
r∈E

p((η(t)r + ∥vr∥22)1/2, λ3)

 ,

s.t. vecΞl − vecΞl′ − vr = 0,

where ξ(j), z(j) ∈ RK are the j-th columns of (vecΞ1, · · · , vecΞK)
T and (vecZ1, · · · , vecZK)

T ,

respectively, j = 1, . . . , p2, and ξjl is the l-th element of ξ(j). O = {j : j ̸=

d(p + 1), d = 0, 1, . . . , p − 1} is the index set of the off-diagonal elements of the

precision matrices. E = {(l, l′) : 1 ≤ l, l′ ≤ K}, and η
(t)
r = ∥Γ(t)

l − Γ
(t)
l′ ∥2F . The

augmented Largrangian form for this problem is:

arg min
Ξ,V ,∆

κ

2

p2∑
j=1

∥ξ(j) − z(j)∥22 +
p2∑
j=1

K∑
l=1

p(|ξjl|, λ1) · I(j ∈ O) +
∑
r∈E

p((η(t)r + ∥vr∥22)1/2, λ3)

∑
r∈E

⟨δr,vr − vecΞk + vecΞk′⟩+
κ′

2

∑
r∈E

∥vr − vecΞk + vecΞk′∥22,
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where V = (v1, . . . ,v|E|), and the dual variables ∆ = (δ1, . . . , δ|E|). κ′ is a penalty

parameter, and we set κ′ = 0 when solving for Ξ. S-AMA solves one block of

variables at a time and updates iteratively.

Updating Ξ requires solving p2 individual regularization problems:

min
ξ(j)

κ

2
∥ξ(j) − u(j)∥22 +

K∑
l=1

p(|ξjl|, λ1) · I(j ∈ O),

where u(j) = z(j) +
∑

r∈E δrj(el − el′), δrj is the j-th element of δr, and ek is a

K-dimensional vector with the k-th element being 1 and the other elements being 0.

This has a closed-form solution with the MCP penalty:

ξ̂jl = I(j ∈ O) ·


S(ulj ,λ2/κ)

1−1/(aκ)
if|ulj| ≤ aλ2

ulj, if|ulj| > aλ2

+ I(j /∈ O) · ulj,

where S(t, λ) = (|t| − λ)+ · sign(t).

Updating V requires solving the separate regularization problems:

v̂r = argmin
vr

κ′

2
∥vr −wr∥22 + p((η(t)r + ∥vr∥22)1/2, λ3),

where wr = vecΞl − vecΞl′ − δr/κ
′. This solution has a closed-form with the group

MCP penalty:

v̂r =
wr

(η
(t)
r + ∥wr∥22)1/2

·


S((η

(t)
r +∥wr∥22)1/2,λ3/κ′)

1−1/(aκ′)
if(η

(t)
r + ∥wr∥22)1/2 ≤ aλ3

(η
(t)
r + ∥wr∥22)1/2 if(η

(t)
r + ∥wr∥22)1/2 > aλ3.

Update ∆ by δr ← δr + κ′(vr − vecΞl + vecΞl′) · I(∥vr∥2 > 0), r ∈ E .
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Lastly, update Ψ
(m)
l for l = 1, . . . , K by Ψ

(m)
l = Ψ

(m−1)
l +Θ

(m)
l −Ξ

(m)
l .

We iteratively updateΘ, Ξ andΨ until
∥Θ(m)

l −Θ
(m−1)
l ∥F

∥Θ(m−1)
l ∥F

< 10−2 and then conclude

convergence.
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S3 Proofs

Proof. Denote the index set of the diagonal components in the K0 precision matrices

as G =
⋃K0

k=1 Gk, Gk = {k[p(q + 1) + 1], k[p(q + 1) + p + 2], . . . , k[p(q + 1) + p2]},

k = 1, . . . , K0, and the index set of the nonzero components of Υ∗ asM =
⋃K0

k=1Mk

andMk =MDk
∪MSk

∪ Gk, where:

MDk
= {(k − 1)[p(q + 1) + p2] + (j − 1)(q + 1) +m : (j,m) ∈ Dk},

MSk
= {(k − 1)[p(q + 1) + p2] + p(q + 1) + (j − 1)p+m : (j,m) ∈ Sk}.

Denote Ω∗ = (Ω∗
1, . . . ,Ω

∗
K) with some true group annotation T ∗

k = {l : Ω∗
l = Υ∗

k, 1 ≤

l ≤ K}, k = 1, . . . , K0. Define |Tmin| = min1≤k≤K0 |T ∗
k | and |Tmax| = max1≤k≤K0 |T ∗

k |,

where |T ∗
k | is the cardinality of T ∗

k . Let

ΛT ∗ =
{
Ω ∈ RK(p(q+1)+p2) : Ωl = Ωl′ , ∀l, l′ ∈ T ∗

k , 1 ≤ k ≤ K0

}
.

First, we define the oracle estimator for Ω, Ω̂o ∈ RK(p(q+1)+p2), for which the true

grouping structure {T ∗
1 , . . . , T ∗

K0
} is known:

Ω̂o =arg max
Ω∈ΛT ∗

{
1

n

n∑
i=1

log

(
K∑
l=1

πlfl(yi|xi,Γl,Θl)

)

−
K∑
l=1

∑
j ̸=m

p(|θjm,l|, λ1)−
K∑
l=1

p∑
j=1

q+1∑
m=1

p(|γjm,l|, λ2)

}
,

(S3.1)

and the corresponding distinct values as Υ̂o = (Υ̂o
1, . . . , Υ̂

o
K0
). To prove the theorem,

it is sufficient to establish the following Result 1 and Result 2.
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Result 1: Under the assumed conditions, the oracle estimator satisfies:

∥Υ̂o −Υ∗∥2 = O

(
K2

0

√
(d+ s+ p)(log p+ log q)

n

)
, (S3.2)

and Ŝok = Sk as well as D̂ok = Dk for k = 1, . . . , K0.

Proof of Result 1 : We first defineΥ0 = (Υ01, · · · ,Υ0,K0), whereΥ0k = vec(ΓDk
,Θk)

with ΓDk
= {γjm,k : (j,m) ∈ Dk} contains the corresponding coefficients of the true

active ones. Then there exists a local maximizer Υ̂0 of objective function:

Qn(Υ0) =
1

n

n∑
i=1

log

(
K0∑
k=1

πkfk(yi|xi,Υ0k)

)
− P1(Υ0), (S3.3)

where P1(Υ0) =
∑K0

k=1

∑
j ̸=m |T ∗

k |ρ(|θjm,k|, λ1) and ρ(t, λ) = λ−1p(t, λ). Denote ω =

(ωik)n×K0 , where ωik = I(yi ∈ Ak) is the latent indicator variable designating the

component membership of the i-th observation in the mixture, and Ak is the k-th

group. If ωik is available, objective function (S3.3) can be written as:

Qn(Υ0|ω,y,x) =
1

n

n∑
i=1

K0∑
k=1

ωik [log πk + log fk(yi|xi,Υ0k)]− P1(Υ0). (S3.4)

ωik is a latent Bernoulli variable with expectation E(ωik|y,x,Υ) = P (ωik = 1|y,x,Υ),

which is denoted as Lk(yi;xi,Υ) = πkfk(yi|xi,Υ)∑K0
k=1 πkfk(yi|xi,Υ)

, and its population version is

E(Lk(y;x,Υ)) =
∫
Lk(y;x,Υ)f(y|x,Υ)dy. In the t-th step of the EM algorithm,

it is needed to maximize the conditional expectation of (S3.4), which is denoted as

H̃n(Υ0|Υ(t−1)
0 ):

H̃n(Υ0|Υ(t−1)
0 ) = E

ω,y,x|Υ(t−1)
0

[Qn(Υ0|ω,y,x)] = Hn(Υ0|Υ(t−1)
0 )− P1(Υ0), (S3.5)
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where

Hn(Υ0|Υ(t−1)
0 ) =

1

n

n∑
i=1

K0∑
k=1

Lk(yi;xi,Υ
(t−1)
0 ) [log πk + log fk(yi|xi,Υ0)] .

Here Lk(yi;xi,Υ
(t−1)
0 ) =

π
(t−1)
k fk(yi|xi,Υ

(t−1)
0 )∑K0

k=1 π
(t−1)
k fk(yi|xi,Υ

(t−1)
0 )

, which depends on π
(t−1)
k and Υ

(t−1)
0 .

Υ
(t−1)
0 is the estimate from the (t−1)-th iteration of the EM algorithm, and Υ

(t−1)
0 =

vec(Γ
(t−1)
D ,Θ(t−1)) = argmaxΥ0 H̃n(Υ0|Υ(t−2)

0 ).

STEP 1 : Define Υ∗
0 = (Υ∗

01, · · · ,Υ∗
0,K0

), where Υ∗
0k = vec(Γ∗

Dk
,Θ∗

k) with Γ∗
Dk

=

{γ∗
jm,k : (j,m) ∈ Dk} is the true value of the nonzero parameters in the coefficient

matrices. We need to show that if Υ
(t−1)
0 ∈ Bα(Υ∗

0), then ∥Υ
(t)
0 − Υ∗

0∥2 ≤ χ with

probability tending to 1, where χ = 4ϵ
ϱ
+ ι∥Υ(t−1)

0 − Υ∗
0∥2, 1/6 ≤ ι < 1. We set

α = O((d+ s+ p)
√

(log p+ log q)/n) and ϵ = O(
√
(d+ s+ p)(log p+ log q)/n).

It suffices to show that, for

q(v) = H̃n(Υ
∗
0 + v|Υ(t−1)

0 )− H̃n(Υ
∗
0|Υ

(t−1)
0 ), (S3.6)

P (supv∈C(χ)q(v) < 0)→ 1, where C(χ) = {v : ∥v∥2 = χ}. Note that for a sufficiently

large n, χ ≤ 2α.

Next, we first show that for any Υ0, with probability at least 1 − δ, for all

Υ′
0 = vec(Γ′

D,Θ
′) ∈ {Υ′

0 : ∥Υ′
0 −Υ∗

0∥2 ≤ α0},

Hn(Υ
′
0|Υ0)−Hn(Υ

∗
0|Υ0) ≤ ⟨∇Hn(Υ

∗
0|Υ0),Υ

′
0 −Υ∗

0⟩ −
ϱ

2
∥Υ′

0 −Υ∗
0∥22, (S3.7)

with a sufficiently large n, where ϱ = c ·min(β1C0, (β2 + α0)
−2/4) and the gradient

∇Hn(Υ
∗
0|Υ0) is taken with respect to the first variable in Hn(·|·).
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For k = 1, . . . , K0, we define:

∇Υ′
0k
Hn(Υ

′
0k|Υ0) =

(
[vec(∇Γ′

Dk
Hn(Υ

′
0k|Υ0))]

T , [vec(∇Θ′
k
Hn(Υ

′
0k|Υ0))]

T
)T

,

∇Γ′
Dk
Hn(Υ

′
0k|Υ0) =

1
n

∑n
i=1

[
Lk(yi;xi,Υ0)Θ

′
k(yi − Γ′

Dk
xiDk

)xTiDk

]
, and∇Θ′

k
Hn(Υ

′
0k|Υ0) =

1
2n

∑n
i=1

[
Lk(yi;xi,Υ0)Θ

′−1
k

]
− 1

2n

∑n
i=1

[
Lk(yi;xi,Υ0)(yi − Γ′

Dk
xiDk

)(yi − Γ′
Dk
xiDk

)T
]
,

where xiDk
= {xij, j ∈ Dk}. Note that:

Hn(Υ
′
0k|Υ0)−Hn(Υ

∗
0k|Υ0) =

1

n

n∑
i=1

{
Lk(yi;xi,Υ0)

[
1

2
log det(Θ′

k)−
1

2
log det(Θ∗

k)

+
1

2
(yi − Γ∗

Dk
xiDk

)TΘ∗
k(yi − Γ∗

Dk
xiDk

)− 1

2
(yi − Γ′

Dk
xiDk

)TΘ′
k(yi − Γ′

Dk
xiDk

)

]}
.

If we define h(Γ,Θ) = 1
2
(yi − ΓxiDk

)TΘ(yi − ΓxiDk
), then we can show that:

Hn(Υ
′
0k|Υ0)−Hn(Υ

∗
0k|Υ0)−

〈
∇Υ′

0k
Hn(Υ

∗
0k|Υ0),Υ

′
0k −Υ∗

0k

〉
= H1 +H2,

with

H1 =
1

n

n∑
i=1

{
Lk(yi;xi,Υ0)

[
h(Γ∗

Dk
,Θ∗

k)− h(Γ′
Dk
,Θ∗

k)
]}
−[vec(Γ′

Dk
−Γ∗

Dk
)]T∇Γ∗

Dk
Hn(Υ

∗
0k|Υ0),

H2 =
1

n

n∑
i=1

{
Lk(yi;xi,Υ0)

[
1

2
log det(Θ′

k)−
1

2
log det(Θ∗

k) + h(Γ′
Dk
,Θ∗

k)− h(Γ′
Dk
,Θ′

k)

]}
− [vec(Θ′

k −Θ∗
k)]

T∇Θ∗
k
Hn(Υ

∗
0k|Υ0).

