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S1. Proofs of main results

Let SP~! denote the p-dimensional unit sphere, P and P, denote the ex-

pectation under the population measure and the empirical counterpart,

respectively. Let Pf =Ef(z) and P,f = (1/n) Y ", f(z;).

S1.1 Derivation of Algorithm 1

Update for r: Let h = y — X0" — u”/p. According to the Huber loss

function, we split into two cases.
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Case 1: |r;] < 7. The original optimization transforms to

Therefore, we obtain 7; = nph;/(1 4+ np). Substituting this into |r;| < 7
yields |h;| < 7(1 4 np)/(np).

Case 2: |r;| > 7. The original optimization transforms to

Ty

1 T
in —(r; —hy)® + —|ri.
m1n2(7“ ) +np|7‘|

Therefore, we have 7; = Soft[h;, 7/(np)] with Soft[a, k] = (a — k) — (—a —
k), representing the soft thresholding operator. That is, 7; = h; — 7/(np)

if h; > 7(14+np)/(np) and r; = h; + 7/(np) if h; < —7(1 +np)/(np).

Update for B/b: Let Z?“:i?{p 4 wja;cj be the singular value decomposi-
tion (SVD) of ®" — V*/p. Then this problem can be solved by singular

value thresholding given by

min{p,q}

B! = Z max (w; — A/p,0) a;c; .
=1

Update for 0: Setting the derivative equals to zero implies

6" = (XTX + Ipq)_lp_(j—(_rl€+1 +y - uk/P)]-
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S1.2 Proof of Theorem [1l

By the first order optimality condition of 1’ there exists @ € 3||@||*

such that VL(C:)) + A0 = 0. Then we have
(VL(®) — VL(Oy),0 — ©y) = (AO + VL(6,), ®, — O).
Using Holder’s inequality, we have
(A0, 0, — ©) < A[|O]|,,]|© — O < 8)|[(© — ©),]..

where the last inequality uses the fact that [|©]|,, < 2 and Lemma [1] which

states that |©9 — O||, < [|(©g — ©),e|ls + [|(©g — ©), ]|, < 4[(Og — ©),]..

Similarly, we have
(VL(©0), 00— ©) < [VL(O)|]|®0 — B < 2)/|(8 — ©), ],

where the last inequality uses 2[|VL(y)|lo, < A by Lemma [6] It follows

from Lemma 1 of Negahban and Wainwright| (2011a) which states that

~

rank((®¢ — ©),) < 2r and Cauchy-Schwarz inequality that
1(© — ), Il < v2r(© — O] .
Therefore, combining the above inequalities yields

(VL(O®) — VL(Oy),0 — ©y) < CAVT||©y — O (S1.1)

Let v = C74/r(p + q) logn/n. Next we will construct é\)77 = @y+n(0—

©,) for some n € (0,1] to satisfy ||én — Ollp < 7. If |© — Ol < 7,
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we set 7 = 1 and thus (:)77 — ©:; otherwise, we pick n = 7/||© — | r €
(0,1) such that ||©, — Og||r = 7. Since ©, — Oy = n(® — O) and
e — 0, € C, it is easy to see (:)n — ©y € C. Therefore, we have @7, —
0y € CN{||®, — O||r < 7}. Since 7 = C(osn/((p + ) logn))/+9) and
n > Cr(p+ q)logn for sufficiently large C', we have 7 > C~y, 7 > Cag/(Ha)
and v2 > C712r(p + q) logn/n. Therefore, the conditions of Lemma 5 have

been verified. A direct application of Lemma [5] yields
(VL(©,) ~ VL(©),0, — ©y) > C||©, — |}, (S1.2)

with probability at least 1 — n~¢. Moreover, by invoking Lemma C.1 of

Sun et al. (2020), we have
(VL(©®,) — VL(6y),0, — 0y) < n(VL(®)—VL(©,),0 — 6)
< Cnr|© — Oy (S1.3)
Therefore, it follows from and that
18, — B[} < CnAVF(|© = Byl < CAVF(©, — B0,

where the last inequality uses © — @, = 77_1((:),7 — ©y). Rearranging the

above inequality yields
16, — ©llr < CAVF <7,

where we use ((p + q) logn/n)%/ A+ < ((p+ q)logn/n)/?=1/(+%) for any §.
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By the construction of (:)77 and H(:)77 — Oyl|r < 7, we get (:)77 — ©, implying
18 — O]l < CAVT.
This completes the proof for the first part.
Let A = © — ©,. By Lemmawhich states that HATCH* < BHATH*,
we have [[Alle < |Aells + [[Ar]ls < 4A < CVF[AF < CVrl|A] P
Therefore, we have
|6 — ©l. < CVr|[® — &l < Cr,

which completes the proof of Theorem [I] O

S1.3 Proof of Theorem 2

By the first order optimality condition of 1' there exists © € 8||@||*

such that

IS - (X, @)X+ 00 = 0. (S1.4)

=1

Let 7 = rank(@). By (2.1) of |[Koltchinskii et al.| (2011)), if © has singular

value decomposition © =UDV' with U R and V € R?*" we have
18], ={UV' + U"W(VH) T : [W],, <1},

where Ut € RP*?P~") and V4 € R are orthogonal matrices with

columns orthogonal to those of U and V, respectively. Let U; and V;
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denote the column of U and V, respectively. Premultiplying U, and post-

multiplying V; to (S1.4) yield
1 - / oy
=3 LY (X, O)UX V=), =1, (S1.5)
n
i=1

On the other hand, by the first order condition of @ , := arg mingppxq EL(O),

we have E[(,(Y; — (X;, ©,))U]X;V;] = 0. Then we have

/

= (P, — P)[(L,(Yi — (X;,©)) — £.(Y; — (X;,00)))U] X, V]

