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In this appendix, we first present a number of supporting lemmas. We then present the proofs
of Theorems 1 and 2 of the paper.

S.1 Supporting lemmas
Lemma S1. Let U be the uniformity of vector x defined as the ratio between the smallest
nonzero entry and the largest one. Then√

‖x‖0 ≤
1 + U

2
√
U

‖x‖1
‖x‖2

Proof: The lemma follows Lemma III.3 in Yin et al. (2014).

Lemma S2. Let A = W TW /n, and M and N denote the non-overlapping indices in
(1, . . . , pq). Then,

‖AM,N‖2 ≤
√
{ρ+(M)− ρ−(M∪N )}{ρ+(N )− ρ−(M∪N )}.

PROOF: A direct application of Lemma D.1 of Huang and Zhang (2010) completes the proof
of Lemma S2. �

Lemma S3. Denote ∆ = Θ̂ − Θ0, and let Qr and Qc denote the sets of indices of the
nonzero rows and columns of Θ̂ − Θ0. Let Rj = {(k − 1)p + j, k = 1, . . . , q} be the
ordered set of indices of vec(Θ0) corresponding to the elements in the jth row of Θ0, and
Ck = {(k − 1)p + j, j = 1, . . . , p} be the set of indices of vec(Θ0) corresponding to the
elements in kth column of Θ0. Furthermore, we define Rj(Q) and Ck(Q) to be the subset of
Rj and Ck with elements in a index set Q. For a given m ≥ 1, let Sr0, Sr1, . . . and Sc0, Sc1, . . .
be the consecutive blocks containing indices j > gr, k > gc, such that 2b1 ≤ |RSru(Qc)| ≤
2b1 + m, and 2b1 ≤ |CScv(Qr)| ≤ 2b1 + m, where RSru(Qc) = {Rj(Qc), j ∈ Sru}, and
RScv(Qr) = {Rj(Qr), j ∈ Scv}, u, v = 0, 1, 2, . . ., respectively. Let Ḡr = ∪j∈Sr∪Sr0Rj(Qc),
Ḡc = ∪k∈Sc∪Sc0Ck(Qr), andG = Ḡr∪Ḡc. Define ρ̃+(a, b) = ([{ρ+(a)−ρ−(a+b)}][{ρ+(b)−
ρ−(a+ b)}])1/2. Then,

∑
j 6∈Sr∪Sr0,k 6∈Sc∪Sc0

‖∆Rj∩Ck
‖22 ≤ min

u,v
(4|Sru|, 4|Scv|)−1

(∑
j 6∈Sr

‖∆Rj
‖2 +

∑
k 6∈Sc

‖∆Ck
‖2

)2

,

1



1

n

∣∣∣∣∣ ∑
j 6∈Sr∪Sr0,k 6∈Sc∪Sc0

∆T

GW
T

GWRj∩Ck
∆Rj∩Ck

∣∣∣∣∣
≤ ρ̃+(|G|, 2b1 +m)‖∆G‖2

{
min
u,v

(|Sru|, |Scv|)
}−1/2{∑

j 6∈Sr

‖∆Rj
‖2 +

∑
k 6∈Sc

‖∆Ck
‖2

}
/2.

PROOF: We have that,∑
j 6∈Sr∪Sr0,k 6∈Sc∪Sc0

‖∆Rj∩Ck
‖22

≤
∑

j 6∈Sr∪Sr0

‖∆Rj
‖22/2 +

∑
k 6∈Sc∪Sc0

‖∆Ck
‖22/2

≤
∑

j 6∈Sr∪Sr0

‖∆Rj
‖2 max

j 6∈Sr∪Sr0

‖∆Rj
‖2/2 +

∑
k 6∈Sc∪Sc0

‖∆Ck
‖2 max

k 6∈Sc∪Sc0

‖∆Ck
‖2/2

≤
∑

j 6∈Sr∪Sr0

‖∆Rj
‖2 min

j∈Sr0

‖∆Rj
‖2/2 +

∑
k 6∈Sc∪Sc0

‖∆Ck
‖2 min

k∈Sc0

‖∆Ck
‖2/2

≤
∑

j 6∈Sr∪Sr0

‖∆Rj
‖2
∑
j∈Sr0

‖∆Rj
‖2/(2|Sr0|)