As for H1, if we define g1(ΓDk
) = − 1

n

∑n
i=1 Lk(yi;xi,Υ0)h(ΓDk

,Θ∗
k) and note

that

H1 = g1(Γ
′
Dk
)− g1(Γ

∗
Dk
)−

〈
vec(∇g1(Γ∗

Dk
)), vec(Γ′

Dk
− Γ∗

Dk
)
〉

=
1

2
[vec(Γ′

Dk
− Γ∗

Dk
)]T∇2g1(Z)[vec(Γ

′
Dk
− Γ∗

Dk
)]

13
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according to Taylor’s expansion, with Z = tΓ′
Dk

+ (1− t)Γ∗
Dk

and t ∈ [0, 1], then:

−∇2g1(Z) =
1

n

n∑
i=1

Lk(yi;xi,Υ0)Θ
∗
k ⊗ (xiDk

xTiDk
),

λmin(−∇2g1(Z)) ≥ λmin(Θ
∗
k)λmin

(
1

n

n∑
i=1

Lk(yi;xi,Υ0)xiDk
xTiDk

)

≥ λmin(Θ
∗
k)

[
λmin(

1

n
XT

Dk
GkXDk

)−

∥∥∥∥∥ 1n
n∑
i=1

Lk(yi;xi,Υ0)xiDk
xTiDk

− 1

n
XT

Dk
GkXDk

∥∥∥∥∥
F

]
,

(S3.8)

whereG = diag(E(Lk(yi;xi,Υ0)) is a diagonal matrix. Note that Lik(yi;xi,Υ0)xiDk
xTiDk

is bounded by some matrix A, and define M2 = ∥A∥2, where ∥ · ∥ is the spectral

norm. According to matrix Hoeffding’s inequality, we have:

P

{
λmax

(
1

n

n∑
i=1

Lk(yi;xi,Υ0)xiDk
xTiDk

− 1

n
XT

Dk
GkXDk

)
≥ t

}
≥ 1−dk exp(−nt2/8M2),

(S3.9)

where dk = |Dk|. If we let t =
√

8M2

n
log dkK0

δ
, then∥∥∥∥∥ 1n

n∑
i=1

Lk(yi;xi,Υ0)xiDk
xTiDk

− 1

n
XT

Dk
GkXDk

∥∥∥∥∥
F

≤
√

8dkM2

n
log

dkK0

δ

with probability at least 1 − δ/K0, and
√

8dkM2

n
log dkK0

δ
= o(1). Therefore, by

Condition (C1) and (C3), we have H1 ≤ −β1C0∥vec(Γ′
Dk
−Γ∗

Dk
)∥22/2 with probability

at least 1− δ/K0.

As forH2, if we define g2(Θk) =
1
n

∑n
i=1

[
Lk(yi;xi,Υ0)

{
1
2
log det(Θk)− h(Γ′

Dk
,Θk)

}]
,

then

H2 = g2(Θ
′
k)−g2(Θ∗

k)−⟨vec(∇g2(Θ∗
k)), vec(Θ

′
k −Θ∗

k)⟩ =
1

2
[vec(Θ′

k−Θ∗
k)]

T∇2g2(Z)[vec(Θ
′
k−Θ∗

k)],

14
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according to Taylor’s expansion, where Z = tΘ′
k + (1− t)Θ∗

k with t ∈ [0, 1]. In other

words, if we define ∆′ = Θ′
k −Θ∗

k, then Z = Θ∗
k + t∆′. According to the proof of

Lemma 9 in Hao et al. (2018), under Condition (C1),

λmin(−∇2g2(Z)) =
1

2
Lk(yi;xi,Υ0)∥Θ∗

k + t∆′∥−2
2 ≥

1

2
Lk(yi;xi,Υ0)[∥Θ∗

k∥2 + ∥t∆′∥2]−2

≥ 1

2
Lk(yi;xi,Υ0)(β2 + α0)

−2.

Therefore, it can be obtained that:

H2 ≤ −
1

2n

n∑
i=1

Lk(yi;xi,Υ0)
(β2 + α0)

−2

2
∥vec(Θ′

k −Θ∗
k)∥22.

Since 0 ≤ Lk(yi;xi,Υ0) ≤ 1, according to Hoeffding’s inequality,

P

(∣∣∣∣∣ 1n
n∑
i=1

[Lk(yi;xi,Υ0)− E(Lk(y;x,Υ0))]

∣∣∣∣∣ ≤ t

)
≥ 1− 2 exp(−2nt2).

If we let t =
√

1
2n

log 2K0

δ
, then∣∣∣∣∣ 1n

n∑
i=1

[Lk(yi;xi,Υ0)− E(Lk(y;x,Υ0))]

∣∣∣∣∣ ≤
√

1

2n
log

2K0

δ
, (S3.10)

with probability at least 1−δ/K0. Since
√

1
2n

log 2K0

δ
= o(1) and 0 ≤ E(Lk(y;x,Υ0)) ≤

1, there exists some constant c such that− 1
n

∑n
i=1 Lk(yi;xi,Υ0) ≤ −c when n is large

enough. Then, we have H2 ≤ −1
4
c(β2 + α0)

−2∥vec(Θ′
k −Θ∗

k)∥22 with probability at

least 1− δ/K0.

Combining with the upper bound of H1, we have:

H1 +H2 ≤ −c ·
min(β1C0, 0.5(β2 + α0)

−2)

2
∥Υ′

0k −Υ∗
0k∥22,

15
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with probability at least 1−δ/K0. It further implies that (S3.7) holds with probability

at least 1− δ, if we define ϱ = c ·min(β1C0, 0.5(β2 + α0)
−2).

Therefore, it can be obtained that:

q(v) = H̃n(Υ
∗
0 + v|Υ(t−1)

0 )− H̃n(Υ
∗
0|Υ

(t−1)
0 )

= Hn(Υ
∗
0 + v|Υ(t−1)

0 )−Hn(Υ
∗
0|Υ

(t−1)
0 )− λ1[P1(Υ

∗
0 + v)− P1(Υ

∗
0)]

≤
〈
∇Hn(Υ

∗
0|Υ

(t−1)
0 ),v

〉
− λ1 [P1(Υ

∗
0 + v)− P1(Υ

∗
0)]

=
〈
∇Hn(Υ

∗
0|Υ

(t−1)
0 )−∇H(Υ∗

0|Υ
(t−1)
0 ) +∇H(Υ∗

0|Υ
(t−1)
0 )−∇H(Υ∗

0|Υ∗
0),v

〉
− λ1 [P1(Υ

∗
0 + v)− P1(Υ

∗
0)]−

ϱ

2
∥v∥22

= q1 + q2 + q3,

(S3.11)

where

q1 =
〈
∇Υ∗

SC
Hn(Υ

∗
0|Υ

(t−1)
0 )−∇Υ∗

SC
H(Υ∗

0|Υ
(t−1)
0 ),vSC

〉
−λ1 [P1(Υ

∗
SC + vSC )− P1(Υ

∗
SC )] ,

q2 =
〈
∇Υ∗

M
Hn(Υ

∗
0|Υ

(t−1)
0 )−∇Υ∗

M
H(Υ∗

0|Υ
(t−1)
0 ),vM

〉
−λ1 [P1(Υ

∗
M + vM)− P1(Υ

∗
M)] ,

q3 =
〈
∇H(Υ∗

0|Υ
(t−1)
0 )−∇H(Υ∗

0|Υ∗
0),v

〉
− ϱ

2
∥v∥22.

With respect to q1, if |vkj| ≤ aλ1, then λ1|T ∗
k |ρ(|vkj|, λ1) ≥ λ1Cλ1|Tmin||vkj| for a

constant Cλ1 > 0. And if |vkj| > aλ1, then λ1|T ∗
k |ρ(|vkj|, λ1) ≥ 1

2
aλ2

1|Tmin|. Thus,

q1 ≤
K0∑
k=1

∑
j∈SC

k

(
∥∇Hn(Υ

∗
0|Υ

(t−1)
0 )−∇H(Υ∗

0|Υ
(t−1)
0 )∥∞ − λ1Cλ1|Tmin|

)
|vkj| · I(|vkj| ≤ aλ1)

+

K0∑
k=1

∑
j∈SC

k

(
∥∇Hn(Υ

∗
0|Υ

(t−1)
0 )−∇H(Υ∗

0|Υ
(t−1)
0 )∥∞∥v∥∞ −

1

2
aλ2

1|Tmin|
)
· I(|vkj| > aλ1).
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According to Lemma 1, ∥∇Hn(Υ
∗
0|Υ

(t−1)
0 )−∇H(Υ∗

0|Υ
(t−1)
0 )∥∞ = Op(

√
(log p+ log q)/n).

Note that ∥v∥∞ ≤ 4ϵ
ϱ
+ ια, α = O((d + s + p)

√
(log p+ log q)/n), and λ1 ≫

O(
√
(d+ s+ p)(log p+ log q)/n). Therefore, q1 < 0.

Now consider q2. Denote uM(Υ∗
0|Υ

(t−1)
0 ) = ∇Υ∗

M
Hn(Υ

∗
0|Υ

(t−1)
0 )−∇Υ∗

M
H(Υ∗

0|Υ
(t−1)
0 ).

〈
uM(Υ∗

0|Υ
(t−1)
0 ),vM

〉
≤ ∥uM(Υ∗

0|Υ
(t−1)
0 )∥∞∥vM∥2 ≤ ϵ1

√
K0(d+ s+ p)∥v∥2,

(S3.12)

where ϵ1 = C
√

(log p+ log q)/n according to Lemma 1. In addition,

−λ1 [P1(Υ
∗
M + vM)− P1(Υ

∗
M)] ≤ λ1C

′
p1|∇P1(Υ(M)∗)TvM| = 0, (S3.13)

for a positive constant C ′
p1 according to the minimal signal condition of the true

parameters and Condition (C7). Combining Equation (S3.12) and (S3.13), we have:

q2 ≤ ϵ1
√

K0(d+ s+ p)∥v∥2. (S3.14)

With respect to q3, according to Lemma 7 in Ren et al. (2022), under Condition

(C6), we have:

q3 ≤ −
ϱ

2
∥v∥22 + τ · ∥Υ(t−1)

0 −Υ∗
0∥2∥v∥2, (S3.15)

with probability at least 1− (26K2
0 +8K0 +1)δ. Combining the upper bounds of q1,

q2 and q3, an upper bound of q(v) can be obtained as:

q(v) < −ϱ

2
∥v∥22 +

(
ϵ1
√

K0(d+ s+ p) + τ · ∥Υ(t−1)
0 −Υ∗

0∥2
)
∥v∥2, (S3.16)

with probability at least 1− (26K2
0 + 8K0 + 1)/(p+ q) and δ = 1/(p+ q).

17
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Note that ϵ = CK2
0

√
(d+s+p)(log p+log q)

n
. Thus for a properly chosen positive con-

stant C, an upper bound of q(v) can be obtained as:

q(v) < −ϱ

2
∥v∥22 +

(
ϵ+ τ · ∥Υ(t−1)

0 −Υ∗
0∥2
)
∥v∥2,

with probability at least 1− (26K2
0 +8K0+1)/(p+q). It can be obtained that, when

∥v∥2 > 2ϵ
ϱ
+ 2τ

ϱ
∥Υ(t−1)

0 −Υ∗
0∥2, q(v) < 0. Note that ∥v∥2 = χ = 4ϵ

ϱ
+ ι∥Υ(t−1)

0 −Υ∗
0∥2,

1/6 ≤ ι < 1, and τ ≤ ϱ/12. Therefore, there is a local maximizer Υ
(t)
0 that follows

Υ
(t−1)
0 and satisfies: if Υ

(t−1)
0 ∈ Bα(Υ∗

0), then ∥Υ
(t)
0 −Υ∗

0∥2 ≤ χ with probability at

least 1− (26K2
0 + 8K0 + 1)/(p+ q).

STEP 2 : We can show that, if Υ
(0)
0 ∈ Bα(Υ∗

0), for any t ≥ 1,

∥Υ(t)
0 −Υ∗

0∥2 ≤
4ϵ

ϱ
(ι0 + ι2 + · · ·+ ιt−1) + ιt∥Υ(0)

0 −Υ∗
0∥2

=
1− ιt

1− ι

4ϵ

ϱ
+ ιt∥Υ(0)

0 −Υ∗
0∥2

≤ 8ϵ

ϱ
+ ιt∥Υ(0)

0 −Υ∗
0∥2,

(S3.17)

with probability at least 1− t(26K2
0 + 8K0 + 1)/(p+ q), where 1/6 ≤ ι < 1. When t

is sufficiently large, i.e., t ≥ T = log1/ι

(
ϱ∥Υ(0)

0 −Υ∗
0∥2

8ϵ

)
, ιt∥Υ(0)

0 −Υ∗
0∥2 is dominated

by 8ϵ/ϱ. So the error of Υ̂0 can be bounded as:

∥Υ̂0 −Υ∗
0∥2 = O

(√
(d+ s+ p)(log p+ log q)

n
)

)
, (S3.18)

with probability at least 1− T (26K2
0 +8K0 +1)/(p+ q), which goes to 1 as p, q and

n diverge.