/

+E[(£(Y; — (X1, ©)) — £.(Y; — (Xi,0,))) U X, V)]

/

+(Py = P)(C(Y; — (X, 00))U) X, V)

B[ (Y~ (X;, @) UTX,V,] — EIL(Y; — (X1, ©,,))UT X,V

= le —|— ng + ng + T4]
Let Ty = (Ty1,...,Txz)" for k =1,2,3,4. Then (S1.5)) implies
MWT < |ITyllz + [ Tall2 + |52 4 || T4l

We proceed to bound || Tkll2. Let @ = (ay,...,a7)" and B8 = (V; ®

Uy, ..., V:®Us)a. Then for any o € S, we have |82 = S_, o?||V,;®

Jj=1"3

U,||2 = 1. Define Q = {© € RP*?: ||© — Oq||r < a,}. Since £, is Lipschitz
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continuous, we have

[Tollz = sup a'Ty < sup  CE [[(X;,© — ©y)]|8" vec(X,)|]

acST-1 BeSra—1 @
< s CVE[X;, 0 — 057 \/EIB vee(X,)?
BeSra—1 @O

< sup C|© — O¢||r < Cay,
0ch

where we use the sub-Gaussian property of vec(X;) in the last line. Sim-
ilarly, by Lemma |§| which states that |@g, — O¢llr < Cos7° < a,, we

have

ITall = sup «'Ty < sup  CE[|(X;,© — ©)||8 vec(X))|] < Ca,.

acSt-1 BeSPa—1 @O

By similar arguments as that in Lemma [7, with high probability, we have

P2 (p +q)*(logn)”
- .

+ Ca,,

IT.[|2 < Ca r(p+q)logn
— n n

By similar arguments as Lemma @ and 7 = Cuvs{n/((p + q)logn)}/(1+%),

we have

[ Ts]l2 < Cus

Y

((p +q)log n) 3/(1+9)
n

with high probability. Therefore, we have

AWF < | Tillo + | T2ll2 + [ Tsllo + | Tall2

7(p+q)logn N Can?3/2(p + ¢)?(log n)?
n n

< Ca,

log m\ 8/1+0)
+ Ca,, + Cvg (W) _
n
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)5/(1+5

By assumption A = Cvs ((p + ¢q) logn/n ). the above inequality im-

plies that 7 < C'r. This completes the proof. O

S1.4 Proof of Theorem 3

This follows similar arguments as that in the proof of Theorem [I} By the
first order condition of 1) there exists © € 9||©|, such that VL(O) +

A® = 0. Then we have
(VL(O®) — VL(6,),0 — O,) = (AO + VL(6,), 0, — O).
Using Holder’s inequality yields
(\®, 0, — ©) < \[6],]|8, — Ol < 8\[[(©g — ©),].,

where the last inequality uses [|©]|,, < 2 and © — 0, € C (proved similarly

as Lemmal[l)). Similarly, we get
(VL(©0),8) — ©) < [VL(©y)]o]|®0 — Ol|. < 2)[|(® — ©).].,
where the last inequality uses Lemma [8] Therefore, we have
(VL(©) — VL(©y),0 — ©) < CAVT||©y — O||5. (S1.6)
On the other hand, by the definition of E, it is easy to see

(VL(O©) — VL(0,),0 — ©y) = (VL (©) — VL, (0y),0 — O,). (S1.7)
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Let v = C7+/r(p + ) log n/n. Next we will construct én — Qy+n(O—
@) for some 7 € (0,1] to satisfy [|©, — Ogllr <. If [|© — Og||r < 7, we
set n = 1 and thus (:)n = ©; otherwise, we pick 7 = 7/[|© — ©¢||  such that
1©,—Oq|r = 7. Since ®—O, € C, we have 8, -0, € CN{[|©,—O||r <
v}. By assumptions 7 = C(asN/((p + q) log N))Y/+9) and n > Cri/3((p +
q)logn)?/3, we have 7 > Cy, 7 > Coy/ " and 42 > Cr2r(p + q) log n/n.
Therefore, the conditions of Lemma 5 have been verified. Combining

along with Lemma [5] yields
(VL(®,) — VL(©0),©, — 8) = C||©, — Oy} (81.8)
Moreover, by invoking Lemma C.1 of [Sun et al.| (2020)), we have
(VL(©,) — VL(6,),0, — Q) < CnA\/r||® —Oqllr. (S1.9)
Therefore, it follows from and that
C(18, — Oll% < CnAVT|O — Blr < CAVT(©, — Bl

If v > CA\/r, rearranging the above inequality yields Hén — O|lr <

CA\\/T < 7. By the construction of (:)77, we have én = é, which implies

||é — Oqllr < CA/T.
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Therefore, it remains to prove v > C'A\y/r. By our assumptions, we have

0
) T+s

1 i 2(log n)>? log N
N = Cafret@logn o rEp+g)(logn) +Cva<m
" N
) 1 5
Ttz = )
— Cugr (W) N Cvérz((p%—q)logn) 5 ((p+ q)logn)
n n n
)
log N\ '+2
s (%) |

Since n > Cr'3((p + q)logn)®3, §/(1 +6) > 1/2 —1/(1 +6) and 7 =
C(osN/((p + q)log N))V/(+9) "4 direct calculation yields

1

1+6

CVrx < Cusr (W> < CT/r(p+q)logn/n =7,

n

N

and thus we complete the proof of the first part.

