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In this document, we first provide theoretical properties and justifications for Theorems 1-3, then we

investigate the rate of convergence of the unimodal classifiers when p is fixed and p → ∞. In section 2, we

present the simulation settings for Figure 1 and Table 1. In section 3, we provide an illustrative example to

demonstrate how to select σ11 in the mode-based classifiers. The additional simulation results for Examples

1-3 are listed in Section 4. Finally, we display some tables and figures for real data analysis.

S1 Proofs for Theorems 1-3

Lemma S1. When p = 1, and assume the bandwidths are equal for two populations

and take a Gaussian kernel, the probability of correct classification for the mode

classifier takes the following simple form:

if δ1 ≤ δ2,

Γσ(δ) = π1F1

(
(δ1 + δ2)/2

)
+ π2

{
1−F2((δ1 + δ2)/2)

}
,
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if δ1 > δ2,

Γσ(δ) = π1

{
1−F1((δ1 + δ2)/2)

}
+ π2F2

(
(δ1 + δ2)/2

)
.

where δ1 and δ2 are the true modes of the two populations.

Proof. In the univariate case, since σ1 = σ2, Ψ1(z, δ, σ) = φ( z−δ1
σ

) and Ψ2(z, δ, σ) =

φ( z−δ2
σ

). For the true modes δ1 and δ2, the integral (5) can be computed by splitting

it into four parts according to the possible disjoint regions of the domain of Z with

respect to δ1 and δ2, that is : (a) a ≤ min{δ1, δ2}, (b) δ1 < z ≤ δ2, (c) δ2 < z ≤ δ1

and (d) z > max{δ1, δ2}.

For case (a), if δ1 < δ2, the integral becomes

Γa(δ) = π1

∫ δ1

−∞
I

{
φ

(
z − δ1
σ

)
> φ

(
z − δ2
σ

)}
f1(z)dz = π1

∫ δ1

−∞
f1(z)dz

= π1F1(δ1),

otherwise, for δ1 ≥ δ2, Γa(δ) = π2F2(δ2).

In case (b), the integral is

Γb(δ) = π1

∫ δ2

δ1

I

{
φ

(
z − δ1
σ

)
> φ

(
z − δ2
σ

)}
f1(z)dz

+π2

∫ δ2

δ1

I

{
φ

(
z − δ1
σ

)
≤ φ

(
z − δ2
σ

)}
f2(z)dz

= π1

∫ (δ1+δ2)/2

δ1

f1(z)dz + π2

∫ δ2

(δ1+δ2)/2

f2(z)dz

= π1{F1((δ1 + δ2)/2)−F1(δ1)}+ π2{F2(δ2)−F2((δ1 + δ2)/2)}.
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Similarly, for cases (c) and (d),

Γc(δ) = π1{F1(δ1)−F1((δ1 + δ2)/2)}+ π2{F2((δ1 + δ2)/2)−F2(δ2)}.

if δ1 < δ2, Γd(δ) = π2(1 − F2(δ2)), and if δ1 ≥ δ2, Γd(δ) = π1(1 − F1(δ1)). When

δ1 ≤ δ2, Γσ(δ) is the sum of Γa(δ), Γb(δ) and Γd(δ) corresponding to disjoint domain

regions of Z:

Γσ(δ) = π1F1

(
(δ1 + δ2)/2

)
+ π2

{
1−F2((δ1 + δ2)/2

}
,

and when δ1 > δ2,

Γσ(δ) = π1

{
1−F1((δ1 + δ2)/2)

}
+ π2F2

(
(δ1 + δ2)/2

)
.

This completes the proof. □

To prove Theorems 1-3, we need the following lemmas. The proofs are based on

the corrected modal distance, for the simplified one, all the lemmas and theorems

hold by replacing σrj by 1, for r = 1, 2 and j = 1, . . . , p.

Lemma S2. Under the assumption A1 and A2, for j ∈ {1, . . . , p}, the following

equation holds for δ1j, δ2j ∈ R and σ1j, σ2j ∈ (0,∞),

|Ψ1j(zj, σ1j)−Ψ2j(zj, σ2j)| ≤
c1
σ1j

|zj|
∣∣∣∣ 1

σ1j

− 1

σ2j

∣∣∣∣+ c1
σ1j

∣∣∣∣ δ1jσ1j

− δ2j
σ1j

∣∣∣∣+ c0

∣∣∣∣ 1

σ1j

− 1

σ2j

∣∣∣∣.
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Proof. Proof of Lemma S2. By definition,

|Ψ1j(zj, σ1j)−Ψ2j(zj, σ2j)| =
∣∣∣∣ 1

σ1j

K

(
zj − δ1j(σ1j)

σ1j

)
− 1

σ2j

K

(
zj − δ2j(σ2j)

σ2j

)∣∣∣∣
=

1

σ1jσ2j

∣∣∣∣σ2jK

(
zj − δ1j(σ1j)

σ1j

)
− σ2jK

(
zj − δ2j(σ2j)

σ2j

)
+ σ2jK

(
zj − δ2j(σ2j)

σ2j

)
−σ1jK

(
zj − δ2j(σ2j)

σ2j

)∣∣∣∣
=

1

σ1j

∣∣∣∣K(
zj − δ1j(σ1j)

σ1j

)
−K

(
zj − δ2j(σ2j)

σ2j

)∣∣∣∣+ ∣∣∣∣σ1j − σ2j

σ1jσ2j

∣∣∣∣K(
zj − δ2j(σ2j)

σ2j

)
≤ 1

σ1j

∣∣∣∣K ′
(
zj − δ2j(σ2j)

σ2j

)∣∣∣∣∣∣∣∣(zj − δ1j(σ1j)

σ1j

)
−
(
zj − δ2j(σ2j)

σ2j

)∣∣∣∣+ c0

∣∣∣∣ 1

σ1j

− 1

σ2j

∣∣∣∣
≤ c1

σ1j

|zj|
∣∣∣∣ 1

σ1j

− 1

σ2j

∣∣∣∣+ c1
σ1j

∣∣∣∣ δ1jσ1j

− δ2j
σ1j

∣∣∣∣+ c0

∣∣∣∣ 1

σ1j

− 1

σ2j

∣∣∣∣
The first and second inequality holds due to the assumption that |K(·)| ≤ c0 and

|K ′(·)| ≤ c1, respectively. This completes the proof. □

Remark 1. It follows naturally that

|Ψ1j(zj, σ1j)−Ψ2j(zj, θσ1j)| ≤
|θ − 1|
θσ1j

(
c0 +

c1
σ1j

|zj|
)
+

c1
θσ2

1j

|θδ1j − δ2j|. (S1.1)

Remark 2. By the same strategy, we can obtain that

|Ψ1j(zj, σ
∗
1)−Ψ1j(zj, σ1)| ≤ c1|zj − δ1j|

∣∣∣∣ 1σ∗
1

− 1

σ1

∣∣∣∣+ c0

∣∣∣∣ 1σ∗
1

− 1

σ1

∣∣∣∣. (S1.2)

and

|Ψ2j(zj, σ
∗
2)−Ψ2j(zj, σ2)| ≤ c1|zj − δ2j|

∣∣∣∣ 1σ∗
2

− 1

σ2

∣∣∣∣+ c0

∣∣∣∣ 1σ∗
2

− 1

σ2

∣∣∣∣. (S1.3)
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Lemma S3. Under assumptions (A1) and (A2), for j ∈ {1, . . . , p}, the following

equation holds for δ2j ∈ R and σ1j ∈ (0,∞),

σ1j|Ψ2j(zj, θ1σ1j)−Ψ2j(zj, θ2σ1j)| ≤ c0

∣∣∣∣ 1θ1− 1

θ2

∣∣∣∣+c1|zj|
σ1jθ2

∣∣∣∣ 1θ1− 1

θ2

∣∣∣∣+c1
θ2

∣∣∣∣δ2j(θ1σ1j)

θ1σ1j

−δ2j(θ2σ1j)

θ2σ1j

∣∣∣∣.
(S1.4)

Proof. Proof of Lemma S3 works analogy of proof of Lemma S2. □

Lemma S4. Under assumptions (A1)-(A3), then δ̂ij,σij,n
→ δij a.s., and f̂ij,σij,n

(δ̂ij,σij,n
) →

fij(δij) a.s.

Proof. To simplify the proof, we abbreviate the notations δij as δ, σij,n as σn, fij as

f . For independent and identically distributed samples U1, . . . , Un i.i.d. with density

f , let

f̂n,σn =
1

nσn

n∑
i=1

K

(
t− Ui

σn

)
.

First, we show the following. Let an and bn be fixed sequences of numbers such that

(nb2n)/[log(n)an] → ∞ and an → 0. Then

sup
{σn:bn≤σn≤an}

|δ̂n,σn − δ| → 0 a.s. (S1.5)

Define

fn,σn(t) =
1

σn

∫ ∞

−∞
K

(
t− y

σn

)
f(y)dy.

Choose r such that 0 < r < r0, where r0 is obtained by Proposition 5.1 (Romano,
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1988) so that

lim
n→∞

sup
{σn:0<σn≤an}

sup
{t:|t−δ|<r0}

|fn,σn(t)− f(t)| = 0.

Then by Corollary 5.1 of Romano (1988), we have

sup
{σn:bn≤σn≤an}

sup
t

|f̂n,σn(t)− fn,σn(t)| → 0 a.s.

Combining the above equations yields

sup
{σn:bn≤σn≤an}

sup
{t:|t−δ|<r}

|f̂n,σn(t)− f(t)| → 0 a.s. (S1.6)

The assumptions imply for any r > 0,

lim sup
n→∞

sup
{σn:bn≤σn≤an}

sup
{t:|t−δ|>r}

fn,σn(t) < f(δ). (S1.7)

This yields

lim sup
n→∞

sup
{σn:bn≤σn≤an}

sup
{t:|t−δ|≥r}

f̂n,σn(t) < f(δ) a.s. (S1.8)

It follows from (S1.6) and (S1.8) that P (sup{σn:bn≤σn≤an} |δ̂n,σn − δ| < r) = 1. This

proves (S1.5). Hence by (S1.5)

lim sup
n→∞

|δ̂n,σn − δ| ≤ lim sup
n→∞

sup
{σn:bn≤σn≤an}

|δ̂n,σn − δ| → 0 a.s.

