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1 Proofs for Theorems 1-4

In this section, we prove the main theorems for the MRC estimator. Theorem 1 describes

the consistency and asymptotic normality of the proposed estimator for a single longitudinal

outcome. Theorem 2 generalizes results to the longitudinal GPO setting. Theorems 3 and

4 summarize the asymptotic behavior with missing data for the single longitudinal outcome

and the longitudinal GPO settings, respectively.

1.1 Proof of Theorem 1

Denote L(θ) =
∑M

u=0

∑M
v=0 E[I(Yiu > Yjv)I{µiu(θ) > µjv(θ)}] and µim(θ) = µ(Xi, tm,θ).

1.1.1 Consistency

We assume the following regularity conditions for the consistency of θ̂:

(C1) θ0 is an interior point of Θ, where Θ is a compact subset of Rq.

(C2) There exists a unique maximizer for L(θ) in the interior of Θ.

(C3) L(θ) is continuous at θ0.

Throughout our proof, we assume that the function class {µ(·, ·,θ) : θ ∈ Θ} has finite

Vapnik-Chervonenkis dimensions. Condition (C1) is a standard condition for the consistency

of θ̂ (Cavanagh & Sherman 1998, Khan & Tamer 2007). Conditions (C2)-(C3) are easily

satisfied under many realistic settings such as a setting with µim(θ) =
∑p

k=1 βmkXik + βttm,

where β = (1,θT )T = (β01, . . . , β0p, β11, . . . , β1p, . . . , βM1, . . . , βMp, βt).
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Identifiability of θ0: Given µiu(θ0) > µjv(θ0) and the monotonicity of ζ, we have

Pε(Yiu > Yjv) ≥ Pε(Yiu < Yjv),

where Pε is the expectation with respect to ε. Thus θ0 maximizes the following function:

E [I{µiu(θ) > µjv(θ)}Pε(Yiu > Yjv) + I{µiu(θ) < µjv(θ)}Pε(Yiu < Yjv)] .

It follows that θ0 maximizes

M∑
u=0

M∑
v=0

E [I{µiu(θ) > µjv(θ)}Pε(Yiu > Yjv) + I{µiu(θ) < µjv(θ)}Pε(Yiu < Yjv)] ,

and therefore maximizes the objective function, L(θ). By Condition (C2), we know that θ0

is the unique maximizer of L(θ).

Uniform convergence of Ln(θ): A sufficient condition for the uniform convergence is that

the kernel function class of the U-statistic Ln(θ) satisfies the Euclidean property for some

square integrable envelope. Consider the function class Fu,v = {fu,v(·, ·,θ) : θ ∈ Θ}, 0 ≤

u, v ≤ M, where z1 = (x1,y1), z2 = (x2,y2) and

fu,v(z1, z2,θ) = I(y1u > y2v)I{µ(x1, tu,θ) > µ(x2, tv,θ)}+I(y1u < y2v)I{µ(x1, tu,θ) < µ(x2, tv,θ)}.

Following Section 5 of Sherman (1993), Fu,v is Euclidean with a constant envelope of 1. By

Lemma 2.14 of Pakes et al. (1989), F is also Euclidean with a constant envelope of (M+1)2,

where

f(z1, z2,θ) =
1

2

M∑
u=0

M∑
v=0

[I(y1u > y2v)I{µ(x1, tu,θ) > µ(x2, tv,θ)}

+I(y1u < y2v)I{µ(x1, tu,θ) < µ(x2, tv,θ)}] ,

and F = {f(·, ·,θ),θ ∈ Θ}. The uniform convergence of Ln(θ) then follows from Conditions
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(C1), (C3) and Corollary 7 of Sherman (1994). By Theorem 5.7 in Van der Vaart (2000),

the uniform convergence implies that θ̂ converges in probability to θ0.

1.1.2 Asymptotic normality

For each θ ∈ Θ, denote Γ(θ) = L(θ) − L(θ0) and Γn(θ) = Ln(θ) − Ln(θ0). Note that

Γn(θ0) = Γ(θ0) = 0, E{τ(·,θ)− τ(·,θ0)} = 2Γ(θ) and Γ(θ) is maximized at θ0. We assume

the following regularity conditions for the normality of θ̂:

The following additional condition is required for asymptotic normality.

(C4) There exists an integrable function M(z) such that for all z and θ in a neighbourhood

N of θ0, ∥∇2τ(z,θ) − ∇2τ(z,θ0)∥ ≤ M(z)∥θ − θ0∥, where E∥∇1τ(·,θ0)∥2 < ∞,

E|∇2|τ(·,θ0) < ∞, and E∇2τ(·,θ0) is negative definite.

Condition (C4) assumes the smoothness and moment conditions of τ (Sherman 1993). For

each (z1, z2) and θ ∈ Θ, define

f(z1, z2,θ) =
M∑
u=0

M∑
v=0

I(y1u > y2v) [I{µ(x1, tu,θ) > µ(x2, tv,θ)} − I{µ(x1, tu,θ0) > µ(x2, tv,θ0)}] .