Since A = © — O, € C, we have ||Al|, < C\/r||Al|p, implying
18 — Bl < CVr||© — Bl r < Chr,

which completes the proof of Theorem [3] O

S1.5 Proof of Corollary

~t+1
Let ® ' denote the distributed estimator obtained at (t+1)-th round, b, =

5
Cr /(p-ﬁ-q?)’blogn n Cr2(p+Q)2(logn)2 and Sy = Cvgs/F (W) == Applying
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Theorem [3] recursively yields

~t+1 ~1 ~t—1
10 —@llr < bul|® — Opllr+ Sy < ba(bal|®  — Ol + Sy) + Sy

IN

t
< (5)"O = Ol + Sy > (b
=0
Sx(1 = (b))

— b t+1
an(bn)™ =y

log(Sn /an)

et We have
n

It is easy to see that when the number of iterations T >
a,bT < CSy, therefore implying

5
® — + q)log N\ 1+3
||@T @OHF < (CSy = CU(;\/; (%) -

~T
Essentially the same arguments also apply to upper bound ||©® — O],

which completes the proof. 0

S1.6 Proof of Theorem {4

For notational simplicity, we let {(V;, X;)}¥, denote the full sample and
{(Y;,X;) } denote the subsample that is stored in M;. By the first order

optimality condition of (3.5)), there exists ® € 9||©||, such that
A0 = —Ze —(X;,0))X Ze —(X;,0)X;

1 N
Nz:: 0))X;. (S1.10)
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Let 7 = rank(©). By (2.1) of Koltchinskii et al.| (2011), if © has singular

value decomposition © = UDVT with U RP*7 and V € R2*"  we have

Al = {UV' + U"W(VH): [W],, < 1},

where Ut € RP*®=7) and VI € R~ are orthogonal matrices with
columns orthogonal to those of U and V, respectively. Let U; and V;

denote the column of U and V|, respectively. Premultiplying U, and post-

multiplying V; to (S1.10)) yield

A = —Zﬁ —(X;, @)U X,V — Zz —(X,,©))U/X,;V;
1 & .
3 2 G = (X O) U X0V

= ]\4}7 jzl,,?

Let M = (My,..., Mz)", then the above implies

WF < M. (S1.11)

We continue to bound [[M]|lz. Define ©, := argmingcppxs EL(O), then

we have E[((Y; — (X, ©o,))U, X;V;] = 0. We note that M; can be further
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decomposed as

M; = (P.—P)(,

T

(Vi — (X;,0)) — £.(YV; — (X, 90)))UJTXz'Vj]

+E[(C(Y; — (X, ©)) — £ (Y; — (X;, 0))) U X, V]

/

—(Pu = P)[(¢

T

(Vi — (X;,©)) — £.(Y; — (X;,00)))UT X, V]

/

+(Py — P)[(£.(Y; — (X;,0)) — £.(Y; — (X;,00)))U] X; V]

!

+(Py = P) (6 (Yi — (X3, 00))U; X V)

/ /

+E[((Y; — (Xi,00))U, X;V;] — E[(.(Y; — (X}, ©0,,))U; X;V,].

Since 7 = Cvs{N/((p+q)log N)}}1+9 following the similar arguments as

that in Theorem [2] we have

[#(p + q)1 log n)2
M, < Cay p+q rp+q)logn 2(p+ q)*(logn) ' Can
mn
/ p+q logn 3/2p+q)2(10gn)2
n

1 N ~3/2 2(1oo N)2 log N\ &/ (1+9)
\/ Jog N 7 (p+c§\)[(og )+Ové<(p+q]zfog ) |

By assumption A = Cus ((p + ¢q) log N/N)é/(H‘;), n > C(min{p,q¢}(p +
q)logn)?, N > C(min{p, ¢} (p+¢) log N)* and Theorem 2] that 7 < Cr, sub-

stituting the above into (S1.11)) yields ¥ < Cr. This completes the proof. [J
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S2. Lemmas and their proofs

The following lemmas will be used in the proof of the main theorem.

Lemma 1. Let C = {A € RP*? : ||Ae

« < 3||A«}. Assume N >

2||VL(®y)||op, then we have A = © — O, belongs to the set C.

Proof of Lemma . According to the definition of ©, we have
—Zf ~(X;,©)) +A|©]. < Ze — (X, 0)) + A

Due to the convexity of £,, we have

—Zzz —(X;,0)) ——Zz — (X;,00))
> ——Zz — (X;,00))(X;, A),

which, combined with Holder’s inequality and assumption A > 2||V L(®g)||op,

implies that

—Ze — (X;,0)) ——ZE — (X;,0))

~ A
>[5 2600 - x| AN = 5141

Therefore, we have
N A~
Aol = All©] = =S Al

Recall that A = © — @y, A« = PyA and A, = A — A,.. Combining

triangle inequalities | A, < || A ]ls+ | A s, 1O = @0+ A — |1 A
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along with the fact that |[©g + Aye|ls = [|Oo|lx + || Ase]|, we have