It follows that sup{σn:bn≤σn≤an} supt f̂n,σn(t) → f(δ). □

Lemma S5. Under the assumptions (A1)-(A4) , the following equation holds, for

all ϵ > 0,

lim
n→∞

P

{
sup |Γn(σ)− Γ(σ)| > ϵ

}
= 0. (S1.9)
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Proof. Proof of Lemma S6. Suppose equation (S1.9) is wrong. This means there

exist ϵ > 0, α > 0 and a subsequence M of positive integers and (σ∗
m)m∈M such that

for all m ∈ M,P{|Γm(σ
∗
m)− Γ(σ∗

m)| > ϵ} ≥ α. (S1.10)

Since (σ∗
m) → 0 is bounded and at least a subsequence has a limit, there exists

σ∗ = limm→∞ σ∗
m.

Consider the following inequality,

|Γm(σ
∗
m)− Γ(σ∗

m)| ≤ |Γm(σ
∗
m)− Γm(σ

∗)|+ |Γm(σ
∗)− Γ(σ∗)|+ |Γ(σ∗)− Γ(σ∗

m)|.

(S1.11)

The third term of the right side of (S1.11) converges to zero due to the continuity of

Γ. To handle with the second term, we define a version of Γn using the true modes

instead of the empirical ones:

Γ∗
n(σ) =

1

n

[ ∑
i:Ci=1

I{λ(z,σ) > 0}+
∑
i:Ci=2

I{λ(z,σ) ≤ 0}

]
,

where λ(Z,σ) =
∑p

j=1{Ψ1j(Zj, σ1jn)−Ψ2j(Zj, σ2jn)} > 0. Thus we have

|Γm(σ)− Γ(σ∗)| ≤ |Γm(σ
∗)− Γ∗

m(σ
∗)|+ |Γ∗

m(σ
∗)− Γ(σ∗)|.

It follows that limm→∞ |Γ∗
m(σ

∗)− Γ(σ∗)| = 0 almost surely due to the strong law of

large numbers. In addition, for given z and σ1jn, σ2jn, Ψij and Ψ2j are continuous

in δ1j and δ2j, respectively. Besides, based on Lemma (S4), modes are strongly

consistent given the selected bandwidth, thus limm→∞ |Γm(σ
∗)−Γ∗

m(σ
∗)| = 0 almost

surely.
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We next consider the first term of the right side of (S1.11). Since we have

|δ2jm(σ∗
2)− δ2jm(σ2)| ≤ |δ2jm(σ∗

2)− δ2j(σ
∗
2)|+ |δ2j(σ∗

2)− δ2j(σ2)|

+ |δ2j(σ2)− δ2jm(σ2)|. (S1.12)

and

|δ1jm(σ∗
1)− δ1jm(σ1)| ≤ |δ1jm(σ∗

1)− δ1j(σ
∗
1)|+ |δ1j(σ∗

1)− δ1j(σ1)|

+ |δ1j(σ1)− δ1jm(σ1)|. (S1.13)

From Theorem 1.1 of Romano (1988), under assumption (A2) and (A3), we

obtain limn→∞ |δij(σi) − δijm(σi)| = 0 almost surely for i = 1, 2. This makes the

first and third terms of the right side of (S1.12) converge to zero almost surely. The

second term converges to zero because of assumption (A4’). Thereby, for m → ∞,

|δijm(σ∗
2)− δijm(σ2)| → 0, a.s. for i = 1, 2. (S1.14)

Let ∆n(σ1, σ2, z) =
∑p

j=1{Ψ1jn(z, σ1)−Ψ2jn(z, σ2)}, ∆(σ1, σ2, z) =
∑p

j=1{Ψ1j(z, σ1)−

Ψ2j(z, σ2)}. For ϵ > 0, define

Zϵ = {z : |∆(σ∗
1, σ

∗
2, z)| > ϵ} ∩

(
z :

p∑
j=1

|zj| ≤ 1/ϵ

)
.
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Thus, we have

|Γm(σ
∗
m)− Γm(σ

∗)| = 1

m

( ∑
i:Ci=1,Zi /∈Zϵ

[I{∆m(σ
∗
1m, σ

∗
2m, Zi) > 0} − I{∆m(σ

∗
1, σ

∗
2, Zi) > 0}] +

∑
i:Ci=2,Zi /∈Zϵ

[I{∆m(σ
∗
1m, σ

∗
2m, Zi) ≤ 0} − I{∆m(σ

∗
1, σ

∗
2, Zi) ≤ 0}] +

∑
i:Ci=1,Zi∈Zϵ

[I{∆m(σ
∗
1m, σ

∗
2m, Zi) > 0} − I{∆m(σ

∗
1, σ

∗
2, Zi) > 0}] +

∑
i:Ci=2,Zi∈Zϵ

[I{∆m(σ
∗
1m, σ

∗
2m, Zi) ≤ 0} − I{∆m(σ

∗
1, σ

∗
2, Zi) ≤ 0}]

)
.

For large m and arbitrarily small η > 0,

1

m

∣∣∣∣( ∑
i:Ci=1,Zi /∈Zϵ

[I{∆m(σ
∗
1m, σ

∗
2m, Zi) > 0} − I{∆m(σ

∗
1, σ

∗
2, Zi) > 0}] +

∑
i:Ci=2,Zi /∈Zϵ

[I{∆m(σ
∗
1m, σ

∗
2m, Zi) ≤ 0} − I{∆m(σ

∗
1, σ

∗
2, Zi) ≤ 0}]

)∣∣∣∣ ≤ 1− P (Zϵ) + η, a.s.

In addition, we have |∆m(σ
∗
1m, σ

∗
2m, Zi) − ∆m(σ

∗
1, σ

∗
2, Zi)| ≤ |

∑p
j=1{Ψ1jm(Zi, σ

∗
1m) −

Ψ1jm(Zi, σ
∗
1)}|+ |

∑p
j=1{Ψ2jm(Zi, σ

∗
2m)−Ψ2jm(Zi, σ

∗
2)}|, then by (S1.2) and (S1.3),

|∆m(σ
∗
1m, σ

∗
2m, Zi)−∆m(σ

∗
1, σ

∗
2, Zi)|

≤
p∑

j=1

c1|zj − δ1j||
1

σ∗
1m

− 1

σ∗
1

|+ c0|
1

σ∗
1m

− 1

σ∗
1

|+
p∑

j=1

c1|zj − δ2j||
1

σ∗
2m

− 1

σ∗
2

|+ c0|
1

σ∗
2m

− 1

σ∗
2

|.

Since |σ∗
1m − σ∗

1| → 0 and |σ∗
2m − σ∗

2| → 0, by (S1.19),and in addition by
∑p

j=1 |Zj| <

1/ϵ for Zj ∈ Zϵ, |∆m(σ
∗
1m, σ

∗
2m, Zi) − ∆m(σ

∗
1, σ

∗
2, Zi)| is arbitrarily small for large

enough m. If ϵ → 0, we have P (Zϵ) → 1 by assumption (A4). Thus, for large

m, |Γm(σ
∗
m) − Γm(σ

∗)| → 0 a.s. This is in contradiction to equation (S1.16), which

completes the proof. □
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Lemma S6. Under the assumptions (A1)-(A3) and (A4’) , the following equation

holds, for all ϵ > 0,

lim
n→∞

P

{
sup
θ∈T

|Γn(θ)− Γ(θ)| > ϵ

}
= 0. (S1.15)

Proof. Proof of Lemma S6. Suppose equation (S1.15) is wrong. This means there

exist ϵ > 0, α > 0 and a subsequence M of positive integers and (θ∗m)m∈M such that

for all m ∈ M,P{|Γm(θ
∗
m)− Γ(θ∗m)| > ϵ} ≥ α. (S1.16)

Since (θm)m∈M ∈ TM is bounded and at least a subsequence has a limit, there exists

θ∗ = limm→∞ θ∗m.

Consider the following inequality,

|Γm(θ
∗
m)−Γ(θ∗m)| ≤ |Γm(θ

∗
m)−Γm(θ

∗)|+ |Γm(θ
∗)−Γ(θ∗)|+ |Γ(θ∗)−Γ(θ∗m)|. (S1.17)

The third term of the right side of (S1.17) converges to zero due to the continuity of

Γ. To handle with the second term, we define a version of Γn using the true modes

instead of the empirical ones:

Γ∗
n(θ) =

1

n

[ ∑
i:Ci=1

I{λ(z, θ, σ1j) > 0}+
∑
i:Ci=2

I{λ(z, θ, σ1j) ≤ 0}

]
,

where λ(Z, θ, σ1j) =
∑p

j=1{Ψ1j(Zj, σ1jn)−Ψ2j(Zj, θσ1j)} > 0. Thus we have

|Γm(θ
∗)− Γ(θ∗)| ≤ |Γm(θ

∗)− Γ∗
m(θ

∗)|+ |Γ∗
m(θ

∗)− Γ(θ∗)|.

It follows that limm→∞ |Γ∗
m(θ

∗) − Γ(θ∗)| = 0 almost surely due to the strong law of

large numbers. In addition, for given z and σ1, θ, Ψij and Ψ2j are continuous in δ1j
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and δ2j, respectively. Besides, modes are strongly consistent, thus limm→∞ |Γm(θ
∗)−

Γ∗
m(θ

∗)| = 0 almost surely according to equation (S1.1).

We next consider the first term of the right side of (S1.17). Since we have

|δ2jm(θ∗mσ1)− δ2jm(θ
∗σ1)| ≤ |δ2jm(θ∗σ1)− δ2j(θ

∗σ1)|+ |δ2jm(θ∗σ1)− δ2j(θ
∗
mσ1)|

+ |δ2j(θ∗mσ1)− δ2j(θ
∗σ1)|. (S1.18)

From Theorem 1.1 (Romano,1988), under assumption (A2) and (A3), we obtain

limn→∞ supθ∈T |δ2j(θσ1) − δ2jm(θσ1)| = 0 almost surely. This makes the first two

term of the right side of (S1.18) converge to zero almost surely. The last term

converges to zero because of assumption A4. Thereby, for m → ∞,

|δ2jm(θ∗mσ1)− δ2jm(θ
∗σ1)| → 0, a.s. (S1.19)

Let ∆n(θ, σ1, z) =
∑p

i=1{Ψ1jn(z, σ1)−Ψ2jn(z, σ1θ)}, ∆(θ, σ1, z) =
∑p

i=1{Ψ1j(z, σ1)−

Ψ2j(z, σ1θ)}. For ϵ > 0, define

Zϵ = {z : |∆(θ∗, σ1, z)| > ϵ} ∩
(
z :

p∑
j=1

|zj| ≤ 1/ϵ

)
.