+
∑

k 6∈Sc∪Sc0

‖∆Ck
‖2
∑
k∈Sc0

‖∆Ck
‖2/(2|Sc0|)

≤ min
u,v

(4|Sru|, 4|Scv|)−1
(∑

j 6∈Sr

‖∆Rj
‖2 +

∑
k 6∈Sc

‖∆Ck
‖2

)2

.

The last inequality holds by the fact that ab ≤ (a+ b)2/2 for any positive a, b.
Furthermore, we have that,∑

u≥1,v≥1

‖∆RSru∩CScv
‖2 =

∑
u≥1,v≥1

√ ∑
j∈Sru,k∈Scv

‖∆Rrj∩Cck
‖22

≤
∑

u≥1,v≥1

√ ∑
j∈Sru,k∈Scv

‖∆Rj∩Ck
‖22

≤
∑

u≥1,v≥1

√∑
j∈Sru

‖∆Rj
‖2 max

j∈Sru

‖∆Rj
‖2 +

∑
k∈Scv

‖∆Ck
‖2 max

k∈Scv

‖∆Ck
‖2

≤
∑

u≥1,v≥1

√∑
j∈Sru

‖∆Rj
‖2 min

j∈Sru−1

‖∆Rj
‖2 +

∑
k∈Scv

‖∆Ck
‖2 min

k∈Scv−1

‖∆Ck
‖2

≤
∑

u≥1,v≥1

∑
j∈Sru

‖∆Rj
‖2

∑
j∈Sru−1

‖∆Rj
‖2/|Sru−1|+

∑
k∈Scv

‖∆Ck
‖2

∑
j∈Scv−1

‖∆Ck
‖2/|Scv−1|


1/2

2



≤ {min
u,v

(|Sru|, |Scv|)}−1/21/2
∑

u≥1,v≥1


∑

j∈Sru

‖∆Rj
‖2 +

∑
j∈Sru−1

‖∆Rj
‖2

2

+

∑
j∈Scv

‖∆Ck
|2 +

∑
k∈Scv−1

‖∆Ck
‖2

2
1/2

≤ {min
u,v

(|Sru|, |Scv|)}−1/21/2
∑

u≥1,v≥1

∑
j∈Sru

‖∆Rj
‖2 +

∑
j∈Sru−1

‖∆Rj
‖2

+
∑
j∈Scv

‖∆Ck
|2 +

∑
k∈Scv−1

‖∆Ck
‖2


≤ {min

u,v
(|Sru|, |Scv|)}−1/21/2

(∑
u≥0

∑
j∈Sru

‖∆Rj
‖2 +

∑
v≥0

∑
k∈Scv

‖∆Ck
‖2

)

= {min
u,v

(4|Sru|, 4|Scv|)}−1/2
(∑

j 6∈Sr

‖∆Rj
‖2 +

∑
k 6∈Sc

‖∆Ck
‖2

)
.

Therefore, we have that,

1

n

∣∣∣∣∣ ∑
j 6∈Sr∪Sr0,k 6∈Sc∪Sc0

∆T

GW
T

GWRj∩Ck
∆Rj∩Ck

∣∣∣∣∣
≤ 1

n

∑
u≥1,v≥1

∣∣∆T

GW
T

GWRSru∩CScv
∆RSru∩CScv

∣∣
≤ 1

n

∑
u≥1,v≥1

‖W T

GWRSru (Qc)∩RScv (Qr)‖2‖∆G‖2‖∆RSru (Qc)∩CScv (Qr)‖2

≤ ρ̃+(|G|, 2b1 +m)‖∆G‖2
∑

u≥1,v≥1

‖∆GSru∩GScv
‖2

≤ ρ̃+(|G|, 2b1 +m)‖∆G‖2
{

min
u,v

(|Sru|, |Scv|)
}−1/2{∑

j 6∈Sr

‖∆Rj
‖2 +

∑
k 6∈Sc

‖∆Ck
‖2

}
/2.