18



S3. PROOFS

STEP 3 : We show that Υ̂o = (Υ̂0, Γ̂DC ) = (Υ̂0,0) is a local maximizer of

objective function (S3.1), which can also be rewritten as:

Q̃n(Υ) =
1

n

n∑
i=1

log

(
K0∑
k=1

πkfk(yi|xi,Υk)

)
− P1(Υ)− P2(Υ) = Qn(Υ)− P2(Υ),

(S3.19)

where P1(Υ) =
∑K0

k=1

∑
j ̸=m |T ∗

k |ρ(|θjm,k|, λ1), P2(Υ) =
∑K0

k=1

∑p
j=1

∑q+1
m=1 |T ∗

k |ρ(|γjm,k|, λ2),

and ρ(t, λ) = λ−1p(t, λ). This indicates that ∥Υ̂o −Υ∗∥2 = O

(√
(d+s+p)(log p+log q)

n

)
in Result 1 holds due to the conclusion drawn in STEP 2. Following Theorem

1 in Fan and Lv (2011), it suffices to show that (λ2)
−1∥z∥∞ ≤ ρ′(0+), where

z = ∇ΓDC
Qn(Υ̂

o). For each k = 1, . . . , K0, note that:

 ∇Υ0Qn(Υ̂
o
k)

∇ΓDC
k

Qn(Υ̂
o
k)

 =

 ∇Υ0Qn(Υ
∗
k)

∇ΓDC
k

Qn(Υ
∗
k)

+

 ∇2
Υ0Υ0

Qn(Υ
∗
k) ∇2

Υ0ΓDC
k

Qn(Υ
∗
k)

∇2
ΓDC

k
Υ0

Qn(Υ
∗
k) ∇2

ΓDC
k
ΓDC

k

Qn(Υ
∗
k)


Υ̂0k −Υ∗

0k

0

+

 R(∆)0

R(∆)DC
k

 =

 0

zk

 , (S3.20)

where R(∆) =
(
R(∆)0, R(∆)DC

k

)
is the residual of the first order Taylor’s expansion

of the gradient. From Lemma 3 in Wytock and Kolter (2013), ∥R(∆)∥∞ is bounded

19



RONG LI AND QINGZHAO ZHANG AND SHUANGGE MA

by ∥∆∥∞ = ∥Υ̂o
k −Υ∗

k∥2∞. According to (S3.20),

zk = ∇ΓDC
k

Qn(Υ
∗
k) +∇2

ΓDC
k
Υ0

Qn(Υ
∗
k)(Υ̂0k −Υ∗

0k) +R(∆)DC
k

=
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k(yi − Γ∗
kxi)x

T
iDC

k
+

1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k ⊗ xiDC
k
xTiDk

(Υ̂0k −Υ∗
0k) +R(∆)DC

k

= ξ1 + ξ2 +R(∆)DC
k
,

∥ξ1∥∞ ≤
1

n

n∑
i=1

E(Lk(yi;xi,Υ∗))

∥∥∥∥∥ 1n
n∑
i=1

Θ∗
k(yi − Γ∗

kxi)x
T
iDC

k

∥∥∥∥∥
∞

+
1

n

n∑
i=1

[Lk(yi;xi,Υ
∗)− E(Lk(yi;xi,Υ∗))]

∥∥∥Θ∗
k(yi − Γ∗

kxi)x
T
iDC

k

∥∥∥
∞

≤ 1

n

n∑
i=1

∥Θ∗
k∥∞

∥∥∥ϵixiDC
k

∥∥∥
∞
+

1

n

n∑
i=1

[Lk(yi;xi,Υ
∗)− E(Lk(yi;xi,Υ∗))]

∥∥∥Θ∗
kxiDC

k
(yi − Γ∗

kxi)
∥∥∥
∞
.

In the first term, ϵi = (ϵi1, . . . , ϵip) and ϵij = (yi − Γ∗
kxi)j, j = 1, . . . , p. According

to the Hoeffding’s bound,

P

(
n∑
i=1

ϵijxim ≥
√
(log p+ log q)n

)
= 1− P

(
n∑
i=1

ϵijxim ≤
√
(log p+ log q)n

)

≥ 1− 2 exp

(
− n(log p+ log q)

2max1≤j≤q ∥Xj∥22

)
.

This probability approaches 1, as ∥Xj∥2 = O(
√
n) and p, q diverge. In the second

term, from (S3.10),

P

(∣∣∣∣∣ 1n
n∑
i=1

[Lk(yi;xi,Υ
∗
k)− E(Lk(yi;xi,Υ∗

k))]

∣∣∣∣∣ ≤
√

log p+ log q

n

)
,

with probability approaching 1 when setting δ = 1/pq. With respect to ξ2, according

20



S3. PROOFS

to (S3.20),

Υ̂0k −Υ∗
0k = −

[
∇2

Υ0Υ0
Qn(Υ

∗
k)
]−1

[∇Υ0Qn(Υ
∗
k) +R(∆)0] .

ξ2 = −
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k ⊗ xiDC
k
xTiDk

[
∇2

Υ0Υ0
Qn(Υ

∗
k)
]−1

[∇Υ0Qn(Υ
∗
k) +R(∆)0]

=

[
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k ⊗ xiDC
k
xTiDk

][
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k ⊗ xiDk
xTiDk

]−1

(
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k(yi − Γ∗
kxi)x

T
iDk

+R(∆)0

)

= Ip ⊗


[
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)xiDC

k
xTiDk

][
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)xiDk

xTiDk

]−1
(

1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k(yi − Γ∗
kxi)x

T
iDk

+R(∆)0

)
.

Similar to the proof in (S3.8) and (S3.9), with the matrix Hoeffding inequality, we

have:

∥ξ2∥∞ ≤
∥∥∥(XT

DC
k
GkXDk

)(XT
Dk
GkXDk

)−1
∥∥∥
2,∞
·∥∥∥∥∥ 1n

n∑
i=1

Lik(yi;xi,Υ
∗)Θ∗

k(yi − Γ∗
kxi)x

T
iDk

+R(∆)0

∥∥∥∥∥
∞

,

(S3.21)

with probability tending to 1. By Condition (C3), we can bound ∥ξ2∥∞ in the same

way. Therefore, with probability tending to 1,

∥z∥∞ ≤
√

log p+ log q

n
+nα1

(√
log p+ log q

n
+ ∥Υ̂0 −Υ∗

0∥2∞

)
+∥Υ̂0−Υ∗

0∥2∞ ≪ λ2.

STEP 4 : Here we establish selection consistency for the precision matrices. That

is, Ŝok ⊇ Sk and Sk ⊇ Ŝok .
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First, it is sufficient to show that, for any (i, j) ∈ Sk and k = 1, . . . , K0, θ̂ij,k ̸= 0.

Note that:

|θ̂ij,k| ≥ |θ∗ij,k| − |θ̂ij,k − θ∗ij,k| ≥ |θ∗ij,k| −
√ ∑

1≤i,j≤p

(θ̂ij,k − θij,k)2 ≥ |θ∗ij,k| − ∥Υ̂o −Υ∗∥2.

According to the results in STEP 3 and the minimal signal Condition (C4), |θ̂ij,k| > 0,

which implies that Ŝok ⊇ Sk.

Second, we show that for any (i, j) ∈ Sck and k = 1, . . . , K0, θ̂ij,k = 0. Consider

a local maximizer Υ̂ that satisfies (S3.18) and optimizes objective function (S3.19).

The derivative of the objective function with respect to θjm,k for (j,m) ∈ SCk , k =

1, . . . , K0 is:

∂Q̃n(Υ̂)

∂θjm,k
= R(Υ̂k)− λ1ρ

′(|θ̂jm,k|)sgn(θ̂jm,k),

where R(Υ̂k) =
1
2n

∑n
i=1 Lk(yi;xi, Υ̂k)[σ̂jm,k − (yij − (Γ̂kxi)j)(yim − (Γ̂kxi)m)], and

Lk(yi;xi, Υ̂k) =
π̂kfk(yi|xi,Υ̂k)∑K0

k=1 π̂kfk(yi|xi,Υ̂k)
, σ̂jm,k is the (j,m)-th element of Θ̂−1

k , and sgn(θ̂jm,k)

denotes the sign of θ̂jm,k. It can be decomposed that R(Υ̂k) ≤ |σ̂jm,k − σ∗
jm,k| +

R∗(Υ̂k), where σ∗
jm,k denotes the true value of σjm,k. Note that |σ̂jm,k − σ∗

jm,k| ≤

∥Θ∗
k − Θ̂k∥2 ≤ ∥Υ̂−Υ∗∥2.

R∗(Υ̂k) =
1

2n

n∑
i=1

Lk(yi;xi, Υ̂k)[σ
∗
jm,k − (yij − (Γ̂kxi)j)(yim − (Γ̂kxi)m)],

which can be bounded as |R∗(Υ̂k)| ≤ 1
2
|R∗

1|+ 1
2
|R∗

2|, where

R∗
1 =

1

n

n∑
i=1

Lk(yi;xi,Υ
∗
k)[σ

∗
jm,k − (yij − Γ∗

kxi)j)(yim − (Γ∗
kxi)m)],
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R∗
2 =

1

n

n∑
i=1

[Lk(yi;xi, Υ̂k)− Lk(yi;xi,Υ
∗
k)][(yij − (Γ̂kxi)j)(yim − (Γ̂kxi)m)]

+
1

n

n∑
i=1

Lk(yi;xi,Υ
∗
k)[(yij − (Γ∗

kxi)j)((Γ
∗
kxi)j − (Γ̂kxi)j)]

+
1

n

n∑
i=1

Lk(yi;xi,Υ
∗
k)[(yim − (Γ∗

kxi)m)((Γ
∗
kxi)m − (Γ̂kxi)m)]

+
1

n

n∑
i=1

Lk(yi;xi,Υ
∗
k)[((Γ

∗
kxi)j − (Γ̂kxi)j)((Γ

∗
kxi)m − (Γ̂kxi)m)].

Note that Lk(yi;xi, ·) is continuous. Then,

R∗
2 = O

{
sup
i,k

[Lk(yi;xi, Υ̂k)− Lk(yi;xi,Υ
∗
k)] + sup

k
∥Γ̂k − Γ∗

k∥∞
}

≲ ∥Υ̂−Υ∗∥2,

where a ≲ b if a ≤ Db for some positive constant D. As for R∗
1, we have

1

2n

n∑
i=1

E[Lk(yi;xi,Υ∗
k)](Θ

∗−1
k )− 1

2n

n∑
i=1

E[Lk(yi;xi,Υ∗
k)(y − Γ∗

kx)(y − Γ∗
kx)

T ] = 0.

Thus, R∗
1 can be rewritten as:

R∗
1 =

1

n

n∑
i=1

(
Lk(yi;xi,Υ

∗
k)σ

∗
jm,k − E[Lk(yi;xi,Υ∗

k)]σ
∗
jm,k

)
− 1

n

n∑
i=1

(Lk(yi;xi,Υ
∗
k)[(yij − Γ∗

kxi)j)(yim − (Γ∗
kxi)m)]

−E[Lk(yi;xi,Υ∗
k)(y − Γ∗

kx)j(y − Γ∗
kx)

T
m]
)
,

which is the same as the bound of (S3.34) in the proof of Lemma 1, and we have

|R∗
1| = O(

√
log p/n). In summary, it can be obtained that:

|R(Υ̂k)| ≲ ∥Υ̂0 −Υ∗∥2 ≲
√

(d+ s+ p)(log p+ log q)

n
.

By Conditions (C5) and (C7), we have:

λ1ρ
′(|θ̂jm,k|)≫ Cλ1

√
(d+ s+ p)(log p+ log q)

n
,
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for θ̂jm,k in a small neighborhood of 0 and some positive constant Cλ1 . Therefore, if

θ̂jm,k lies in a small neighborhood of 0, the sign of ∂Qn(Υ̂)
∂θjm,k

only depends on sgn(θ̂jm,k),

with probability tending to 1. Then, variable selection consistency of the precision

matrix estimators can be proved.

Result 2: Assume that λ3 ≫
√

(s+p)(log p+log q)
n

, b = min1≤k ̸=k′≤K0 ∥Υ∗
k−Υ∗

k′∥2 >

aλ3, and the conditions in Result 1 hold. Then there exists Ω̂, a local maximizer of

L(Ω,π|Y) defined in equation (2.1) that satisfies:

P (Ω̂ = Ω̂o)→ 1. (S3.22)

Proof of Result 2 : Denote Ω̂o as the maximizer of (S3.1). According to Result

1, we have:

∥Ω̂o −Ω∗∥2 = Op

(
K∥Υ̂o −Υ∗∥2

)
= Op(ϵn),

where ϵn =
√

(d+ s+ p)(log p+ log q)/n. Denote the locations of the non-zero

coefficients in Ω∗
l as Wl, l = 1, . . . , K. Consider two neighborhood sets of Ω∗:

C =
{
Ω ∈ RK(p(q+1)+p2) : sup

l
∥Ωl −Ω∗

l ∥2 ≤ ϵn

}
,

C0 =
{
Ω ∈ RK(p(q+1)+p2) : sup

l
∥Ωl −Ω∗

l ∥2 ≤ ϵn,Ωlj = 0, j /∈ Wl, l = 1, . . . , K

}
.

