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Regularity conditions, technical proofs, and simulation results are displayed in Section
Section [S2] and Section [S3] respectively. In Section [S4] we provide additional notes on the real
data analysis. In Section we extend the development in the main text to accommodate the
generalized least squares loss function, with both theoretical properties and numerical studies

reported.

S1 Regularity Conditions

For a square matrix A, let pmin(A) and ppax(A) denote the minimum and

maximum eigenvalues of A, respectively. The following regularity condi-
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tions are imposed:

A. Assumptions about covariates and responses:
In addition to assuming {{X;,Y;(t)} : i =1,2,...,n} to be i.i.d. for
t € T, as in Section [2.1, we require that
A1l. The dimension of X, p, is fixed.
4 o T
A2, E(Xj) <o for j=1,...,p, and pmin{E(X: X, )} > 0.
A3. T is a compact interval, as required in Section 2.1.

A4. X is independent of {g;(t) : t € T}, as required in Section 2.1.

B. Assumption about the coefficient functions in model (2.1)):

There exist a positive integer ¢’ < d and a constant C; > 0, together
with a constant v > 0, such that the ¢'th order derivative of functions
B;(+) satisfies
B (81) = 8, (t2)] < Cultr — tal",
for all t1,t € T and all 1 < j < p. Define ¢ = ¢ + v.
C. Assumptions about B-spline approximations:
C1. The number of knots satisfies

()

> (5 for some positive constant C;

(i) &% — 0 as n — oo.
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C2. For j=1,...,M,let hj = 7; — 7;_1. Assume that

max |hji1 — h;| = o(M™') and max h; < C3- min h;
1<5<M 1<5<M 1<j<M

for some positive constant Cs.
C3. There exists a positive constant Cy > 1 such that
Cy'm/M < puin(®T(£)B(2)) < prax(®T (8)@(2)) < Cum/M.
(S1.1)
These requirements imply the invertibility of ®T(¢)®(t), yielding

that m > M + d since ®(t) is an m x (M + d) matrix.
D. Assumptions about measurement error U; in model (3.7)):

D1. For any 1 < j < p, assume that E(Uj;) < oo.
D2. For i = 1,...,n, U; is independent of {Y;(¢) : t € T} and X;, as
required in Section 3.1

E. Assumptions about the penalty function Py(v) for v > 0:

E1l. P\(0) =0 and Py(v) > 0 for v > 0.

E2. The first derivative of Py(v), denoted P;(v), exists on (0,+00),

and satisfies

(i) P5(v) is continuous and monotonically non-increasing;

(i) Pi(v) =0 for v > a for some constant a > 1;
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(iii) limy_or P} (v) = A

Assumption Al states the setting we consider. Assumption A2 is im-
posed to avoid settings with the perfect covariate collinearity, which results
in nonidentifiability issues; this assumption is widely used in the litera-
ture of function-on-scalar regression models (Wang et al., 2007; Parodi and
Reimherr} 2018). Indeed, if E(X;X,") is singular, there exists a non-zero
vector v € RP such that 47 X; = 0 almost surely. Then any function of
the form B(t) + cf,(t) satisfies model , where ¢ € R is an arbitrary
constant and f,(t) = ~.

Assumption B is commonly made for the function-on-scalar regression
model, which allows the use of B-spline based methods to estimate the
coeflicient functions in the model. In fact, such 3;(t) is smooth enough and
can be approximated by some “best” function in the linear space spanned
by all B-spline basis functions ¢(t), denoted Sy . To be specific, together
with Condition C2, there always exist B-spline functions {6;(t) € Sy :

j=1,...,p,t € T}, such that

sup [|0; — BjllL, < CIM™, (51.2)

1<j<p

for any positive integer M, where Cf is a positive constant functionally
independent of M (De Boor, 1978, Theorem XII(6)), and thus yielding

that ||6; — BjllL.. — 0 as M — oo. For a B-spline function 6;(t) € Sqm
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satisfying (S1.2)), we write
0;(t) = &' (1)bo,, (S1.3)

where by; € RM*. Let by = (b],,...,b],)" denote the (M + d)p x 1
vector. In order to establish the estimation consistency of Bj, we therefore
examine |0, — §;|| 1., and it suffices to find an upper bound of ||6; — ;| ..
which converges to 0 as n — 0o, as discussed in the following derivation of
Theorem [11

Generally speaking, the number of B-spline inner knots should be di-
vergent to derive the function consistency, as shown in (S1.2)). However, a
too large M results in an estimator with an overly large variance. Imposing
condition C1 is to constrain the divergence rate of M. The imposition of
Condition C(i) is to control the B-spline approximation error, which makes
the terms involving the B-spline error (i.e., Iy and Iy in (S2.28]) of the proof
of Theorem [1)) negligible, relative to other terms. Without this condition,
the convergence rate for b in Theorem [1] is not O,( \/M—/n) but becomes
Op(v/M/n + M*'/?~%). Condition C2 is identical to Assumption 3 of Zhou
et al| (1998), which is easy to be met. For instance, the equally spaced
knots satisfies Condition C2.

While constraint in Condition C3 may look somewhat stringent,

they are readily satisfied for many settings. In fact, to satisfy (S1.1)), it
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suffices to require a’ {®7 (¢)®(t)/m}a to be of order O(M 1) for any vector

a with |la|| = 1. To this end, let s(t) = a'¢(t) for t € T. Then we write

aT{®T(t)B(t)/mla = / s()2dF (1), (S1.4)

-
where F,(t) £ 23" I(t, < t) is the step function of observations ¢ =
{t1,...,tm}. Suppose that there is a distribution function F'(t) with positive

continuous density on the domain 7, which satisfies
1By = Fll, = o(M7). (S1.5)

On one hand, it can be proved that [ s(t)*dF(t) = O(M~") (De Boor,
1978, Page 155). On the other hand, we have that [ s(t)*d(F, — F)(t) =
o(M~1) due to . Therefore, the right-hand-side of equation (S1.4)) is
of order O(M ™). The details of this proof can be found in [Zhou et al.
(1998, Lemma 6.1).

Assumption D1 is useful for technical derivations, and it is commonly
made in the literature of measurement error models in a tacit manner, for
example, by assuming the normality of U; in model (e.g., Section 2.6 of
Yi| (2017)). Assumptions in E are widely used in the literature of variable
selection. The well-known SCAD (Fan and Li, 2001) and MCP (Zhangj,

2010) are two examples satisfying them.

Remark 1. Condition (S1.5)) is easy to be met. For example, if the do-
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main 7 £ [0, 1] and the observations are equally spaced at t, = k/m
for k = 1,...,m, then we take F' as the uniform distribution function on
[0, 1], which satisfies ||F,,, — F||, = m~'. Hence (S1.5) holds under the

assumption that M/m — 0 as m — oc.

Remark 2. The results in Section [5| of the main text are established by
treating the observation points t = {t1,...,t,,} as deterministic or pre-
specified. When the observation times are random variables, the results
can still hold if proper modifications of the conditions are done; typically,
the inequalities is now modified to hold with probability tending
to 1. This new constraint can also be proved if ||F,, — F||, = o,(M™1),
where the definitions of F;,, and F are the same as before. In a special case
where {t1,...,t,} are independently sampled from a common distribution
function, say, Fy(t), then we have that ||F,, — Fyl|,_ = Op(m~'/?) according
to Massart| (1990). Therefore, the condition ||F, — F||, = 0,(M™") is

satisfied if we set F' = F, and assume M?/m — 0 as m — co.
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S2 Technical Details

S2.1 Preliminary Preparations

For a vector @ = (ay,...,a;)", let ||a|l« and |la|| respectively denote the
infinity norm and the Euclidean norm for a, i.e., ||alcc = maxi<j< |a;]
and |ja| = @/2?21 a?. For a p x ¢ matrix A = [aji],xq With the (j, k)
element a;, € R, let || Al|r and ||A]|s respectively represent the Frobenius
norm and the matrix 2-norm (i.e., the spectral norm) for A, i.e., [|[A|r =

\/Z§:1 > i1 @ and [|Alls = \/pmax(ATA). An equivalent definition for

the matrix 2-norm is given by

[All2 = sup [[Aw], (52.6)

[[wl]l=1

where w is a vector with suitable dimension.
In the subsequent derivations, we frequently use the following proper-
ties, together with Lemmas [I] and [2]

Property 1: For matrices A, B, C and D having suitable dimensions,

(A B)'=A"®@B" and (A® C)(B® D) = (AC) ® (BD).

Property 2: For any matrices A, B and C' with suitable dimensions,

(BT ® A)vec(C) = vec(ACB).



S52. TECHNICAL DETAILS

Property 3: For any matrices A and B,
A @ B2 = [|All2[| B2

Property 4: For any matrices A and B with suitable dimensions, we have

that
(a) |AB|r < || All2|Bl|lr and [|AB|r < ||Al|r||B]2-
(b) [[Al2 < |A]lp.

Property 5: For any symmetric positive semi-definite matrix G,

pmax(G2> = {pmaX<G) }2‘

Property 6: For positive semi-definite matrices S and T,

pmin(S ® T) = pmln(S>pm1n<T)

Properties 1 and 2 can be found in Horn and Johnson (1991, Section
4.2) or proved by using the definition of the kronecker product. Properties
3 and 6 are directly resulted from Theorem 4.2.12 of Horn and Johnson
(1991) and Properties 4 and 5 can be found in [Horn and Johnson| (2012,

Section 5.6). We also present rigorous proofs for Properties 3-6 below.

Proof of Property 3, 4, 5 and 6:



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

For any rectangular matrices Sy and T, let the nonzero singular values
of S; and T be {\y,..., A} and {p1,..., 1}, respectively. According to
Theorem 4.2.12 of Horn and Johnson (1991)), all nonzero singular values for
S ® T is given by {A\ju 1 <j <s, 1<k <t} Hence for any matrices
A and B, we have that

|A® B3 = pmax{(ATA) @ (B"B)}
= pmax(ATA) - pruax(B' B)
= |AlLIBI3,
where the first step is due to Property 1 and the definition of spectral norm,
and the second step is because AT A and BT B are positive semi-definite,
indicating that all eigenvalues are non-negative. Property 3 is then proved.