« < MOl = MO < =Al[ Al + Al A

A~ A~
21 = SIA,

Rearranging the above terms generates
1Al < 3lIA.,

which completes the proof. ([l

Lemma 2. Let A be a p X ¢ matriz, U be a 1/4-covering of SP~! and V be

a 1/4-covering of ST, then

|Allp <2 max u] Avy,
UjEU,VkGV J

with [U| < 9P and |V]| < 9.
Proof of Lemma By the definition of the covering, for any u € SP~!
and v € ST, there exist u; € U such that ||lu; —ulls < 1/4 and v, € V
such that ||vy — v|ls < 1/4, where j =1,...,[U| and k = 1,...,|V|. Then
we have

u'Av = u'A(v—-vy)+ (u—u;) Av;+u/Av,

< 1ALy + F1AlLy + o] Avi

Taking the maximum over all u; € ¢ and v, € V, we have

1
All,, = TAvV < Z||A TAv..
[[Alop S WAV S Sl Al + | max | u; Avi
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Rearranging the above term yields

.
Aoy < 2, Dax | uj Avy.

Furthermore, applying Lemma 5.2 of [Vershynin| (2010), the covering num-

ber satisfies |U| < 9P and |V| < 99. This completes the proof. O

Lemma 3. Assume condition (A2) holds. Then with probability at least

1 —n"Y for some C > 0, we have

max || X[, < Cv/(p+ q)logn.

1<i<n
Proof of Lemma [3] Let ¢ be a 1/4-covering of RP~! and V be a 1/4-

covering of R?"!. For any u; € U, v, € V, by assumption (A2) that vec(X;)

T

is sub-Gaussian and the fact that uj X;v, = (v ® u;) 'vec(X;), we have

E [exp{t(vi ® u;) vec(X;)}] < exp{Ct*}, (52.12)

for any t > 0. Moreover, applying Lemma [2] generates

2
P(||Xi|lop > 25) < P ( max u, X;vj, > 3) <) P Xpvy > s)

j
u; U, veV
IR j=1 k=1

with [U| < 97 and |V] < 99. By Markov’s inequality, we have

U v 2y
Z Z IP(ujTXivk >5) < Z Z e "E [exp{t(vi @ u;) vec(X;)}]
J=1 k=1 J=1 k=1

< 9p+q€—ts+6’t2

)
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where the second inequality uses ((S2.12). Settingt = C's, s = C\/(p + q) logn

and taking the union bound over ¢ = 1,...,n yield

P (1@-85( 1Xillop > C/(p+q) logn) <n ¢,

which completes the proof. O

Lemma 4. Let w; be i.i.d. Rademacher variables, that is, P(w; = +1)

1/2. Under condition (A2), we have

1 n

P+q

op

for some constant C' > 0.

Proof of Lemma [4 Let U be a 1/4-covering of RP~! and V be a 1/4-

covering of R?~!. By covering arguments stated in Lemma , we have

n
1
—E w; X,
n
i=1 op

Since u]TXZ»Vk = (vt ® uj) "vec(X;) is sub-Gaussian and w; is bounded,

<2E

max E w;u; TXvi | .
u; U, vi,eEV N

wiujTXivk is also sub-Gaussian. By standard bound on maxima of sub-

1 +
o EIVD _ ., [los(®79)
n n

which completes the proof. O

Gaussian variables, we have

max g w;u, X, vy

u;eU, v eV n
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Lemma 5. (Restricted strong convexity) Assume conditions (Al)-(A4),
E[(X,B)|* < C|B||% for any B € RP*? and some constant C > 0, 7 >
Cmax{aé/(lw), v} andn > C(1/v)*r(p+q)logn for some sufficiently large
C and some v > 0. Then with probability at least 1 —n~C for some C' > 0,

we have

(VL(©®) — VL(©,),0 — 8) > C[|® — 6%
uniformly over A =0 — 0, € {||A|r <~} NC.

Proof of Lemma [5} This follows similar arguments as Lemma C.4 in [Sun
et al.| (2020). For readability, we will split the proof into three steps.

Step 1. First, let A = © — O and f(X;) = drja)/ 2y (Xi, A)I(|Y; —
(X;,00)| < 7/2)), where ¢r(u) = v?I(Ju] < R/2) + (Ju| — R)*I(R/2 <
lu| < R) for any R > 0. Note that ¢r is R-Lipschitz continuous and

satisfies u?I(|u] < R/2) < ¢r(u) < v?I(Ju] < R). We will show that
1 n
(VL(©) = VL(©y),® - ©) > ~ > (X, (S2.13)
i=1

Now we consider two cases.
Case 1: [(X;, A)| > 7[|A||r/(27) or |Y; — (Xi, O¢)| > 7/2, we have f(X;) =
0. By the convexity of £, it is easy to see the left hand side of ((S2.13) is

greater than zero.
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Case 2: [(X;, A)| < 7||A||p/(27) and |Y; — (X, Op)| < 7/2, we have
Vi = (Xi, @0+ A)[ < |Y; = (X5, O9)| +[(Xi, A)| < 7/2+7[[Allp/(27) < 7,

for A € {||A||r <v}NC. Combined with the fact that £, (u) = w if |u| < 7,

we have
{00 = (X)) + €% — (X1, 00) } (X0, A) = [(Xi, A 2 (X))

where the last inequality holds since ¢z(u) < u?. Combining the above two

cases completes the proof of the first step.