Thus, we have

|Γm(θ
∗
m)− Γm(θ

∗)| = 1

m

( ∑
i:Ci=1,Zi /∈Zϵ

[I{∆m(θ
∗
m, σ1, Zi) > 0} − I{∆m(θ

∗, σ1, Zi) > 0}] +

∑
i:Ci=2,Zi /∈Zϵ

[I{∆m(θ
∗
m, σ1, Zi) ≤ 0} − I{∆m(θ

∗, σ1, Zi) ≤ 0}] +

∑
i:Ci=1,Zi∈Zϵ

[I{∆m(θ
∗
m, σ1, Zi) > 0} − I{∆m(θ

∗, σ1, Zi) > 0}] +

∑
i:Ci=2,Zi∈Zϵ

[I{∆m(θ
∗
m, σ1, Zi) ≤ 0} − I{∆m(θ

∗, σ1, Zi) ≤ 0}]
)
.
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For large m and arbitrarily small η > 0,

1

m

∣∣∣∣( ∑
i:Ci=1,Zi /∈Zϵ

[I{∆m(θ
∗
m, σ1, Zi) > 0} − I{∆m(θ

∗, σ1, Zi) > 0}] +

∑
i:Ci=2,Zi /∈Zϵ

[I{∆m(θ
∗
m, σ1, Zi) ≤ 0} − I{∆m(θ

∗, σ1, Zi) ≤ 0}]
)∣∣∣∣ ≤ 1− P (Zϵ) + η, a.s.

In addition, we have |∆m(θ
∗
m, Zi)−∆m(θ

∗, Zi)| =
∑p

j=1{Ψ2jm(Zi, θ
∗σ1j)−Ψ2jm(Zi, θ

∗
mσ2j)},

then by (S1.4)

|∆m(θ
∗
m, Zi)−∆m(θ

∗, Zi)| ≤
p∑

j=1

1

σ1j

{
2c0

∣∣∣∣ 1θ∗− 1

θ∗m

∣∣∣∣+c1|zj|
σ1jθ∗

∣∣∣∣ 1θ∗− 1

θ∗m

∣∣∣∣+ c1
θ∗

∣∣∣∣δ2j(θ∗σ1j)

θ∗σ1j

−δ2j(θ
∗
mσ1j)

θ∗mσ1j

∣∣∣∣}.
Since |θ∗m−θ∗| → 0, by (S1.19), we have |δ2jm(θ∗mσ1)−δ2jm(θ

∗σ1)| → 0, a.s. and

∣∣∣∣ 1
θ∗
−

1
θ∗m

∣∣∣∣ → 0 a.s. In addition by
∑p

j=1 |Zj| < 1/ϵ for Zj ∈ Zϵ, |∆m(θ
∗
m, Zi)−∆m(θ

∗, Zi)| is

arbitrarily small for large enough m, and it follows that ∆m(θ
∗
m, Zi) and ∆m(θ

∗, Zi)

will be either both positive and both negative for sufficiently largem, if Zi ∈ Zϵ. Thus

the corresponding indicator functions would be the same, almost surely. If ϵ → 0,

we have P (Zϵ) → 1 by assumption (A5). Thus, for large m, |Γm(θ
∗
m)− Γm(θ

∗)| → 0

a.s. This is in contradiction to equation (S1.16), which completes the proof. □

Proof. Proof of Theorem 1.

P (|Γ(σ)− Γ(σ̂n)| > ϵ)

≤ P (|Γ(σ)− Γn(σ)| > ϵ/3) + P (|Γn(σ)− Γn(σ̂n)| > ϵ/3) + P (|Γn(σ̂n)− Γ(σ̂n)| > ϵ/3)

= A1 + A2 + A3.
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According to Lemma S5, we have A1 → 0 and A3 → 0. Since by lemma S2, Γn(σ̂n) →

Γn(σ), we complete the proof.

Proof. Proof of Theorem 2.

First, we will show that Γ is a continuous function of θ. By assumption (A4),

we have for given z, σ1j, j = 1, . . . , p, Ψ2j is a continuous function of θ, consequently

λ(z, θ,σ1) is a continuous function of θ. The fact that |I(λ(z, θ, σ1) > 0)| ≤ 1 and

|I(λ(z, θ, σ1) ≤ 0)| ≤ 1, together with the dominated convergence theorem, implies

the continuity of Γ.

Then we prove Theorem 1. Note that

P (|Γ(θ̃)− Γ(θ̂n)| > ϵ)

≤ P (|Γ(θ̃)− Γn(θ̃)| > ϵ/3) + P (|Γn(θ̃)− Γn(θ̂n)| > ϵ/3) + P (|Γn(θ̂n)− Γ(θ̂n)| > ϵ/3)

= E1 + E2 + E3.

According to Lemma S6, we have E1 → 0 and E3 → 0. Next we deal with item E2.

Again with Lemma S6, we have for large n, there exist ϵ > 0 such that |Γ(θ̃)−Γn(θ̃)| <

ϵ/6 and |Γn(θ̂n) − Γ(θ̂n)| < ϵ/6. In addition, by definition, Γn(θ̂n) ≥ Γn(θ̃) and

Γ(θ̃) ≥ Γ(θ̂n). Thus we have 0 ≤ Γ(θ̃)−Γ(θ̂n) ≤ Γn(θ̃)−Γn(θ̂n)+ ϵ/3. It follows that

0 ≤ Γn(θ̂n)− Γn(θ̃) ≤ ϵ/3. Therefore E2 → 0. This completes the proof. □

□



WEI XIONG ET AL.

Proof. Proof of Theorem 3. Let νZk
denote the mode of Zk, and let νXZk

= νXk
−νZk

and νY Zk
= νXk

− νZk
. Write Uk and Vk for samples of sizes m and n, respectively,

of independent random variables each distributed as Uk and all independent of Zk.

Let Wk = Zk − νZk
be another random variable distributed as Uk. Assumption (A8)

together with both m and n diverge as p → ∞ imply that

for each ϵ > 0, lim
p→∞

sup
1≤k≤p

{
P

(
1−γK

(
mode(Uk)

σk

)
> ϵ

)
+P

(
1−γK

(
mode(Vk)

σk

)
> ϵ

)}
= 0.

This property and the fact that mode(Xk)− νXk
and mode(Yk)− νYk

are distributed

as mode(Uk) and mode(Vk), respectively, imply that for each ϵ > 0 and with P

denoting either PX or PY ,

lim
p→∞

sup
1≤k≤p

[
P

(
1− γK

(
(mode(Xk)− Zk)− (νXZk

−Wk)

σk

)
> ϵ

)
+ P

(
1− γK

(
(mode(Yk)− Zk)− (νY Zk

−Wk)

σk

)
> ϵ

)]
= 0.

Therefore, define

Dk = γ

∣∣∣∣K(mode(Xk)− Zk

σk

)
−K

(mode(Yk)− Zk

σk

)
−
(
K
(νXZk

−Wk

σk

)
−K

(νY Zk
−Wk

σk

))∣∣∣∣
=

∣∣Ψk(Zk −mode(Xk), σk)−Ψk(Zk −mode(Yk), σk)

−[Ψk(Wk − νXZk
, σk)−Ψk(Wk − νY Zk

, σk)]
∣∣,

where Ψk(x, y) = γK{x/y}, γ = 1/K(0) and take Ak(ϵ) to be the set on which

Dk > ϵ, we have for either choice of P ,

for each ϵ > 0, lim
p→∞

sup
1≤k≤p

P{Ak(ϵ)} = 0. (S1.20)
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Let

D(Z) ≡
∣∣∣ p∑
k=1

[Ψk(Zk −mode(Xk), σk)−Ψk(Zk −mode(Yk), σk)]

−
p∑

k=1

[Ψk(Wk − νXZk
, σk)−Ψk(Wk − νY Zk

, σk)]
∣∣∣,

thus we have D(Z) ≤ pϵ +
∑p

k=1 DkI{Ak(ϵ)}. Because of the assumption (A6), it

follows that

lim
λ→∞

sup
k≥1

E
{
DkI(Dk > λ)

}
= 0. (S1.21)

Equation (S1.20) together with (S1.21) imply that

for each ϵ > 0,

p∑
k=1

E[DkI{Ak(ϵ)}] = o(p).

Since D(Z) ≤ pϵ+
∑p

k=1DkI{Ak(ϵ)} holds for each ϵ > 0,

D(Z) = op(p).

In addition by assumption (A10), for each ϵ > 0 we can choose λ > 0 so large that

for all p,

p∑
k=1

E

{∣∣∣Ψk(Wk − νXZk
, σk)−Ψk(Wk − νY Zk

, σk)
∣∣∣I(|Wk| > λ)

}
≤ pϵ, (S1.22)

since
∣∣∣Ψk(Wk − νXZk

, σk)−Ψk(Wk − νY Zk
, σk)

∣∣∣ ≤ (c1γ/σk)|νXZk
− νY Zk

| is uniformly

bounded. Define

Sλ =

p∑
k=1

(
Ψk(Wk − νXZk

, σk)−Ψk(Wk − νY Zk
, σk)

)
I{|Wk| ≤ λ}
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and d(Z) = S∞. (A9) and (A10) imply that for each fixed λ, var(Sλ) = op(p
2) as

p → ∞, thereby it follows that Sλ −E(Sλ) = op(p). Since ϵ in (S1.22) can be chosen

arbitrarily small, thus we have

d(Z) = E{d(Z)}+ op(p).

By the definition of Dk, it is easy to derive that

p∑
k=1

{
Ψk

(
Zk−mode(Xk), σk

)
−Ψk

(
Zk−mode(Yk), σk

)}
= E(d(Z))+op(p). (S1.23)

Given ϵ > 0, let Bϵ = Bϵ(p) denote the set of indices k ∈ {1, . . . , p} such that

|νXk
− νYk

| ≥ (σk/(c1γ))ϵ. If k ∈ {1, . . . , p} but k /∈ Bϵ, then by assumption (A1)

|Ψk(νXZk
,Wk)−Ψk(νY Zk

,Wk)| ≤ (c1γ)|νXk
− νYk

|/σk ≤ ϵ.