The third inequality holds due to Lemma S2. This completes the proof of Lemma S3. �

Lemma S4. Suppose that λr
√
q ≥ 2n−1 maxj=1,...,p,j∈Qr ‖W T

Rj(Qc)
ε‖2, and λc

√
p ≥ 2n−1

maxk=1,...,q,k∈Qc ‖W T

Ck(Qr)
ε‖2. Then, the solution for (2) satisfies that,

λc
√
p

q∑
k=2,k 6∈Sc

‖{vec(Θ̂)}Ck
‖2 + λr

√
q

p∑
j=1,j 6∈Sr

‖{vec(Θ̂)}Rj
‖2
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≤ 3λc
√
p

q∑
k=2,k∈Sc

‖{vec(Θ̂−Θ0)}Ck
‖2 + 3λr

√
q

p∑
j=1,j∈Sr

‖{vec(Θ̂−Θ0)}Rj
‖2.

PROOF: From (2), we obtain the subgradient condition for the minimizer that

W TW vec(Θ̂−Θ0)−W Tε+ nλc
√
p

q∑
k=2

νk + nλr
√
q

p∑
j=1

µj = 0, (S.1)

where µ is the subgradient of ‖Θj·‖2 with respect to vec(Θ) evaluated at Θ̂; i.e.,

µjRc
j

= 0,

µjRj
=

{
Θ̂j·

‖Θ̂j·‖2
, if Θ̂j· 6= 0,

∀µ, ‖µ‖2 ≤ 1, if Θ̂j· = 0.

and ν is the subgradient of ‖Θ·k‖2 with respect to vec(Θ) evaluated at Θ̂; i.e.,

νkCc
k

= 0,

νkCk
=

{
Θ̂·k
‖Θ̂·k‖2

, if Θ̂·k 6= 0,

∀ν : ‖ν‖2 ≤ 1, if Θ̂·k = 0.

By definition, we then have

vec(Θ̂)Tµj = ‖vec(Θ̂)Rj
‖2, vec(Θ̂)Tνk = ‖vec(Θ̂)Ck

‖2,
|vec(Θ̂−Θ0)

Tµj| ≤ ‖vec(Θ̂−Θ0)Rj
‖2, and |vec(Θ̂−Θ0)

Tνk| ≤ ‖vec(Θ̂−Θ0)Ck
‖2.

Multiplying both sides of (S.1) by vec(Θ̂−Θ0), we obtain that

0 ≥ −vec(Θ̂−Θ0)
TW TW vec(Θ̂−Θ0) = −vec(Θ̂−Θ0)