Similarly, for two positive semi-definite matrices S and T,
pmin(S ® T) - pmin(s)pmin(T)a

since their eigenvalues are all non-negative. Property 6 is proved.
Note that the Frobenius norm for matrix A can be rewrite as || A||r =
tr(ATA), where tr(-) represents the trace operator. Property 4 (b) then

directly follows since

|Al% = tr(ATA) > pra(ATA) = | A3,

For Property 4 (a), let B = [By,...,B,], where B; for j = 1,...,p are
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column vectors of A. Then we have that
|AB||% =tr(BTATAB)

P
=> B]ATAB,

Jj=1

p
S pmax(ATA) Z B;BJ

j=1
= |AlEIB]F.
By the facts that || AB||r also equals to tr(ABBTAT) and pp.(BBT) =
| BJ|3, we can prove the other inequality analogously.
Now we verify Property 5. Since G is symmetric, there exists a a real

orthogonal matrix P such that
G = PTAP,

where A = diag(\q,...,\,) is the diagonal matrix with A;, 1 < j < m,
representing the ith eigenvalue of G. Without loss of generality, we assume

that A} = pmax(G). It is then obvious that
pmax(Gz) = pmax(PTA2P) = )‘% = {pmaX(G)}Q’

where the first step is due to that PPT equals identity and the second step

is because that all A; >0, 5 =1,...,m. O

Lemma 1. Let X and Z be two independent column vector variables with

mean 0 and covariance matrices Xx and Xz respectively. For any real-
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valued matriz C with a suitable dimension, we have that
Cov{i( X ®C)Z} =Zx ® (CZzCT).

Proof:
Let X = (X1,...,X,)" and let W; = X;CZ for j = 1,...,p. Then

(X®C)Z =W/, ,W]]T. It is direct to verify that
Var(W;) = E(X;)CEzC"
and
Cov(W;, W)) = Cov(X;, X;)CEC".
It is then straightforward to combine these two results and obtain that

Cov([W],--- W) =Zx ® (CZzCT).

p

]

Lemma 2. Let ¥ be an m X m real-valued symmetric positive definite
matrix and let ¥ be an m X d real-valued matriz with the full rank, where

d<m. Then

and

Pmaz(PTEC) < [T |9 0m00(Z). (S2.8)
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Proof:
Since ¥ is real-valued and symmetric, there exists a real-valued orthog-

onal matrix P such that

> =PTAP,

where A = diag(\y, ..., Ay, is the diagonal matrix with A; representing an
eigenvalue of 3 for 1 < 57 < m.
Define ¥ = PW and write ¥ = [ty - - - ,%,,]". Since PTP equals the

identity matrix, proving (S2.7)) is equivalent to showing that
Penin (BTAW) > poiy (BTW) i (A), (52.9)

which is true because that

pmin<\ilTA\il> = Pmin (Z )‘jij;r>
j=1

= | Hﬁfl )\j(’lUT’l,/)j)2

w||= o

m

> | irll‘fl (W ;) prin(A)
w|= o

= pmin(A) * Pmin (Z ¢]¢;I'>
j=1

- pmin(‘ijTlil)pmin(A)a
where the second and the fourth steps are due to the fact that py,(Q) =
inf =1 w' Qw for any square matrix Q. The proof of ‘) is then com-

pleted.
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Expression (S2.8) can be proved using arguments analogous to those

for (S2.7) and the identity puax(PTW) = || ETE|],. =

Lemma 3. Consider the B-spline basis functions ¢(t) in Section and
the linear space Sqn spanned by them given before . Fort e T,
let f(t) = @¢"(t)b € Sy denote a spline function over domain T with
coefficients b € RM*+4. Assume Assumption C2. Then there exists positive

constants Ey and Ey depending only on d such that
EXWM| fllz, < [|bll < Exv M| f[L,-

Proof:

In Section , we use 71 < Tp < -+ < Tpr41 to denote knots on T for
the setup of B-spline, where 7 and 7,41 represent the two endpoints of
T. Define 7, = 7 forall k =1—-d,1—d+1,...,0 and 7, = Ty, for
all k = M +2,...,M +2d+1. Let b = (by,...,by4q)". According to
equation (13) in [Zhou et al| (1998), there exist positive constants F; and

E, depending only on d, such that

~ M+4d ~ M-+d
B> (i — =) < |IfI7, S B Y (1501 — T—a)b3. (52.10)
j=1 Jj=1

Due to Assumption C2 and the fact that minj<j<p h; < 1/M,

max hj < Cg min hj < Cg/M
1<j<M 1<j<M
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Similarly, since maxy<;<a hj > 1/M,
min hj Z Cgl max hj 2 1/(03M)

1<j<M 1<j<M

Hence, we have that for any j =1,..., M,

1/(03]\/[) < min hj S Tj+1 — Tj—d S <d+ 1) 1I<l'l%)](\/[hj S Cg(d—l- 1>/M
)=

1M
(52.11)
Then by (52.10) and (S2.11)),
E, Cs(d +1)E,
b||> < 2 < 2 )2
bl < N1, < == o,
which completes the proof. O

S2.2 Proof of Theorem [1

The proof consists of two parts, each for proving (5.23)) or ([5.24)).

Part 1: Prove .

Set 6, = ,/%. To show the existence of a local minimizer, say l;, of
Q,,(b) satisfying ||b — by|| = O,(6y,,), it suffices to verify that, for any e > 0,

there exists a positive constant K, such that

P ( inf Qn(bo + 6,v) > Qn(bo)) >1—¢ (S2.12)

lo]|=FKe,vERP(M+)

The proof of ((S2.12)) consists of the following steps, where for any given

constant K > 0, we consider any v satisfying ||v|| = K.
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Step 1: Identify a lower bound of Q,(by + 6,v) — Qn(by).

Fori=1,...,n,let

Z; =X @®(t) and Z; = X" @ ®(t). (S2.13)

By (B.11),

n

Qu(b) = 5 > I1¥i() — Z7bl[* — 56T [S @ {2T(O)%(0)}] b+ nm > A(b]).

i=1 j=1
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Therefore,

Qn(bo + 0nv) — Qn(bo) = Z{HY — Z(by + 0,0)|I” — | Yi(t) — Z;bo’}

+nm Z {Pr(llbo,; + dnv;l) — Pa([[bol)}

j=1

(bo+ 6,0)" [ @ {@T(£)(£)}] (bo + 0,v)

l\DI§

+ —bT [(Ee{@T(t)®(t)}] b

Z v Z Zv -4, Zsz*T — Z'by)

+ nm Z {PA([bo,; + dnv;ll) — Pr(llbol)}

J=1

—ndpby [E@{@T(t)R(t)}] v — Lo

2
52 - T * T % T *T *
25; Z:"Zv — 6, sz (Y;(t) — Z;by)
+nm Y {Pa([lbo; + 5uv;]1) = Pa(lbo )}
J¢Jo

2

—néyby (L@ {®T(t)®(t)}] v — "%%T [Ee{®T(t)®

EL+ L+ L+ 1+

(S2.14)

where v; is the jth part of v such that v = (v], ..., p) The inequality

is due to Assumption E1 and the fact that by ; = 0 for all j € Jp.

Step 2: Examine I, and I5 in (S2.14).

[Ee{®T(t)®

()} v

()} v
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By definition and model (3.7)),
Z'=2Z;+U ' @ ®(t).

Hence the term [; in (S2.14]) can be further split as
I = % i ' Z T Z
1 9 - i i

2 "N -
= N WTE(Z Z) + 82 Y 0 2T {UT @ (1))
=1

i=1

IS (W @ {8700} o
B3 (21w )

Eha+ho+Lis+ I (S2.15)
Now we examine term by term.
For [; 1 in (S2.15)), we have that
L, = % zn: v'E(Z] Z;)v
7 25

2
nod
T

2

> TnHUH2Mpmin {E(X;X)} pmin {%‘I’T(t)q’@)}

E (X, X))@ {@"(t)®(t)}] v

> 522 o (S2.16)
for some positive constant Cj, where the first equality is due to Property
1, the third step is due to Property 6 and the last inequality is due to

Assumption A2 and Assumption C3 as well as ||v|| = K.
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For I 5 in (S2.15)), we have that

um|:5§§évTZfﬂﬁW®¢@nv
=02 |v" [(Zn; XiUiT> @ {®T(t)D(t)}

| [(i XZ-UiT> 2 {®T(t)2(t)}
< orlv|® Sup [(é XZUZ-T> @ {@T(t)®(t)}

AT, (Z XU ) 2 {8712 (1))

v

< 6wl v

2

= a,l|v) | > xUT

i=1

[®T ()@ ()]

2

(S2.17)

2 Y

where the second equality is due to (52.13)) and Property 1, the third step is
due to the Cauchy-Schwarz inequality, the fifth step is due to the definition
(S2.6), and the last equality is due to Property 3.

Note that

<

= (fjxijUik) = 0,(v/n)

F dk=1 \i=1

zn: XU/
i=1

En: x,u/
=1

2 (S2.18)

due to the central limit theorem, and by Assumption C3, we further know
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that

12T (&) R(2)ll2 = v/ Pmax (2T ()2 (1)DT (1) D(2)}
= pmax (27 (1)2())
< Cym/M, (52.19)
where the first step is due to the definition of the matrix 2-norm, and the

second step is due to Property 5. Therefore, (52.17)) is bounded:

| o| = O, (82/nm/M) - K* (S2.20)

since ||v|| = K.

Next, combining /; 3 in (52.15) and I5 in ((52.14]) gives that

L+ I = %5,3& [{Z(UZUZT — 2)} 2 {@T(t)®(t)}|v. (S2.21)
i=1
For any 1 < 7,k < p,
Var {Z(UijUik - Ejk)} = n Var(U;;U;;) = O(n), (S2.22)
i=1

due to Assumption D1, where 3, is the (7, k) element of 3. Therefore, by

Property 4 (b) and the definition of the Frobenius norm,

n 2 n 2
dwul %) <|D (UU] -x)
i=1 2 =1 F
p n 2
=) {Z(Uz‘jUik - ij)}
k=1 (i=1

= Op(n)a
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where the last step comes from the Markov inequality and (S2.22)), so

n

Y (UUT -%)|| =0,(vn). (S2.23)
=1
Applying and (S2.19)) to (|82.221|) gives that
hat < 2820l [T - )| e @),
i=1 9
= 0,(62y/nm/M) - K2, (S2.24)

where the inequality is due to Property 3.