By Result 1, there exists an event E1 in which supl ∥Ω̂o
l −Ω∗

l ∥2 ≤ ϵn, Ω̂
o
lj = 0, j /∈

Wl, l = 1, . . . , K, and P (EC
1 ) → 0. Thus Ω̂o ∈ C0. Let G : ΛT ∗ → RK0(p(q+1)+p2)

be the mapping such that G(Ω) is the K0(p(q + 1) + p2) vector consisting of the K0

groups with each group having dimension p(q+1)+p2, and its l-th vector component
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equal to the common value of Ωl for l ∈ T ∗
k . Let Ğ : RK(p(q+1)+p2) → RK0(p(q+1)+p2)

be the mapping such that Ğ(Ω) = {|T ∗
k |−1

∑
l∈T ∗

k
ΩT
l , l = 1, . . . , K}T . For any Ω,

denote Ω̆ = G−1
(
Ğ(Ω)

)
∈ ΛT ∗ . For any Ω(0), define Ω with Ωlj = Ω

(0)
lj for j ∈ Wl

and Ωlj = 0 for j /∈ Wl, l = 1, . . . , K. Clearly, if Ω(0) ∈ C, then Ω ∈ C0.

With objective function (S3.1), remove the constraint of oracle group member-

ship Ω ∈ ΛT ∗ :

Q(Ω) =
1

n

n∑
i=1

log

(
K∑
l=1

πlfl(yi;xi,Γl,Θl)

)
−

K∑
l=1

∑
j ̸=m

p(|θjm,l|, λ1)−
K∑
l=1

p∑
j=1

q+1∑
m=1

p(|γjm,l|, λ2),

P3(Ω) =
∑

1≤l<l′≤K

p(∥Ωl −Ωl′∥2, λ3).

Then, L(Ω) = Q(Ω)− P3(Ω).

If we can show the following two results, then we have that Ω̂o is a strict local

maximizer of objective function (2.1) with probability converging to 1. With results

(i) and (ii), for any Ω(0) ∈ C ∩ Cn and Ω(0) ̸= Ω̂o on C ∩ Cn, where Cn is the

neighborhood of Ω̂o, we have L(Ω(0)) ≤ L(Ω̂o). So Ω̂o is a strict local maximizer of

objective function (2.1) on event E1 with P (E1)→ 1 and a sufficiently large n.

(i) On event E1, for and Ω̆ ∈ C0 and Ω̆ ̸= Ω̂o, L(Ω̆) < L(Ω̂o).

(ii) On event E1, there is a neighborhood of Ω̂o, denoted as Cn, such that L(Ω(0)) ≤

L(Ω) ≤ L(Ω̆), for any Ω(0) ∈ C ∩ Cn and a sufficiently large n.

By λ3 ≫
√

(d+s+p)(log p+log q)
n

and b > aλ3, the penalty function
∑

1≤l<l′≤K p(∥Ωl−

Ωl′∥2, λ3) is a constant that does not depend on Ω. We further impose the constraint
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Ω ∈ ΛT ∗ on Q(Ω) and P3(Ω), denoted as QT (Ω) and PT3 (Ω), respectively. Define

LT (Ω) = QT (Ω) − PT3 (Ω). When Ω̆ ∈ ΛT ∗ , we have L(Ω̆) = LT (Ω̆). Since P3(Ω)

is a constant and Ω̂o is the unique maximizer of QT (Ω), for any Ω̆ ∈ C0, QT (Ω̆) <

QT (Ω̂o). Therefore, L(Ω̆) < L(Ω̂o), and the result in (i) is proved.

Next, we prove result (ii). First, we show that L(Ω(0)) ≤ L(Ω). Given a positive

sequence ϕn, consider:

Cn =

{
Ω ∈ RK(p(q+1)+p2) : sup

l
∥Ωl − Ω̂o

l |∞ ≤ ϕn

}
.

For anyΩ(0) ∈ C∩Cn and the correspondingΩ ∈ C0∩Cn, ∥Ω(0)
l −Ω

(0)
l′ ∥2 ≥ ∥Ωl−Ωl′∥2.

Therefore, −P3(Ω
(0)) ≤ −P3(Ω). Moreover, for the non-zero part W , Ω(0) = Ω,

and the difference between Ω(0) and Ω lies in the zero entries of Ω in WC . And

the corresponding values of Ω(0) are small enough and can be controlled by ϕn.

According to the proof of selection consistency, when θ̂jm,l or γ̂jm,l lies in a small

neighborhood of 0, ∂Q(Υ̂)/∂θjm,l < 0, which indicates that Q(Υ̂) is a decreasing

function in terms of θ̂jm,l and γ̂jm,l in the neighborhood of 0. Thus Q(Ω(0)) ≤ Q(Ω).

Therefore, L(Ω(0)) ≤ L(Ω).

Second, we show that L(Ω) ≤ L(Ω̆). For Ω ∈ C0 ∩ Cn and Ω̆ ∈ C0, by Taylor’s

expansion,

L(Ω)− L(Ω̆) = l1 − l2,
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where

l1 =
K∑
l=1

DT
l (Ωl − Ω̆l),D

T
l = (DT

1l,D
T
2l)

TIWl
,

D1l =
1

n

n∑
i=1

Ll(yi;xi, Ω̃l)Θ̃l(yi − Γ̃lxi)xi − λ2s2(Γ̃l),

D2l =
1

n

n∑
i=1

Ll(yi;xi, Ω̃l)
1

2

[
vec(Θ̃l)

−1 − vec(yi − Γ̃lxi)(yi − Γ̃lxi)
]
− λ1s1(Θ̃l),

l2 =
K∑
l=1

∂P3(Ω̃)

∂ΩT
l

(Ωl − Ω̆l),

and IWl
is a diagonal matrix with the j-th diagonal element I(j ∈ Wl), j = 1, . . . , p(q+

1) + p2, and Ll(yi;xi, Ω̃l) =
πlfl(yi;xi,Ω̃)∑K
l=1 πlfl(yi;xi,Ω̃)

. s1(Θ̃l) ∈ Rp2 such that the correspond-

ing element is ρ′(|θ̃jm,l|)sgn(θ̃jm,l)I(j ̸= m), s2(Γ̃l) ∈ Rp(q+1) such that the corre-

sponding element is ρ′(|γ̃jm,l|)sgn(γ̃jm,l)I(j ̸= m), and Ω̃ = ςΩ + (1 − ς)Ω̆ for some

constant ς ∈ (0, 1).

For l2, we can obtain:

l2 ≥
K0∑
k=1

∑
{l,l′∈T ∗

k ,l<l
′}

λ3ρ
′(4ϕn)∥Ωl −Ωl′∥2. (S3.23)

For l1, we can obtain :

l1 ≤
K0∑
k=1

∑
{l,l′∈T ∗

k ,l<l
′}

|Tmin|−1 sup
l
∥Dl −Dl′∥2∥Ωl −Ωl′∥2. (S3.24)

It can be shown that:

sup
l
∥Dl −Dl′∥2 ≤

√
d · sup

l
∥D1l −D1l′∥2∞ + s · sup

l
∥D2l −D2l′∥2∞. (S3.25)
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According to the minimal signal condition and Condition (C7), we have s1(Θ̃l)IWl
=

0 and s2(Γ̃l)IWl
= 0. Note that:

∥D1l −D1l′∥∞ ≤ sup
i
∥Ll(yi;xi, Ω̃l)m1(yi;xi, Ω̃l)− Ll(yi;xi, Ω̃l′)m1(yi;xi, Ω̃l′)∥∞

= sup
i
∥Ll(yi;xi, Ω̃l)

[
m1(yi;xi, Ω̃l)−m1(yi;xi, Ω̃l′)

]
+
[
Ll(yi;xi, Ω̃l)− Ll(yi;xi, Ω̃l′)

]
m1(yi;xi, Ω̃l)∥∞

≤ sup
i
{Ll(yi;xi, Ω̃l)} sup

i
∥m1(yi;xi, Ω̃l)−m1(yi;xi, Ω̃l′)∥∞

+ sup
i
{Ll(yi;xi, Ω̃l)− Ll(yi;xi, Ω̃l′)} sup

i
∥m1(yi;xi, Ω̃l′)∥∞,

where m1(yi;xi, Ω̃l) = Θ̃l(yi− Γ̃lxi)xi. In addition, Ll(yi;xi, ·) and m1(yi;xi, ·) are

continuous. Then, there exists a constant C ′ > 0,

sup
i
∥m1(yi;xi, Ω̃l)−m1(yi;xi, Ω̃l′)∥∞ ≤ C ′∥Ω̃l − Ω̃l′∥∞,

sup
i
{Ll(yi;xi, Ω̃l)− Ll(yi;xi, Ω̃l′)} ≤ C ′∥Ω̃l − Ω̃l′∥∞.

Note that, for l, l′ ∈ T ∗
k , Ωl,Ωl′ ∈ Cn. Then,

∥Ω̃l − Ω̃l′∥∞ = ς∥Ωl −Ωl′∥∞ ≤ 2ϕn.

Thus, we have:

sup
l
∥D1l −D1l′∥∞ = O(ϕn).

Similarly,

∥D2l −D2l′∥∞ ≤ sup
i
{Ll(yi;xi, Ω̃l)} sup

i
∥m2(yi;xi, Ω̃l)−m2(yi;xi, Ω̃l′)∥∞

+ sup
i
{Ll(yi;xi, Ω̃l)− Ll(yi;xi, Ω̃l′)} sup

i
∥m2(yi;xi, Ω̃l′)∥∞,
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wherem2(yi;xi, Ω̃l) =
1
2

[
vec(Θ̃l)

−1 − vec(yi − Γ̃lxi)(yi − Γ̃lxi)
]
. In addition,m2(yi;xi, ·)

is continuous. Thus, we have:

sup
l
∥D2l −D2l′∥∞ = O(ϕn).

Further, we can obtain that:

L(Ω)− L(Ω̆) ≤
K0∑
k=1

∑
{l,l′∈T ∗

k ,l<l
′}

[
ϕn|Tmin|−1 − λ3ρ

′(4ϕn)
]
∥Ωl −Ωl′∥2. (S3.26)

Let ϕn = ϵn. Then ρ′(4ϕn) → 1 according to Condition (C7). Since λ3 ≫ ϵn and

|Tmin| ≥ 1, we have |Tmin|λ3 ≫ ϕn, and then L(Ω)− L(Ω̆) ≤ 0. This completes the

proof of result (ii) and thus Result 2.

Lemma 1: Under Conditions (C2) and (C3), define Lk(yi;xi,Υ) = ϕkfk(yi|xi,Υk)∑K0
k=1 πkfk(yi;xi,Υk)

,

Hn(Υ
∗|Υ(t−1)) =

1

n

n∑
i=1

K0∑
k=1

Lk(yi;xi,Υ
(t−1)) [log πk + log fk(yi|xi,Υ∗

k)] ,

and the population version of the log-likelihood function:

H(Υ∗|Υ(t−1)) = E

(
K0∑
k=1

Lk(y;x,Υ
(t−1)) [log πk + log fk(y|x,Υ∗

k)]

)
.

We have

∥∇Hn(Υ
∗|Υ(t−1))−∇H(Υ∗|Υ(t−1))∥∞ = Op(

√
(log p+ log q)/n). (S3.27)
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Proof. Recall that:

∥∇Hn(Υ
∗|Υ)−∇H(Υ∗|Υ)∥∞ ≤ max

1≤k≤K0

∥∇Γ∗
k
Hn(Υ

∗|Υ)−∇Γ∗
k
H(Υ∗|Υ)∥∞

+ max
1≤k≤K0

∥∇Θ∗
k
Hn(Υ

∗|Υ)−∇Θ∗
k
H(Υ∗|Υ)∥∞.

(S3.28)

Define hΓ∗
k
(Υ∗) = ∇Γ∗

k
Hn(Υ

∗|Υ)−∇Γ∗
k
H(Υ∗|Υ). We have:

∥hΓ∗
k
(Υ∗)∥∞ =

∥∥∥∥∥ 1n
n∑
i=1

Lk(yi;xi,Υ
∗)Θ∗

k(yi − Γ∗
kxi)x

T
i − E[Lk(y;x,Υ∗)Θ∗

k(y − Γ∗
kx)x

T ]

∥∥∥∥∥
∞

≤ ∥Θ∗
k∥∞

∥∥∥∥∥ 1n
n∑
i=1

Lk(yi;xi,Υ
∗)yix

T
i − E[Lk(y;x,Υ∗)yxT ]

∥∥∥∥∥
∞

+ ∥Θ∗
k∥∞∥Γ∗

k∥∞

∥∥∥∥∥ 1n
n∑
i=1

Lk(yi;xi,Υ
∗)xix

T
i − E[Lk(y;x,Υ∗)xxT ]

∥∥∥∥∥
∞

≜ ∥Θ∗
k∥∞∥I1∥∞ + ∥Θ∗

k∥∞∥Γ∗
k∥∞∥I2∥∞.