TW Tε

+nλc
√
p

q∑
k=2

vec(Θ̂−Θ0)
Tνk + nλr

√
q

p∑
j=1

vec(Θ̂−Θ0)
Tµj

= −vec(Θ̂−Θ0)
TW Tε

+nλc
√
p

q∑
k=2,k∈Sc

vec(Θ̂−Θ0)
Tνk + nλr

√
q

p∑
j=1,j∈Sr

vec(Θ̂−Θ0)
Tµj

+nλc
√
p

q∑
k=2,k 6∈Sc

vec(Θ̂−Θ0)
Tνk + nλr

√
q

p∑
j=1,j 6∈Sr

vec(Θ̂−Θ0)
Tµj

≥ −vec(Θ̂−Θ0)
TW Tε

−nλc
√
p

q∑
k=2,k∈Sc

‖{vec(Θ̂−Θ0)}Ck
‖2 − nλr

√
q

p∑
j=1,j∈Sr

‖{vec(Θ̂−Θ0)}Rj
‖2
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+nλc
√
p

q∑
k=2,k 6∈Sc

‖{vec(Θ̂)}Ck
‖2 + nλr

√
q

p∑
j=1,j 6∈Sr

‖{vec(Θ̂)}Rj
‖2,

which implies that

λc
√
p

q∑
k=2,k 6∈Sc

‖{vec(Θ̂)}Ck
‖2 + λr

√
q

p∑
j=1,j 6∈Sr

‖{vec(Θ̂)}Rj
‖2

≤ λc
√
p

q∑
k=2,k∈Sc

‖{vec(Θ̂−Θ0)}Ck
‖2 + λr

√
q

p∑
j=1,j∈Sr

‖{vec(Θ̂−Θ0)}Rj
‖2

+n−1vec(Θ̂−Θ0)
TW Tε

≤ λc
√
p

q∑
k=2,k∈Sc

‖{vec(Θ̂−Θ0)}Ck
‖2 + λr

√
q

p∑
j=1,j∈Sr

‖{vec(Θ̂−Θ0)}Rj
‖2

+n−1
p∑

j=1,j∈Qr

‖vec(Θ̂−Θ0)Rj
‖2‖W T

Rj(Qc)ε‖2

+n−1
q∑

k=2,k∈Qc

‖vec(Θ̂−Θ0)Ck
‖2‖W T

Ck(Qr)ε‖2

≤ λc
√
p

q∑
k=2,k∈Sc

‖{vec(Θ̂−Θ0)}Ck
‖2 + λr

√
q

p∑
j=1,j∈Sr

‖{vec(Θ̂−Θ0)}Rj
‖2

+0.5λr
√
q

p∑
j=1

‖vec(Θ̂−Θ0)Rj
‖2 + 0.5λc

√
p

q∑
k=2

‖vec(Θ̂−Θ0)Ck
‖2.

Therefore, we have obtained that

λc
√
p

q∑
k=2,k 6∈Sc

‖{vec(Θ̂)}Ck
‖2 + λr

√
q

p∑
j=1,j 6∈Sr

‖{vec(Θ̂)}Rj
‖2

≤ 3λc
√
p

q∑
k=2,k∈Sc

‖{vec(Θ̂−Θ0)}Ck
‖2 + 3λr

√
q

p∑
j=1,j∈Sr

‖{vec(Θ̂−Θ0)}Rj
‖2,

which completes the proof of Lemma S4. �

Lemma S5. Suppose X ∈ Rm×p is zero-mean sub-Gaussian with the parameters (Σ, σ2).
Let K(s) ≡ (v ∈ Rp|‖v‖2 ≤ 1, ‖v‖0 ≤ s). Then, there exists a constant c > 0, such that

Pr

[
sup

v∈K(2s)

|‖Xv‖
2
2

n
− E

(
‖Xv‖22
n

)
| ≥ t

]
≤ 2 exp

{
−cnmin

(
t2

σ4
,
t

σ2

)
+ 2s log(p)

}
.
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PROOF: A direct application of Lemma 15 of Loh and Wainwright (2012) completes the proof
of Lemma S5. �

Lemma S6. Suppose n > log(p). There is a constant c > 0, such that

Pr

{
max

j=1,...,p,j∈Qr

n−1‖W T

Rj(Qc)ε‖2 >
√

4b1 log(p)/(cn)

}
≤ 12 exp {−b1 log(p)} ,

Pr

{
max

k=1,...,q,k∈Qc

n−1‖W T

Ck(Qr)ε‖2 >
√

4b1 log(q)/(cn)

}
≤ 12 exp {−b1 log(q)} .

PROOF: First, we note that

‖W T

Ck(Qr)ε‖2 ≤ sup
v∈K(2b1)

|εTWv|.