By (S2.13), (S2.19) and Properties 3 and 4,

02 |
[Fa = 3 ;vT (Z]Z, - E(Z]Z)} v
52 -
= v’ H; X, X! —nIE(XiXiT)} @ {@T(t)®(t)}| v
no? 5111 “ T T -
< =~ llvll ;Z{XiXZ- ~E(XXD}H| [[@Tme)],
=1 F
= 0,(82/nm/M) - K, (S2.25)

where the last step comes from Assumption A2, the central limit theorem

to bound the Frobenius norm term, and (52.19)).

Therefore, combining ((S2.20)), (S2.24)) and (S2.25) gives that

Lo+ L+ g+ Is| = Op(62y/nm/M) - K. (52.26)

Step 3: Examine Iy and I in (S2.14).
To describe the difference between (2.3) and (S1.3)), let A;(¢) £ 3;(t) —

0;(t), which equals f3;(t) — b ;¢(t), representing the B-spline approximation
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error for f;(t). Then we write (;(t) = by ;0(t) + A;(t). Inserting this into

model (2.2) gives that

= iXij (Bi(tr), -+, Bi(tm)) " + &i(t)

= Xp: Xif{®(t)bo,; + A;(t)} +ei(t)

= ®(t)[bo, - boy| Xi + et Z

= (X @ ®(t)}by + &,(t +ZXZ]A (S2.27)

where A;(t) = (Aj(t1),...,Aj(t,))T, and the last step is due to Property

2. Plugging (S2.27)) into I in (S2.14)) yields that

= —0, Z’UTZ*T ~ Z;b)
= 60" i(ZiTJrUi@cI)T { Z UT®<I>())b}]

:—(5UTZZT 5UTZZT<Z >
+ 6,07 Z ZI (UT @ ®(t)) by — 6,07 Z (U@ ®"(t)) ei(t)

i=1 i=1

) vTZ U, @ ®'(t) (Z >+5 ’UTZ U, @' (t) (U @ ®(t)) b

i=1 i=1
£ Iy + Do+ I3+ 1oy + Ios+ Iog.

(S2.28)
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Note that
> zla (] = |30 (0 #7(0) et
— ||vec (@Wt)iei(t)XI) |
= @T(t)isi(t)xf
< o (1) isxt . (52.29)

where the second equality of is due to Property 2 and the last inequality is
due to Property 4 (a).

On one hand,

1B(E)]l2 = v/ punax (BT () ®(2)) = O(v/m/M), (52.30)

by Assumption C3 and the definition of the matrix 2-norm. On the other
hand, by the Chebyshev inequality, we have that

]P> <
i=1

2

> MR)

an
F

Zez
- S BB ()]

7j=1 [=1

=O(1)/R* =0 as R — o0,

where the second step is due to the independence assumption for g;(¢) and

X, and the third step is due to Assumption A2 and the assumption that
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sup,er E[{e:(t)}?] < co. Hence,

= Op(v/nm). (S2.31)

F

Y et X!
i=1
Combining this rate and (52.30) with (S2.29) gives that

iz:;z;ext) -0, ().

which leads to

> Zleit)

=1

[T2.1| < Onllv]|

—0, (242 x (52.32)

Similarly, following the steps of (52.31) and using the independence

assumption for g;(¢t) and U; and Assumption D1, we obtain that Io4 in

(S2.28)) can be bounded as
Lo < Salloll | Y (Us @ @7(8))es(t)
i=1
< Sallolll@@)ll2 ||> e
=1 F
-0, <5n%ﬁ) K. (52.33)

To examine I35 in ((S2.28)), define the m xp matrix A(t) = [A1(t), ..., A,(t)].

Then by (S2.13)),

Iy = —6,07 Xn: {(X; 2@ (t)A)X,}.

=1
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Note that by Property 2,

Z {(Xz ® ‘I’T(t))A(t)Xi}

= ||vec (@T(t)A(t) (i X,XZ-'—)) H
= (|®@T(t)A(t) <i X, X! )

En: X, X!

=1

< @@l x [A@)[F x

)

2

(S2.34)

where the last step is due to Property 4. By (S1.2)), each element of A(¢)

is uniformly bounded by C{M~9, and hence,
IA@#)|r = O(VmM™). (52.35)
Furthermore, by the Cauchy-Schwarz inequality,
S XX = punax <Z X X/ )
=1 2 i=1
= sup w' (Z XiXiT> w
i=1

[[wll=1

= sup (w' X;)
flw|=1 i=1

<> Xl
=1

= Op(n), (52.36)

where the first step comes from Property 5, the second step is because that

Pmax(A) = SUD|[yp =1 w' Aw for any square matrix A, and the last step is

due to Assumption A2. Hence, applying (S2.30)), (52.35)), (52.36]) to (S52.34))
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gives

Mq1/2>

which leads to

n

Y {Xi @@ (t)A(t

=1

sl < 6.0 = O, (5amM )

(52.37)
since ||v|| = K
The term Iy 5 in (S2.28)) can be treated analogously. By (52.18)), we can

show that

(£)A(t

ZUXT

= O, (6,mM 1712 /n)K. (S2.38)

< on[lv[l|@@) ]2l A®)]| 7

Now examine I3 in using a similar strategy. First, define a
p X (M + d) matrix U whose transpose is [bg1,...,bg,). According to
Assumption B, the true coefficient function 3;(¢) is uniformly bounded with
respect of ¢, which implies that all elements of U is also uniformly bounded,
ie.,

sup [[ollee = O(1). (52.39)

1<5<p

Therefore,

1T =O(VM). (52.40)
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Then by (S2.13)),

|Io3] = 6,07 [(Z XU e {@T(t)®(t)}| bo

i=1

< 6,0 [(Z XUl e {2 (t)®(t)}

< Syl ||vec (@T(t)cp(t)t}(z XZ-UZ-T)> H

=dulloll | @TWEOU_ XU

F

zn: XU/

=1

<ol [@T ) @), 1T F

2

= 0, (6,mv/n/VM)K, (S2.41)

where the third step is due to Property 2, the fifth step is due to Property

4 and the last step is due to (S2.18)), (52.19)), and (S2.40)).

Now combining I ¢ in ((52.28|) and I, in (52.14)), we obtain that

i=1

Lo+ 14 = 0,07 Hzn:(UiUiT — 2)} 2 {@T(t)®(t)}
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which leads to

| L26 + 1] < 00| HZ(U@'UZ-T - 2)} @ {@'(t)2(t)}

i=1

by

< 0| ||vec

i=1

= dulloll | {@T ()@ (1)} U {DUZ-UI - 2)}

i=1

F
n

<ol | _(UUT - %)

=1

= 0,(6.m/n/ VK,

@) @(t)||| U »

2

{dT()®(t) ) UT {Z(UZUZT - 2)}

(S2.42)

where the second and the fourth steps are due to Property 2 and Property

4 respectively, and the last step is due to (52.23), (52.19), and ((52.40)).

Therefore, combining ((S2.32), (52.33)), (52.37)), (52.38)), (52.41)) and ([52.42])

with , we obtain that
I + I| = Op(6,mM ™" Y?n) K + O,(8,mv/n/VM)K
= 0,(,my//VIDK.
where the last step is due to Assumption C1 (i).
Step 4: Examine I3 in )
By the chain rule,

dPy((|wl])
dw

w
= Pﬁ(ll’wll)m,

for any vector w # 0. For j ¢ Jy, the mean theorem gives that

b,
;]

Pa(||bo,; + 8,05]1) — Pa(llbo|l) = 0w, PL([1551)

(S2.43)
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where b; is a vector “between” by ; and by ; 4 6,v;. As ||bg | is bounded
away from 0 for j ¢ Jy, ||b;|| is also bounded away from 0 for sufficiently
large n. By Assumption E2 (ii), Pi(t) = 0 for any positive constant ¢ as

A — 0. Hence, when n — oo and A — 0, we have that
Pr(l[bo,; + 6nv5l) — Pa(l[boll) = 0,

which leads to

I; =0. (S2.44)

In conclusion, let R & I,9+ 13+ L4+ I, + I3 + I, + I5. Then by

(S2.26)), (S2.43) and (S2.44]), we obtain that

[R| = Op(82y/nm/M)K? + O, (,m/n/ VA K

= Op(6pym/n/VM)K, (52.45)
where the second step is due to the definition of §,, as n — oco.

According to (S2.14) and (S2.15)), to prove (S2.12)) it suffices to show

that for any € > 0 there exists K, > 0 such that

P ( inf 1171 + R > 0) >1—c¢€. (8246)

[vl=Ke

To this end, we prove a stronger version than ([S2.46|):

P (II 1”ng Ii; > sup |R|> >1—e (52.47)

[v][=Ke

By the definition of 6, ((52.16|) and (S2.45)), we have that

L1 > mCyK? and |R| = O,(m) - K, (52.48)
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for any ||v|| = K. Then for any given ¢ > 0, by (S2.48) we take K. such

that K.Cy > O(1). Then such K. makes (52.47) hold. As a result, the

assertion ([S2.12)) is then proved.
Part 2: Prove .

Given ([5.23)), it is straightforward that

185 = Billwe < 1185 = Oilliee + 1165 = Bill e
= |[(b; — b0j) Bl + 1165 — Bl e
< 1b; — bojlloe + 116 — Bjl o
< lb; — bo | + 1165 = Bl

= OP<5TL)7

where the first step is due to the triangle inequality, the second step comes

from (3.13) and (S1.3), the third step is due to the fact that S0+ ¢y ()] =

1 for any ¢t € T (Farin et all 2002, (6.6.7)), the fourth step is because of

the relationship between the infinity norm and Euclidean norm for a vector,

and the last step is due to Assumption C1(i), (S1.2)) and (5.23).