Define dk = E{Ψk(νXZk
,Wk)−Ψk(νY Zk

,Wk)}, we have∣∣∣E(d(Z))−
∑
k∈Bϵ

dk

∣∣∣ ≤ pϵ. (S1.24)

Given c > 0, let a(c) equal the infimum of EΨk(Uk, σk) − EΨk(Uk + x, σkx) over

all |x| > c and all k ≥ 1. Due to assumption (A7), a(c) > 0. If Z is from the X

population, then νXZk
= 0 and νY Zk

= νYk
− νZk

:= −δk, thus for k ∈ Bc,

dk = EX{Ψk(νXZk
,Wk)−Ψk(νY Zk

,Wk)} ≥ a(c)I(|δk| > c).

Here EX denotes expectation under the assumption that Z is drawn from FX .

Thereby, if c ≥ ϵ, ∑
k∈Bϵ

dk ≥ a(c)|Bc|, (S1.25)
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here |Bc| denotes the size of Bc.

(S1.24) and (S1.25) imply that

EX(d(Z)) ≥
∑
k∈Bϵ

dk − pϵ ≥ a(c)|Bc| − pϵ. (S1.26)

In addition by assumption (A10), the proportion of k ∈ {1, . . . , p} for which |νXk
−

ny| > ϵ is bounded away from zero as p diverges, if c is taken sufficiently small, then

there exists a constant α(c) > 0 such that |Bc| ≥ α(c)p for all large p. Thus (S1.26)

becomes

EX(d(Z)) ≥ a(c)α(c)p− pϵ,

and p−1EX(d(Z)) ≥ a(c)α(c)− ϵ, since both a(c) and α(c) are positive and ϵ can be

chosen arbitrarily small, thus we have

lim inf
p→∞

p−1EX(d(Z)) > 0.

Again by equation (S1.23), there exists a constant b > 0 such that

lim inf
p→∞

PX

{ p∑
k=1

p−1{Ψk(Zk −mode(Xk), σk)−Ψk(Zk −mode(Yk), σk)} ≥ b

}
= 1,

that is

lim inf
p→∞

PX

{ p∑
k=1

{Ψk(Zk −mode(Xk), σk)−Ψk(Zk −mode(Yk), σk)} ≥ bp

}
= 1,

this means if Z is from population FX , the classifier assigns Z to the X population,

converges to 1. The conclusion also holds if Z is from FY .
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The proof for empirically optimal unimodal classifier is similar. After definitions

have been adapted to empirically optimal unimodal classifier, the above-mentioned

statements hold uniformly for θ ∈ T . This completes the proof. □

S2 Rate of convergence of the unimodal classifier

In applications, it is desirable to construct a data-driven classification rule based

on two observed random samples, X
(1)
1 , . . . ,X(1)

m
iid∼ F1 and Y

(2)
1 , . . . ,Y(2)

n
iid∼ F2.

Consider a binary classification problem. The data are given as (X1, 1), . . . , (Xm, 1),

(Y1, 2), . . . , (Yn, 2), where Xi ∈ X ⊂ Rp and Yi ∈ Y ⊂ Rp are input vectors, {1, 2}

are class labels. The goal is to find a function M̂ : Rp → {1, 2} that minimizes the

probability of error. Given the observed data, the performance of classification rule

is measured by the misclassification error, R(M̂) = P (M(Z) ̸= label(Z)), and Z is

independent of observed (X,Y)s, label(Z) denotes the true class of Z. The minimum

possible probability of error is the Bayes risk, denoted by

R∗ = inf
M

R(M) = Ex[min(η(Z), 1− η(Z))],

where the infimum is taken over all measurable classifiers, and η(z) = P (C = 1|Z =

z) denotes the posterior probability function or the regression function of C on Z = z.

The infimum is achieved by the Bayes classifier M∗(z) = I(η(z) ≥ 1/2)+ 1, where I

denotes the indicator function, that is M∗(z) = I(π1f1(z)− π2f2(z) ≥ 0) + 1, where
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f1(·) and f2(·) are probability density functions for F1 and F2, respectively. Based

on the label samples, one can estimate the regression function η(x) or estimate the

probability density functions f1 and f2, and the corresponding classification rule is

M̃(z) = I(η̃(z)− 1/2 ≥ 0) + 1 or M̃(z) = I(π1f̃1(z)− π2f̃2(z) ≥ 0) + 1.

The accuracy of an empirical decision rule M̃n can be characterized by excess

risk,

E(M̃n) = ER(M̃n)−R(M∗) = E
(
|2η(Z)− 1|I{M̃n(Z) ̸= M∗(Z)}

)
where E denotes expectation. A key problem in classification is to construct classifiers

with small excess risk. Optimal classifiers can be defined as those having the best

possible rate of convergence of E(M̃n) → 0 as n → ∞. Of course, this rate, and thus

the optimal classifier, depend on the assumptions on the joint distribution of (X,Y).

In the sequel our focus lies on the rate of convergence of the excess error proba-

bility E{M̂n}−M∗, where M̂n is the unimodal classification rule defined as follows.

The unimodal classifier M̂n is to classify a future data point z drawn from these two

distributions with equal prior probabilities into one of the two classes,

M̂n(z) =


1, λ(z,σn) > 0

2, λ(z,σn) ≤ 0

,

where λ(z,σn) =
∑p

j=1{Ψ1j(zj, σ1j,n)−Ψ2j(zj, σ2j,n)} and Ψrj(zj, σrj,n) = K

(
zj−δ̂rj
σrj,n

)
,

δrj is the marginal mode of Frj, δ̂rj is obtained based on the samples. Given the
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observed data, the performance of the classification rule is measured by the misclas-

sification error

R(M̂) = P{label(z) ̸= M̂(z)} = π1

∫
I{λ(z,σ) ≤ 0}dF1(z)+π2

∫
I{λ(z,σ) > 0}dF2(z),

where z is independent of the observed Xs, label(z) denotes the true class of z. In

the following proofs, we restrict ourselves to assume that π1 = π2.

S2.1 Notation and definitions

We first introduce some notations, definitions and basic facts that will be used in the

paper.

For two sequences of positive numbers an and bn, an ≲ bn means that for some

constant c > 0, an ≤ cbn for all n, and an ≍ bn if an ≲ bn and bn ≲ an. Denote

by B(x, r) the closed Euclidean ball in Rp centered at x ∈ Rp and of radius r > 0.

For any multi-index s = (s1, . . . , sp) ∈ N p and any x = (x1, . . . , xp) ∈ Rp, we denote

|s| =
∑p

i=1 si, s! = s1! · · · sp!, xs = xs1
1 · · · xsp

p and ∥x∥ := (x2
1 + · · ·x2

p)
1/2. Let Ds

denote the differential operator Ds := ∂s1+···+sp

∂x
s1
1 ···∂xsp

p
.

Let β > 0, denote by ⌊β⌋ the maximal integer that is strictly less than β. For

any x ∈ Rp and any ⌊β⌋-times continuously differentiable real-valued function g on

Rp, we denote by its Taylor polynomial of degree ⌊β⌋ at point x,

gx(x
′) :=

∑
|s|≤⌊β⌋

(x′ − x)s

s!
Dsg(x).
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Let L > 0. The (β, L,Rp)-Hölder class of functions, denoted by Σ(β, L,Rp), is defined

as the set of functions g : Rp → R that are ⌊β⌋ times continuously differentiable and

satisfy, for any x, x′ ∈ Rp, the inequality

|g(x′)− gx(x
′)| ≤ L∥x− x′∥β.

We finally recall some notations related to unimodal estimators. We use λ(z, σn)

to estimate η(z)−1/2 or f1(z)−f2(z) ≥ 0. For unimodal distributions Frj, σrj,n > 0,

z = (z1, . . . , zp)
T , denote by δ̂rj which maximizes nr

−1
∑nr

i=1Kσrj,n
(X

(r)
ij − δ̂rj) for r =

1, 2 and j = 1, . . . , p. The unimodal estimator η̂n(z) is defined by
∑p

j=1

{
K(

zj−δ̂1j
σ1j,n

)−

K(
zj−δ̂2j
σ2j,n

)

}
+1/2. The value σrj,n is called the bandwidth and the functionK is called

the kernel function, in this paper we use Gaussian kernel.

S2.2 Convergence rates for fixed p

For any classifierM, R(M)−R(M∗) = 1
2
d(M,M∗), where d(M1,M2) =

∫
M1△M2

I{|f1(x)−

f2(x)| ≥ 0}dx is a distance defined on measurable subsets of Rp, M1△M2 = (M c
1 ∩

M2) ∪ (M1 ∩M c
2) is the symmetric difference of M1 and M2. Since the densities of

f1 and f2 are assumed to be unknown, the Bayesian rule M∗ is not available, one

has to use empirical rules, such as unimodal classification rules M̂. There is another

natural way of measuring the accuracy of a decision rule M through the quantity:

d△(M,M∗) =

∫
M△M∗

dP,
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where P is the probability measure.

Let K =
∏p

i=1Kj : Rp → R be a p-dimensional function defined as the product

of p unidimensional functions Kj. Denote by h = (h1, . . . , hp) a set of bandwidths,

then we have for all M, the risk R(M) can be estimated by

Rh(M) =
1

2

[
1

m

m∑
i=1

Gh(Xi) +
1

n

n∑
i=1

Gh(Yi)

]
,

where for a given z ∈ Rp, Gh(z) =
∫

1
h
K( z−x

h
)dx. Define M̂h = argminM Rh(M),

where h = (h1, . . . , hd) has to be chosen explicitly. Denote Rh
E(·) := ERh(·):

R(M̂)−R(M∗) ≤ R(M̂)−Rh(M) +Rh(M)−R(M∗)

≤ sup |Rh
E −Rh|(M,M∗) + sup |Rh

E −Rh|(M,M∗),

where for any M,M ′: |Rh
E −Rh|(M,M ′) = |Rh

E(M)−Rh
E(M

′)−Rh(M) +Rh(M ′)|,

and similarly, |Rh
E −R|(M,M ′) = |Rh

E(M)−Rh
E(M

′)−R(M) +R(M ′)|.