Letting φ(v) = ‖v‖22/n− E(‖v‖22/n), we have

εTWv/n =
1

2
{φ(Wv + ε)− φ(Wv)− φ(ε)} .

Therefore, by Lemma S5, for some universal constant c, we have

Pr(n−1‖W T

Ck(Qr)ε‖2 > t) ≤ Pr

{
sup

v∈K(2b1)

|εTWv/n| > t

}
≤ 6 exp

{
−cnmin(t2, t) + 2b1 log(q)

}
.

Letting t =
√

4b1 log(q)/(cn), we have

Pr

(
max

k=1,...,q,k∈Qc

n−1‖W T

Ck(Qr)ε‖2 > t

)
≤ Pr

{
max

k=1,...,q,k∈Qc

sup
v∈K(2b1)

|εTWv/n| > t

}
≤ 12b1 exp

{
−cnmin(t2, t) + 2b1 log(q)

}
≤ 12 exp

{
−cnmin(t2, t) + 3b1 log(q)

}
= 12 exp {−b1 log(q)} .

Using the same argument, we can show that

Pr

{
max

j=1,...,p,j∈Qr

n−1‖W T

Rj(Qc)ε‖2 >
√

4b1 log(p)/(cn)

}
≤ 12 exp {−b1 log(p)} .

This completes the proof of Lemma S6. �
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Lemma S7. Suppose a = (ag, g = 1, . . . , G̃)T be an arbitrary group center, such that
‖ag‖0 ≤ b1 and the group size G̃ < ∞. Let PΘ̂ denote the probability measure induced
by Θ̂Zi. Suppose the conditions in Theorem 1 hold. Then,∣∣∣∣∫ min

1≤g≤G̃
‖v − ag‖22dPΘ̂(v)−

∫
min

1≤g≤G̃
‖v − ag‖22dPΘ0(v)

∣∣∣∣ = Op

{
b1
√

log(pq)/n
}
.

PROOF: Let kr, kc denote the number of nonzero rows and columns of Θ̂ −Θ0. By Lemma
S1 and Condition ((A2)), we have that kr + kc ≤ 2b1. Let ER ∈ Rkr×p and EC ∈ Rq×kc be
the selection matrix, so that ERΘ corresponds to the nonzero rows, and ΘEC the nonzero
columns of Θ̂ −Θ0. Also the dimensions of Θ̂Zi and Θ0Zi are both smaller than b1. Then,
for any given center a, ∣∣∣∣∫ ‖v − a‖22dPΘ̂(v)−

∫
‖v − a‖22dPΘ0(v)

∣∣∣∣
=

∣∣∣∣∂ ∫ ‖v − a‖22dPΘ∗(v)

∂vec(ERΘEC)T
vec
{
ER(Θ̂−Θ0)EC

}∣∣∣∣
≤

∥∥∥∥∂ ∫ ‖v − a‖22dPΘ∗(v)

∂vec(ERΘEC)T

∥∥∥∥
2

‖Θ̂−Θ0‖F

=

∥∥∥∥∫ ‖v − a‖22 ∂fΘ∗(v)

∂vec(ERΘEC)T
dv

∥∥∥∥
2

‖Θ̂−Θ0‖F

=

∥∥∥∥∫ ‖v‖22 ∂fΘ∗(v)

∂vec(ERΘEC)T
dv

∥∥∥∥
2

‖Θ̂−Θ0‖F

+

∥∥∥∥2aT

∫
v

∂fΘ∗(v)

∂vec(ERΘEC)T
dv

∥∥∥∥
2

‖Θ̂−Θ0‖F

+

∥∥∥∥∫ ‖a‖22 ∂fΘ∗(v)

∂vec(ERΘEC)T
dv

∥∥∥∥
2

‖Θ̂−Θ0‖F

≤ ‖a‖22
∥∥∥∥∫ ∂fΘ∗(v)