Using Hoeffding decomposition, we have Γn(θ) = Γ(θ) + Png(·,θ) + Unh(·, ·,θ), where

g(z,θ) = Ef(z, ·,θ) + Ef(·, z,θ) − 2Γ(θ), and h(z1, z2,θ) = f(z1, z2,θ) − Ef(z1, ·,θ) −

Ef(·, z2,θ)+Γ(θ). By the same techniques as those in Sherman (1993), it can be shown that

Γ(θ) = 1
2
(θ−θ0)

TV (θ−θ0)+o (∥θ − θ0∥2) , Png(·,θ) = 1√
n
(θ−θ0)

TWn+o (∥θ − θ0∥2), and

Unh(·, ·,θ) = oP (1/n) uniformly over oP (1) neighbourhoods of θ0, whereWn =
√
nPn∇1τ(·,θ0)

D→

N(0,∆). Thus we have

Γn(θ) =
1

2
(θ − θ0)

TV (θ − θ0) +
1√
n
(θ − θ0)

TWn + o
(
∥θ − θ0∥2

)
+ oP (1/n) (1)

uniformly over oP (1) neighbourhoods of θ0. Combining Equation (1), Condition (C4)

and Theorem 2 of Sherman (1993), we have that
√
n(θ̂ − θ0) converges in distribution
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to N(0, V −1∆V −1).

1.2 Proof of Theorem 2

1.2.1 Consistency

Denote Ln,P(θ) =
1

n(n−1)

∑
1≤i ̸=j≤n

∑M
u=0

∑M
v=0 I(Piu > Pjv)I{µiu(θ) > µjv(θ)}, and LP(θ) =∑M

u=0

∑M
v=0 E[I(Piu > Pjv)I{µiu(θ) > µjv(θ)}]. Throughout our proof, we assume that the

function class, {µ(·, ·,θ) : θ ∈ ΘP}, has finite Vapnik-Chervonenkis dimensions. We assume

the following regularity conditions for the consistency of θ̂P :

(C5) θ0,P is an interior point of ΘP , where ΘP is a compact subset of Rq.

(C6) There exists some θ∗
P in the interior of ΘP that uniquely maximizes LP(θ).

(C7) LP(θ) is continuous at θ0,P .

We first show that supθ∈ΘP
|LGPO

n (θ)− Ln,P(θ)| = oP (1). The difference between LGPO
n (θ)

and Ln,P(θ) has the following upper bound:

|LGPO
n (θ)− Ln,P(θ)|

=
1

n(n− 1)

∑
1≤i ̸=j≤n

M∑
u=0

M∑
v=0

|I(P̂iu > P̂jv)− I(Piu > Pjv)|I {µiu(θ) > µjv(θ)}

≤ 1

n(n− 1)

∑
1≤i ̸=j≤n

M∑
u=0

M∑
v=0

|I(P̂iu > P̂jv)− I(Piu > Pjv)|.

(2)

By the triangular inequality and Donsker’s theorem, it can be shown that

sup
1≤i ̸=j≤n,0≤u,v≤M

√
n|(P̂iu − P̂jv)− (Piu − Pjv)| ≤ sup

1≤i≤n,0≤u≤M
2
√
n|P̂iu − Piu|

≤ 2

K

K∑
k=1

sup
t,u

√
n|Fku(t)− F̂ku(t)| = OP (1).
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It follows that

P
{

sup
1≤i ̸=j≤n,0≤u,v≤M

|(P̂iu − P̂jv)− (Piu − Pjv)| > n−1/3

}
= o(1). (3)

On the other hand,

sup
0≤u,v≤M

P(|Piu − Pjv| ≤ 2n−1/3) ≤ sup
0≤u,v≤M

K∑
k=1

P{|Fku(Yiku)− Fkv(Yjkv)| ≤ 2n−1/3} = o(1).

(4)

Notice that the event
{
|(P̂iu − P̂jv)− (Piu − Pjv)| ≤ n−1/3

}
∩
{
|Piu − Pjv| > 2n−1/3

}
is con-

tained in
{
|I(P̂iu > P̂jv)− I(Piu > Pjv)| = 0

}
. By Equations (3) and(4), the supremum of{

E{|I(P̂iu > P̂jv)− I(Piu > Pjv)|} : 1 ≤ i ̸= j ≤ n, 0 ≤ u, v ≤ M
}
vanishes as n goes to in-

finity. Equation(2) implies E
{
supθ∈Θ |LGPO

n (θ)− Ln,P(θ)|
}
= o(1). Thus

supθ∈Θ |LGPO
n (θ) − Ln,P(θ)| = oP (1). Then the consistency follows the same techniques as

those used in Section 1.1.1

1.2.2 Asymptotic normality

The proof of asymptotic normality is challenged by the non-differentiable term I(P̂iu > P̂jv)

in the objective function. We accordingly approximate it by some differentiable function in

the proof below. DenoteK(·) as a smooth kernel function such thatK(·) ≥ 0,K(x) = K(−x)

and
∫
K(x)dx = 1. Define an = n−ν with 0 < ν < 1/2, Kan(x) = a−1

n K(x/an) and
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K̃an(t) =
∫ t

−∞Kan(u)du. Let z = (y10, . . . , yKM ,x), and Zi = (Yi10, . . . , YiKM ,Xi). Define