(S3.29)

Define {ci, i = 1, . . . , n}, which are independent copies of random variable c. Here

c = k′, k′ = 1, . . . , K0, indicates that y is generated by the k′-th mixture component,

that is, y|c = k′ ∼ N(Γ∗
k′x,Θ

∗−1
k′ ). The j-th coordinate of yi, yij, can be rewritten

as:

yij =

K0∑
k′=1

I(ci = k′)[(Γ∗
k′xi)j + Vk′j], j = 1, . . . , p,

where Vk′j ∼ N(0,Σ∗
k′jj). Define:

ζjj′ =
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)yijxij′ − E[Lk(y;x,Υ∗)yjxj′ ], j = 1, . . . , p, j′ = 1, . . . , q.
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Note that:

yijxij′ =

K0∑
k′=1

I(ci = k′) ((Γ∗
k′xi)jxij′ + Vk′jxij′) .

Define ζjj′,1 = 1
n

∑n
i=1 Lk(yi;xi,Υ

∗)I(ci = k′)(Γ∗
k′xi)jxij′ − E[Lk(y;x,Υ∗)I(ci =

k′)(Γ∗
k′x)jxj′ ]. Lk(yi;xi,Υ

∗)I(ci = k′)(Γ∗
k′xi)jxij′ is a sub-gaussian random variable

with ∥Lk(yi;xi,Υ∗)I(ci = k′)(Γ∗
k′xi)jxij′∥ψ2 ≤ m∥Γ∗

k′∥∞ by the boundedness condi-

tion |xij| ≤ m, where ∥ · ∥ψ2 denotes the sub-gaussian norm. According to Lemma

S.5 in Hao et al. (2018), we have:

∥Lk(yi;xi,Υ∗)I(ci = k′)(Γ∗
k′xi)jxij′−E[Lk(y;x,Υ∗)I(ci = k′)(Γ∗

k′x)jxj′ ]∥ψ2 ≤ 2m∥Γ∗
k′∥∞.

Thus, for any t > 0 and some constant D1, according to Lemma S.6 in Hao et al.

(2018),

P (|ζjj′,1| ≤ t) ≥ 1− e exp

(
− D1nt

2

4m2∥Γ∗
k′∥2∞

)
.

Let t take a suitable value. Taking a union bound over pq coordinates, we have:

sup
j∈[p],j′∈[q]

|ζjj′,1| ≤
√

4

D1

m∥Γ∗
k′∥∞

√
log p+ log q + log(e/δ)

n
, (S3.30)

with probability at least 1− δ.

Define ζjj′,2 =
1
n

∑n
i=1 Lk(yi;xi,Υ

∗)I(ci = k′)xij′Vk′,j−E[Lik(y)I(ci = k′)xj′Vk′,j].

Since Lk(yi;xi,Υ
∗)I(ci = k′)xij′Vk′,j is sub-exponential with norm (m∥Σ∗

k′∥∞)1/2, for

some constant D2,

sup
j∈[p],j′∈[q]

|ζjj′,2| ≤
√

4

D2

(m∥Σ∗
k′∥∞)1/2

√
log p+ log q + log(2/δ)

n
, (S3.31)
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with probability at least 1− δ for a sufficient large n.

Note that:

sup
j∈[p],j′∈[q]

|ζjj′| ≤
K0∑
k′=1

(
sup

j∈[p],j′∈[q]
|ζjj′,1|

)
+

K0∑
k′=1

(
sup

j∈[p],j′∈[q]
|ζjj′,2|

)
.

Based on (S3.30) and (S3.31), we can bound ζjj′ and further ∥I1∥∞ in (S3.29):

∥I1∥∞ ≤
√

1

D3

ϕK0

√
log p+ log q + log(e/δ)

n
, (S3.32)

with probability at least 1 − 4K0δ, where ϕK0 =
∑K0

k′=1m
(
∥Γ∗

k′∥∞ + (∥Σ∗
k′∥∞)1/2

)2
and D3 = min(D1, D2). According to (S3.10), I2 is bounded by:

∥I2∥∞ ≤ m

√
1

2n
log(2/δ), (S3.33)

with probability at least 1− δ.

Define hΘ∗
k
(Υ∗) = ∇Θ∗

k
Hn(Υ

∗|Υ)−∇Θ∗
k
H(Υ∗|Υ). Then,

∥hΘ∗
k
(Υ∗)∥∞ =

∥∥∥∥∥ 1

2n

n∑
i=1

Lk(yi;xi,Υ
∗)Σ∗

k −
1

2n

n∑
i=1

Lk(yi;xi,Υ
∗)(yi − Γ∗

kxi)(yi − Γ∗
kxi)

T

−1

2
E[Lk(y;x,Υ∗)]Σ∗

k +
1

2
E
[
Lk(y;x,Υ

∗)(y − Γ∗
kx)(y − Γ∗

kx)
T
]∥∥∥∥

∞

≤

∥∥∥∥∥12
(
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Σ∗

k − E[Lk(y;x,Υ∗)Σ∗
k]

)∥∥∥∥∥
∞

+

∥∥∥∥∥12
(
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)(yi − Γ∗

kxi)(yi − Γ∗
kxi)

T

−E
[
Lk(y;x,Υ

∗)(y − Γ∗
kx)(y − Γ∗

kx)
T
])∥∥

∞ .

(S3.34)
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According to (S3.10), the first term is bounded by:∥∥∥∥∥12
(
1

n

n∑
i=1

Lk(yi;xi,Υ
∗)Σ∗

k − E[Lk(y;x,Υ∗)Σ∗
k]

)∥∥∥∥∥
∞

≤ ∥Σ∗
k∥∞

√
1

2n
log(2/δ),

(S3.35)

with probability at least 1− δ. For the second term, denoted as II2:

II2 ≤
1

2

∥∥∥∥∥ 1n
n∑
i=1

Lk(yi;xi,Υ
∗)yiy

T
i − E[Lk(y;x,Υ∗)yyT ]

∥∥∥∥∥
∞

+ ∥Γ∗
k∥∞

∥∥∥∥∥ 1n
n∑
i=1

Lk(yi;xi,Υ
∗)yix

T
i − E[Lk(y;x,Υ∗)yxT ]

∥∥∥∥∥
∞

+
1

2
∥Γ∗

k∥2∞

∥∥∥∥∥ 1n
n∑
i=1

Lk(yi;xi,Υ
∗)xix

T
i − E[Lk(y;x,Υ∗)xxT ]

∥∥∥∥∥
∞

.

(S3.36)

Define ξjj′ =
1
n

∑n
i=1 Lk(yi;xi,Υ

∗)yijyij′ −E[Lk(y;x,Υ∗)yjyj′ ], j, j
′ = 1, . . . , p. Note

that:

yijyij′ =

K0∑
k′=1

I(ci = k′) [(Γ∗
k′xi)j(Γ

∗
k′xi)j′ + (Γ∗

k′xi)jVk′j′ + (Γ∗
k′xi)j′Vk′j + Vk′jVk′j′ ] .

Define ξjj′,1 =
1
n

∑n
i=1 Lk(yi;xi,Υ

∗)I(ci = k′)(Γ∗
k′xi)j(Γ

∗
k′xi)j′−E[Lk(y;x,Υ∗)I(ci =

k′)(Γ∗
k′x)j(Γ

∗
k′x)j′ ]. Since Lk(yi;xi,Υ

∗)I(ci = k′)(Γ∗
k′xi)j(Γ

∗
k′xi)j′ is sub-gaussian

with a bounded norm m∥Γ∗
k′∥2∞, for some constant D4,

sup
j,j′∈[p]

|ξjj′,1| ≤
√

4

D4

m∥Γ∗
k′∥2∞

√
2 log p+ log(e/δ)

n
,

with probability at least 1− δ.

Define ξjj′,2 =
1
n

∑n
i=1 Lk(yi;xi,Υ

∗)I(ci = k′)(Γ∗
k′xi)jVk′j′−E[Lk(y;x,Υ∗)I(ci =

k′)(Γ∗
k′x)jVk′j′ ]. Since Lk(yi;xi,Υ

∗)I(ci = k′)(Γ∗
k′xi)jVk′j′ is sub-exponential with a
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bounded norm ∥Γ∗
k′∥∞(m∥Σ∗

k′∥∞)1/2, for some constant D5,

sup
j,j′∈[p]

|ξjj′,2| ≤
√

4

D5

∥Γ∗
k′∥∞(m∥Σ∗

k′∥∞)1/2
√

2 log p+ log(2/δ)

n
,

with probability at least 1− δ.

Define ξjj′,3 = 1
n

∑n
i=1 Lk(yi;xi,Υ

∗)I(ci = k′)Vk′jVk′j′ − E[Lk(y;x,Υ∗)I(ci =

k′)Vk′jVk′j′ ]. Since Lk(yi;xi,Υ
∗)I(ci = k′)Vk′jVk′j′ is sub-exponential with parameter

∥Σ∗
k′∥∞, there exists some constant D6,

sup
j,j′∈[p]

|ξjj′,3| ≤
√

4

D6

∥Σ∗
k′∥∞

√
2 log p+ log(2/δ)

n
,

with probability at least 1− δ and a sufficiently large n.

Similar to the upper bound for ∥I1∥∞ in (S3.29), II2 is bounded by:

II2 ≤
√

1

D7

ϕ′
K0

√
log p+ log(e/δ)

n
, (S3.37)

with probability at least 1− 16K0δ, where ϕ
′
K0

=
∑K0

k′=1

(
m∥Γ∗

k′∥∞ + (∥Σ∗
k′∥∞)1/2

)2
.

Combining (S3.28), (S3.29), (S3.32), (S3.33), (S3.34), (S3.35), (S3.37), and the

bounded conditions (C2) and (C3), we have:

∥∇Hn(Υ
∗|Υ(t−1))−∇H(Υ∗|Υ(t−1))∥∞ = Op(

√
(log p+ log q)/n).

This completes the proof.
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S4 Additional Simulation Results

Figure S2: Simulation: true and estimated networks for three sample groups under S1. Top: true

networks; Middle: estimation for one replicate with sizes (200, 200, 200); Bottom: estimation for

one replicate with sizes (500, 500, 500).
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Figure S3: Simulation: true and estimated networks for three sample groups under S2. Top: true

networks; Middle: estimation for one replicate with sizes (200, 200, 200); Bottom: estimation for

one replicate with sizes (500, 500, 500).
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Table S3: Simulation results under S1 with p = q = 100. In each cell, mean (sd).

n Method RMSE TPR FRP RI K̂0

(200,200,200)

Proposed
Θ 5.867(5.208) 0.952(0.054) 0.184(0.084)

0.644(0.291) 2.70(1.22)Γ 7.297(2.298) 0.792(0.091) 0.005(0.009)

HeteroGGM
Θ 6.194(0.490) 0.980(0.009) 0.888(0.014)

0.128(0.203) 4.75(1.77)Γ - - -

CGLasso(K = 6)
Θ 5.344(0.156) 0.828(0.012) 0.279(0.004)

0.022(0.012) 6(0)Γ 11.701(0.335) 0.770(0.061) 0.088(0.004)

CGLasso(K = 4)
Θ 5.683(0.245) 0.899(0.016) 0.249(0.017)

0.090(0.119) 4(0)Γ 10.469(1.419) 0.904(0.065) 0.069(0.008)

CGLasso(K = 3)
Θ 5.484(1.165) 0.937(0.012) 0.176(0.063)

0.350(0.350) 3(0)Γ 8.075(3.449) 0.969(0.034) 0.044(0.018)

MRCE(K = 6)
Θ 5.938(0.176) 0.846(0.013) 0.360(0.015)

0.022(0.012) 6(0)Γ 12.537(0.099) 0.284(0.048) 0.026(0.003)

MRCE(K = 4)
Θ 5.872(0.344) 0.910(0.021) 0.330(0.035)

0.090(0.119) 4(0)Γ 11.452(1.532) 0.431(0.192) 0.034(0.021)

MRCE(K = 3)
Θ 5.415(1.436) 0.955(0.026) 0.252(0.059)

0.350(0.350) 3(0)Γ 8.535(4.008) 0.782(0.242) 0.061(0.031)

MCGGM(K = 3)
Θ 6.671(1.435) 0.750(0.109) 0.086(0.085)

0.666(0.173) 3(0)Γ - - -

(150,200,250)

Proposed
Θ 4.488(0.621) 0.963(0.026) 0.162(0.039)

0.705(0.159) 2.20(0.41)Γ 6.816(1.364) 0.781(0.111) 0.002(0.001)

HeteroGGM
Θ 6.063(0.370) 0.983(0.009) 0.895(0.016)

0.049(0.122) 5.30(1.49)Γ - - -

CGLasso(K = 6)
Θ 5.727(0.156) 0.859(0.012) 0.278(0.005)

0.030(0.014) 6(0)Γ 11.542(0.407) 0.806(0.056) 0.087(0.003)

CGLasso(K = 4)
Θ 6.111(0.348) 0.921(0.016) 0.253(0.018)

0.049(0.100) 4(0)Γ 10.980(1.108) 0.878(0.058) 0.071(0.007)

CGLasso(K = 3)
Θ 5.745(0.881) 0.956(0.014) 0.195(0.047)

0.239(0.265) 3(0)Γ 8.961(2.687) 0.951(0.055) 0.047(0.013)

MRCE(K = 6)
Θ 5.980(0.106) 0.874(0.013) 0.359(0.015)

0.030(0.014) 6(0)Γ 12.694(0.153) 0.235(0.070) 0.025(0.002)

MRCE(K = 4)
Θ 6.065(0.328) 0.928(0.016) 0.333(0.050)