∂vec(ERΘEC)T
dv

∥∥∥∥
2

‖Θ̂−Θ0‖F

+ 2‖a‖2
∥∥∥∥∫ v

∂fΘ∗(v)

∂vec(ERΘEC)T
dv

∥∥∥∥
op

‖Θ̂−Θ0‖F

+ ‖v‖22
∥∥∥∥∫ ∂fΘ∗(v)

∂vec(ERΘEC)T
dv

∥∥∥∥
2

‖Θ̂−Θ0‖F

= Op{b1
√

log(pq)/n},

where ‖ · ‖op is the matrix operator norm, Θ∗ is a point between Θ̂ and Θ0. The last equality
holds by Theorem 1, and Condition (B3) that |

∫
‖v‖22∂fΘ∗(v)/∂vec(Θ)Tejdv|, |∂fΘ∗(v)/

∂vec(Θ)Tej|, and ‖
∫
v∂fΘ∗(v)/∂vec(Θ)Tejdv‖2 are finite. This lead to

∫
‖v‖22∂fΘ∗(v)/

∂vec(Θ)Tejdv = O(1),
∫
∂fΘ∗(v)/∂vec(Θ)Tejdv = O(1), ‖

∫
v∂fΘ∗(v)/∂vec(Θ)Tejdv‖2

= O(1), and that Θ̂−Θ0 has at most 2b1 nonzero entries by Condition (A2) and Lemma S1.
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This completes the proof of Lemma S7. �

S.2 Proof of Theorem 1
We first present a more general theorem, which establishes the relationship between the con-
vergence order of Θ̂, the choice of the penalty parameters, and ρ−(s). Then the result of
Theorem 1 follows immediately from Theorem S1 and Lemma S6 for some specific choices
of the penalty parameters and ρ−(s).

Theorem S1. Suppose Conditions (A1), (A2) and (A3) hold. Furthermore, suppose that

λr
√
q ≥ 2

n
max
j∈Qr

‖W T

Rj(Qc)ε‖2, λc
√
p ≥ 2

n
max
k∈Qc

‖W T

Ck(Qr)ε‖2, (S.2)

almost surely. Then,

‖vec(Θ̂−Θ0)‖2 ≤ 3

{
2.25

(
λr
√
qgr + λc

√
pgc
)2

min{λr
√
q, λc
√
p}2

+ 1

}1/2

×
λr
√
qgr + λc

√
pgc

ρ−(s)
.

PROOF: Recall that ∆ = vec(Θ̂−Θ0). Multiplying both sides of (S.1) by a vector v ∈ Rpq,
such that vG = ∆G and vGc = 0, where G is defined in Lemma (S3), we obtain that,

1

n
∆T

GW
T

GW∆−∆T

GW
T

Gε+ λr
√
q
∑

j∈Sr∪Sr0

∆T

Rj
µjRj

+ λc
√
p

∑
k≥2,k∈Sc∪Sc0

∆T

Ck
νkCk

= 0.

By the definition of G, we have that |G| ≤ d0 + 2b1 + m. Using the same argument as those
leading to (S.1), we obtain that,

2
1

n
∆T

GW
T

GW∆ + λr
√
q
∑
j∈Sr0

‖vec(Θ̂)Rj
‖2 + λc

√
p

∑
k≥2,k∈Sc0

‖vec(Θ̂)Ck
‖2

≤ 3λr
√
q
∑
j∈Sr

‖∆Rj
‖2 + 3λc

√
p
∑

k≥2,k∈Sc

‖∆Ck
‖2. (S.3)