ξiku =
1

K

K∑
l=1

{I(Yilu ≥ Yklu)− Flu(Yilu)} ,

g1n(Zi,Zj,Zk,θ) =
M∑
u=0

M∑
v=0

Kan(Piu − Pjv)(ξiku − ξjkv)I {µiu(θ) > µjv(θ)} ,

τ1n(z,θ) = Eg1n(z, ·, ·,θ) + Eg1n(·, z, ·,θ) + Eg1n(·, ·, z,θ) = Eg1n(·, ·, z,θ),

f1n(z,θ) = τ1n(z,θ)− τ1n(z,θ0),

Eluv(z,θ) = E [{I(Yilu ≥ ylu)− I(Yjlv ≥ ylv)} I {µiu(θ) > µjv(θ)}| Piu = Pjv] ,

τ1(z,θ) =
∑
u,v

∫
pu(s)pv(s)ds ·

1

K

K∑
l=1

Eluv(z,θ),

g2n(Zi,Zj,θ) =
M∑
u=0

M∑
v=0

K̃an(Piu − Pjv)I {µiu(θ) > µjv(θ)} ,

τ2n(z,θ) = Eg2n(z, ·,θ) + Eg2n(·, z,θ),

g2(Zi, Zj,θ) =
M∑
u=0

M∑
v=0

I(Piu ≥ Pjv)I {µiu(θ) > µjv(θ)} ,

and τ2(z,θ) = Eg2(z, ·,θ) + Eg2(·, z,θ),

where pu(·), pv(·) are marginal densities for Piu, Pjv, respectively. Note that Eτ1n(·,θ) =

Eg1n(Zi, Zj, Zk,θ) = 0. We assume the following regularity conditions for the normality of

θ̂P .

(C8) There exists an integrable function M1(z) such that for all z and θ in a neighbourhood

N of θ0, ∥∇2τ1n(z,θ)−∇2τ1n(z,θ0)∥ ≤ M1(z)∥θ−θ0∥, where supn E∥∇1τ1n(·,θ0)∥2 <

∞ and supn E|∇2|τ1n(·,θ0) < ∞.

(C9) E∥∇1τ1(·,θ0)∥2 < ∞.

(C10) There exists an integrable function, M2(z), such that for all z and θ in a neighbourhood

N of θ0, ∥∇2τ2n(z,θ)−∇2τ2n(z,θ0)∥ ≤ M2(z)∥θ−θ0∥, where supn E∥∇1τ2n(·,θ0)∥2 <

∞ and supn E|∇2|τ2n(·,θ0) < ∞.
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(C11) E∥∇1τ2(·,θ0)∥2 < ∞ and the matrix ∇2τ2(·,θ0) is negative definite.

We first decompose the objective function into three terms:

LGPO
n (θ)− LGPO

n (θ0)

=
1

n(n− 1)

∑
i ̸=j

∑
u,v

{
I(P̂iu > P̂jv)− K̃an(P̂iu − P̂jv)

}
[I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

+
1

n(n− 1)

∑
i ̸=j

∑
u,v

{
K̃an(P̂iu − P̂jv)− K̃an(Piu − Pjv)

}
[I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

+
1

n(n− 1)

∑
i ̸=j

∑
u,v

K̃an(Piu − Pjv) [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

=I + II + III.

(5)

The first term can be controlled uniformly over oP (1) neighbourhood of θ0 by

|I| ≤ 1

n(n− 1)

∑
i ̸=j

M∑
u=0

M∑
v=0

K̃an(−|P̂iu − P̂jv|) |I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}|

= oP (1)
∑
u,v

1

n(n− 1)

∑
i ̸=j

|I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}|

= oP (1)
∑
u,v

{
OP (∥θ − θ0∥2) +

1√
n
(θ − θ0)

T OP (1) + oP (1/n)

}
= oP (∥θ − θ0∥2) + (θ − θ0)

T oP (1/
√
n) + oP (1/n).

(6)

For the second term, we take the Taylor expansion at Piu − Pjv,

K̃an(P̂iu−P̂jv)−K̃an(Piu−Pjv) = Kan(Piu−Pjv)(P̂iu−P̂jv−Piu+Pjv)+O

(
P̂iu − P̂jv − Piu + Pjv

an

)
.
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It can be shown that a−1
n (P̂iu − P̂jv − Piu + Pjv) = oP (1) uniformly over 1 ≤ i ̸= j ≤ n. By

these results, the second term can be further decompose into two part,

II = II(a) + II(b)

=
1

n(n− 1)

∑
i ̸=j

∑
u,v

Kan(Piu − Pjv)(P̂iu − P̂jv − Piu + Pjv) [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

+ oP (1)
1

n(n− 1)

∑
i ̸=j

∑
u,v

[I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}] .