Step 2. We now proceed to establish the lower bound for Ef(X). Note
that E[(X, A)|? > C||A]|% due to assumption (A3), and when (X, A)| <

T|A|lr/(47) < 7/4and |Y — (X, Op)| < 7/2, f(X) = [(X, A)|*. Therefore,

Ef(X) > E[(X,A)PI((X,A) < 7/49I(]Y — (X, 00)| < 7/2)]

v

Cllalz: —VEIX, A)VP(I(X, A)] > 7/4)

—VEX, A) V()Y — (X, 00)| > 7/2).
Using Markov’s inequality yields

P((X,A)] > 7/4) < (4/7)*VE(X, A)[* < C(4/7)*|| A%

and

P(|Y — (X, 00)| > 7/2) < (2/7)' °Ele|*™ < (2/7) 05
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Therefore, combining the above inequalities with assumption (A4), 7 >

C’max{aél/(lJré),fy} and ||A||r < 7, we have

Ef(X) > ClAl: = C4/n)Al: = ClAlEV (2/7) 05 > CllA|IE,
which completes the proof of the second step.

Step 3. Finally, we consider the upper bound for SUDAeCn{|A|r<q) (P, —
P)f|. Tt is easy to see that

(VLO)-VL©).0-6)  EfX) = [(B=P)
[© - 60l = 10— 6k accailale< [0~ O0l

Since ¢pr(bu) = b*¢r(u) for any b > 0, we have
F(Xi) = br o) (X, AVI([Y; — (X3, ©0)| < 7/2)/| Al )| A1

Define g(X;) = f(X;)/||All%. Then it suffices to prove supaccnjap<yy |(Po—
P)g| < C for some constant C. Let w; be i.i.d. Rademacher variables. By

the symmetrization argument as that in [Pollard) (1984)), we have

E sup (P, — P)g|
AcCn{||Al|F<y}
1 n
< 2F sup — wig(Xi)
AcCn{||Aflp<y | T T
T IR
< C—FE sup —Zwi<Xz‘aA>I(|Yi — (X, ©0)| < 7/2)/||Allr ] d

27 |aecn{jalr<yy |

=1

where the last line uses the contraction inequality for the Rademacher com-

plexity (see, for example, Theorem 2.2 of Koltchinskii| (2011)) since ¢, /o, is
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7 /27-Lipschitz continuous and ¢, /2, (0) = 0. Since [(X;, A)| < [|X;[op|| Al

and (-) is bounded, we have

1 n
E sup =3 wi(X;, A)I(|Y; — (X, ©0)| < 7/2)/||Allr ]
AcCn{l|allp<a} | T i=1
1< Al
< E[1Sux|  sp 18 <oy PR
n ,, Acentialr<y 1Allr n

where the last inequality uses Lemmadand || A, < 4]|A,[l. < CV7||A|lg.

Therefore, we have

< TV [pta
y n

E sup [(P, = P)g|

AeCn{[|AllF<7}

Recall that 0 < ¢r(u) < min{R?*/4,u?*}, we have g < 72/(167?) and

Eg? < E((X,A)/||Al|r)* < C. Applying Talagrand’s concentration in-
equality yields
sup (P, — P)g|

t 2t
AeCn{|allp<q} n T
t 2
ooV /]ﬂw\ﬁw%,
y n n v n

with probability at least 1 — exp(—t) for any ¢t > 0. Let ¢t = C'(p + q) logn

sup (P, — P)g| < CE
AcCn{||AllF<v}

and assume n > C(7/7)%*r(p + q)logn as well as 7 > Cmax{cr;/(lJré),'y},

then we have

1 11
sup |(Pn—P)g|§C'( +—+—>§C’,
AcCh{|A]F<} Viegn — r

with probability at least 1 —n=C.



22 Yue Wang, Wenqi Lu, Lei Wang, Zhongyi Zhu, Hongmei Lin and Heng Lian

Combining Steps 1-3, we have
1 n
(VL(©) —VL(©),© -8y > —} [(X;)>C|Allf,
i=1

with probability at least 1 —n~¢. This completes the proof. 0

Lemma 6. Assume conditions (A1)-(A4) hold, then with probability at least

1 —n=Y for some C > 0, we have

1-06 1 1
VL@, < €y 2T Dloen | oTlt losn oy

In particular, assume 7 = Cvs{n/((p+ q)logn)}/A+9  then we have

(p + q)logn /" *
IVL(©)[., < Cus (—n |

Proof of Lemma [6] By triangular inequality, we have
IVL(Bo)[lop < [[VL(Og) = EVL(Oq)|[op + [EVL(Oy)|lop-

Therefore, it remains to bound ||[VL(®¢) —EVL(®y)|,p and |[EVL(Oy)||op,

respectively. Let & = £, (Y; — (X;,0)) = £ (e;), then we have

n

V(@) ~EVL(O)) = - {6 — B(6X0)}

=1

Let U be a 1/4-covering of RP~! and V be a 1/4-covering of R4~!. By

standard covering arguments as stated in Lemma [2 we have

1 n
IVL(®g) —EVL(Og)|lo, < 2 max |- Z {fz'ujTXin - E[fz'ujTXin]} :
=1

u; ceuUvLeV | n “
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with [U| < 97 and [V] < 97 Tt follows from assumption (A2) that u] X;v, =

v, ® u;) vec(X;) is sub-Gaussian and satisfies
J
Elu] X;vi|' <21 / e/ Gdr < ir(i/2),1> 1 (S2.14)
0