Assumption (MA). There exist constants C0 > 0 and α > 0 such that

P

(
0 <

∣∣ p∑
j=1

{Ψ1j(zj, σ1j,n)−Ψ2j(zj, σ2j,n)}
∣∣ < t

)
≤ C0t

α ∀t > 0. (S2.27)

The case α = 0 is trivial and is included for notational convenience. The other

extreme case α = ∞ is most advantageous for classification: the two classes are well

separated. Assumption (MA) provides a useful characterization of the decision rule

λ(z, σn) in the vicinity of the level λ(z, σn) = 0, which turns out to be crucial for

convergence of classifiers.
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Lemma S7. Let η̂n be an estimator of the regression function η and P a set of

probability distributions on Z such that for some constants C1 > 0, C2 > 0, for some

positive sequence an, for n ≥ 1 and any ϵ > 0, and for almost all x with respect to

(w.r.t.) Fr for r = 1, 2, we have

sup
P∈P

P (|η̂n(z)− η(z)| ≥ ϵ) ≤ C1 exp(−C2anϵ
2). (S2.28)

Considering the classifier M̂n = I{η̂n(z) ≥ 1/2}. If all the distributions P ∈ P

satisfy the margin Assumption (MA), we have

sup
P∈P

{ER(M̂n)−R(M∗)} ≤ Ca−(1+α)/2
n

for n ≥ 1 with some constant C > 0 depending only on α, C0, C1 and C2.

Proof. Consider the sets Aj ⊂ Rp, j = 1, 2, . . . defined as

A0 := {x ∈ Rp : 0 < |η(z)− 1/2| ≤ ϵ},

Aj := {x ∈ Rp : 2j−1δ < |η(z)− 1/2| ≤ 2jδ} forj ≥ 1.

For any ϵ > 0, we may write

ER(M̂n)−R(M∗) = E(|2η(Z)− 1|I{M̂n(Z) ̸= M∗(Z)})

=
∞∑
j=0

E(|2η(Z)− 1|I{M̂n(Z) ̸= M∗(Z)}I(Z ∈ Aj))

≤ 2ϵP (0 < |η(Z)− 1/2| ≤ ϵ) (S2.29)

+
∑
j≥1

E(|2η(Z)− 1|I{M̂n(Z) ̸= M∗(Z)}I(Z ∈ Aj)).
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On the event {M̂n ̸= M∗} we have |η− 1/2| ≤ |η̂n− η|. So for any j ≥ 1, we get

E(|2η(Z)− 1|I{M̂n(Z) ̸= M∗(Z)}I(Z ∈ Aj))

≤ 2j+1ϵE[I{|η̂n(Z)− η(Z)| ≥ 2j−1ϵ}I{0 < |η(Z)− 1/2| ≤ 2jϵ}]

≤ 2j+1ϵEZ [P{|η̂n(Z)− η(Z)| ≥ 2j−1ϵ}I{0 < |η(Z)− 1/2| ≤ 2jϵ}]

≤ C12
j+1ϵ exp(−C2an(2

j−1ϵ)2)PZ{0 < |η(Z)− 1/2| ≤ 2jϵ}

≤ 2C1C02
j(1+α)ϵ1+α exp(−C2an(2

j−1ϵ)2),

where in the last inequality we have used Assumption (MA). Now, from inequality

(S2.29), taking ϵ = a
−1/2
n and using Assumption (MA) to bound the first term of the

right-hand side of (S2.29), we get

ER(M̂n)−R(M∗) ≤ 2C0a
−(1+α)/2
n + Ca−(1+α)/2

n

∑
j≥2

2j(1+α) exp(−C22
2j−2)

≤ Ca−(1+α)/2
n .

□

Lemma S8. Assume that the cumulative distribution functions of the two popula-

tions are such that the density functions f1(z) = F ′
1(z) and f2(z) = F ′

2(z) exist

for z and are nonzero on the same domain. Further assume that there is a point

z0 with π1f1(z0) = π2f2(z0) so that π1f1(z) > π2f2(z) for z on one side of z0 and

π1f1(z) > π2f2(z) for z on the other side of z0. Then the unimodal classifier using

the mode δ̃rj that minimizes the true misclassification probability achieves the Bayes
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misclassification probability.

The proof of this lemma is easy, we refer to the details of Lemma 2 of supple-

mentary materials of Hennig and Viroli (2016). In addition, assume that K is a

kernel satisfying that: (1) ∃c > 0: K(x) ≥ c if |x| ≤ c, (2)
∫
K(u)du = 1, (3)∫

(1 + u4β)K2(u)du < ∞, (4) supu(1 + |u|2β)K(u) < ∞.

Let σrj,n > 0, denote by M̂n(z) = λ(z, σn) the unimodal classifier with bandwidth

σrj,n > 0 and kernelK satisfying the above conditions. Denote byM∗(z) the classifier

achieves the optimal Bayes risk. Then we have the following theorem.

Theorem S1. Let P be a class of probability distributions P on Z such that the

regression function η belongs to the Hölder class Σ(β, L,Rp) and the marginal law

of X satisfies the strong density assumption. Let σ = max{σrj,n}. Then there exist

constant C1, C2, C3 > 0 such that for any 0 < σ ≤ r0/c, any C3σ
β < ϵ and any

m,n ≥ 1, the unimodal estimator M̂n satisfies

sup
P∈P

P (|M̂n(z)−M∗(z)| ≥ ϵ) ≤ C1 exp(−C2(m ∧ n)σpϵ2) (S2.30)

for almost all x w.r.t PZ. As a consequence, there exist C1, C2 > 0 such that for

σ = n−1/(2β+p) and any ϵ > 0, n ≥ 1 we have

sup
P∈P

P (|M̂n(z)−M∗(z)| ≥ ϵ) ≤ C1 exp(−C2n
2β/(2β+p)ϵ2) (S2.31)

for almost all x w.r.t PX . The constants C1, C2, C3 depend only on β, p, L.
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Proof. Consider the matrix B := (Bs1,s2) with elements Bs1,s2 :=
∫
us1+s2hK(u)du.

Define

Wi :=
1

hd
(
zi − z

h
)s1+s2K(

zi − z

h
)−

∫
hus1+s2K(u)du

We have EWi = 0, |Wi| ≤ h−d supu∈Rd(1 + ∥u∥2β)K(u) := κ1h
−d and

V ar(Wi) ≤
1

h2d
E(

zi − z

h
)2(s1+s2)K2(

zi − z

h
) ≤ 1

hd

∫
(1 + ∥u∥4β)K2(u) :=

κ2

hd
.

Using Bernstein’s inequality, for any ε > 0, we have

P (|B̄ −B| > ε) = P

(
| 1
n

n∑
i=1

Ti| > ε

)
≤ 2 exp

{
− (n)hdε2

2κ2 + 2κ1ε/3

}
.

This implies that P (λB̄ ≤ µ0) ≤ 2M2 exp(−Cnhd), where M2 is the number of

elements of the matrix B̄. Assume in what follows that n is large enough so that

µ0 > (log n)−1. Then for λB̄ > µ0 we have |M̂n(z) −M∗(z)| ≤ |M̂n(z) − M̂∗(z)|.

Therefore,

P (|M̂∗
n(z)−M(z)| ≥ ϵ) ≤ P (λB̄ ≤ µ0)

+P (|M̂n(z)− M̂∗(z)| ≥ ϵ, λB̄ > µ0).

We now evaluate the second probability. For λB̄ ≤ µ0, introduce

T1i :=
1

mhp

m∑
i=1

K
(
Xi − z

h

)
−

p∑
j=1

1

σj

K

(
zj − δ1j(Xj)

σj

)
,

T2i :=
1

nhp

n∑
i=1

K
(
Yi − z

h

)
−

p∑
j=1

1

σj

K

(
zj − δ2j(Yj)

σj

)
,



S2. RATE OF CONVERGENCE OF THE UNIMODAL CLASSIFIER

then |M̂n(z)− M̂∗(z)| ≤ |T1i|+ |T2i|. Rewrite T1i as,

T1i =
1

m

m∑
i=1

{
1

hp
K
(
Xi − z

h

)
−

p∑
j=1

1

σj

K

(
zj − δ1j(Xj)

σj

)}
:=

1

m

m∑
i=1

a1i,

similarly,

T2i =
1

n

n∑
i=1

{
1

hp
K
(
Yi − z

h

)
−

p∑
j=1

1

σj

K

(
zj − δ1j(Yj)

σj

)}
:=

1

n

n∑
i=1

a2i,

We have Eari = 0, |ari| ≤ h−p supu∈Rd(1 + ∥u∥2β)K(u) := κ1h
−p and the following

bound for the variance of Ti:

V ar(ari) ≤
1

h2p
EK2

(
X − z

h

)
=

1

hp

∫
K2(u)du ≤ κ2h

−p.

Using Bernstein’s inequality, for any ϵ1, ϵ2 > 0, we obtain

P (|T1i| ≥ ϵ1) ≤ 2 exp

{
− mhpϵ21
κ2/2 + 2κ1ϵ1/3

}
, P (|T2i| ≥ ϵ2) ≤ 2 exp

{
− nhpϵ22
κ2/2 + 2κ1ϵ2/3

}
.

It follows that

P (|M̂∗
n(z)−M(z)| ≥ ϵ) ≤ C1 exp(−C2(m ∧ n)hpϵ2).

□

By using Theorem S1, it follows directly that the convergence rate for unimodal

classifier when p is fixed.

Theorem S2. (Convergence rate when p is fixed) For any m,n ≥ 1, the excess risk

of the unimodal classifier M̂n with bandwidth σ = n−1/(2β+p) satisfies

sup{ER(M̂n)−R(M∗)} ≤ Cn−β(1+α)/(2β+p),
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where the constant C > 0 depends only on α, C0, C1 and C2.

S2.3 Convergence rate when p → ∞

In fact, the convergence rate of the mode-based classifiers depend on the assumptions

on the joint distributions of (X,Y, C). A standard way to derive the convergence rate

is to introduce a class of joint distributions of (X,Y, C) and to declare M̃n optimal

if it achieves the best rate of convergence in a minimax sense on this class. Since

the distribution of (X,Y) is unknown, it is rather difficult to obtain the convergence

rate. We consider a specific normal case in the following, that is, X and Y both

come from normal distributions.