Part II(a) can be controlled uniformly over oP (1) neighbourhood of θ0 by

1

n(n− 1)

∑
i ̸=j

∑
u,v

Kan(Piu − Pjv)
1

n

n∑
k=1

(ξiku − ξjkv) [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

=
1

n2(n− 1)

∑
i ̸=j ̸=k

∑
u,v

Kan(Piu − Pjv)(ξiku − ξjkv) [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

+
1

n2(n− 1)

∑
i ̸=j

∑
u,v

Kan(Piu − Pjv)(ξiiu − ξjiv + ξiju − ξjjv) [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

=
1

n2(n− 1)

∑
i ̸=j ̸=k

∑
u,v

Kan(Piu − Pjv)(ξiku − ξjkv) [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}] + oP (n
−1)

=
n− 2

n

1√
n
(θ − θ0)

T W1n + oP

(
∥θ − θ0∥2

)
+ oP (n

−1),

(7)

whereW1n =
√
nPn∇1τ1n(·,θ0). When the conditional density function of (Piu,Pjv)|(Xi,Xj)

is thrice continuously differentiable with probability 1, τ1n(z,θ) → τ1(z,θ) and W1n
P→

√
nPn∇1τ1(·,θ0) as n → ∞. Therefore,

II(b) = oP (∥θ − θ0∥2) + (θ − θ0)
T oP (1/

√
n) + oP (1/n), (8)

uniformly over oP (1) neighbourhood of θ0.

By some algebraic calculation, the third term converges uniformly over oP (1) neighbourhood

of θ0 to

III =
1

2
(θ − θ0)

T Vn (θ − θ0) +
1√
n
(θ − θ0)

T W2n + oP
(
∥θ − θ0∥2

)
+ oP (1/n), (9)
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where 2Vn = E∇2τ2n(·,θ0) andW2n =
√
nPn∇1τ2n(·,θ0). Notice thatW2n−

√
nPn∇1τ2(·,θ0)

P→

0 and Vn
P→ VP = E∇2τ2(·,θ0). Plugging Equations (6) - (9) into Equation(5), we have

Ln,P̂(θ)− Ln,P̂(θ0) =
1

2
(θ − θ0)

T VP (θ − θ0) +
1√
n
(θ − θ0)

T

(
n− 2

n
W1n +W2n

)
+ oP (n

−1),

uniformly over OP (1/
√
n) neighbourhoods of θ0. Then by Theorem 2 of Sherman (1993),

√
n(θ̂P − θ0,P)

D→ N (0, V −1
P ∆PV

−1
P ), where ∆P = E {∇1τ1(·,θ0) +∇1τ2(·,θ0)}⊗2.

1.3 Proof of Theorem 3

We assume the following regularity conditions for the consistency and normality of θ̂
W

and

θ̂
W

P in the presence of missing data:

(C12) There exists a constant c > 0 such that mini,m wim(α) > c > 0 for all α ∈ A, where

A is a compact set.

(C13) α̂−α0 = n−1
∑n

i=1 κi + oP (n
−1/2), where κi is the influence function of α̂.

(C14) maxi,m |wim(α̂)− wim(α0)| = oP (1).

Condition (C12) is commonly used in missing data literature (Robins et al. 1995). Conditions

(C13)-(C14) are satisfied by many regression models such as logistic regression models with

bounded covariates.

1.3.1 Consistency

Denote L̃n(θ,α) = 1
n(n−1)

∑
1≤i ̸=j≤n

∑M
u=0

∑M
v=0

ηiuηjv
wiu(α)wjv(α)

I(Yiu > Yjv)I{µiu(θ) > µjv(θ)}.

We first prove supθ∈Θ |L̃n(θ, α̂)− L̃n(θ,α0)| = oP (1). It suffices to show that

∣∣∣∣ 1

wiu(α̂)wjv(α̂)
− 1

wiu(α0)wjv(α0)

∣∣∣∣ = |wiu(α0)wjv(α0)− wiu(α̂)wjv(α̂)|
wiu(α̂)wjv(α̂)wiu(α0)wjv(α0)

= oP (1)
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uniformly over i, j, u, v, which is implied by Condition (C12). Notice that E{L̃n(θ,α0)} =

L(θ). By using similar techniques in Section 1.1.1, it can be shown that θ0 uniquely maxi-

mizes E{L̃n(θ,α0)}. Consider the function class, F = {f(·, ·,θ),θ ∈ Θ}, where

f(z1, z2,θ) =
1

2

M∑
u=0

M∑
v=0

η1uη2v
w(x1,y1, tu,α0)w(x2,y2, tv,α0)

[I(y1u > y2v)I{µ(x1, tu,θ) > µ(x2, tv,θ)}

+I(y1u < y2v)I{µ(x1, tu,θ) < µ(x2, tv,θ)}] .