where I'(+) denotes the Gamma function. By assumption (A4) and the fact

that & = sign(e;) min(|e;|, 7), we have

Bgu] Xovi)? < 70 (o] Xovi B(EX0)] < 2o,

Elg] Xovil' < 71 [[u] Xovi B(E1X0)] < (1/2)(cor /222630,

for [ > 3. Then applying Bernstein’s inequality yields

n

! > {éu] Xivy — E[gu) Xivi] }

n <
=1

osTI 02

<C

TZ
+c=
n n

with probability at least 1 — 2e™* for any z > 0. Taking the union bound

over u; € Y and v, € V, we have

IVL(®y) —EVL(Oy)|lo, < 2 max

% Z {fiujTXin - E[fiujTXin]}‘

UjEM,VkEV i1
osTI 02 TZ
< C +C—, (S2.15)
n n

with probability at least 1 — 9779 2e~%. Setting z = C(p+ q) log n, we have

IVL(©0) — EVL(By)|lop < C

\/0571‘5(19 +a)logn  7(p+9) logn’
n

with probability at least 1 — n~¢. Moreover, it is easy to see

1 — _
IEVL(O¢)||op = sup E;EKZ-UTX,'V‘ < Cost0.

uesSr—1 vesa-1
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Combining the above two inequalities completes the proof. 0

Lemma 7. Assume conditions (A1)-(A4) hold and E|{(X,B)|* < C|B||%
for any B € RP*Y and some positive constant C. Then with probability at

least 1 —n=C for some C' > 0, we have

IVL(©) = VL(©y) — EVL(©) + EVL(©y)],,

roFalogn | o r2(p+ ) (logn)?
n n

< Ca,

uniformly over Q = {© € RP*7: ||© — Ogl|r < ap,rank(@) < Cr}.

Proof of Lemma . Let £.(®) = (.(Y; — (X;,0)) and ¢(X;,0) =

/

(@)X, — 1 (00)X; — E[(.(©)X;] + E[(,(©y)X;]. We consider Q = {© €
RPX? : ||© — Opllr < ap,rank(®) < Cr}. Let Ng be the a,n~*-covering

of Q2 with sufficiently large M, then we have

1 n
sSu - X'u@
G)elf)l n;g( ) op
IEN _ 1 .
< max |- X;,©)| -+ max sup - X;, @) — g(X;,®
OeNn n;g( )Op OEND 60| p<ann—M n;(g( )=l ) "
= T1+T2.

In the following, we will separately bound 77 and T5. Let U be a 1/4-

covering of RP™1 and V be a 1/4-covering of R9™1. Since E; is Lipschitz
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continuous, for any u; € ¢ and v;, € V, we have

E (é;(é)ujxivk - e;(e)o)ujxika < O\E((X,© - O0)) '/ E(u] Xv;.)!
< C|® - 6% < Cag,
where the first line uses Cauchy-Schwartz inequality and the second in-
equality uses E((X;, ® — ©¢))* < C]|® — Oq||4 and (S2.14). Moreover,
5;(@)UJTXin - f;(@())lleXz‘Vk < (1I£la<X 1Xillop)?(|© — O]l
< CVran(p+q)logn,
where the last inequality uses ||© — Oy, < C'\/ra, and Lemma [3| which

states that max;<;<,, || X;|lop < C+/(p + q) logn with high probability. There-

fore, applying Bernstein’s inequality yields

n

. D (0(8) ~ (@) Xovi B [1£(6) - £ (1) Xovi
< oy ZZQ Z\/;a”(pn* Dlosn 4. (52.16)

with probability at least 1 — 2e™* for any z > 0. By applying Lemma 5.2
of [Vershynin| (2010), the covering number satisfies [Ng| < (1 +2n™)cr®+a),

Combining with the union bound generates

P{T| > o(z = max z
{T > o(2)} max Zg > ¢(2)
op
< C CMr(p+q) P
< g (S w00 Ow 2 o)
< CnC71\/I7‘(19+11)919+q€—z7
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where the second inequality uses Lemma [2] and the last line uses (S2.16)).

Setting z = Cr(p + ¢) logn, we have

roralogn , . TP+ 9P(ogn)?
n n

Ty < Ca, : (S2.17)

with probability at least 1 — n=¢.

Next we continue to bound T3. Define h(X;) = sup|e_e|;<a,n- [9(Xi, ©)—

9(X;,®)]. Similarly, we have

]ujTh(Xi)Vk| < sup (® -0, Xz-)ujTXivk < Ovraan™M(p+q)logn,

00| r<ann-M

which, together with the union bound implies that

1
T, < o Vran(p +q) og 1. (52.18)

nM

with high probability. Therefore, combining ([S2.17))-(52.18) and M suffi-

ciently large yield

1 & ] 3/2 2(] 2
swp [ 1S gx,0)| < Cupy/TEEDIBT g, T+ 0V (logn)
ecq ||l 1 o n n
with probability at least 1 —n~¢. This completes the proof. ]

Lemma 8. Assume conditions (A1)-(A5) hold and T = Cuvs{N/((p +

q) log N) YO+ for sufficiently large constant C. Then with probability at
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least 1 —n=C for some C > 0, we have

r(p+ q)logn +Can7’3/2(p+q)2(10gn)2
n n

(p + q) log N\ /0
)

HVZ(GO)HOP < Ca,
+C’U(5(

Proof of Lemma [8} Recall that L(®) = L,(©) — (8, VL,(0) — VL(©)),

then direct calculation generates
VL(®y) = (VL(O) - VL(6)) ~ (VLi(O) = VLi(©y)) + VL(Oy).
By triangle inequality, it holds that

IVL(©®y)|ly < [[VL(O) — VL(Oy) — EVL(®) + EVL(6y)|.,,
+||[VL(©) = VL (Og) — EVL(O) + EVL1(00)||op
IV L(O) [lop

= L+ 1L+ 1.