According to Assumption A3, 7 is bounded, and thus, its measure,

denoted |7, is finite. Therefore, we have that for any j =1,...,p,

10; = Bill, < VIT1- 105 — Bl oo
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and thus, there exists a positive constant F; such that
165 = Bl < 1185 = Oilla + 165 = Byl
= ||t — o) I, + VTN — Bjll e
< ECMP |y — wos ||+ VT — Bl

= OP<5TL/\/M)7

where the third step follows from Lemma [3] and the last step is due to

Assumption C1(i), (S1.2)) and (5.23).

S2.3 Proof of Theorem [2

Proof of Theorem [9(i):
We show the result using proof by contradiction. Suppose that there
exists some k € J, such that by, # 0. Then by 1) taking derivative of

Q. (b) in 1) with respect to by and evaluating it at b yields that

~0Qu(b)
0= "0b,
=~ Y X @TW)(¥i(t) - Zb)
+ nm P lbi ) ||Z:|| —n[Sio (@)1} b

= — i(sz + Ui) @' (t) {K(t) - Zb- (U @ (I)(t»i)}

+ nmP;(||bx|) IIZZH —n[ZL @ {®T(t)®(t)}] b, (S2.49)

where X, represents the kth row of 3, and we use (3.7) and ([S2.13)).




FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

By 1} and (S2.13), Z;b = ﬂf(t)TXi7 where the p x m matrix B(t) =

[B (t1),---, ,é(tm)] Then further applying model 1} to the last expression

in ((52.49)) gives that
Z Xi®( Z Xu®T(8)(B(t) — B()" X

+ Z Xlk(I)T )(UT ® @ b Z Uqu)—r )El( )

=1 =1

- ZUZ@ — B X+ Up®T(t)(U] © ®(t))b

i=1

—n[Sp0{®T(t)®(t)}] b

by
+ nm Py (|| b)) — 5]
k

AT+ T+ T+ T+ T+ T+ Ts + Ts.

(52.50)

We now show that (52.50) does not hold because the sum Z?ZlTj

cannot equal zero. To this end, we examine the terms in individually
with the following steps.

Step 1: Ezamination of T7 in .'

According to Theorem [1| we have that ||by|| = O,(6,,), where 9, =
v/M/n defined in Appendix A.1. By Assumption E2 (i) and the assumption
that \/d, — oo, it is easily shown that |P(||bk]]) — A| = 0 as n — oc.

Hence, for sufficiently large n, we claim that

o 1
|T5]) = | PA(1Bi )| > gnmA. (82.51)
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Step 2: Examination of Tg + Ty in :

Simple calculations result in

n

To+Ts =Y (UaUT) @ {2T(H)@(¢)}b — n [Z @ {7 (1)@(t)}] b

i=1

— Hi (UsUT — zk)} ®{®T(t)®(t)}| b,

=1

where the first equality is due to Property 1.

For 1 < j < p, we have that
1851100 < 1165 = bolloc + 1051l = Op(1),
where we use Theorem |1, Condition C1, and . Therefore,
1811 < VM +d||by]|0 = O,(VM),

which implies that

Il = 0,(vV'M) (52.52)

by Condition C1 that the dimension p is finite. Hence, we arrive at

n

> (VU - 30)

i=1

| T6 + T <

) @), 1Bl = Op(vm/vVM),

2

(S2.53)

where the first step is due to Property 3 and the second step is due to

(S2.23), (S2.19) and (S2.52).

Step 3: Examination of Ty and Ty in (52.50)):




FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

By Property 2, we can show that
T= =Y (Xu® @7 (B)ei(t) = vee {% (Z ef<t>X““> } |
i=1 i=1

which leads to

®7T(t) (Z £; (t)XZ-k)

1T = = Op(v/nm/VM),

< [|® )]l

=1

(S2.54)
where the inequality is due to Property 4 and the last step is due to (52.30))

and ([S2.31)).

Analogously, we can show that

174l = H 3" Us@T(t)ei(t)| = O,(v/im/ V), (52.55)

where the procedure is the same as ((52.54)) except we replace X in (52.54))

Step 4: Examination of Ty in (52.50):

T = |3 Xu®T (U] @ @(£))b
- [(ZXU) @ {27 (1)}

znjxikUi
= O,(v/nm/VM), (S2.56)

b

IN

2@ @), ]

2
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where the second and third steps are due to Property 1 and Property 3,

respectively, and the last step is due to (52.18)), (S2.19) and (S2.52]).

Step 5: Examination of Ty and Ty in :
Write @ = 3(t)—B(t). Then by Theorem , 1®]|r = Op(6,/m). Then

we have that

T3] = ||@T ()" (Z Xz'kXi)
szkx
= Op(nmén/\/ﬂ), (52.57)

IN

@®)ll=[l©]F

where the inequality is due to Property 4 and the last step is due to (S2.30))

and ([S2.36)).

Similarly it can be proved that

1751 =

®T(t)e" (Z UlkX)H L (v/nmd,, /N M) (S2.58)

where ((S2.18)) is used to replace 1 2. 3

In conclusion, combining results (S2.53)-(S2.58]) leads to
”T1 + T2 + T3 -+ T4 + T5 + T6 + Tg” = Op(nmén/v M),

which, by (S2.51)), is asymptotically ignorable relative to T7 if \/nA — co.

Therefore, with probability tending to 1, the sum Z?ZlTj in (S2.50)) is

dominated by 7%, which can never be zero according to (52.51f). That
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is, with probability tending to 1, ([S2.50)) is untrue, and thus, by proof of

contradiction, there is no k € Jy such that l;k £ 0.

Proof of Theorem [3(i1):

Corresponding to the active subvector X; defined before Theorem [I]
let X7, denote its contaminated version, and let Uj; denote the corre-
sponding subvector of U; in (3.7). For the cardinality s = |Jy|, we write
v=(bf,....b])T, vg = (bf,,...,bj,)" and © = (bT,...,b1)T. Concen-
trating on the subvector v, let Q,(v) = Q,(v,0), where Q,(b) is defined
in (3.11), and 0 here is understood to have the dimension so that (v',07)T
is of dimension p(M + d). Throughout the manuscript, we loosely use 0
to represent a zero vector or a zero matrix without differentiating them or
saying its dimension.

Define

S(v) = 9Qu(v)/dv,

which, by (3.11)), equals

n

Sw) ==Y (X; 0 @"®) {Yi(t) - (X5 @ 2(t)) v}

—n[Zr @ {@T(t)®(t)}] v+ nmP(v)v, (S2.59)
where P(v) £ diag{ P{(|[b1[)/[ba]], .- ., PX([bs[])/|bs]|} © Iarsa and Inria

is the (M + d)-dimensional identity matrix. Note that S(v) is well-defined
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ifb; #0forall j=1,...,s.

Because v, is bounded away from 0 and v converges in probability to
vy as n — 00, v is also bounded in probability away from 0 as n — oo.
Furthermore, by Theorem |I{and Theorem [2 (i), with probability tending to

1, (67,07)T is the minimizer of Q,(b), and thus, we have that

S(®) = 0. (S2.60)

—n[E;@{®(t)®(t)}] © + nmP(v)d. (S2.61)

Since by ;; = 0 for all j' > s, (52.27) yields that

Yilt) = (XT & B(0)vo + (8 + 5 X (8). (52.62)
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Inserting (S2.62)) into (S2.61]) yields that

n

A(D — ) = % Z (X, 28T (1) &l(t)

S (XGUT - ) @ (BT R0} v

- % En: [(X;;X;;.T -3 - EX,> ® {<I>T(t)<1>(t)}] (0 — o)

M n
+%Z

=1

(X5 ® ®T (1)) {Zp: XijAj(t)}] ~ MP(%)o

é1.1+[2—1-13-1-[4-*—[5,

(52.63)

where A £ Sy, @ {2 ®T(¢)®(¢)} is a matrix whose eigenvalues are bounded
and bounded away from 0 due to Assumption C3. Multiplying the inverse
of A on both sides of ((S2.63]), we can then investigate the limiting distribu-

tion of a' (% — vy) for any vector a satisfying 0 < ||| < oo. To this end,

we examine ((S2.63)) term by term.
Step 1: Examination of Iy and Iy in :
As defined in Section , Y x, is the covariance matrix of X;; and ¥;

represents the covariance matrix of Uy;. Then the covariance matrix of I
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n ((S2.63)) is computed by

Cov(I,) = — (X5, @®T(t)e(t)}
7?:2 Cov(X}) ® {@T(t)Z.2(t)}
M2

= (Ex, + ) @ {@T(t)T.2(t)},

where the second step is due to Lemma [1}
Let I be the s x s identity matrix. Recall that Bos = [bg 1, - - , bo s
is the (M + d) x s matrix formed by the blocks of by, defined in Section [

Then the covariance matrix of I in ((S2.63|) is calculated as follows:

Cov(l,) = an  Cov ([(XLUT - 5) @ {@T ()8 (1)}] v)
:W Cov [vee {87 ()0 () By, (U1 X1T) }]
_ an ([x5 @ {@7(t)®(t)By,}] Un)
= M Cov (X, {7 (©(6)By.}] Us)
+ 2 Cov (U1 {#70)@(6)B1.}] Us)
I

" am EX] ® {®'(t)®(t)Bo.X, By, @' (t)®(t)}

 Cov {vee (87(1)®(t) Bo, U UJ)) )

® {®"(t)®(t) By, X, By, ®" (t)®(t)}

([I; ® {®7(t)®(t)Bos }] vec (ULUY},))

@ {®'(t)®(t)Bo, X, By, ' (1) D(¢) }

+ n%m?? [I, ® {®"(t)®(t) By, }] Cov {vec (UnU},) } [I, ® { B, @ (t)®(t)}]
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where the second, third and sixth steps are due to Property 2, the fourth
step is because that X; has mean 0 and is independent from Uy;, and the
fifth step is due to Lemma [If and Property 2.

Define the s x s? matrix I' = Cov {vec (U,U};) }. Since €;(t) is inde-

pendent of X7, and Uy, I; and I, are uncorrelated. Thus,
5 (Ex E)© {T()S.2(t)}
M2

nm?
2

COV(Il + _[2) =

+

x, ® {®'(t)®(t)Bo,ZB, 2" (t)@(t)}

+ é\ig [I, @ {®"(t)®(t) By, } | T [I, ® {BL®" (t)®(¢)}].