Furthermore, denote s = d0 + 2b1 +m. Then |G| ≤ s and

n−1∆T

GW
T

GW∆ = n−1∆T

GW
T

GWG∆G + n−1∆T

GW
T

GWGc∆Gc

= n−1∆T

GW
T

GWG∆G + n−1
∑

j 6∈Sr∪Sr0,k 6∈Sc∪Sc0

∆T

GW
T

GWRj∩Ck
∆Rj∩Ck

≥ n−1∆T

GW
T

GWG∆G

−ρ̃+(|G|, 2b1 +m)‖∆G‖2
{

min
u,v

(|Sru|, |Scv|)
}−1/2{∑

j 6∈Sr

‖∆Rj
‖2 +

∑
k 6∈Sc

‖∆Ck
‖2

}
/2
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≥ n−1∆T

GW
T

GWG∆G − ρ̃+(|G|, 2b1 +m)‖∆G‖2
{

min
u,v

(|Sru|, |Scv|)
}−1/2

/2

×min(λr
√
q, λc
√
p)−1

{
λr
√
q
∑
j 6∈Sr

‖∆Rj
‖2 + λc

√
p
∑
k 6∈Sc

‖∆Ck
‖2

}

≥ ρ−(s)‖∆G‖22 − 3ρ̃+(s, s− d0)
{

min
u,v

(|Sru|, |Scv|)
}−1/2

/2

×min(λr
√
q, λc
√
p)−1 {λr

√
q|Sr|+ λc

√
p|Sc|} ‖∆G‖22

≥ ρ−(s)‖∆G‖22 − 3{ρ+(s)− ρ−(2s− d0)}1/2{ρ+(s− d)− ρ−(2s− d0)}1/2/2
×min(λr

√
q, λc
√
p)−1 {λr

√
q|Sr|+ λc

√
p|Sc|} ‖∆G‖22

≥ 0.5ρ−(s)‖∆G‖22.

The third line holds due to Lemma S3. The fifth line holds due to Lemma S4, the equality in
(S.1), and the fact that each ‖∆Rj

‖2 and ‖∆Ck
‖2 is smaller than ‖∆G‖2. The sixth line holds

by the definition of ρ̃+(a, b), and the fact that |G| ≤ s, ρ−(s) ≤ ρ−(G). Besides, because
RSru(Qc) or RScv(Qr) must include at least 2b1 elements, therefore, {minu,v(|Sru|, |Scv|)} is
lower bounded by 1. The last inequality holds because of the fact that m can be any positive
constant and by Condition (A3).

Therefore, combined with (S.3), we obtain that,

‖∆G‖22 ≤ 3ρ−(s)−1λr
√
q
∑
j∈Sr

‖∆Rj
‖2 + 3ρ−(s)−1λc

√
p
∑

k≥2,k∈Sc

‖∆Ck
‖2

≤ 3ρ−(s)−1(λr
√
q|Sr|+ λc

√
p|Sc|)‖∆G‖2,

In turn, we have

‖∆G‖22 ≤ 9ρ−(s)−2(λr
√
q|Sr|+ λc

√
p|Sc|)2. (S.4)

Now we have that,

‖∆‖22 − ‖∆G‖22 ≤ ‖∆Gc‖22 ≤
∑

j 6∈Sr∪Sr0,k 6∈Sc∪Sc0

‖∆Rj∩Ck
‖22

≤ min
u,v

(4|Sru|, 4|Scv|)−1
(∑

j 6∈Sr

‖∆Rj
‖2 +

∑
k 6∈Sc

‖∆Ck
‖2

)2

≤ 2.25 min
u,v

(|Sru|, |Scv|)−1 min{λr
√
q, λc
√
p}−2

(
λr
√
q
∑
j∈Sr

‖∆Rj
‖2 + λc

√
p
∑
k∈Sc

‖∆Ck
‖2

)2

≤ 2.25 min
u,v

(|Sru|, |Scv|)−1 min{λr
√
q, λc
√
p}−2 (λr

√
q|Sr|+ λc

√
p|Sc|)2 ‖∆G‖22.