It follows from Lemma 2.14 of Pakes et al. (1989) that F is Euclidean with a constant

envelope of (M + 1)2/c2. By Corollary 7 in Sherman (1994), we have supθ∈Θ |L̃n(θ,α0) −

L(θ)| = oP (1), which completes the proof.

1.3.2 Asymptotic normality

We assume the following regularity conditions to establish the asymptotic normality of θ̂
W
:

(C15) There exists an integrable function M(z) such that for all z and θ in a neighbourhood

N of θ0,

∥∇2τ(z,θ,α)−∇2τ(z,θ0,α0)∥ ≤ M(z)(∥θ − θ0∥+ ∥α−α0∥).

Here ∇1τ(·,θ,α) is continuous at α0, E∥∇1τ(·,θ0,α)∥2 < ∞, and E|∇2|τ(·,θ0,α) <

∞. The matrix V (α0) = E∇2τ(·,θ0,α0) is negative definite and V (α) is continuous

at α0.

Note that L̃n(θ, α̂) =
{
L̃n(θ, α̂)− L̃n(θ0, α̂)

}
+ L̃n(θ0, α̂). Denote Γn(θ,α) = L̃n(θ,α) −

L̃n(θ0,α). The function L̃n(θ0, α̂) is independent of θ, and therefore maximizing L̃n(θ, α̂)

is equivalent to maximizing Γn(θ, α̂). By similar techniques used in Section 1.1.2, we have

Γn(θ,α) =
1

2
(θ − θ0)

TV (α)(θ − θ0) +
1√
n
(θ − θ0)

TWn(α) + oP
(
∥θ − θ0∥2

)
+ oP (1/n),
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uniformly over OP (1/
√
n) neighbourhood of (θ0,α0), where Wn(α) =

√
nPn∇1τ(·,θ0,α) +

√
n(θ − θ0)

TE∇1τ(·,θ0,α). It implies that

Γn(θ, α̂) =
1

2
(θ−θ0)

TV (α̂)(θ−θ0)+
1√
n
(θ−θ0)

TWn(α̂)+oP
(
∥θ − θ0∥2

)
+oP (1/n). (10)

Because of the continuity of V (·) at α0, the first term of equation (10) equals to

1

2
(θ − θ0)

TV (α̂)(θ − θ0) =
1

2
(θ − θ0)

TV (α0)(θ − θ0) + oP
(
∥θ − θ0∥2

)
. (11)

By the continuity of E∇1τ(·,θ0,α) at α0 and the fact that E∇1τ(·,θ0,α0) = 0, the second

term of equation (10) equals to

Wn(α̂) =
√
nPn∇1τ(·,θ0, α̂)+oP (1) =

√
nPn∇1τ(·,θ0,α0)+E∇α∇1τ(·,θ0,α0)

√
n(α̂−α0)+oP (1).

(12)

Combining Equations (10) - (12) and Theorem 2 of Sherman (1993), we have
√
n(θ̂

W
− θ0)

converges in distribution to N (0, V (α0)
−1∆(α0)V (α0)

−1).

1.4 Proof of Theorem 4

1.4.1 Consistency

Denote P̂iu(α) and F̂ku(·,α) as the estimated Piu and Fku(·) using the IPW method. Per

results in Section 1.2.1 and Section 1.3.1, it is suffice to show that

sup
1≤i ̸=j≤n,0≤u,v≤M

√
n|{P̂iu(α̂)− P̂jv(α̂)} − (Piu − Pjv)| = OP (1). (13)

Notice that, for 1 ≤ k ≤ K and 0 ≤ u ≤ M ,

sup
t

√
n
∣∣∣F̂ku(t, α̂)− F̂ku(t,α0)

∣∣∣ = sup
t

n−1

n∑
i=1

ηiu
√
n

∣∣∣∣ 1

wiu(α̂)
− 1

wiu(α0)

∣∣∣∣ I(Yiku ≤ t) = OP (1).

(14)

11



Combing Lemma 2.14 in Pakes et al. (1989), Corollary 4A in Sherman (1994) and the fact

that EF̂ku(t,α0) = Fku(t), we know that, for 1 ≤ k ≤ K and 0 ≤ u ≤ M ,

sup
t

√
n
∣∣∣F̂ku(t,α0)− Fku(t)

∣∣∣ = OP (1). (15)

Equations (14) and (15)imply Equation(13), and thus we conclude that θ̂
W

P converges in

probability to θ0,P .

1.4.2 Asymptotic normality

Denote the objective function as L̃n,P̂(θ, α̂),

L̃n,P̂(θ,α) =
1

n(n− 1)

∑
i ̸=j

∑
u,v

ηiuηjv
wiu(α)wjv(α)

I{P̂iu(α) > P̂jv(α)}I{µiu(θ) > µjv(θ)}.