Suppose one observes n1 samples from class 1 : X1, . . . , Xm
i.i.d∼ F1(δ1), n2 samples

from class 2 : Y1, . . . , Yn
i.i.d∼ F2(δ2), δ1, δ2 are the mode vector of F1 and F2, and

the prior probabilities of class 1 and class 2 are π1 and π2, respectively. The goal is

to construct a classification rule M̂, which is a function of Xi’s and Yi’s, to classify

a future data point z ∼ π1F1(δ1) + π2F2(δ2). The parameters of this model is

collected by Θ = (π1, π2, δ1, δ2). Let n = min{n1, n2}. For any classification rule

M̂ : Rp → {1, 2}, the accuracy is measured by the classification error

RΘ(M̂) = EΘ[I{M̂(z) ̸= L(z)}], (S2.32)

where L(z) denotes the true class label of z, that is, L(z) = 1 if z ∼ F1(δ1)

and 2 otherwise. In the ideal setting where all the parameters Θ and F1, F2 are
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known, such as F1 = Np(δ1, Ip) and F2 = Np(δ2, Ip), by using a Gaussian kernel

function (L2 distance metric), the optimal classifier in this case is reduced to the

linear discriminant rule (LDA) is

M∗
θ(z) =


1, −∆T (z − δ̄) + log(π1

π2
) ≤ 0,

2, −∆T (z − δ̄) + log(π1

π2
) > 0,

(S2.33)

where ∆ = δ2 − δ1, δ̄ = 1
2
(δ1 + δ2). The oracle classification rule in (S2.33) is the

Bayes rule and achieves the minimal classification error. For ease of presentation, let

us define the discriminant function by

λ(z; Θ) = −2∆T (z − δ̄) + 2 log(π1/π2). (S2.34)

Then λ(z; Θ) = 0 characterizes the classification boundary of the oracle componen-

twise unimodal based rule, and (S2.33) can be written as

M∗
Θ(z) = 1 + I{λ(z; Θ) ≤ 0},

and RΘ(M∗
Θ) = minM∈M RΘ(M), where M is the set of all classification rules.

First, we consider π1 = π2 = 1/2, let α =
√
∆T∆, then consider a collection of

the parameter spaces G(s,Dn,p) defined by

G(s,Dn,p) = {Θ = (1/2, 1/2, δ1, δ2) : δ1, δ2 ∈ Rp, ∥∆∥0 ≤ s,Dn,p ≤ α ≤ 3Dn,p},

where Dn,p > 0 can potentially grow with n and p. The sparsity constraint ∥∆∥0 ≤

s implies that only a limited number of covariates have discriminating power and
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contribute to the classification task, which is reasonable in high-dimensional data

analysis. In this case, Ropt(Θ) = Φ(−1
2
α), where Φ is the cumulative distribution

function of the standard normal distribution.

Theorem S3. Consider the parameter space G(s,Dn,p), s and p approach ∞ as

n → ∞, and

Dn,p = o

[√
n

s log(p)

]

with n → ∞.

(a) If Dn,p is a fixed constant not depending on n and p, then, for any constant

γ ∈ (0, 1), we have

inf

{
γ : inf

M̂
sup

Θ∈G(s,Dn,p)

P{RΘ(M̂)−RΘ(M∗
Θ)} ≤ 1− γ

}
≍ s log(p)

n
.

(b) If Dn,p → ∞ as n → ∞, then for sufficiently large n and any constant β ∈ (0, 1),

inf

{
γ : inf

M̂
sup

Θ∈G(s,Dn,p)

P{RΘ(M̂)−RΘ(M∗
Θ)} ≤ 1−γ

}
≍ s log(p)

n
exp

[
−
{
1

8
+o(1)

}
D2

n,p

]
.

It is worth noting that Dn,p represents the magnitude of α, which is interpreted

as the signal-to-noise ratio. As shown in the second case, when the signal-to-noise

ratio grows, the classification problem becomes easier.

Lemma S9. Suppose that X1, . . . ,Xn
iid∼ Np(δ, Ip), and assume that δ̂ is the sample

mode. Let Γ(s) = {u ∈ Rp : ∥uSc∥1 ≤ ∥uS∥1, for some S ⊂ [p] with |S| = s}; then,
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with probability at least 1− p−1,

sup
u∈Γ(s)

uT (δ̂ − δ) ≲

√
s log(p)

n
.

Lemma S10. Suppose that x,y ∈ Rp. Let h = x − y and S = supp(y). If

∥x∥1 ≤ ∥y∥1, then h ∈ Γ(s) with s = |S|, i.e.

∥hSc∥1 ≤ ∥hS∥1.

For a vector x ∈ Rp, define ∥x∥2,s = sup∥y∥2=1,y∈Γ(s) |xTy|

Proof. Proof of Theorem S3. Let κn = ∥δ̂1 − δ1∥2,s ∨ ∥δ̂2 − δ2∥2,s. We shall show

that

Rθ(M̂)−Ropt(Θ) ≲ exp(−α2/8)ακ2
n.

Given the estimator δk, the sample z is classified as

M̂(z) =


1, (z − (δ̂1 + δ̂2)/2)

T ∆̂T ≥ 0,

2, (z − (δ̂1 + δ̂2)/2)
T ∆̂T < 0.

Let α̂ =

√
δ̂
T
δ̂ and δ̂ = (δ̂1 + δ̂2)/2. The misclassification error is

RΘ(Ĉ) =
1

2
Φ

(
− (δ̂ − δ1)

T ∆̂

α̂

)
+

1

2
Φ̄

(
− (δ̂ − δ1)

T ∆̂

α̂

)
,

with Ropt(Θ) = 1
2
Φ(−α/2) + 1

2
Φ̄(α/2). Define an intermediate quantity

R∗ =
1

2
Φ

(
− ∆T ∆̂/2

α̂

)
+

1

2
Φ̄

(
∆T ∆̂/2

α̂

)
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We first show that R∗ −Ropt(Θ) ≲ exp(−α2/8)ακ2
n. Applying Taylor’s expansion to

the two terms in R∗ at −α/2 and α/2, we have

R∗−Ropt(Θ) =
1

2

(
α

2
−∆T ∆̂

2α̂

)
Φ′
(
α

2

)
+
1

2

(
α

2
−∆T ∆̂

2α̂

)
Φ′
(
−α

2

)
+O

{
exp(−α2

8
)
1

α
κ4
n

}
(S2.35)

The remaining term can be written as

1

2

(
α

2
− ∆T ∆̂

2α̂

)2

Φ′′(t1,n) +
1

2

(
α

2
− ∆T ∆̂

2α̂

)2

Φ′′(t2,n),

where t1,n and t2,n are some constants satisfying that |t1,n| and |t2,n| are between ∆/2

and ∆T ∆̂/(2α̂). Therefore, the remaining term can be bounded by using the facts

that ∣∣∣∣∆T ∆̂

2α̂
− α

2

∣∣∣∣ = O

(
1

α
κ2
n

)

and

Φ′′(tn) = O{exp(−α2

8
)α},

for |tn| is between α/2 and ∆T ∆̂/(2α̂). In fact, for the first term, we have

∣∣∣∣α− ∆T ∆̂

α̂

∣∣∣∣ = ∣∣∣∣∥∆∥2 −
∆T ∆̂

∥∆̂∥2

∣∣∣∣ = ∣∣∣∣∥∆∥2∥∆̂∥2 −∆T ∆̂

∥∆̂∥2

∣∣∣∣ ≲ 1

α
∥∆̂−∆∥22 ≲

1

α
κ2
n.

In addition, |Φ′′(tn)| ≍ α exp{−(α/2)2/2} = α exp(−α2/8). □
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Then equation (S2.35) can be further expanded such that

R∗ −Ropt(Θ) ≍ 1

2

(
α

2
− ∆T ∆̂

2α̂

)
exp

(
− 1

2
(
α

2
)2
)
+

1

2

(
α

2
− ∆T ∆̂

2α̂

)
exp

(
− 1

2
(−α

2
)2
)

+O

{
exp(−α2

8
)
1

α
κ4
n

}
= exp(−α2

8
)(α− ∆T ∆̂

α̂
) +O

{
exp(−α2

8
)
1

α
κ2
n

}
≲ exp(−α2

8
)|α− ∆T ∆̂

α̂
|+O

{
exp(−α2

8
)
1

α
κ2
n

}
≲ exp(−α2

8
)κ2

n.

Thus, R∗ − Ropt(Θ) ≲ exp(−α2/8)ακ2
n. To upper bound RΘ(M̂) − R∗, applying

Taylor’s expansion to RΘ(M̂),

RΘ(M̂) =
1

2

[
Φ(

∆T ∆̂/2

α̂
) +

(δ̂ − δ1)
T ∆̂−∆T ∆̂/2

α̂
Φ′(

∆T ∆̂/2

α̂
) +O{exp(−α2

8
)ακ2

n}
]

−1

2

[
Φ(−∆T ∆̂/2

α̂
) +

(δ̂ − δ2)
T ∆̂ + ∆T ∆̂/2

α̂
Φ′(−∆T ∆̂/2

α̂
) +O{exp(−α2

8
)ακ2

n}
]
,

where the remaining term can be obtained similarly. This leads to

|RΘ(M̂)−R∗| ≲

∣∣∣∣[∆T ∆̂/2− (δ̂ − δ1)
T ∆̂

α̂
Φ′
(
∆T ∆̂/2

α̂

)
+
∆T ∆̂/2− (δ̂ − δ2)

T ∆̂

α̂
Φ′
(
− ∆T ∆̂/2

α̂

)
+O{exp(−α2

8
)ακ2

n}
]∣∣∣∣

=

∣∣∣∣[∆T ∆̂/2− (δ̂ − δ1)
T ∆̂

α̂
exp

(
− 1

2

(∆T ∆̂/2

α̂

)2)
+
∆T ∆̂/2− (δ̂ − δ2)

T ∆̂

α̂
exp

(
− 1

2

(∆T ∆̂/2

α̂

)2)
+O{exp(−α2

8
)ακ2

n}
]∣∣∣∣.
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Since ∆/2− (δ̂ − δ1) + ∆/2 + (δ̂ − δ2) = 0, then it follows that

|RΘ(M̂)−R∗| ≲ exp

(
− α2

8

)
ακ2

n.