The third inequality holds due to Lemma S3, and the fourth inequality holds due to Lemma
S4. Combine with (S.4), we obtain that,

‖∆‖22 ≤ 9{2.25 min
u,v

(|Sru|, |Scv|)−1 min{λr
√
q, λc
√
p}−2 (λr

√
q|Sr|+ λc

√
p|Sc|)2 + 1}
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×ρ−(s)−2(λr
√
q|Sr|+ λc

√
p|Sc|)2

≤ 9{2.25 min{λr
√
q, λc
√
p}−2 (λr

√
q|Sr|+ λc

√
p|Sc|)2 + 1}

×ρ−(s)−2(λr
√
qgr + λc

√
pgc)

2.

This completes the proof of Theorem S1. �

S.3 Proof of Theorem 2
PROOF: Let a = (aT

1, . . . ,a
T
G)T be a vector of G group centers with fewer than Gb1 number

of nonzero entries in probability. Define

W (a, PΘ) =

∫
min

1≤g≤G
‖v − ag‖22dPΘ,

Then, by Lemma A of Pollard et al. (1982), we have that W (a, PΘ̂) and W (a, PΘ0) are both
differentiable functions with respect toa. Furthermore,Wn(a,Θ) =

∑n
i=1{min1≤g≤G ‖ΘZi−

ag‖22}/n. Let ã and a0 be the minimizer for W (a, PΘ̂), and W (a, PΘ0), respectively. By
Lemma S7, we have that ‖ã − a0‖2 = op(1). By the consistency of the K-means algorithm
as shown in Pollard (1981), we have ‖â− ã‖2 = op(1). Henceforth, ‖â− a0‖2 = op(1).

Next, because â is the minimizer for W (â, PΘ̂,n), we have that,

0 ≥ Wn(â, Θ̂)−Wn(a0, Θ̂)

= Wn(â,Θ0)−Wn(a0,Θ0) +Wn(â, Θ̂)−Wn(â,Θ0) +Wn(a0, Θ̂)−Wn(a0,Θ0)

= Wn(â,Θ0)−Wn(a0,Θ0) +W (â, PΘ̂)−W (â, PΘ0) +W (a0, PΘ̂)−W (a0, PΘ0)

+ op(n
−1/2)

= −n−1/2ZT

n(â− a0) + 1/2(â− a0)
T
∂2W (a0, PΘ0)

∂aaT
(â− a0) +Op

{
b1
√

log(pq)/n
}

+ op(n
−1/2)

≥ ‖â− a0‖22Dmin − n−1/2ZT

n(â− a0) +Op

{
b1
√

log(pq)/n
}
,

where Zn is a random vector with at most 2Gb1 nonzero elements, and is asymptotically
normally distributed (Gänssler and Stute, 1979), and 2Dmin is the smallest eigenvalue of the
matrix ∂2W (a, PΘ)/∂aaT|(a,Θ)=(a0,Θ0). By Condition (B1) that W (a, PΘ0) is convex with
a unique minimizer, i.e., Dmin > 0. The third line holds by the central limit theorem. The
fourth line hold by Lemma S7 that both W (â, PΘ̂ − PΘ0) and W (a0, PΘ̂ − PΘ0) are of order

Op

{
b1
√

log(pq)/n
}

, and by Lemma D and Theorem of Pollard (1981).
Therefore, we obtain that,

‖â− a0‖22Dmin ≤ n−1/2ZT

n(â− a0) +Op

{
b1
√

log(pq)/n
}
≤ D1n

−1/2(Gb1)
1/2‖â− a0‖2
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+Op

{
b1
√

log(pq)/n
}
,

for some constant D1, which implies that,

{‖â− a0‖2 −D1(4n)−1/2(Gb1)
1/2}2 ≤ Op

{
b1
√

log(pq)/n
}

+D2
1(4n)−1Gb1.

Therefore,
‖â− a0‖2 = Op

[
{b21 log(pq)/n}1/4 + n−1/2(Gb1)

1/2
]
.

This completes the proof of Theorem 2. �
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