12



Let z = (y10, . . . , yKM , η1, . . . , ηM ,x), and Zi = (Yi10, . . . , YiKM , ηi1, . . . , ηiM ,Xi). Define

ξiku(α) =
1

K

K∑
l=1

{
ηku

wku(α)
I(Yilu ≥ Yklu)− Flu(Yilu,α)

}
,

Flu(y,α) = E
{

ηku
wku(α)

I(y ≥ Yklu)

}
,

g1n(Zi,Zj,Zk,θ,α) =
M∑
u=0

M∑
v=0

Kan{Piu(α)− Pjv(α)}{ξiku(α)− ξjkv(α)}I {µiu(θ) > µjv(θ)} ,

τ1n(z,θ,α) = Eg1n(z, ·, ·,θ,α) + Eg1n(·, z, ·,θ,α) + Eg1n(·, ·, z,θ,α) = Eg1n(·, ·, z,θ,α),

f1n(z,θ,α) = τ1n(z,θ,α)− τ1n(z,θ0,α),

Eluv(z,θ,α) = E
[{

ηuI(Yilu ≥ ylu)

wu(x,y,α)
− ηvI(Yjlv ≥ ylv)

wv(x,y,α)

}
I {µiu(θ) > µjv(θ)}

∣∣∣∣Piu(α) = Pjv(α)

]
,

Iuv(α) =

∫
pu(s,α)pv(s,α)ds,

τ1(z,θ,α) =
∑
u,v

Iuv(α)
1

K

K∑
l=1

Eluv(z,θ,α),

g2n(Zi,Zj,θ,α) =
M∑
u=0

M∑
v=0

ηiuηjv
wiu(α)wjv(α)

K̃an{Piu(α)− Pjv(α)}I {µiu(θ) > µjv(θ)} ,

τ2n(z,θ,α) = Eg2n(z, ·,θ,α) + Eg2n(·, z,θ,α),

g2(Zi,Zj,θ,α) =
M∑
u=0

M∑
v=0

I{Piu(α) ≥ Pjv(α)}I {µiu(θ) > µjv(θ)} ,

andτ2(z,θ,α) = Eg2(z, ·,θ,α) + Eg2(·, z,θ,α),

where pu(·,α), pv(·,α) are marginal densities for Piu(α), Pjv(α), respectively. We assume

the following regularity conditions to establish the asymptotic normality of θ̂
W

P :

(C16) There exists an integrable function M1(z) such that for all z and θ in a neighbourhood

N of θ0, ∥∇2τ1n(z,θ,α)−∇2τ1n(z,θ0,α)∥ ≤ M1(z)∥θ−θ0∥, where supn,α∈A E∥∇1τ1n(·,θ0,α)∥2 <

∞ and supn,α∈A E|∇2|τ1n(·,θ0,α) < ∞.

(C17) E∥∇1τ1(·,θ0,α0)∥2 < ∞.

(C18) There exists an integrable function M2(z) such that for all z and θ in a neighbourhood

13



N of θ0,∥∇2τ2n(z,θ,α)−∇2τ2n(z,θ0,α)∥ ≤ M2(z)∥θ−θ0∥, where supn,α∈A E∥∇1τ2n(·,θ0,α)∥2 <

∞ and supn,α∈A E|∇2|τ2n(·,θ0,α) < ∞.

(C19) E∥∇1τ2(·,θ0,α0)∥2 < ∞, and ∇1τ2(·,θ0,α) is differentiable with respect to α at α0.

The matrix ∇2τ2(·,θ0,α0) is negative definite, and ∇2τ2(·,θ0,α) is continuous at α0.

Similarly, we decompose the objective function into three terms:

L̃n,P̂(θ,α)− L̃n,P̂(θ0,α) = Ĩ + ĨI + ĨII, (16)

where

Ĩ =
1

n(n− 1)

∑
i ̸=j

∑
u,v

ηiuηjv
wiu(α)wjv(α)

[
I{P̂iu(α) > P̂jv(α)} − K̃an{P̂iu(α)− P̂jv(α)}

]
× [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}] ,

ĨI =
1

n(n− 1)

∑
i ̸=j

∑
u,v

ηiuηjv
wiu(α)wjv(α)

[
K̃an{P̂iu(α)− P̂jv(α)} − K̃an{Piu(α)− Pjv(α)}

]
× [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}] ,

ĨII =
1

n(n− 1)

∑
i ̸=j

∑
u,v

ηiuηjv
wiu(α)wjv(α)

K̃an{Piu(α)− Pjv(α)}

× [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}] ,

and Piu(α) = EP̂iu(α). The first term can be controlled uniformly over oP (1) neighbourhood

of (θ0,α0) by

|Ĩ| ≤ c−2

n(n− 1)

∑
i ̸=j

M∑
u=0

M∑
v=0

K̃an{−|P̂iu(α)− P̂jv(α)|}ηiuηjv |I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}|

= oP (∥θ − θ0∥2) + (θ − θ0)
T oP (1/

√
n) + oP (1/n).