(S2.64)
By the assumption in Theorem [2| (ii) that puin(Xe) > Cs&, with posi-
tive constants Cs and {§,, : m = 1,2,...}, ¥, is always positive definite.
Furthermore, ¥ x, is also positive definite due to Assumption A2. Hence,
a’ A1 Cov(l; + I,)A'a # 0 for any a # 0. Therefore, by the central
limit theorem, we have that as n — oo,

aTA’l(]l + Ig)
VaTA 1 Cov(l, + ) A e

—45 N(0,1). (S2.65)

We next show that all the scaled remaining terms in (S2.63), a™ A1,

for k = 3,4,5, are asymptotically negligible relative to a™ A=(I; + I,).

Step 2: Examination of I3 in :
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Following similar argument in (S2.23)) ,

1 < \
ﬁ Z X;iXIiT - X -3y,
i=1

_ZUMUI@ - ZXI’LUI’L

+
2

1 n
< - ; XX — Yx,

:Op(nilﬂ)

since E(X) < oo and E(U};) < oo for j =1,...,s by Assumptions A2 and

D1, respectively. Hence, for I3 in (S2.63), by (S2.19) and Theorem 1| we

have that

|aTA_1]3‘ < |[A e

1 n
'E Y Xi X -2 -2k,
i=1

2

1 — v
2

. H%@T(t)@(t)

— A" |- Oy(n~ 1) - Op(/M /). (52.66)

Meanwhile, we have assumed in Theorem [2| (ii) that pmpin(2e) > C5&m, and

thus, by Assumption C3, we have that

Prrin { @ (£) D @(t) } > pruin { @7 (£) () } prin(Be) > C mjém

where C is a positive constant and the first inequality is due to Lemma .
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Therefore, for some constant C7,

a' A Cov(l; + [2)A’1a > HA’laH2pmin{Cov(Il)}

M? B
= nm2 ||A 1a||2pmin(21 + EX])pmin {(I)T(t)EE(I)@)}

M
>l Al

(S2.67)

where the equality is due to Property 6, and the last step is due to the facts
that X x, is positive definite and ¥; is semi-positive definite, which implies

that the minimum eigenvalue for ¥ x, + 3; is bounded away from 0. As a

result of (52.66) and ((S2.67)),

QA | = o, (\/aTA—l Cov(l, + I2)A—1a) ,

since ™™ — o0 as required in Theorem (ii) .
m

Step 3: Examination of 1 in :

Recall that A(t) £ [Ay(t),..., Ay (t)]. By (S2.30), (S2.35) and (S2.36),
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we have that

3

|aTA’1[4] < —

‘ (X7 2®'(t)) {ZXijAj(t)}] H A ]
= % vec {@T(t)A(t) (Z X}}X;) }H A ]

M N _
= = eT(®)A®) (Z&XJ) lAa
i=1 F
M S
< — A7 al|[@ @)Ll A@)]r > XGXT
=1 2

—jaal-0, (y/51) -0 (Y5r) -0,

where the second step is due to Property 2, and the fourth is due to Property

4. Thus, we have that

@Al = o, <\/ozTA—1 Cov(l, + I2)A—1a) ,

due to the assumption % — 00 as required in Theorem [2[ (ii) and
(52.67)).

Step 4: Ezamination of I5 in .'

Because v is bounded away from 0 and ¥ converges in probability to vy
as n — 00, v is bounded away from 0 in probability as n — oo. Therefore,
we have that @’ A7'I; = 0 with probability tending to 1 since P{(t) = 0
for any fixed ¢ > 0 and sufficiently small A by Assumption E2 (ii).

In conclusion,

aTAil(Ig + 14+ 15)
\/aTA—l COV(]l -+ Ig)A‘la

= 0,(1).
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Combining this with result ((52.65)) and equation (52.63)) leads to

a’ (v — )
VaTA-1Cov(l) + L) A 'e

—Ly N(0,1) asn — . (S2.68)

We next give an explicit expression for the asymptotic variance of
a' (v — vy). By the definition of A and inserting the expression (S2.64)
into the denominator of (S2.68|), we have that

o' A Cov(l + L) A '
:%aT< {=% Ex, +=) =%

® {2T(t)2(t)} e ()2 2(t)H{E ()@ (t)} ']

+ 3%, ® (BoZBL) + (3%, @ Bo)T(Z, @ BLL) e, (82.69)
where we use Property 1 and the fact that (A; ® B;)™! = A;' ® B!
for any nonsingular matrices A; and B; (Horn and Johnson|, 1991, Section
42).

For j = 1,...,s, let a; = e; ® ¢(t), where e; is the s-dimensional
vector with the jth element being 1 and the rest being 0. Then |o|| =
llo(t)|| is bounded away from 0 for any ¢. Indeed, for any fixed t € T, at
most d + 1 consecutive ¢;(t) are positive while the remaining are all zero
due to the construction of the B-spline basis. Without loss of generality,

suppose that ¢;(t) > 0 for j =1,...,d+ 1, and ¢;(t) = 0 otherwise. Let

a = (ai,...,ap4q) Witha; =1 for j =1,...,d+ 1 and a; = 0 otherwise.
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By Cauchy-Schwartz’s inequality, we have that

(d+ Dl = llal*le@®)]* = (Z ajcbj(t)) = (Z cbj(t)) =1,

J=1

where the last equality follows from [Farin et al.| (2002, (6.6.7)). Hence,
eyl = v1/(d +1).
With o = «;, the equation (52.69)) can be simplified as

a;!—A_l COV(Il + IQ)A_laj

1
n

((ij + Qe ({27 (H)2(t)} e (H)Z.2(t) He (H)D(t)} (1)

+Qj;¢" (1) Bos 21 By, ¢(t) + [ © {¢" (1) Bos}| T [Q; ® {Bg,(1)}] >
252(0)

where €;; and €2; are the (j, j) element and the jth column of 2}1[, re-
spectively; and ij is the (j, j) element of 23(112 123(11. Consequently, we
have that

T(s _
4O =%) 4 n01) asn— oo (52.70)
o3(t)

Finally, we derive the limiting distribution of Bj (t) forj=1,...,s. By

definition,

~ ~

Bi(t) — B;(t) = T (t)b; — B;(t)
= @' (t)(b; — bo;) + @' (t)bo; — B;(t)

=a (v —vy) + @' (t)bo; — (1) (S2.71)
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By (S1.2), ¢ (t)bo,; — B;(t) = O(M~7), which, by (S2.67), leads to

&T )by, — B,(t) = o, (\/a}A—l Cov(I, + 12)A—1aj) (52.72)

. 2q . . .. ..
since % — 00 as required in Theorem [2| (ii). Therefore, combining

(S2.70)), (S2.71) and (S2.72)) yields that

~

Bi(t) — B;(t)

a;(t)

i>N(0,1) as n — 00.

S3 Simulation Studies

In this section, we conduct simulation studies to evaluate the finite-sample
performance of the proposed method and also demonstrate the deleterious

effects of ignoring measurement error in inferential procedures.

S3.1 Simulation Design

For ¢« = 1,...,n, we first generate covariate vector X; independently from
a centered multivariate normal distribution with covariance matrix whose
(4, 7') element is 0.59=7' for 1 < j, 7/ < p, and then generate response Y;(t)
from model (2.1]), where the random error process ¢;(t) is generated from
a centered Gaussian process with covariance function X.(¢,t') = o2 p;5‘t_t/‘2
for t,t' € T. Here o2, which is set to be 0.1, 0.25 or 0.5, representing the

£

variance of g;(t) for t € T, and p. is set to be 0.1 or 0.5 to reflect varying
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auto-correlation. The common observation points are equally spaced on
the domain 7 = [0, 1] and the number of observations, m, is set to be 30.
Let the number of covariates p = 6 with the first three to be active. The
functional coefficients are given by 51 (t) = 22, Ba(t) = v/2 cos(3nt /2+7/2),
Bs(t) = V2sin(nt/2) + 3v/2sin(3nt/2), and B4(t) = Bs(t) = Bs(t) = 0 for
teT.

The measurement error U; in model follows a centered multivariate
normal distribution with element (7, j’) in the covariance matrix ¥ to be
g = U%p‘ljj;j Tfor 1 < j,j" < p, where o}, is the variance of each element
of U; and py reflects the auto-correlation of the elements in U;. To reflect
different degrees of measurement error, we set o7, = 0.1,0.2 or 0.4, and
pu = 0.1 or 0.5. Thus, the resulting reliability ratio for each variable, called
a marginal reliability ratio, is Var(X;;)/ Var(X5) = 1/(1+0g,) = 0.91,0.83
or 0.71, respectively, where we consider a common marginal reliability ratio
for all the covariates.

We consider the sample size n = 50,100,200, or 500 and simulate
N £ 300 datasets for each parameter configuration. When implement-
ing the proposed method, we determine tuning parameters M and A by
minimizing CV or BIC where we set the grid to be { M} = 5k :

k=1,2,3} x {\; = 10715F2%/9 . k= 0,1,...,9}, and take the threshold
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parameter 7 in (4.15]) to be 107%. The impact on the choice of 7 is studied
in Section of the supplementary material. The SCAD penalty (Fan

and Li, [2001) is used as the penalty function.

S3.2 Analysis Methods and Performance Metrics

We analyze simulated data {{Y;(¢), X/} :i=1,...,n;t € T} using two
methods. The first method, called the naive method, disregards the differ-
ence between X and X, which basically optimizes the objective function
(3.11)) with 3 = 0. The second method, called the proposed method, ac-
commodates the measurement error effects by implementing (3.12). As a
comparison, we analyze the precisely measured values {{Y;(t), X;} : i =
1,...,n;t € T} by implementing with L, (b; Y (t), X*) replaced by
L,(b;Y (), X) in , and call this procedure the oracle method. In im-
plementing those methods, we consider both the CV and BIC.