Next we will bound [;-I3 separately. By invoking Lemma [7], we have

r(p+q)logn N Canr?’”(p + q)?(log n)?
' n

Il+12 S CCLn

)

with probability at least 1 — n~¢. By Lemma |§| and assumption 7 =

Cvs(N/((p + q)log N))V/(+9) we have

(p+q)log N ) 3/1+9)

I3§CU5( N
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with probability at least 1 —n~¢. Therefore, combining the above inequal-

ities yields

IVE@0),, < Cayy/-2Fl0sn o 2+ a7 (logn)”
op X n - " -
+q)log N §/(1+0)
+CU5 (%) 7
with probability at least 1 — n~¢. This completes the proof. 0

Lemma 9. Assume conditions (A1)-(A4) hold, E|(u,x)|* < C||ul|§ for any
u € RP and some constant C, and T > C’U;/(Hd) for sufficiently large C.

Define © , = arg mingppxq EL(®). Then we have
||@0 - 9077—”}7‘ S 00'57'_5.

Proof of Lemma @ Let Ay = ©yg — O, §p = vec(Ay) and h(O) =
E[(,(Y — (X, 0))]. By the first order condition, we have Vh(®, ) = 0.

Then it follows the mean value theorem that
(50,V2h(®t)50> = (89, VR(Oy) — VI(Oy,)) = (00, VA(Oy)) = —E[f;(e)dgx],
where ©; = t0@y+ (1 —1)®y » for some ¢ € [0,1]. Since E(e|x) = 0, we have

E[l.(e)lx] = El{el(le| <)+ rsign(e)I(le] > 7)}|x] — E(e|x)

= —E[{el(le| > 7) — rsign(e)I(le] > 7)}|x]
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and thus

E[(le|"** — r**)I(Je] > )|x]

E[C (e)|x]| < E[(le] = 7)I(Je] > 7)[x] < - < osT "
Since x is sub-Gaussian, we have
[E[C, (e)8g X]| < [E[85 XE(L, (¢)[x)]] < CosT°||8]|2- (52.19)

Next, we continue to derive the lower bound for (8g, V2h(0;)d,). Let

e=Y —(X,0;) and ¥ = E(xx"), then we have
V2h(©,) =E[I(je] < 7)xx'] =2 - E[I(Je] > 7)xx'].
By the definition of /., we have

i@ < B [T 10l < 1)+ el - Tl > ) | i

< Cosr'™.
Combining the above inequality with the convexity of A, we have
h(®,) < th(®g) + (1 — t)h(By,) < h(®y) < CosT'°.
Furthermore, for all ® € RP*Y we have
h(©) = E[(r|Y — (X, ©)| - 7*/2)I([Y — (X, ©)| > 7)].
Combining the above two inequalities, we have

rE[EI(E] > 7)] — (+2/2)P(|e] > 7) < Cosr' . (S2.20)
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Since TE[le]I([e] > 7)] = TE[[e}/(le] > 7)7/[e]] = 7°P(le] > 7), (52.20)

deduces that P(|e] > 7) < Cos7~17%. Therefore, we have

(00, V2h(©1)8o) > |[=1280l3 — E[I(le] > 7)(x,80)’]

> [|1ZY28]I3 — VE|(80, x)[*V/B(le] > 7)

> C||doll3 — Cl1doll305m ", (S2.21)

where the third inequality uses assumption (A3) and E|(dq,x)[* < C||80|3-

Finally, combining (]SQ.lQI)7 (]S2.21|) and assumption 7 > C’aé/ (%9 complete

the proof. ([l

Remark 1. It is worth noting that @y ; is different from ®, generally and
7 plays a critical role in the approximation bias ||@, — ®¢||r. However, as
stated in Remark 2.2 of |Pan et al.| (2021)), there are several scenarios that
this approximation bias can vanish. In particular, when the conditional

distribution e|x is symmetric around zero, @y, = Oy for any 7.

S3. Simulation studies

In this section, we investigate the finite sample performances of the pro-
posed method through two simulation examples. The initial estimator is

obtained by Algorithm [I] on M; and Algorithm [2] is used to obtain the
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distributed estimator. We compare five estimators:

(a) LHuber: the local Huber estimator using the only data on M;

(b) NHuber: the naive average of all local Huber estimators calculated on

{Mj};'n:l;
(c) DHuber: the proposed distributed Huber estimator;

(d) DLS: the distributed least squares estimator using surrogate loss, that
is, replacing Huber loss ¢; in (3.5)) with least squares loss () = (+)* and

still applying the CSL framework for the purpose of fair comparison;

(e) DMed: the distributed median estimator using surrogate loss, that
is, replacing Huber loss ¢, in (3.5) with median/absolute value loss

((-) = - | and still applying the CSL framework.