Combining all the results, we obtain

RΘ(M̂)−Ropt(Θ) ≲ exp

(
− α2

8

)
ακ2

n.

By lemma S9, and κn ≲ Dn,p

√
s log(p)/n with probability at least 1 − 12p−1,

since α ∈ [Dn,p, 3Dn,p], we then have with probability at least 1− 12p−1,

RΘ(M̂)−Ropt(Θ) ≲ exp

(
−

D2
n,p

8

)
D3

n,p

s log(p)

n
.

(a) When Dn,p is bounded by constant Cb, we have

RΘ(M̂)−Ropt(Θ) ≲ exp

(
−

D2
n,p

8

)
s log(p)

n
.

(b) When Dn,p → ∞ as n grows,

RΘ(M̂)−Ropt(Θ) ≲ exp

(
− (

1

8
− 3 log(Dn,p)

D2
n,p

)D2
n,p

)
D3

n,p

s log(p)

n
,

where 3 log(Dn,p)/D
2
n,p is an o(1) term as n → ∞. This completes the proof of

Theorem S3.

S3 Settings of Figure 1 and Table 1

Examples of mode-based classifier versus centroid, median and quantile-based clas-

sifiers. Each p vectors are generated from two different populations. Panel (a):
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Xj ∼ 0.8N(0, 1) + 0.2N(5, 102), Yj ∼ N(1, 1); (b) Xj ∼ χ2(4), Yj ∼ exp(9/40); (c)

Xj ∼ 0.3N(−10, 1) + 0.4N(0, 1) + 0.3N(10, 1), Yj ∼ Xj + 0.5, for j = 1, . . . , p. For

each setting we simulate 100 observations from each class. The classification error

rates and standard errors by four different classifiers with 100 replications are listed

in Table 1. For each simulated dataset, we apply componentwise centroid classi-

fier (Centroid), componentwise median classifier (Median), quantile-based classifier

(quantile) and mode-based classifier (proposed) to train classifiers, we use additional

200 testing samples generated from the oracle model of each case to estimate the

classification error rate. We consider p = 10 and 100, respectively.

S4 An illustrating example to demonstrate the selection of

σ11

Take the univariate populations as an example. When p = 1, σ21 = θσ11 by definition,

the probability of the correct classification becomes

Γ(σ11, θ) = (S4.36)

π1

∫
I

{
K
(z − δ1

σ11

)
> K

(z − δ2
θσ11

)}
dF1(z) + π2

∫
I

{
K
(z − δ1

σ11

)
≤ K

(z − δ2
θσ11

)}
dF2(z).

Γ(σ11, θ) in (S4.36) is dominated by two parameters σ11 and θ. It remains the problem

of how to find the two appropriate parameters to maximize the correct classification

rate. We restrict ourselves to first select σ11 and then choose θ. Once the “best” σ̂11
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has been determined, the optimal θ can be subsequently identified by maximizing

Γ(θ, σ̂11).

To deal with σ11, we explore five different automatic and data-driven bandwidth

selectors: the least squares cross validation selector (LSCV) Bowman (1984); the

Sheather-Jones plug-in selector (PI) Sheather and Jones (1991); the smoothed cross

validation selector (SCV), Hall et al. (1992); the normal scale bandwidth selector

(NS) Chacón et al. (2011); and the Silverman’s rule of thumb selector σROT =

1.06min{s, IQR/1.34}n−1/5, where s is the sample standard deviation and IQR is

the corresponding interquartile range Silverman (1986). We advocate approximating

the “best” σ11 by comparing these five different bandwidth selectors. Figure S1

shows a number of univariate examples of how the bandwidth selectors affect the

misclassification rates, assuming π1 = π2 = 0.5. Four scenarios are considered here:

(a) location-shifted t distributions with three degrees of freedom: t3 and t3 + 1;

(b) location-shifted chi-squared distributions: χ2
3 and χ2

3 + 1; (c) location-shifted

exponential distributions: exp(3) and exp(3) + 1; (d) a Gaussian distribution and a

chi-squared distribution: N(5, 1) and χ2
3. For each case, we approximate σ11 using the

above-mentioned five bandwidth selectors within training samples and then identify

θ based on the misclassification rate of the determined σ11. In each setting we

respectively simulate n = 40, 000 and n = 200 datasets to have a general idea of

the effects of sample sizes on bandwidth estimation and classification accuracy to
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provide robust predictions. Each dataset consists of n/2 samples in each class, and

is equally partitioned into a training set and a test set. Hence, the training set

contains n/4 samples from C1 and n/4 samples from C2. We replicate this partition

40 times to obtain the mean misclassification error rate, which is presented in Figure

S1. Figure S1 reveals that the five bandwidth selectors work similarly well in these

four scenarios, especially for small sample size. The ROT and NS selectors are quite

robust and always perform the best, whilst the LSCV breaks down if the sample size

is big. Accordingly, we recommend using ROT and NS selectors to determine the

best bandwidth for unimodal classifiers.
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Figure S1: Misclassification rates via different bandwidth selectors for 4 scenarios with two different sample

sizes. The left panel gives the results of n = 40, 000 and the right is for n = 200.
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S5 Detailed results of the simulation study

S5.1 Software information

In our implementation, we use the R package quantileDA for quantile, median and

centroid classifiers, the package EQC for ensemble quantile classifiers, the package

e1071 for the naive Bayes classifier and SVM, the package MASS for Fisher’s LDA,

the package class for 1-NN, the package adabag for adaptive boosting, the package

xgboost for extreme gradient boosting, the package gbm for GBDT. We mainly use

the default settings of these classifiers for computational and comparative purposes.

For the support vector machine, tuning parameters γ = (0.001, 0.01, 0.1, 1, 2) and

Cost=(1,2,4,8,16) are optimized in each dataset according to the function tune.svm.

The naiveBayes classifier has been fitted by package klaR with kernel estimate den-

sities in stead of Gaussian densities in order to gain flexibility.

S5.2 Classification results

The tables S1–S24 show the average misclassification rates multiplied by 100 with

standard errors (SD) listed in brackets, as well as the median of misclassification

rates with robust standard errors (RSD) reported in brackets across different (n, p)

in each setting for all three examples considered.
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Figure S2: Computing time of the classifiers for Examples 1-3. The labels denote the different classifiers, Mode1

is simplified for unimodal classifier with ROT bandwidth selector, Mode2 for unimodal classifier with NS selector,

qMode for quantile-mode classifier, nMode for naive unimodal classifier, MMode for multimodal classifier, Centr for

Centroid classifier, Med for Median classifier, ADAB for AdaBoost and XGB for XGBoost. Each panel shows the

distribution of the mean computational time for (a) all settings across three examples; (b) all settings of Example 1;

(c) all settings of Example 2; (d) all settings of Example 3, with the cross indicating the mean.

S6 Additional Results for Real Data Analysis

For the prostate cancer dataset, to make sure of the number of modal groups for each

predictor, we conduct mode testing for p = 6, 033 genes via three testing procedures.

Result are provided in Table S25 and Figure S3, respectively.

For the second dataset, i.e., the multiple myeloma dataset, Figure S4 present the

KDE plots of four randomly selected genes, which is suggested to have unimodal or
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Figure S3: Box plots of the number of mode for 6033 genes determined by three mode testing procedures

for the first dataset, with the star indicating the mean. The axis label “-1” denotes the healthy group and

“-2” denotes the patient group.

bimodal distributions. To accurately decide on the number of modes of each pre-

dictor, we follow the same analysis path as in the first dataset and employ three

mode testing procedures. Testing results are summarized in Table S26, from which

the evidence of j = 1 mode for most of the predictors is strongly suggested. We

subsequently apply our componentwise mode-based classifiers to the case where the

number of modes is ascertained by each testing tool. 10-fold cross-validation is still

used to evaluate the performance of the classifiers. Table S27 reports misclassifi-

cation rates of all the classifiers. We find the unimodal classifiers are substantially

better than other methods, and a significant performance improvement over bimodal
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Figure S4: KDE plots of randomly selected four genes from each group. In each panel, the solid line

represents the no-focal-lesion group, while the dashed line represents with-focal-lesion group.

classifiers can be made by using testing procedures, especially when the number of

predictors is large. This suggests that the unimodal classifier is more applicable.
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Table S1: Misclassification rates multiplied by 100 for Case 1 of Example 1 with balanced setting

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 6.15(2.06) 6.00(1.49) 0.61 0.20(0.41) 0.00(0.00) 2.29 0.00(0.00) 0.00(0.00) 12.83

Unimodal(NS) 7.18(2.01) 7.50(2.24) 0.56 0.03(0.16) 0.00(0.00) 1.73 0.00(0.00) 0.00(0.00) 10.26

Quantile-mode 2.78(1.27) 3.00(0.93) 7.74 0.00(0.00) 0.00(0.00) 7.98 0.00(0.00) 0.00(0.00) 9.58

Naive-mode 15.43(4.96) 15.00(4.66) 0.06 3.53(2.42) 3.00(2.24) 0.07 0.20(0.41) 0.00(0.00) 0.13

Centroid 20.43(3.47) 19.50(3.73) 0.01 7.40(3.44) 7.00(3.36) 0.01 16.78(18.75) 5.00(27.61) 0.02

Median 3.28(1.15) 3.00(1.49) 0.01 0.00(0.00) 0.00(0.00) 0.04 0.00(0.00) 0.00(0.00) 0.21

Quantile 5.28(2.32) 5.00(2.24) 0.58 8.40(7.12) 8.00(5.04) 2.07 24.58(10.00) 28.00(11.94) 9.63

EQC 3.10(0.63) 3.00(0.00) 0.27 0.00(0.00) 0.00(0.00) 0.64 0.00(0.00) 0.00(0.00) 2.95

nBayes 35.90(4.33) 37.00(4.48) 0.05 32.68(4.14) 32.00(3.36) 0.13 32.20(4.49) 33.00(5.22) 0.67