0.049(0.100) 4(0)Γ 11.885(1.281) 0.357(0.208) 0.033(0.020)

MRCE(K = 3)
Θ 5.680(1.164) 0.961(0.018) 0.239(0.029)

0.239(0.265) 3(0)Γ 9.285(3.124) 0.785(0.216) 0.068(0.028)

MCGGM(K = 3)
Θ 6.544(0.569) 0.611(0.203) 0.035(0.033)

0.700(0.142) 3(0)Γ - - -

(500,500,500)

Proposed
Θ 1.165(0.037) 0.998(0.002) 0.036(0.001)

1.000(0.000) 3.00(0.00)Γ 0.456(0.022) 1.000(0.000) 0.001(0.000)

HeteroGGM
Θ 5.793(0.150) 0.993(0.004) 0.851(0.010)

0.730(0.112) 5.35(0.99)Γ - - -

CGLasso(K = 6)
Θ 3.954(0.338) 0.957(0.024) 0.124(0.035)

0.613(0.036) 6(0)Γ 4.322(0.688) 0.999(0.002) 0.042(0.018)

CGLasso(K = 4)
Θ 3.134(0.300) 0.960(0.016) 0.050(0.021)

0.829(0.015) 4(0)Γ 2.560(0.483) 0.999(0.002) 0.022(0.007)

CGLasso(K = 3)
Θ 2.646(0.180) 0.978(0.020) 0.020(0.007)

0.964(0.007) 3(0)Γ 1.854(0.036) 1.000(0.000) 0.011(0.001)

MRCE(K = 6)
Θ 3.627(0.311) 0.987(0.007) 0.172(0.041)

0.613(0.036) 6(0)Γ 4.289(0.828) 0.979(0.047) 0.080(0.011)

MRCE(K = 4)
Θ 2.680(0.221) 0.995(0.007) 0.090(0.035)

0.829(0.015) 4(0)Γ 2.209(0.463) 0.998(0.008) 0.057(0.007)

MRCE(K = 3)
Θ 2.216(0.104) 0.999(0.002) 0.050(0.013)

0.964(0.007) 3(0)Γ 1.449(0.039) 1.000(0.000) 0.050(0.006)

MCGGM(K = 3)
Θ 6.234(0.680) 0.750(0.249) 0.036(0.038)

0.729(0.185) 3(0)Γ - - -
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Table S4: Simulation results under S2 with p = q = 50. In each cell, mean (sd).

n Method RMSE TPR FRP RI K̂0

(200,200,200)

Proposed
Θ 2.792(0.697) 0.874(0.046) 0.115(0.044)

0.785(0.220) 2.50(0.51)Γ 4.066(1.536) 0.878(0.066) 0.005(0.004)

HeteroGGM
Θ 4.809(0.093) 0.975(0.008) 0.921(0.011)

0.107(0.172) 5.35(1.31)Γ - - -

CGLasso(K = 6)
Θ 4.334(0.044) 0.701(0.016) 0.319(0.008)

0.023(0.014) 6(0)Γ 8.715(0.290) 0.853(0.037) 0.141(0.003)

CGLasso(K = 4)
Θ 4.583(0.037) 0.741(0.018) 0.290(0.007)

0.032(0.016) 4(0)Γ 8.211(0.229) 0.927(0.020) 0.116(0.003)

CGLasso(K = 3)
Θ 4.711(0.038) 0.762(0.019) 0.263(0.009)

0.029(0.023) 3(0)Γ 8.166(0.428) 0.941(0.032) 0.097(0.005)

MRCE(K = 6)
Θ 4.667(0.064) 0.736(0.020) 0.396(0.025)

0.023(0.014) 6(0)Γ 9.489(0.196) 0.454(0.069) 0.058(0.010)

MRCE(K = 4)
Θ 4.741(0.103) 0.777(0.025) 0.375(0.053)

0.032(0.016) 4(0)Γ 8.921(0.346) 0.580(0.120) 0.071(0.024)

MRCE(K = 3)
Θ 4.823(0.118) 0.784(0.024) 0.322(0.052)

0.029(0.023) 3(0)Γ 8.804(0.619) 0.617(0.167) 0.070(0.028)

MCGGM(K = 3)
Θ 4.459(0.578) 0.703(0.193) 0.143(0.112)

0.473(0.141) 3(0)Γ - - -

(150,200,250)

Proposed
Θ 2.558(0.338) 0.879(0.028) 0.113(0.053)

0.934(0.136) 2.80(0.41)Γ 3.482(0.751) 0.844(0.079) 0.003(0.003)

HeteroGGM
Θ 4.820(0.071) 0.971(0.007) 0.919(0.011)

0.144(0.243) 5.20(1.54)Γ - - -

CGLasso(K = 6)
Θ 4.301(0.045) 0.702(0.022) 0.314(0.007)

0.029(0.012) 6(0)Γ 8.350(0.235) 0.879(0.029) 0.137(0.004)

CGLasso(K = 4)
Θ 4.543(0.069) 0.740(0.020) 0.286(0.010)

0.040(0.029) 4(0)Γ 7.824(0.411) 0.937(0.025) 0.109(0.006)

CGLasso(K = 3)
Θ 4.663(0.101) 0.765(0.028) 0.257(0.013)

0.047(0.063) 3(0)Γ 7.974(0.796) 0.914(0.042) 0.092(0.007)

MRCE(K = 6)
Θ 4.723(0.591) 0.708(0.142) 0.381(0.081)

0.029(0.012) 6(0)Γ 9.107(0.228) 0.516(0.117) 0.067(0.019)

MRCE(K = 4)
Θ 4.654(0.132) 0.771(0.038) 0.363(0.057)

0.040(0.029) 4(0)Γ 8.436(0.515) 0.655(0.093) 0.082(0.023)

MRCE(K = 3)
Θ 4.693(0.176) 0.792(0.030) 0.333(0.058)

0.047(0.063) 3(0)Γ 8.352(0.898) 0.666(0.132) 0.088(0.023)

MCGGM(K = 3)
Θ 4.612(0.555) 0.604(0.199) 0.098(0.109)

0.473(0.086) 3(0)Γ - - -

(500,500,500)

Proposed
Θ 0.930(0.040) 0.980(0.006) 0.038(0.003)

1.000(0.000) 3.00(0.00)Γ 0.369(0.062) 1.000(0.001) 0.001(0.001)

HeteroGGM
Θ 4.660(0.021) 0.980(0.004) 0.895(0.009)

0.642(0.047) 5.90(0.45)Γ - - -

CGLasso(K = 6)
Θ 3.894(0.184) 0.800(0.018) 0.143(0.018)

0.298(0.049) 6(0)Γ 4.972(0.603) 0.993(0.008) 0.057(0.019)

CGLasso(K = 4)
Θ 3.679(0.303) 0.822(0.022) 0.090(0.022)

0.476(0.120) 4(0)Γ 3.890(0.901) 0.999(0.002) 0.054(0.014)

CGLasso(K = 3)
Θ 3.954(0.682) 0.827(0.033) 0.089(0.051)

0.400(0.303) 3(0)Γ 4.610(2.453) 0.999(0.002) 0.052(0.026)

MRCE(K = 6)
Θ 3.586(0.257) 0.872(0.036) 0.283(0.037)

0.298(0.049) 6(0)Γ 4.854(0.698) 0.960(0.052) 0.126(0.013)

MRCE(K = 4)
Θ 3.387(0.401) 0.907(0.032) 0.235(0.031)

0.476(0.120) 4(0)Γ 3.910(1.060) 0.985(0.034) 0.081(0.006)

MRCE(K = 3)
Θ 3.766(0.905) 0.899(0.067) 0.215(0.044)

0.400(0.303) 3(0)Γ 4.825(2.778) 0.939(0.108) 0.057(0.004)

MCGGM(K = 3)
Θ 4.493(0.544) 0.665(0.236) 0.064(0.052)

0.493(0.188) 3(0)Γ - - -
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Table S5: Simulation results under S2 with p = q = 100. In each cell, mean (sd).

n Method RMSE TPR FRP RI K̂0

(200,200,200)

Proposed
Θ 4.313(0.707) 0.869(0.021) 0.092(0.028)

0.678(0.191) 2.25(0.44)Γ 6.810(1.586) 0.846(0.059) 0.003(0.002)

HeteroGGM
Θ 6.661(0.181) 0.966(0.007) 0.893(0.012)

0.019(0.013) 5.15(1.53)Γ - - -

CGLasso(K = 6)
Θ 5.813(0.045) 0.723(0.014) 0.277(0.005)

0.025(0.012) 6(0)Γ 11.951(0.317) 0.823(0.044) 0.089(0.002)

CGLasso(K = 4)
Θ 6.210(0.038) 0.771(0.011) 0.254(0.004)

0.030(0.015) 4(0)Γ 11.419(0.416) 0.901(0.032) 0.073(0.002)

CGLasso(K = 3)
Θ 6.285(0.287) 0.799(0.011) 0.218(0.020)

0.095(0.127) 3(0)Γ 10.535(1.519) 0.941(0.037) 0.056(0.008)

MRCE(K = 6)
Θ 6.613(0.076) 0.756(0.018) 0.363(0.013)

0.025(0.012) 6(0)Γ 13.084(0.098) 0.333(0.046) 0.025(0.002)

MRCE(K = 4)
Θ 6.902(0.836) 0.747(0.157) 0.321(0.071)

0.030(0.015) 4(0)Γ 12.713(0.296) 0.357(0.115) 0.023(0.009)

MRCE(K = 3)
Θ 6.458(0.518) 0.815(0.024) 0.289(0.056)

0.095(0.127) 3(0)Γ 11.535(1.958) 0.583(0.254) 0.041(0.030)

MCGGM(K = 3)
Θ 6.746(0.510) 0.539(0.199) 0.023(0.027)

0.729(0.362) 3(0)Γ - - -

(150,200,250)

Proposed
Θ 4.234(0.401) 0.865(0.020) 0.090(0.019)

0.723(0.168) 2.25(0.44)Γ 5.675(0.855) 0.842(0.091) 0.002(0.001)

HeteroGGM
Θ 6.539(0.094) 0.965(0.006) 0.898(0.006)

0.028(0.013) 5.70(0.66)Γ - - -

CGLasso(K = 6)
Θ 5.781(0.038) 0.722(0.012) 0.274(0.003)

0.023(0.011) 6(0)Γ 11.656(0.250) 0.833(0.026) 0.088(0.002)

CGLasso(K = 4)
Θ 6.154(0.122) 0.772(0.009) 0.250(0.008)

0.036(0.044) 4(0)Γ 10.815(0.722) 0.919(0.027) 0.071(0.004)

CGLasso(K = 3)
Θ 6.058(0.566) 0.805(0.021) 0.204(0.033)

0.161(0.210) 3(0)Γ 10.017(2.068) 0.903(0.056) 0.051(0.011)

MRCE(K = 6)
Θ 6.800(0.963) 0.717(0.169) 0.337(0.081)

0.023(0.011) 6(0)Γ 12.824(0.125) 0.366(0.095) 0.024(0.006)

MRCE(K = 4)
Θ 6.640(0.508) 0.772(0.085) 0.311(0.049)

0.036(0.044) 4(0)Γ 12.111(0.854) 0.495(0.120) 0.030(0.016)

MRCE(K = 3)
Θ 6.085(0.823) 0.825(0.036) 0.269(0.037)

0.161(0.210) 3(0)Γ 10.503(2.385) 0.676(0.204) 0.057(0.028)

MCGGM(K = 3)
Θ 6.528(0.628) 0.700(0.144) 0.088(0.075)

0.633(0.132) 3(0)Γ - - -

(500,500,500)

Proposed
Θ 1.432(0.048) 0.958(0.011) 0.024(0.011)

1.000(0.000) 3.00(0.00)Γ 0.575(0.178) 0.999(0.002) 0.001(0.001)

HeteroGGM
Θ 6.393(0.046) 0.981(0.006) 0.859(0.009)

0.707(0.120) 5.25(1.02)Γ - - -

CGLasso(K = 6)
Θ 4.766(0.654) 0.836(0.012) 0.117(0.029)

0.440(0.152) 6(0)Γ 6.190(1.667) 0.992(0.012) 0.045(0.018)

CGLasso(K = 4)
Θ 3.541(0.279) 0.892(0.026) 0.055(0.021)

0.794(0.018) 4(0)Γ 3.156(0.556) 0.999(0.009) 0.023(0.008)

CGLasso(K = 3)
Θ 2.799(0.130) 0.940(0.013) 0.025(0.005)

0.956(0.007) 3(0)Γ 1.916(0.042) 1.000(0.000) 0.011(0.001)

MRCE(K = 6)
Θ 4.424(0.766) 0.884(0.025) 0.222(0.031)

0.440(0.152) 6(0)Γ 6.336(1.803) 0.932(0.082) 0.070(0.011)

MRCE(K = 4)
Θ 2.908(0.169) 0.952(0.014) 0.162(0.019)

0.794(0.018) 4(0)Γ 2.850(0.542) 0.999(0.004) 0.058(0.008)

MRCE(K = 3)
Θ 2.242(0.102) 0.971(0.008) 0.089(0.015)

0.956(0.007) 3(0)Γ 1.520(0.043) 1.000(0.000) 0.053(0.006)