Particularly, in the case where only one machine (m = 1) is available,
DLS will reduce to the central estimator in Negahban and Wainwright
(2011b)/Zhou and Li (2014), DMed will degenerate to the central estimator
in [Elsener and van de Geer| (2018)), and LHuber, DHuber and NHuber all
naturally correspond to the central Huber estimator. The regularization
parameter A and robustification parameter 7 are selected by 5-fold cross-

validation.
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S3.1 Simulation example 1

We consider the heterogeneous model Y;; = (X5, ©g) + (1 + |z;;])es;, where
z;; is the first component of vec(X;;), i =1,...,n, j = 1,...,m. Similar
to |Zhou and Li| (2014), we generate a rank r matrix @y = B;B;, with
B, € RP*" and By € R9*". Specifically, we first generate each entry of
By, k = 1,2 from N(0, 1), then control the percentage of non-zero entries
using a Bernoulli distribution with probability v/1 — 0.51/7 of being 1. Each
entry of X; is generated from N(0,1) and the noises follow three different
distributions: the standard normal distribution, the t¢-distribution with 3
degrees of freedom, and the Pareto distribution with scale parameter 3
and shape parameter 2. Throughout the simulations, we consider rank
r = 2,5 and run different methods on a desktop computer with 32 GB
RAM and Intel(R) Core(TM) i7-9700 CPU (3.00 GHz). The performances
are evaluated by the estimation error |© — @ and running time (in
minutes), based on 100 replications.

In the first scenario, we fix the sample size N = 10000, dimension
p = 20, ¢ = 20 and vary the number of machines m in {1, 5,10, 20, 25}.
Note that m = 1 corresponds to the central estimator using the full data.
The errors are summarized in Figure [1| and the logarithm of running time

is reported in Figure 2l For the second scenario, we fix N = 10000, m = 10,
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g = 20 and vary p in {10,30,50,80,100}. We represent the estimation
errors in Figure [3]

Figure [1| shows that the errors generally increase with the number of
machines (or, decrease with the local sample size since N is fixed). The
distributed estimators DHuber and NHuber always outperform the local
estimator LHuber since the latter only uses local data on the first ma-
chine. Besides, DHuber can further improve the estimation performances
over NHuber. In terms of noise distribution, (i) for normal errors (light-
tailed and symmetric), all distributed estimators are comparable with each
other; (ii) when the noises follow the ¢ distribution (heavy-tailed and sym-
metric), DHuber, NHuber and DMed perform better than DLS since in this
case conditional mean and conditional median are the same and both Huber
loss and median loss are robust to heavy-tailed errors, compared to DLS;
(iii) when noises follow the Pareto distribution (heavy-tailed and asymmet-
ric), the proposed method significantly outperforms the alternatives. DMed
has large errors in mean estimation since it estimates the conditional me-
dian which is different from conditional mean. DLS does not perform well
due to the sensitivity to heavy-tailed noises.

Regarding the running time presented in Figure[2] it is seen that the dis-

tributed methods can significantly reduce the computation cost compared
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to the central estimator (m = 1). Specifically, the running time decreases as
the number of machines m increases. Compared with NHuber, our approach
takes slightly longer time. This is because our procedure requires solving
at least two [, penalized optimization problems while NHuber takes almost
the same time as LHuber. Combined with the error results in Figure [1} we
indeed sacrifice a little bit time to achieve better estimation performances
than NHuber, from the accuracy-efficiency trade-off perspective.

From Figure [3| we observe that the errors increase with dimension as
expected and show similar phenomena in Figure [1| with regard to various
noises. In summary, the proposed DHuber method enjoys appreciable im-
provement over NHuber and exhibits more stable estimation performances

over various types of noises in contrast with DLS and DMed.

S3.2 Simulation example 2

In the second simulation example, we use some geometric shapes to visualize
the competitiveness of the proposed method. We consider the same hetero-
geneous model in simulation example 1. The coefficient matrix ®, € R64x64
is binary: entries of @ in the true signal region, including square (r = 2),

cross (r = 3), circle (r = 9) and butterfly (r = 30) equals one and the en-

tries in the remaining region equals zero (see the first column in Figure [4)).
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Figure 1: Averaged estimation errors of different methods over 100 replications with
fixed N = 10000, p = 20, ¢ = 20 and m € {1,5,10,20,25} (m = 1 corresponds to the

central estimator) in the first scenario.

Each entry of X; is generated from N(0,1). We generate noises from the
standard normal distribution and Pareto distribution Par(3,2). Through-
out the simulation, we use N = 20000, m = 10. The estimation errors are
summarized in Table [[] and the estimated coefficient matrices for different
noises are presented in Figures

In Table [T when noises are normal, the performances of different dis-

tributed methods are similar; when noises follow the Pareto distribution, the
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Figure 2: The logarithm of running time (in minutes) for different methods over 100
replications with fixed N = 10000, p = 20, ¢ = 20 and m € {1,5,10,20,25} (m =1

corresponds to the central estimator) in the first scenario.

proposed DHuber achieves the smallest errors compared to other methods.
Besides, DHuber shows a significant advantage over LHuber and NHuber.
Visually, in view of Figure [4] (normal noises), all five methods can recover
the signal regions. However, from Figure [5| (Pareto noises), it is obvious
that the DHuber outperforms the competitors. For example, when esti-
mating the butterfly, the DLS generates a blurred image estimate and the

DMed may yield some fuzzy shapes, both failing to identify the important



BIBLIOGRAPHY37
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Figure 3: Averaged estimation errors of different methods over 100 replications with

fixed N = 10000, m = 10, ¢ = 20 and p € {10, 30, 50, 80,100} in the second scenario.

signals clearly.
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Figure 5: True signals, local Huber estimates, naive average of local Huber estimates, the
proposed distributed Huber estimates, distributed least squares estimates and distributed

median estimates (from left to right) under Pareto noises.
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