We evaluate the performance of the resulting estimator using three
metrics, the mean integrated squared error (MISE):

MISE = — ZZ/ 5[” )}th,

r=1 j=1

the integrated squared bias (ISB):

ISB = Z / { S i) - @-(t)} dt,
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and the integrated variance (IV): IV = MISE — ISB, where B]m (t) is the
estimated function of 5;(t) for j =1,...,p obtained from applying each of
the aforementioned methods to the rth simulated dataset.

Further, regarding active covariates as “positive” and inactive covari-
ates as “negative”, we evaluate the finite sample performance of selection
by the positive selection ratio (PSR), defined as the proportion of truly dis-
covered active covariates among all the active covariates, and the negative
selection ratio (NSR), defined as the proportion of truly discovered inactive

covariates among all inactive covariates.

S3.3 Simulation Results - Impact of the Sample Size

First, we evaluate how the performance of the three methods may vary with
the sample size, where we set o7, = 0.1, py = 0.1, 02 = 0.25, and p. = 0.1,
and we report in Table the results corresponding to CV and BIC (in
parentheses). Clearly, the naive method incurs notable biases in estimation,
reflected by considerably larger values of ISB and IV than those of the oracle
method. On the contrary, the proposed method greatly reduces the bias of
the naive method, with the produced ISB values nearly identical to those
output by the oracle method. While the proposed method yields larger IV

values than the naive method, the overall metric MISE, combining both ISB
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and IV, displays a lot smaller values for the proposed method than the naive
method, especially when the sample size becomes large. The fact that the
proposed method produces a larger IV value than the naive method reflects
the price paid to reduce the bias in estimating the coefficient functions, and
that a smaller value in the overall metric MISE for the proposed method
than the naive method demonstrates the overall benefit of correcting for
the measurement error effects in the inferential procedure.

In terms of variable selection, the impact of ignoring the measurement
error effects may not be as profound as that for estimation; the naive
method yields acceptable PSR values, especially when the sample size is
not small. However, NSR values produced by the naive method notice-
ably deviate from those of the oracle method. As expected, the proposed
method significantly improves the performance of the naive method, with
the produced variable selection results fairly close to those of the oracle
method.

Overall, the naive method yields unreliable results in terms of both es-
timation and variable selection, and biased results can exacerbate as the
sample size increases. In contrast, the proposed method produces satis-
factory results, which are fairly comparable to those output by the oracle

method; and those results are further improved by increasing the sample
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size.

While using CV and BIC yields different results, they reveal the same
trend for the dependence on the sample size. In terms of estimation, using
CV always results in smaller ISB and IV, and thus MISE, than BIC does,
suggesting that using CV produces more accurate function estimates than
using BIC. Regarding variable selection, however, using BIC seems preferred

to using CV, because using BIC yields higher NSR than using CV.

S3.4 Simulation Results - Impact of the Measurement Error De-

gree

Here, we evaluate how different degrees of measurement error may affect
the performance of the proposed method as well as the naive method. We
consider the case with n = 200, 02 = 0.25, and p. = 0.1. To reflect different
magnitudes in measurement error, we consider pyy = 0.1 or 0.5 and of; = 0.2
or 0.4, and report in Table[S3.2)the results obtained from the three methods
using both CV and BIC, with the results corresponding to BIC presented
in parentheses.

Again, we observe the same patterns as in Section except for cases
with 0, = 0.4 and BIC used. The proposed method outperforms the naive

method in producing smaller values of MISE and larger values of NSR, while
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Table S3.1: Simulated results in Section [S3.3

Evaluation of the impact of the sample

size n under setting with 0121 = 0.1, py = 0.1, 02 = 0.25, and p. = 0.1. The entries

record the results obtained from using CV and BIC, with those corresponding to BIC

included in parentheses.

MISE

ISB

v

PSR

NSR

0.390(0.411)
0.229(0.270)

0.024(0.024)

0.249(0.261)
0.004(0.009)

0.000(0.000)

0.141(0.150)
0.225(0.261)

0.024(0.024)

0.998(0.999)
1.000(0.996)

1.000(1.000)

0.689(0.746)
0.819(0.896)

0.932(0.986)

0.334(0.335)
0.094(0.127)

0.012(0.011)

0.263(0.264)
0.000(0.007)

0.000(0.000)

0.071(0.071)
0.094(0.120)

0.012(0.011)

1.000(1.000)
1.000(1.000)

1.000(1.000)

0.730(0.754)
0.892(0.941)

0.918(0.997)

0.277(0.277)
0.047(0.063)

0.006(0.005)

0.239(0.239)
0.001(0.003)

0.000(0.000)

0.038(0.038)
0.046(0.060)

0.006(0.005)

1.000(1.000)
1.000(1.000)

1.000(1.000)

0.758(0.784)
0.911(0.934)

0.933(0.997)

n Method
50 naive
proposed
oracle
100 naive
proposed
oracle
200 naive
proposed
oracle
500 naive
proposed
oracle

0.280(0.276)
0.016(0.024)

0.002(0.002)

0.263(0.260)
0.000(0.001)

0.000(0.000)

0.017(0.016)
0.016(0.023)

0.002(0.002)

1.000(1.000)
1.000(1.000)

1.000(1.000)

0.562(0.653)
0.918( 0.952)

0.987(0.999)

both methods produce values of PSR close to 1. As the measurement error

variance of; increases from 0.2 to 0.4, or equivalently, the marginal reliabil-

ity ratio decreases from 0.83 to 0.71, both the naive and proposed methods
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produce increased MISE values yet decreased NSR values. Interestingly,
with a given o7, when the autocorrelation py increases, an opposite pat-
tern is observed for both methods. The impact of increasing py on the
naive method seems more noticeable than on the proposed method.

Regarding the use of CV or BIC, again, as observed in Table [S3.1]
using CV tends to produce estimates with smaller MISE and NSR than
using BIC. However, different from the patterns in Table [S3.1, applying
BIC to the proposed method does not yield satisfactory PSR values for the
case with pyy = 0.1 and of; = 0.4, as the application of CV does.

Additionally, we evaluate how the performance of the proposed method
may be influenced by other factors, including the association strength in
the response model and the magnitudes of p. and o2. Further, we assess
the impact of different treatments of 3 on the performance of the proposed
method. In particular, we conduct simulation studies for the case where
3 is estimated from repeated surrogate measurements of the covariates.
We also consider the case where 3 is misspecified and conduct simulation
studies accordingly. The details of these additional numerical studies are
deferred to Sections of the supplementary material.

In summary, the simulation studies demonstrate that the naive method

ignoring the measurement error effects produces biased results, and that
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Table S3.2: Simulated results for Section |S3.4

Evaluation of the impact of different

measurement error degrees under the setting with n = 200, 02 = 0.25, and p. = 0.1.

The entries record the results obtained from using CV and BIC, with those corresponding

to BIC included in parentheses.

(vao'I2J)

Method

MISE

ISB

v

PSR

NSR

oracle

0.006(0.006)

0.000(0.000)

0.006(0.006)

1.000(1.000)

0.918(0.997)

(0.1,0.2)

naive

proposed

0.815(0.810)

0.110(0.449)

0.752(0.750)

0.004(0.306)

0.063(0.061)

0.106(0.143)

1.000(1.000)

1.000(0.999)

0.522(0.594)

0.878(0.993)

(0.1,0.4)

naive

proposed

1.984(1.976)

0.362(2.241)

1.898(1.895)

0.017(1.814)

0.085(0.081)

0.345(0.427)

1.000(1.000)

0.997(0.698)

0.359(0.448)

0.776(0.999)

(0.5,0.2)

naive

proposed

0.360(0.362)

0.077(0.132)

0.319(0.320)

0.001(0.026)

0.041(0.042)

0.076(0.106)

1.000(1.000)

1.000(1.000)

0.892(0.919)

0.912(0.940)

(0.5,0.4)

naive

proposed

1.003(1.007)

0.207(0.720)

0.942(0.945)

0.003(0.392)

0.061(0.062)

0.204(0.328)

1.000(1.000)

1.000(0.954)

0.822(0.857)

0.827(0.983)

the proposed method greatly improves its performance and produces sat-

isfactory results under a variety of settings. Using CV with the proposed

method seems to be preferred over the use of BIC, especially for the case of

parameter estimation where the reliability ratio is very low and the sample

size is not big enough; in terms of inactive variable detection, the use of

BIC may outperform the use of CV.
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S3.5 Simulation Results - Effects of 7

As mentioned in Section {f of the main text, the matrix X*TX* — n3
may not be positive definite in some finite sample cases, and thus, (4.15))
is essential since the unique Cholesky decomposition can only be done for
positive definite matrices. To see how the nature of X*T X* — n¥ may
depend on the sample size n, we consider the data generated as in Section
and report the frequencies that X*T X* —nX is not positive definite in
Table . It shows that the frequency increases with an increasing o, and
decreases with an increasing sample size n. Sufficiently large sample size
almost always guarantees the matrix X*T X* —n3 to be positive definite .
Further simulation studies are conducted to study the impact of the
choice of the threshold parameter 7 in . As opposed to the mean in-
tegrated squared error (MISE) considered in Section [S3.2] we calculate the
standard deviation of the integrated squared error 3 2*_ [~ { BJ[-T] (t) — B;(t) }2 dt
forr=1,..., N, and let SDISE represents it, where N = 300 is the number
of replicates and B]m (t) is the estimated function of g;(t) for j = 1,...,p
by applying the proposed method to the rth simulated dataset. We display
values of MISE, SDISE (in parentheses), mean of PSR, and NSR in Table
under the same setting in Section [S3.1} As shown in the table, the

performance of the proposed method does not seem to be very sensitive to
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Table $3.3: Frequencies of non-positive definiteness of matrix X*'X* — nX, with

pU:O.l.

n 0% marginal reliability ratio Frequency

50 0.2 0.833 0.000
0.4 0.714 0.063
0.6 0.625 0.257
100 0.2 0.833 0.000
0.4 0.714 0.000
0.6 0.625 0.020
200 0.2 0.833 0.000
0.4 0.714 0.000
0.6 0.625 0.000

the choice of 7 for a wide range of values. However, it is risky to choose
relatively large 7 for an extremely small sample size. For larger o7, (i.e.,
smaller marginal reliability ratio), it is safer to choose a smaller 7 to ab-
tain accurate estimates. The results based on the BIC tuning parameter

selection strategy are similar and thus omitted.
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Table S3.4: Simulation results obtained from using CV under the setting with pyy = 0.1,