MCGGM(K = 3)
Θ 6.303(0.641) 0.676(0.230) 0.042(0.039)

0.787(0.125) 3(0)Γ - - -
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Table S6: Simulation results under S3 with p = q = 50. In each cell, mean (sd).

n Method RMSE TPR FRP RI K̂0

(200,200,200)

Proposed
Θ 1.728(1.083) 0.938(0.034) 0.048(0.021)

0.994(0.029) 3.05(0.22)Γ 1.241(1.336) 0.983(0.027) 0.009(0.017)

HeteroGGM
Θ 4.131(0.171) 0.983(0.010) 0.900(0.012)

0.473(0.244) 5.15(1.38)Γ - - -

CGLasso(K = 6)
Θ 3.496(0.181) 0.869(0.018) 0.249(0.018)

0.387(0.089) 6(0)Γ 5.589(0.541) 0.964(0.034) 0.102(0.006)

CGLasso(K = 4)
Θ 3.284(0.292) 0.908(0.018) 0.184(0.025)

0.572(0.076) 4(0)Γ 4.013(0.676) 0.992(0.007) 0.064(0.009)

CGLasso(K = 3)
Θ 2.982(0.429) 0.919(0.021) 0.112(0.038)

0.738(0.145) 3(0)Γ 2.853(1.138) 0.998(0.004) 0.037(0.012)

MRCE(K = 6)
Θ 3.929(0.640) 0.867(0.149) 0.353(0.063)

0.387(0.089) 6(0)Γ 6.463(0.697) 0.784(0.153) 0.116(0.030)

MRCE(K = 4)
Θ 3.035(0.320) 0.959(0.013) 0.293(0.044)

0.572(0.076) 4(0)Γ 4.066(0.717) 0.977(0.028) 0.148(0.022)

MRCE(K = 3)
Θ 2.625(0.519) 0.979(0.013) 0.238(0.033)

0.738(0.145) 3(0)Γ 2.640(1.222) 0.997(0.005) 0.120(0.013)

MCGGM(K = 3)
Θ 4.654(1.275) 0.742(0.250) 0.141(0.115)

0.528(0.219) 3(0)Γ - - -

(150,200,250)

Proposed
Θ 1.399(0.054) 0.949(0.018) 0.053(0.004)

1.000(0.000) 3.00(0.00)Γ 0.636(0.173) 0.998(0.005) 0.005(0.002)

HeteroGGM
Θ 4.142(0.143) 0.988(0.007) 0.905(0.013)

0.467(0.270) 4.55(1.64)Γ - - -

CGLasso(K = 6)
Θ 3.432(0.147) 0.899(0.020) 0.237(0.016)

0.337(0.067) 6(0)Γ 5.204(0.500) 0.972(0.024) 0.094(0.007)

CGLasso(K = 4)
Θ 3.196(0.233) 0.922(0.018) 0.173(0.026)

0.541(0.089) 4(0)Γ 3.741(0.784) 0.995(0.008) 0.058(0.009)

CGLasso(K = 3)
Θ 3.164(0.542) 0.927(0.028) 0.134(0.050)

0.638(0.226) 3(0)Γ 3.440(1.657) 0.996(0.008) 0.044(0.016)

MRCE(K = 6)
Θ 3.814(0.686) 0.927(0.019) 0.342(0.035)

0.337(0.067) 6(0)Γ 5.767(0.563) 0.884(0.054) 0.146(0.029)

MRCE(K = 4)
Θ 2.921(0.284) 0.969(0.011) 0.287(0.029)

0.541(0.089) 4(0)Γ 3.737(0.860) 0.977(0.049) 0.150(0.015)

MRCE(K = 3)
Θ 2.807(0.653) 0.970(0.013) 0.277(0.035)

0.638(0.226) 3(0)Γ 3.278(1.770) 0.996(0.009) 0.133(0.017)

MCGGM(K = 3)
Θ 4.515(0.381) 0.714(0.150) 0.064(0.061)

0.589(0.112) 3(0)Γ - - -

(500,500,500)

Proposed
Θ 0.755(0.035) 0.997(0.005) 0.032(0.007)

1.000(0.000) 3.00(0.00)Γ 0.324(0.021) 1.000(0.000) 0.001(0.000)

HeteroGGM
Θ 4.055(0.096) 0.990(0.005) 0.881(0.008)

0.669(0.085) 5.80(0.70)Γ - - -

CGLasso(K = 6)
Θ 2.802(0.175) 0.922(0.019) 0.080(0.021)

0.517(0.041) 6(0)Γ 2.951(0.404) 0.999(0.003) 0.043(0.016)

CGLasso(K = 4)
Θ 2.581(0.173) 0.958(0.024) 0.065(0.026)

0.751(0.014) 4(0)Γ 2.243(0.236) 1.000(0.000) 0.037(0.018)

CGLasso(K = 3)
Θ 2.315(0.153) 0.970(0.026) 0.039(0.015)

0.877(0.015) 3(0)Γ 1.555(0.052) 1.000(0.000) 0.022(0.001)

MRCE(K = 6)
Θ 2.331(0.162) 0.982(0.009) 0.226(0.031)

0.517(0.041) 6(0)Γ 2.726(0.382) 0.991(0.029) 0.113(0.012)

MRCE(K = 4)
Θ 2.080(0.083) 0.997(0.004) 0.201(0.025)

0.751(0.014) 4(0)Γ 1.950(0.117) 1.000(0.000) 0.093(0.012)

MRCE(K = 3)
Θ 1.884(0.099) 0.996(0.007) 0.136(0.009)

0.877(0.015) 3(0)Γ 1.299(0.067) 1.000(0.000) 0.060(0.003)

MCGGM(K = 3)
Θ 4.220(0.432) 0.825(0.206) 0.070(0.046)

0.487(0.180) 3(0)Γ - - -
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Table S7: Simulation results under S3 with p = q = 100. In each cell, mean (sd).

n Method RMSE TPR FRP RI K̂0

(200,200,200)

Proposed
Θ 3.901(0.844) 0.952(0.024) 0.081(0.014)

0.721(0.210) 2.35(0.49)Γ 5.865(1.936) 0.885(0.070) 0.003(0.002)

HeteroGGM
Θ 6.175(0.570) 0.979(0.007) 0.895(0.013)

0.024(0.016) 5.30(1.34)Γ - - -

CGLasso(K = 6)
Θ 5.412(0.178) 0.827(0.016) 0.272(0.019)

0.126(0.159) 6(0)Γ 11.072(0.954) 0.826(0.090) 0.083(0.008)

CGLasso(K = 4)
Θ 4.636(0.984) 0.917(0.024) 0.176(0.066)

0.490(0.334) 4(0)Γ 6.655(3.210) 0.976(0.043) 0.049(0.019)

CGLasso(K = 3)
Θ 3.845(1.242) 0.926(0.018) 0.088(0.070)

0.775(0.355) 3(0)Γ 4.270(3.336) 0.983(0.044) 0.025(0.017)

MRCE(K = 6)
Θ 5.933(0.538) 0.838(0.099) 0.359(0.036)

0.126(0.159) 6(0)Γ 12.153(0.608) 0.267(0.068) 0.026(0.006)

MRCE(K = 4)
Θ 4.806(0.981) 0.947(0.034) 0.278(0.081)

0.490(0.334) 4(0)Γ 7.751(3.422) 0.716(0.285) 0.042(0.022)

MRCE(K = 3)
Θ 3.635(1.485) 0.962(0.026) 0.182(0.092)

0.775(0.355) 3(0)Γ 4.597(3.837) 0.903(0.196) 0.040(0.018)

MCGGM(K = 3)
Θ 6.464(0.863) 0.633(0.269) 0.067(0.094)

0.869(0.128) 3(0)Γ - - -

(150,200,250)

Proposed
Θ 3.515(1.097) 0.948(0.017) 0.076(0.017)

0.809(0.203) 2.50(0.51)Γ 4.434(2.427) 0.905(0.115) 0.002(0.002)

HeteroGGM
Θ 5.977(0.172) 0.985(0.007) 0.897(0.011)

0.020(0.015) 5.40(1.27)Γ - - -

CGLasso(K = 6)
Θ 5.782(0.217) 0.856(0.012) 0.283(0.007)

0.027(0.024) 6(0)Γ 11.572(0.570) 0.822(0.064) 0.088(0.004)

CGLasso(K = 4)
Θ 4.759(1.327) 0.936(0.015) 0.173(0.072)

0.441(0.323) 4(0)Γ 6.592(3.503) 0.974(0.041) 0.047(0.021)

CGLasso(K = 3)
Θ 3.760(0.918) 0.935(0.024) 0.087(0.053)

0.790(0.276) 3(0)Γ 4.368(2.994) 0.959(0.100) 0.024(0.011)

MRCE(K = 6)
Θ 6.036(0.160) 0.875(0.010) 0.371(0.022)

0.027(0.024) 6(0)Γ 12.669(0.412) 0.217(0.108) 0.025(0.007)

MRCE(K = 4)
Θ 4.983(1.724) 0.910(0.215) 0.252(0.096)

0.441(0.323) 4(0)Γ 7.689(3.910) 0.675(0.364) 0.039(0.021)

MRCE(K = 3)
Θ 3.620(0.991) 0.972(0.011) 0.186(0.063)

0.790(0.276) 3(0)Γ 4.493(3.227) 0.926(0.152) 0.050(0.019)

MCGGM(K = 3)
Θ 6.876(0.609) 0.512(0.177) 0.023(0.033)

0.787(0.087) 3(0)Γ - - -

(500,500,500)

Proposed
Θ 1.177(0.037) 0.995(0.003) 0.017(0.008)

1.000(0.000) 3.00(0.00)Γ 0.460(0.015) 1.000(0.000) 0.000(0.001)

HeteroGGM
Θ 5.851(0.230) 0.991(0.006) 0.855(0.009)

0.728(0.134) 5.35(1.18)Γ - - -

CGLasso(K = 6)
Θ 3.618(0.330) 0.944(0.029) 0.095(0.031)

0.651(0.038) 6(0)Γ 3.900(0.628) 0.999(0.003) 0.038(0.017)

CGLasso(K = 4)
Θ 2.962(0.390) 0.961(0.025) 0.049(0.019)

0.859(0.016) 4(0)Γ 2.546(0.623) 1.000(0.001) 0.021(0.005)

CGLasso(K = 3)
Θ 2.755(0.416) 0.964(0.026) 0.017(0.014)

0.956(0.125) 3(0)Γ 2.190(1.781) 0.984(0.074) 0.012(0.002)

MRCE(K = 6)
Θ 3.376(0.473) 0.974(0.039) 0.157(0.032)

0.651(0.038) 6(0)Γ 4.122(0.865) 0.957(0.070) 0.063(0.018)

MRCE(K = 4)
Θ 2.487(0.224) 0.993(0.017) 0.083(0.026)

0.859(0.016) 4(0)Γ 2.270(0.563) 0.993(0.024) 0.054(0.010)

MRCE(K = 3)
Θ 2.147(0.428) 0.998(0.002) 0.050(0.017)

0.956(0.125) 3(0)Γ 1.810(1.871) 0.984(0.070) 0.044(0.004)

MCGGM(K = 3)
Θ 5.771(0.457) 0.924(0.092) 0.068(0.034)

0.716(0.132) 3(0)Γ - - -
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Table S8: Simulation results under S1 with p = q = 200. In each cell, mean (sd).

n Method RMSE TPR FPR RI K̂0

(200, 200, 200)

Proposed
Θ 6.293(0.531) 0.960(0.032) 0.074(0.010)

0.567(0.007) 2.00(0.00)Γ 9.672(1.588) 0.841(0.068) 0.002(0.001)

HeteroGGM
Θ 10.329(3.108) 0.971(0.009) 0.860(0.013)

0.027(0.011) 5.68(0.94)Γ - - -

CGLasso(K = 6)
Θ 31.018(16.126) 0.515(0.201) 0.086(0.112)

0.013(0.006) 6(0)Γ 20.934(2.608) 0.839(0.073) 0.274(0.118)

CGLasso(K = 4)
Θ 6.819(0.304) 0.899(0.011) 0.262(0.002)

0.008(0.008) 4(0)Γ 16.360(0.444) 0.883(0.036) 0.103(0.003)

CGLasso(K = 3)
Θ 7.972(0.384) 0.945(0.007) 0.257(0.015)

0.052(0.135) 3(0)Γ 15.384(2.028) 0.954(0.018) 0.085(0.009)

MRCE(K = 6)
Θ 31.703(4.298) 0.591(0.029) 0.156(0.023)

0.013(0.006) 6(0)Γ 20.647(0.348) 0.740(0.047) 0.235(0.019)

MRCE(K = 4)
Θ 8.004(0.325) 0.934(0.003) 0.416(0.013)

0.008(0.008) 4(0)Γ 16.809(0.509) 0.647(0.062) 0.054(0.004)

MRCE(K = 3)
Θ 8.558(0.150) 0.969(0.005) 0.437(0.012)

0.053(0.135) 3(0)Γ 16.688(0.552) 0.659(0.039) 0.033(0.003)

MCGGM(K = 3)
Θ 16.254(8.581) 0.810(0.091) 0.105(0.023)

0.121(0.249) 3(0)Γ - - -

(500, 500, 500)