(17)
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We take the following Taylor expansion for the second term:

K̃an{P̂iu(α)− P̂jv(α)} − K̃an{Piu(α)− Pjv(α)}

=Kan{Piu(α)− Pjv(α)}{P̂iu(α)− P̂jv(α)− Piu(α) + Pjv(α)}

+O

{
P̂iu(α)− P̂jv(α)− Piu(α) + Pjv(α)

an

}
.

Note that a−1
n {P̂iu(α)−P̂jv(α)−Piu(α)+Pjv(α)} = oP (1) uniformly over 1 ≤ i ̸= j ≤ n and

O(1) neighbourhoods of α0. Thus, the second term, uniformly over oP (1) neighbourhood of

(θ0,α0), equals to

ĨI =
1

n(n− 1)

∑
i ̸=j

∑
u,v

Kan{Piu(α)− Pjv(α)}{P̂iu(α)− P̂jv(α)− Piu(α) + Pjv(α)}

× [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

+ oP (1)
1

n(n− 1)

∑
i ̸=j

∑
u,v

[I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}]

=ĨI(a) + oP (∥θ − θ0∥2) + (θ − θ0)
T oP (1/

√
n) + oP (1/n).

(18)

Since P̂iu(α)− Piu(α) = n−1
∑n

k=1 ξiku(α), it can be shown that

ĨI(a) =
1

n2(n− 1)

∑
i ̸=j ̸=k

∑
u,v

Kan{Piu(α)− Pjv(α)}{ξiku(α)− ξjkv(α)}

× [I {µiu(θ) > µjv(θ)} − I {µiu(θ0) > µjv(θ0)}] + oP (n
−1)

=
n− 2

n

1√
n
(θ − θ0)

T W1n(α) + oP
(
∥θ − θ0∥2

)
+ oP (n

−1)

uniformly over oP (1) neighbourhood of (θ0,α0), where W1n(α) =
√
nPn∇1τ1n(·,θ0,α).

When the conditional density function of {Piu(α),Pjv(α)}|(Xi,Xj) is thrice continuously

differentiable with probability,τ1n(z,θ,α) → τ1(z,θ,α) and W1n −
√
nPn∇1τ1(·,θ0,α)

P→ 0

as n → ∞. By some algebraic calculation, the third term converges uniformly over oP (1)

15



neighbourhood of (θ0,α0) to

ĨII =
1

2
(θ − θ0)

T Vn(α) (θ − θ0)+
1√
n
(θ − θ0)

T W2n(α)+oP
(
∥θ − θ0∥2

)
+oP (1/n), (19)

where 2Vn(α) = E∇2τ2n(·,θ0,α) andW2n(α) =
√
nPn∇1τ2n(·,θ0,α). Notice that τ2n(z,θ,α) →

τ2(z,θ,α), W2n(α) −
√
nPn∇1τ2(·,θ0,α)

P→ 0 and Vn(α)
P→ VP(α) = E∇2τ2(·,θ0,α). By

Equations (16)-(19), we have

L̃n,P̂(θ, α̂)− L̃n,P̂(θ0, α̂)

=
1

2
(θ − θ0)

T VP(α0) (θ − θ0) +
1√
n
(θ − θ0)

T

{
n− 2

n
W1n(α̂) +W2n(α̂)

}
+ oP (n

−1),

uniformly over OP (1/
√
n) neighbourhoods of θ0. Combining the fact that

W1n(α̂) =
√
nPn∇1τ1(·,θ0,α0) + E∇α∇1τ1(·,θ0,α0)n

−1/2

n∑
i=1

κi + oP (1),

W2n(α̂) =
√
nPn∇1τ2(·,θ0,α0) + E∇α∇1τ2(·,θ0,α0)n

−1/2

n∑
i=1

κi + oP (1),

and Theorem 2 in Sherman (1993),
√
n(θ̂

W

P − θ0,P)
D→ N (0, VP(α0)

−1∆P(α0)VP(α0)
−1),

where ∆P(α0) = E [∇1τ1(·,θ0,α0) +∇1τ2(·,θ0,α0) + {E∇α∇1τ1(·,θ0,α0) + E∇α∇1τ2(·,θ0,α0)}κi]
⊗2.

2 Additional Simulation Results

Tables S1-S5 summarize the parameter estimation results of the proposed method (MRC)

under Setups S1-S5, as well as its comparison with the GEE method under Setups S1-S3.

Figures S1-S2 present the empirical coverage probabilities of MRC under Setups S1-S5.