02 =0.25 and p. = 0.1.

o3 n 7 MISE (SDISE) PSR NSR

0.4 50 0.0001 2.532(2.726) 0.778 0.931
0.001 2.532 (2.726)  0.778 0.931

0.01 3240 (36227)  0.691 0.907

100 0.0001  0.999 (1.181)  0.973 0.811
0.001 0.999 (1.182) 0.973 0.811

0.01 0.999 (1.183) 0.973 0.811

200 0.0001  0.396 (0.570)  1.000 0.813
0.001 0.396 (0.570)  1.000 0.813

0.01 0.396 (0.570)  1.000 0.813

0.6 50 0.0001 4.156 (3.533) 0.574 0.948
0.001 4.156 (3.533)  0.574 0.948

0.01 25381 (135641) 0.480 0.810

100 0.0001  2.080 (2.379)  0.827 0.911
0.001 2.080 (2.380)  0.827 0.911

0.01 2.652 (4.346)  0.803 0,901

200 0.0001  0.896 (1.233) 0.981 0.797
0.001 0.896 (1.233)  0.981 0.797

0.01 0.896 (1.233)  0.981 0.797
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S3.6 Simulation Results - Effect of p. and o2

We evaluate how different association strength in the response model may
influence the performance of the proposed estimator, and report the results
in Table for the case with n = 100, 0, = 0.1 and py = 0.1, using CV
or BIC (results are presented in parentheses), where we consider p. = 0.1
or 0.5 and 62 = 0.1 or 0.5. As expected, the oracle method always produces
the best results among the three methods for all settings. Compared to the
naive method, the proposed method produces consistently smaller values of
MISE and larger values of NSR, yet both methods give satisfactory values
of PSR. For all the three methods, an increase in o2 leads to an increase in
MISE, but has relatively little effect on changing values of PSR and NSR.
The impact of p. does not appear to be substantial. Under the setting
with a small value of o (i.e., 0f; = 0.1), the performance of all the three
methods appear stable, regardless of whether CV or BIC is used, though
using CV tends to give smaller values for MISE and NSR than BIC does in

all settings.
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Table S3.5: Simulation results for Section |S3.6)

association strengths in the response model, where n = 100, o, = 0.1, and py

Evaluation of the impact of different

0.1. The entries record the results obtained from using CV and BIC, with the results

corresponding to BIC included in parentheses.

(Pes Jg)

Method

MISE

ISB

v

PSR

NSR

(0.1,0.1)

naive
proposed

oracle

0.325 (0.328)
0.089 (0.112)

0.005 (0.005)

0.260 (0.264)
0.000 (0.004)

0.000 (0.000)

0.065 (0.064)
0.088 (0.108)

0.005 (0.005)

1.000 (1.000)
1.000 (1.000)

1.000 (1.000)

0.761 (0.788)
0.908 (0.927)

0.943 (0.999)

(0.1,0.5)

naive
proposed

oracle

0.343 (0.347)
0.106 (0.137)

0.024 (0.023)

0.262 (0.264)
0.000 (0.007)

0.000 (0.000)

0.081 (0.083)
0.106 (0.130)

0.023 (0.023)

1.000 (1.000)
1.000 (1.000)

1.000 (1.000)

0.733 (0.791)
0.894 (0.951)

0.910 (0.989)

(0.5,0.1)

naive
proposed

oracle

0.329 (0.330)
0.088 (0.119)

0.005 (0.005)

0.264 (0.265)
0.000 (0.006)

0.000 (0.000)

0.065 (0.065)
0.088 (0.112)

0.005 (0.005)

1.000 (1.000)
1.000 (1.000)

1.000 (1.000)

0.767 (0.779)
0.911 (0.932)

0.947 (0.991)

(0.5,0.5)

naive
proposed

oracle

0.345 (0.352)
0.111(0.141)

0.025 (0.025)

0.262 (0.267)
0.000 (0.008)

0.000 (0.000)

0.083 (0.085)
0.111(0.133)

0.025 (0.024)

1.000 (1.000)
1.000 (1.000)

1.000 (1.000)

0.749 (0.791)
0.881 (0.939)

0.928 (0.982)
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S3.7 Simulation Study with the Measurement Error Covariance

Matrix ¥ Estimated

In this subsection, we investigate the performance of the proposed method
for the case where X is unknown, but replicate surrogate measurement
are available for certain study subjects, allowing for its estimation. In
particular, we assume that half of n samples have additional K repeated
surrogate measurements. For k =1,..., K +1and ¢ =1,...,n/2, with n
assumed to be even, let X i*[k] denote the kth surrogate measurement of X;.

Then using the method of moments, we estimate 3 by

9 n/2 1 K+1 - -
DI ESCIE e Y
i=1 k=1

where X} = K;H fjll X+ See equation (4.3) of |Carroll et al. (2006)
for a more general formula applicable to varying numbers of replicates for
different subjects.

We generate {{X;,Yi(t)} :t € T;i = 1...,n} and {XJ : i = § +
1,...,n} using the same manner of Section and {Xl*[k] k=1,..., K+
1} are generated independently from model in the main text for ¢ =
1,..., %2, where oy = 0.1, py = 0.1, 02 = 0.25 and p. = 0.1, together

with n = 50 or 200. First, we apply (S3.1) to the repeated surrogate

measurements {Xl*[k] ck=1,...,K+1;i=1,...,5} to obtain an estimate
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3 of X Next, having 3 replaced by ﬁ?, we apply the proposed method

to the data {{X/,Yi(t)} : t € T,i =1,...,n}, with X taken as X, for

i =1,...,5. where CV is used for the tuning parameter selection as in
Section

We consider K = 0,1 or 2, where we let K = 0 represent the case for
which no replicated surrogate measurements are available and X is taken
as known when applying the proposed method. The results are reported in
Table [S3.6] in the same manner as for Table [S3.1l

As expected, the performance of the proposed method improves as K
increases due to the better estimation of 3 with a larger K. When n = 200,
the proposed method with estimated ¥ from K = 4 performs analogously

to that for the case with K = 0.

S3.8 Effects of the Misspecified Measurement Error Covariance

Matrix

In this subsection, we assess the sensitivity of the proposed method to
the misspecification of the measurement error covariance matrix 3. In
Section [S3.1], the covariance matrix ¥ used to simulate data is specified as
the matrix, denoted as X, with the (j, ;') element set to be J%pg—_j/‘ for

1 < 4,7 < p, where we consider o7, = pyy = 0.1. When implementing the
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Table S3.6: Simulation results for Section [S3.7} Evaluation of the impact of the number

of additional repeated measurements K using CV, where oy = 0.1, pyy = 0.1, 02 = 0.25,

pe = 0.1, and n = 50 or 200.

MISE ISB v PSR NSR

n=50 K =0 0229 0.004 0.225 1.000 0.819

K=1 0.340 0.003 0.337 0.997 0.783

K=4 0239 0.004 0235 0998 0.823

n=200 K =0 0.047 0.001 0.046 1.000 0.911

K=1 0.0564 0.001 0.0563 1.000 0.878

K =4 0.047 0.001 0.046 1.000 0.903

proposed method, the covariance matrix 3 for the error term U; is mistaken
as a working matrix, denoted as X¥,,, whose (j, j') element is set as &%]ﬁ‘l];j /|,
where in case 1, we take 67, = 0% and py = py for a positive constant
v1; and in case 2, we let 63, = 0 and py = Yepy for a constant v5. When
v1 = 1 or 75 = 1, the working matrix 3, is identical to the true matrix 3
used to generate data.
Tables[S3.7 and [S3.§ display the results for cases 1 and 2, respectively, in
the same manner as for Table , where we take v; € {0.5,0.8,1.0,1.2,1.5,2.0},

72 € {—1.0,-0.5,0,0.5,1.0,2.0}, and the results for the naive method are

displayed in parentheses. Clearly, the values of MISE and ISB minimize
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when true X is used in both cases. The values of IV tend to increase as v,
increases or 7, decreases; they decrease as n increases. The values of PSR
are always 1 for all settings. When n is large, the best NSR is obtained
when true X is used. However, best NSR values may be reached for v; > 1
or 75 < 1 if n is small. Similar performance to the true 3-based method is
achievable when the discrepancy between the working matrix 3, and 3
is moderate. However, a large discrepancy, such as v, = 2, can lead to the

proposed method performing even worse than the naive method, as shown

in Table [S3.7
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Table S3.7: Simulation results for Section [S3.8; Misspecification of ¥ for Case 1 using

CV, where 02 = 0.25, p. = 0.1, and n = 100 or 500. The results for the naive method is

included in parentheses.

=05 08 1 1.2 1.5 2

n =100 MISE 0.148 0.096 0.094 (0.334) 0.126 0.278 1.003
ISB 0.074 0.012 0.000 (0.263) 0.018 0.127 0.646
v 0.074 0.084 0.094 (0.071) 0.108 0.151 0.357
PSR 1.000 1.000 1.000 (1.000) 1.000 1.000 1.000

NSR 0.861 0.891 0.892 (0.730) 0.916 0.903 0.837

n =500 MISE 0.086 0.025 0.016 (0.280) 0.037 0.151 0.742
ISB 0.071 0.011 0.000 (0.263) 0.017 0.119 0.666
v 0.015 0.014 0.016 (0.017) 0.020 0.032 0.076
PSR 1.000 1.000 1.000 (1.000) 1.000 1.000 1.000

NSR 0.786 0.904 0.918 (0.562) 0.913 0.823 0.611
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Table S3.8: Simulation results for Section [S3.8; Misspecification of ¥ for Case 2 using

CV, where 02 = 0.25, p. = 0.1, and n = 100 or 500. The results for the naive method is

included in parentheses.

n =100 MISE 0.166 0.133 0.112 0.098 0.094 (0.334) 0.097
ISB 0.042 0.022 0.009 0.002 0.000 (0.263) 0.006
v 0.124 0.111 0.103 0.096 0.094 (0.071) 0.091
PSR 1.000 1.000 1.000 1.000 1.000 (1.000) 1.000

NSR 0.900 0.912 0.911 0.923 0.892 (0.730) 0.874

n =500 MISE 0.076 0.047 0.030 0.020 0.016 (0.280) 0.021
ISB 0.044 0.022 0.009 0.002 0.000 (0.263) 0.005
v 0.031 0.025 0.021 0.018 0.016 (0.017) 0.016
PSR 1.000 1.000 1.000 1.000 1.000 (1.000) 1.000

NSR 0.768 0.851 0.889 0.916 0.918 (0.562) 0.881
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S4 Analysis Results Additional to Section [6]

This section records additional results for Section [6] which reports some
results for a« = ¢ = 1 only. First, for a = ¢ = 1, we display in Figure
the estimates of (3;(t) corresponding to each of the twelve covariates
obtained by using either CV or BIC to choose a suitable tuning parameter
value. Estimates of X, ¢ and X ;o are quite different with the use of CV or
BIC, for which the corresponding covariates X; g and X; 1o are excluded by
CV but not by BIC. Additionally, all the covariates excluded by BIC are
also excluded by CV.