Proposed
Θ 2.077(0.042) 0.980(0.002) 0.003(0.000)

1.000(0.000) 3.00(0.00)Γ 1.011(0.144) 0.998(0.001) 0.001(0.000)

HeteroGGM
Θ 8.512(0.286) 0.993(0.003) 0.823(0.041)

0.269(0.234) 4.80(1.61)Γ - - -

CGLasso(K = 6)
Θ 5.625(1.136) 0.979(0.008) 0.157(0.037)

0.536(0.206) 6(0)Γ 7.479(3.227) 0.997(0.006) 0.043(0.012)

CGLasso(K = 4)
Θ 4.017(0.892) 0.983(0.015) 0.068(0.023)

0.831(0.098) 4(0)Γ 3.599(1.775) 1.000(0.000) 0.015(0.004)

CGLasso(K = 3)
Θ 3.613(0.839) 0.984(0.004) 0.023(0.019)

0.963(0.124) 3(0)Γ 2.927(1.848) 1.000(0.000) 0.007(0.003)

MRCE(K = 6)
Θ 7.168(0.253) 0.991(0.002) 0.252(0.005)

0.536(0.206) 6(0)Γ 5.678(0.148) 0.992(0.001) 0.073(0.002)

MRCE(K = 4)
Θ 3.035(0.003) 0.999(0.001) 0.128(0.001)

0.831(0.098) 4(0)Γ 2.535(0.048) 1.000(0.000) 0.049(0.001)

MRCE(K = 3)
Θ 2.625(0.004) 0.999(0.001) 0.079(0.001)

0.963(0.124) 3(0)Γ 1.989(0.058) 1.000(0.000) 0.018(0.001)

MCGGM(K = 3)
Θ 7.769(3.645) 0.907(0.088) 0.049(0.014)

0.391(0.229) 3(0)Γ - - -
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Table S9: Simulation results under S2 with p = q = 50,K0 = 10. In each cell, mean (sd).
n Method RMSE TPR FPR RI K̂0

(200, 200, 200)

Proposed
Θ 4.275(0.165) 0.736(0.017) 0.092(0.006)

0.743(0.085) 7.95(0.69)Γ 7.917(0.425) 0.276(0.055) 0.001(0.001)

HeteroGGM
Θ 4.906(0.088) 0.962(0.006) 0.911(0.013)

0.199(0.196) 14.20(3.99)Γ - - -

CGLasso(K = 20)
Θ 4.387(0.025) 0.661(0.008) 0.431(0.003)

0.031(0.006) 20(0)Γ 9.938(0.093) 0.622(0.029) 0.242(0.003)

CGLasso(K = 10)
Θ 4.977(0.025) 0.699(0.009) 0.396(0.004)

0.032(0.009) 10(0)Γ 9.326(0.155) 0.686(0.050) 0.190(0.003)

CGLasso(K = 5)
Θ 5.258(0.030) 0.734(0.012) 0.315(0.007)

0.038(0.015) 5(0)Γ 9.092(0.261) 0.741(0.064) 0.123(0.003)

MRCE(K = 20)
Θ 4.703(0.023) 0.740(0.011) 0.572(0.004)

0.031(0.006) 20(0)Γ 9.693(0.038) 0.374(0.036) 0.191(0.003)

MRCE(K = 10)
Θ 5.069(0.025) 0.787(0.010) 0.580(0.008)

0.032(0.009) 10(0)Γ 9.789(0.047) 0.295(0.042) 0.056(0.002)

MRCE(K = 5)
Θ 5.384(0.006) 0.806(0.021) 0.505(0.006)

0.038(0.015) 5(0)Γ 8.936(0.011) 0.107(0.008) 0.029(0.001)

MCGGM(K = 10)
Θ 10.428(5.145) 0.603(0.193) 0.069(0.014)

0.280(0.168) 10(0)Γ - - -

(500, 500, 500)

Proposed
Θ 1.715(0.123) 0.948(0.004) 0.049(0.003)

0.999(0.001) 10.00(0.00)Γ 2.962(0.282) 0.893(0.021) 0.076(0.004)

HeteroGGM
Θ 4.467(0.045) 0.978(0.005) 0.869(0.012)

0.770(0.073) 15.00(2.65)Γ - - -

CGLasso(K = 20)
Θ 4.944(0.016) 0.690(0.011) 0.354(0.003)

0.040(0.003) 20(0)Γ 9.404(0.121) 0.795(0.024) 0.153(0.002)

CGLasso(K = 10)
Θ 5.259(0.014) 0.690(0.011) 0.279(0.004)

0.022(0.002) 10(0)Γ 9.518(0.047) 0.740(0.024) 0.100(0.002)

CGLasso(K = 5)
Θ 5.404(0.019) 0.702(0.018) 0.208(0.004)

0.009(0.002) 5(0)Γ 9.578(0.126) 0.599(0.048) 0.073(0.002)

MRCE(K = 20)
Θ 5.073(0.019) 0.722(0.012) 0.415(0.013)

0.040(0.002) 20(0)Γ 9.873(0.097) 0.464(0.032) 0.045(0.003)

MRCE(K = 10)
Θ 5.298(0.015) 0.754(0.023) 0.417(0.039)

0.022(0.002) 10(0)Γ 9.935(0.059) 0.237(0.024) 0.025(0.001)

MRCE(K = 5)
Θ 5.409(0.023) 0.778(0.039) 0.372(0.068)

0.009(0.002) 5(0)Γ 9.822(0.113) 0.079(0.016) 0.022(0.001)

MCGGM(K = 10)
Θ 5.141(0.035) 0.651(0.158) 0.020(0.008)

0.437(0.055) 10(0)Γ - - -

Computational Cost We examine computer time of the different methods using

setting S1 with n = (200, 200, 200) and various (p, q) values. Computation is done

on a regular laptop with a 2.3 GHz Quad-Core Intel Core i5 processor. The results

based on 100 replicates are presented in Table S10. With a higher computational

complexity, as expected, the proposed approach has a higher computational cost.

However, it is still acceptable.

Additional Simulation for Theorem 1 We conduct simulation to “validate”
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Table S10: Computer time (in seconds). In each cell, mean.

(p, q) (10, 10) (20, 20) (50, 50) (100, 100)

Proposed 4.420 7.429 38.502 532.505
HeteroGGM 1.008 9.253 76.959 102.286
CGLasso 0.222 0.411 1.339 6.337
MRCE 0.228 0.394 2.599 77.994

MCGGM 13.977 73.941 181.2049 226.804

Theorem 1. Under setting S1, we fix p = q = 50 and K0 = 3 and vary the sample

size from nk = 200 to nk = 3000 for k = 1, · · · , K0. Figure S4 shows the estimation

error
∑K̂0

k=1

(
∥Γ̂k − Γ∗

k∥F + ∥Θ̂k −Θ∗
k∥F
)
plotted on a log-log scale. It is observed

that the estimation error decreases as the sample size increases. The red line, which is

from a linear regression, has slope approximately -0.5, which suggests a convergence

rate of 1/
√
n. This can provide support to Theorem 1.

Figure S4: Estimation error as a function of sample size.
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S5 Analysis of METABRIC data: additional results

Table S11: Analysis of METABRIC data: numbers of edges and overlapping edges for the six

sample groups.

Group 1 Group 2 Group 3 Group 4 Group 5 Group 6

Group 1 684 134 118 140 68 110
Group 2 676 166 178 94 170
Group 3 432 136 72 148
Group 4 638 96 152
Group 5 380 94
Group 6 652

Figure S5: Analysis of METABRIC data: genes with the highest degrees for the six sample groups.
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Table S12: Analysis of METABRIC data: analysis of variance for selected clinical variables.

Clinical variable p-value

Tumor size < 0.001
Mutation count < 0.001

TMB nonsynonymous < 0.001

Figure S6: Analysis of METABRIC data: comparison of survival. Left: overall survival; Right:

relapse free survival.

Table S13: Analysis of METABRIC data: comparison with Claudin subtypes.

Group 1 Group 2 Group 3 Group 4 Group 5 Group 6 Sum

Basal 0 4 4 2 157 32 199
Claudin-low 2 80 4 0 79 34 199

Her2 2 11 32 20 9 146 220
LumA 114 250 80 219 2 14 679
LumB 83 42 236 62 1 37 461
Sum 201 387 356 303 248 263 1758

Table S14: Analysis of METABRIC data using different approaches. Diagonal: sample group sizes.

Off-diagonal: Rand index.

Proposed CGLasso/MRCE HeteroGGM MCGGM

Proposed 201/387/356/303/248/263 0.777 0.834 0.423
CGLasso/MRCE 17/327/531/226/657 0.771 0.508

HeteroGGM 380/291/515/338/185/49 0.452
MCGGM 0/28/0/275/1455
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Figure S7: Analysis of METABRIC data using different approaches: comparison of grouping results.
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S6 Analysis of TCGA data

To further demonstrate utility of the proposed approach, we conduct analysis of The

Cancer Genome Atlas (TCGA) data. TCGA is a collective effort organized by the

NIH and has comprehensively collected and published multiomics data on multiple

cancer types. In particular, it is noted that gene expression-based heterogeneity anal-

ysis, including network-based, has been conducted using TCGA data (Cai and Li,

2017; Ni et al., 2018). In the TCGA breast cancer (BRCA) study, data is available

for 1,048 patients. As in the main text, we consider the KEGG hsa05224 (breast

cancer) pathway. Measurements are available for 147 gene expressions and their cor-

responding CNAs. We refer to published studies for information on data collection,

management, and processing (Cancer Genome Atlas, 2012).

Figure S8: Analysis of TCGA BRCA data: network structures for the three sample groups.

48



S6. ANALYSIS OF TCGA DATA

Table S15: Analysis of TCGA BRCA data: numbers of edges and overlapping edges for the three

sample groups.

Group 1 Group 2 Group 3

Group 1 488 94 88
Group 2 596 158
Group 3 458

Figure S9: Analysis of TCGA BRCA data: genes with the highest degrees for the three sample

groups.

Figure S10: Analysis of TCGA BRCA data: heatmaps of the estimated coefficient matrices for the

three sample groups.
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The proposed method identifies three sample groups, with sizes 186, 251 and

611, respectively. Detailed information on sample grouping is available from the

authors. The three gene expression network structures are shown in Figure S8. As

shown in Table S15, they have 488, 596, and 458 edges, respectively. And they

have limited overlapping edges, suggesting that the three networks are significantly

different – this can also be seen from Figure S8. In Figure S9, we provide information

on the genes with the highest degrees in the three networks. Significant differences

are again observed. Many individual genes have significantly different connection

properties in the networks. For example, gene ESR1 is an isolated node in the first

network, has a few edges in the second network, and is a well-connected hub node

in the third network. Genes IGF1, BAX and FGF1, which have been established

as important biomarkers for breast cancer, also have different properties for the

three sample groups. There are also some commonalities. For example, genes SP1,

NOTCH4, WNT2, GSK3B, AXIN1, APC and POLK are key hubs for all the groups.

In Figure S10, we show the heatmaps of the estimated coefficient matrices. Simply

eyeballing the heatmaps suggests significant differences. In addition, we observe more

and stronger cis regulations, which is as expected. However, a significant number of

trans regulations are also observed.
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Table S16: Analysis of TCGA BRCA data: comparison of clinical features across the three sample

groups.

Clinical variable Group 1 Group 2 Group 3 p-value

PR status
Negative 163 59 102

< 0.0001Positive 11 182 475

ER status
Negative 153 28 40

< 0.0001Positive 23 213 538

HER2 status
Negative 110 116 308

0.0005Positive 12 37 106

ER/PR/HER2

ER+/PR+/HER2- 2 89 261
< 0.0001ER-/PR-/HER2+ 10 6 16

ER-/PR-/HER2- 90 10 7

Different from the METABRIC data, there is a lack of subtype information.

As in the main text, to provide “indirect support” to the validity of heterogeneity

analysis, we compare important clinical features across the three sample groups. The

results are summarized in Table S16. It is noted that all these clinical features have

been well established as highly critical for breast cancer risk, prognosis, and response

to treatment, and the significant p-values suggest that the identified sample groups

have clinically meaningful differences.

Table S17: Analysis of TCGA BRCA data using different approaches. Diagonal: sample group

sizes. Off-diagonal: Rand index.

Proposed CGLasso/MRCE HeteroGGM MCGGM

Proposed 186/251/611 0.822 0.761 0.561
CGLasso/MRCE 175/277/596 0.710 0.547

HeteroGGM 567/316/165 0.539
MCGGM 69/47/932
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Figure S11: Analysis of TCGA BRCA data using different approaches: comparison of grouping

results.

Data is also analyzed using the alternative approaches. For better comparability,

we fix three sample groups for the alternatives. The heterogeneity comparison results

are summarized in Table S17 and Figure S11. It is found that different approaches

lead to different grouping structures. In particular, MCGGM generates highly im-

balanced groups. The Rand index values in Table S17 further suggest moderate to

strong overlappings. The three networks generated by CGLasso have 250, 230, and

188 edges. Those generated by HeteroGGM have 494, 736 and 596 edges. And those

generated by MCGGM have 352, 120 and 168 edges. It is apparent that the network

structures are also significantly different. More detailed results are available from
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