Table S6 shows simulation results under a slightly modified Setup S4, where one of the

continuous outcomes is dichotomized to binary. Table S7 examines the results when the

empirical CDF and missing weights are set to their true counterparts in the estimation pro-

cedure. Table S8 compares the ASE and C95 when the perturbation sample size B = 200,

16



400, and 600. Table S9 reports sensitivity study when the missing scheme model was mis-

specified using a probit regression model.
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200 400 200 400 200 400
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Figure S1: Empirical coverage probabilities of the MRC estimator for a single longitudinal
outcome under Setups S1-S3. The points in the figures denote averages over 2000

repetitions.
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Figure S2: Empirical coverage probabilities of the MRC estimator for the longitudinal
GPO under Setups S4-S5. The points in the figures denote averages over 2000 repetitions.
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Table S6: Simulation results when one of the outcomes is binary.
n β20 β30 β11 β21 β31 β12 β22 β32 t
200 Bias -0.011 0.012 0.013 -0.001 0.001 0.015 -0.002 -0.000 0.001

ESD 0.093 0.126 0.099 0.052 0.080 0.113 0.075 0.085 0.026
ASE 0.099 0.133 0.119 0.067 0.101 0.139 0.092 0.105 0.030
C95 0.935 0.934 0.940 0.944 0.939 0.945 0.932 0.944 0.922

400 Bias -0.003 0.008 0.008 -0.002 -0.002 0.010 -0.003 -0.000 0.001
ESD 0.060 0.081 0.061 0.034 0.054 0.074 0.048 0.057 0.017
ASE 0.066 0.088 0.078 0.044 0.066 0.090 0.060 0.068 0.020
C95 0.934 0.937 0.948 0.943 0.934 0.952 0.947 0.941 0.931

Table S7: Performance of the proposed method when marginal CDF and censoring weights
are estimated from data or set to true.

n β20 β30 β11 β21 β31 β12 β22 β32 t
200 Estimated Bias -0.012 0.013 0.015 0.003 -0.004 0.019 0.002 -0.009 0.004

ESD 0.084 0.108 0.093 0.081 0.078 0.118 0.078 0.086 0.032
True Bias -0.010 0.011 0.016 0.001 -0.002 0.021 -0.003 -0.005 0.005

ESD 0.082 0.104 0.091 0.082 0.074 0.115 0.078 0.086 0.032

400 Estimated Bias -0.003 0.006 0.008 -0.001 0.000 0.009 -0.001 -0.003 0.002
ESD 0.053 0.069 0.058 0.053 0.051 0.074 0.050 0.056 0.020

True Bias -0.003 0.007 0.005 0.002 -0.003 0.004 0.002 -0.006 0.001
ESD 0.056 0.071 0.060 0.054 0.049 0.072 0.051 0.057 0.020
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Table S8: Comparison of simulation results when B = 200, 400, and 600 under Setup S4.

n B β20 β30 β11 β21 β31 β12 β22 β32 t
200 Bias -0.010 0.011 0.013 -0.002 0.002 0.014 -0.002 -0.002 0.001

ESD 0.077 0.102 0.075 0.043 0.060 0.089 0.059 0.065 0.023

ASE 200 0.085 0.113 0.096 0.054 0.080 0.111 0.073 0.084 0.027
ASE 400 0.085 0.113 0.096 0.054 0.080 0.112 0.073 0.084 0.027
ASE 600 0.085 0.113 0.096 0.054 0.080 0.112 0.073 0.084 0.027

C95 200 0.951 0.947 0.940 0.936 0.947 0.948 0.934 0.951 0.932
C95 400 0.950 0.948 0.943 0.933 0.952 0.944 0.936 0.956 0.941
C95 600 0.951 0.956 0.956 0.948 0.956 0.955 0.943 0.961 0.944

400 Bias -0.002 0.006 0.005 -0.001 0.000 0.008 -0.002 0.001 0.000
ESD 0.049 0.066 0.047 0.027 0.041 0.057 0.036 0.044 0.015

ASE 200 0.054 0.072 0.059 0.034 0.049 0.069 0.045 0.052 0.017
ASE 400 0.054 0.072 0.059 0.034 0.049 0.069 0.045 0.052 0.017
ASE 600 0.054 0.072 0.059 0.034 0.049 0.069 0.045 0.052 0.017

C95 200 0.941 0.938 0.943 0.938 0.938 0.938 0.949 0.939 0.943
C95 400 0.959 0.947 0.943 0.948 0.953 0.937 0.953 0.949 0.950
C95 600 0.955 0.947 0.952 0.938 0.948 0.954 0.948 0.946 0.940
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Table S9: Performance of the proposed method when the missing weights were estimated
using a probit regression model under Setup S4.

n β20 β30 β11 β21 β31 β12 β22 β32 t
200 Bias -0.012 0.010 0.015 0.004 -0.003 0.019 0.002 -0.007 0.005

ESD 0.085 0.106 0.098 0.078 0.075 0.113 0.076 0.088 0.033
ASE 0.094 0.123 0.119 0.090 0.099 0.142 0.095 0.107 0.038
C95 0.949 0.963 0.953 0.967 0.959 0.960 0.956 0.954 0.953

400 Bias -0.001 0.003 0.006 -0.002 0.001 0.007 -0.002 -0.002 0.001
ESD 0.053 0.071 0.060 0.051 0.051 0.071 0.049 0.055 0.020
ASE 0.060 0.078 0.073 0.059 0.061 0.088 0.059 0.067 0.024
C95 0.958 0.942 0.944 0.971 0.929 0.942 0.960 0.948 0.963
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