Next, we report sensitivity in estimating (;(t), the coefficient function
corresponding to the BMI Z-score (X; ), when different degrees of mea-
surement error are present in the data, and display the estimates of 3;(¢) in
Figure [S4.2] where a = 0,1,2 and 3 and ¢ = 0,5,10 and 15 are considered.
Here a = 0 corresponds to the naive method which ignores the differences
between X; and X . It seems that the value of a has more noticeable impact
on estimation results than that of c. All other estimated functions share
analogous trends and the variable selection results are consistent among all

the chosen values for a and ¢, and are not reported here.
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Figure S4.1: The estimates of 3;(t) corresponding to each of the twelve covariates ob-

tained by using CV (solid) or BIC (dotted) to choose a tuning parameter value with

a=c=1.
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Figure S4.2: BMI Z-score coefficient function estimates for different values of a and c:

the estimates corresponding to a = 0,1,2 and 3 are expressed by curves marked with

solid red, dash green, dotted blue and dash-dotted purple, respectively.
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S5 Extension to Accommodating the Generalized Least

Squares Loss Function

S5.1 Method and Properties

The simple least squares loss function focuses on expressing the differ-
ences between the responses Y (¢) and their approximate mean (X @®(t))b,
without accounting for the correlation within the error process e(t) over t.
In this section, we extend the method in the main text to accommodate
generalized least squares loss functions. Let G denote a symmetric positive-

definite m x m matrix. Define
LY(b;Y(t),X) 2 = Z 1Yi(¢) — (X @ ®()b|., (S5.2)

where |la||% represents a'Ga for any m-dimensional vector @. The new
loss function ([S5.2)) differs from ([2.6)) in the inclusion of a weight matrix G.

Under the model (3.7, (3.9) can be modified as
E{L80b: Y (), X} =E{L{®B: Y (), X) }+ 50T [S o {@T G} b,
which motivates the generalized version of ([3.10):

Ly(b:Y (1), X*) 2 LY(b: Y (1), X*) — —bT [Ze {2’ (t)Ge(t)}]b.

(95.3)



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Define
p
QS(b) = LS (b Y (¢), X*) +nm > PA([Iby),
j=1
which is identical to except replacing the loss function L, (b; Y (¢), X*)
with LE(b; Y (t), X*).

Replacing Q,,(b) in (3.12)) with Q%(b), we let b¢ denote the resulting
estimators, and let BJG for j =1, ..., p denote the estimators determined by
(13.13]) with l;j replaced by the jth element of be. Analogous to Theorems
and in the main text, we establish asymptotic properties for b¢ and Bf

with j =1,...,p.
Corollary 1. Assume that the weight matriz G satisfies
Cr'¢ < puin(G) < pimas(G) < Cilim, (S5.4)

where C} is a positive constant, (,, and (), are sequences of m satisfying

Cn/C = o(\/n/M). Then under the conditions of Theorem there exists
a local minimizer bS of Q% (b) such that
169 = bol| = Op(Gu/M/n /).
and hence, for j =1,...,p,
165 = Bill e = Op(Gnv/M/1/C) and |65 = Billz, = Op(Gn/1/1/Cr)-

Remark 3. In Corollary (1} ¢, is allowed to be divergent and ¢, is allowed

to converge to 0 as m — oo. For example, if we choose G to be the inverse
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of 3., then ¢, can be ¢!, as discussed in Remark [2| and thus, can be

m

divergent for some settings of ¢;(¢). Also, the largest eigenvalue of 3. may
be divergent as m — oo, and thus, the minimum eigenvalue of the inverse
of ¥., G, converges to 0, showing that ¢/, — 0. Corollary [I] implies that

incorporating G may result in a lower convergence rate than Theorem [l

The following corollary encompasses Theorem [2| as a special case by

setting ¢! = (,, = 1 and G to be the identity matrix.

Corollary 2. Suppose the conditions in Corollary[1] hold. Assume further

that A\n/n/M -, [Cm — 00 and \\/n - (., /C2 — 00 as n — .

(i) Then with probability tending to 1, the minimizer b satisfies l;j =0 for

all j € Jo, and thus, Jo = Jp.

(i1) Assume ppin(Xe) > Cs&m, where Cy is a positive constant and {&,, :

: L Z
m = 1,2,...} is a sequence of constants satisfying % — o0 and
M29¢m,()2
Tzt = 00 as n — 00 and m — 0. Then for any t € T and

J ¢ Jo, we have that
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:% ((ij + ij)¢T(t){q’T(t)G(I)(t)}_1{‘PT(t)GEEGQ(t)}{q)T(t)ch(t)}—lqb(t)

+ Q50" () BoTiBLo(t) + (2] @ {¢7 () B} T [ @ {BLe()}] )

with Qj;, ; and ij given 1n Theorem @

Comparing the variance o7(t) in Corollary [2| and the counterpart in
Theorem 2| the only difference is the inclusion of G in the first term. Specif-

ically, if we set G = 3!, the first term can be simplified as
1 ~ _ _
~(Q; + Qo (N{T ()2 2(1)} (t).

The proofs of Corollaries [I] and [2] are similar to those for Theorems

and [2] with slight modifications, and thus, are omitted.

S5.2 Implementation

The algorithm of minimizing Q%(b) is analogous to Section |4|in the main
text, except the inclusion of the matrix G. To be specific, let W& £
(X TX*—nZ)@{®T(t)GP(t)} be the counterpart of W in (4.14). We then
obtain W by and the Cholesky decomposition W = (VETVE,

Define b¢ 2 (W) (X* @ ®(t))" GY (t), where G 2 diag(G, - - , G)
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with n blocks of G. We then consider minimizing the objective function

- 1 - 2 p
GipY GiG /G 4
Qi (b) = 57— | vEBe — v + 32 Ae)
2
1 (M +d)p. ara (M +d)p o -
= \/ VObY — 2V ||+ Pi([by)-
2(M +d)p nm nm +j:1 )

The remaining procedure is identical to the discussion for (4.19)) in the main

text, except that the term VEbY is now computed by solving the equation
(VAHTY = (X* 2 ®(t) GY (t)

for unknown Y.

For the tuning parameters selection, the CV method is similar to (4.21))
except the ordinary || - || term is replaced by |- || and the ®T(¢)® () is now
&7 (t)GP(t). Analogously, BIC is the same as with || - || replaced by

| - [lg, where ||a||% represents a'Ga for any mn-dimensional vector a.

S5.3 A Simulation Study

In the literature of generalized least squares (GLS) methods, the matrix G
is commonly set as the inverse matrix X_!. In this subsection, we compare
the performance of the original method based on least squares (LS) which
minimizes , to the extended approach with a generalized least squares
function, where we set G to be ! or 32!, and let GLS0 and GLS refer

to those methods, respectively. Here ﬁ?;l is simply obtained using the
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residuals, formed as follows: the residual for unit ¢ is given by
& 2Yi(t)— (X T@®)b for i=1,...,n,

where b denotes the estimate obtained from the LS method (3.12). To

account for the use of the contaminated X, we estimate 3. by adding a

1)

debias term as follows:
1 . A

S.==)) ¢éé —®(t)BEB'®'(t .
- el —(t) (t), (85.5)

where B is the (M + d) X p matrix version of b satisfying vec(B) = b. We
can then compute the inverse 2;1 for GLS. If there is no measurement error,
the first part of 3. in is often considered in multivariate responses
models. See, for example, Sofer et al| (2014) and the reference therein. In
functional response models, |Chen et al.| (2016) proposed a similar procedure.

The setting is analogous to those in Section except for the ran-
dom error. Indeed, direct calculation of 3_! based on the definition, i.e.,
Y (t,t) = afp\iS‘t*t/‘Q for t,t' € T, is unstable of infeasible since those
ei(t1),...,ei(ty) are highly correlated even when p. is very small. Alter-
natively, we consider enhancing the diagonal elements of 3. by defining
Y (t, 1) = U?p?lt—t/lQ +021(t =t') for t,¢' € T now, where o/ is a positive
constant.

Repeating the experiments for three methods 300 times, Table re-
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ports MISE and SDISE (displayed in parentheses), the definition of which

is given in Section [S3.5)) and means of PSR anf NSR under different sam-
ple sizes n using the CV method. Clearly, GLSO is consistently the best,
though it only slightly outperforms LS . When n is relatively small, GLS

can perform worse than LS because of inaccurate estimation of X..

Table S5.1: Simulation results for comparing three methods under the setting with

o8, =0.1, puy =0.1, 02 = 02 = 0.25, and p. = 0.1

n  Method MISE (SDISE) PSR NSR

100 LS 0.097 (0.090)  1.000 0.903
GLS 0.124 (0.142)  0.998 0.848

GLSO 0.093 (0.088)  1.000 0.913

200 LS 0.047 (0.041)  1.000 0.894
GLS 0.046 (0.036)  1.000 0.896

GLSO0 0.047 (0.040)  1.000 0.912

500 LS 0.017 (0.016)  1.000 0.922
GLS 0.016 (0.014)  1.000 0.911

GLSO 0.015 (0.012)  1.000 0.953
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