LDA 24.40(4.63) 24.00(3.92) 0.02 16.60(3.93) 16.00(3.92) 0.03 16.45(3.36) 16.00(3.17) 0.28

1-NN 28.15(3.94) 29.00(4.48) 0.01 20.08(5.69) 20.00(6.16) 0.01 17.40(3.69) 17.00(3.17) 0.02

SVM 8.43(2.36) 8.00(2.24) 0.01 0.00(0.00) 0.00(0.00) 0.02 0.00(0.00) 0.00(0.00) 0.13

AdaBoost 10.50(3.15) 10.50(2.99) 4.15 3.30(1.62) 3.00(1.49) 7.75 1.80(1.18) 2.00(1.49) 33.23

GBDT 6.65(2.33) 6.00(2.24) 3.86 0.65(0.70) 1.00(0.75) 4.12 0.23(0.58) 0.00(0.00) 18.22

XGBoost 32.23(3.43) 32.00(2.99) 0.01 31.10(4.98) 31.50(3.73) 0.02 29.95(4.76) 30.50(61.60) 0.02

n = 100 (balanced)

Unimodal(ROT) 10.05(1.16) 10.13(1.12) 0.85 0.61(0.30) 0.50(0.19) 3.2 0.00(0.00) 0.00(0.00) 13.40

Unimodal(NS) 6.77(1.30) 6.63(1.54) 0.76 0.01(0.06) 0.00(0.00) 2.40 0.00(0.00) 0.00(0.00) 10.33

Quantile-mode 7.88(0.79) 8.00(0.93) 7.76 0.03(0.08) 0.00(0.00) 8.40 0.00(0.00) 0.00(0.00) 10.16

Naive-mode 7.25(1.31) 7.13(1.35) 0.06 0.25(0.54) 0.00(0.00) 0.09 0.00(0.00) 0.00(0.00) 0.15

Centroid 16.61(1.65) 17.00(2.24) 0.01 3.90(0.67) 3.75(0.75) 0.01 1.61(0.60) 1.50(0.56) 0.02

Median 3.77(0.72) 3.75(0.75) 0.02 0.00(0.00) 0.00(0.00) 0.05 0.00(0.00) 0.00(0.00) 0.2

Quantile 4.07(0.84) 4.13(0.61) 0.73 0.34(0.37) 0.25(0.42) 2.28 0.85(1.12) 0.50(0.65) 10.64

EQC 3.01(0.04) 3.00(0.00) 0.24 0.00(0.00) 0.00(0.00) 0.89 0.00(0.00) 0.00(0.00) 3.21

nBayes 37.64(3.99) 38.00(3.73) 0.01 33.21(2.70) 32.75(3.08) 0.26 30.54(1.75) 30.63(1.96) 1.11

LDA 17.66(2.00) 17.75(1.77) 0.01 8.83 (1.31) 8.88(1.21) 0.06 13.65(2.17) 13.50(2.10) 0.6

1-NN 29.37(2.17) 29.00(1.96) 0.01 22.80(1.99) 23.00 (2.19) 0.01 20.33 (3.53) 19.50 (2.47) 0.02

SVM 11.24(1.55) 11.25 (1.54) 0.01 0.28 (0.28) 0.25 (0.37) 0.03 0.00(0.00) 0.00(0.00) 0.14

AdaBoost 6.52(1.28) 6.50 (1.49) 4.39 0.95 (0.57) 1.00(0.56) 8.80 0.43(0.31) 0.50(0.23) 36.89

GBDT 4.98(1.05) 5.00(0.75) 3.89 0.20(0.23) 0.13(0.23) 7.21 0.00(0.00) 0.00(0.00) 20.46

XGBoost 32.08(2.23) 32.13(1.87) 0.01 31.31 (2.52) 31.25(2.10) 0.05 30.09(2.21) 30.00(1.91) 0.02

n = 200 (balanced)

Unimodal(ROT) 10.53(0.77) 10.60(0.75) 0.86 1.55(0.28) 1.60(0.24) 3.28 0.00(0.00) 0.00(0.00) 14.04

Unimodal(NS) 5.78(0.54) 5.65(0.52) 0.88 0.15(0.10) 0.15(0.07) 2.56 0.00(0.00) 0.00(0.00) 10.78

Quantile-mode 7.90(0.63) 7.90(0.62) 8.00 0.48(0.18) 0.50(0.22) 8.96 0.00(0.00) 0.00(0.00) 11.05

Naive-mode 4.87(6.86) 4.70(6.72) 0.07 0.03(0.60) 0.00(0.00) 0.08 0.00(0.00) 0.00(0.00) 0.19

Centroid 13.61(0.74) 13.65(0.88) 0.01 4.77(0.61) 4.70(0.75) 0.01 24.26(24.65) 1.35(36.34) 0.01

Median 2.77(0.40) 2.75(0.37) 0.02 0.04(0.05) 0.00 (0.07) 0.08 0.00(0.00) 0.00(0.00) 0.24

Quantile 2.94(0.51) 2.80(0.39) 0.82 0.10 (0.15) 0.10 (0.07) 2.44 0.14(0.20) 0.10(0.15) 10.82

EQC 2.89(0.09) 2.90(0.00) 0.26 0.00(0.00) 0.00(0.00) 0.80 0.00(0.00) 0.00(0.00) 3.69

nBayes 39.39(4.16) 40.70(3.82) 0.13 35.54(3.25) 35.95 (3.21) 0.42 30.32(1.46) 30.10(1.42) 2.19

LDA 14.35(0.87) 14.50(0.84) 0.02 6.08(0.63) 6.10 (0.39) 0.08 3.77 (0.60) 3.70(0.62) 0.69

1-NN 25.50(1.12) 25.50(1.14) 0.01 23.37(1.69) 23.80 (1.98) 0.01 17.08(1.23) 17.05(1.18) 0.05

SVM 11.58(0.70) 11.60(0.63) 0.02 1.02(0.29) 1.00 (0.30) 0.04 0.00(0.00) 0.00(0.00) 0.24

AdaBoost 4.57(0.57) 4.60(0.63) 5.27 0.46(0.23) 0.40 (0.22) 11.14 0.13(0.10) 0.10(0.15) 49.21

GBDT 3.24(0.44) 3.20(0.45) 5.14 0.09(0.08) 0.10 (0.07) 8.45 0.00(0.00) 0.00(0.00) 38.14

XGBoost 30.84(1.57) 31.05(1.90) 0.01 31.84(1.60) 31.75 (1.90) 0.02 30.54(1.24) 30.55(0.11) 0.03
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Table S2: Misclassification rates multiplied by 100 for Case 1 of Example 1 with imbalanced setting

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 8.27(2.12) 8.00 (2.61) 0.67 0.45(0.49) 0.67(0.50) 3.19 0.00(0.00) 0.00 (0.00) 13.21

Unimodal(NS) 5.85(1.54) 6.00(1.49) 0.60 0.02(0.11) 0.00(0.00) 2.36 0.00(0.00) 0.00(0.00) 10.83

Quantile-mode 3.92(1.46) 3.33 (1.12) 4.50 0.00(0.00) 0.00(0.00) 8.10 0.00(0.00) 0.00(0.00) 9.70

Naive-mode 6.50(43.60) 6.17(3.73) 0.06 0.83(1.34) 0.83(1.49) 2.36 0.08(0.42) 0.00(0.00) 10.83

Centroid 19.67(2.41) 19.67(2.11) 0.01 8.28(2.23) 8.00(2.11) 0.01 6.03(4.69) 3.33 (6.47) 0.01

Median 3.18(1.23) 2.67(1.49) 0.02 0.00(0.00) 0.00(0.00) 0.07 0.00(0.00) 0.00(0.00) 0.22

Quantile 4.32(1.86) 4.00(1.49) 0.69 2.57(3.66) 1.33(1.99) 2.34 20.22(9.51) 22.33(11.19) 10.25

EQC 5.97(0.21) 6.00(0.00) 0.24 0.02(0.11) 0.00(0.00) 0.74 0.00(0.00) 0.00(0.00) 3.22

nBayes 36.10(3.73) 36.00(2.74) 0.06 32.12(3.22) 33.33(3.61) 0.19 30.00(2.88) 29.67 (2.49) 0.87

LDA 20.77(2.21) 20.67(2.11) 0.01 19.60(3.89) 19.33(3.48) 0.04 12.97(3.34) 13.33(3.11) 0.33

1-NN 28.78(2.50) 28.67(1.99) 0.01 22.07(3.92) 22.00(3.11) 0.01 23.02(5.26) 22.33 (6.47) 0.01

SVM 16.50(3.16) 16.00(2.99) 0.01 0.02(0.11) 0.00(0.00) 0.02 0.00(0.00) 0.00(0.00) 0.13

AdaBoost 9.78(2.04) 10.00(2.11) 4.31 4.88(2.09) 4.67(1.62) 0.74 4.87(2.15) 4.67(1.99) 3.22

GBDT 6.57(2.05) 6.70(1.62) 4.07 0.92(0.89) 0.67(1.00) 4.82 0.28(0.42) 0.00 (0.50) 18.60

XGBoost 28.68(3.60) 29.33(2.99) 0.01 27.82(2.95) 28.00(3.11) 0.74 29.65(3.08) 30.00(2.24) 3.22

n = 100 (imbalanced)

Unimodal(ROT) 11.10 (0.95) 11.25 (1.03) 0.92 0.38 (0.21) 0.33 (0.12) 3.21 0.00 (0.00) 0.00 (0.00) 13.60

Unimodal(NS) 5.96 (1.03) 6.25 (0.90) 0.86 0.02 (0.05) 0.00 (0.00) 2.39 0.00 (0.00) 0.00 (0.00) 10.44

Quantile-mode 6.47 (0.71) 6.50 (0.78) 7.71 0.00 (0.00) 0.00 (0.00) 8.68 0.00 (0.00) 0.00 (0.00) 10.53

Naive-mode 5.09 (4.18) 5.25 (3.73) 0.06 0.17 (1.06) 0.17 (0.93) 0.08 0.00 (0.00) 0.00 (0.00) 0.17

Centroid 16.04 (1.18) 16.00 (0.87) 0.01 4.83 (0.69) 4.67 (0.62) 0.01 1.19 (0.48) 1.33 (0.56) 0.01

Median 2.51 (0.51) 2.42 (0.44) 0.02 0.00 (0.00) 0.00 (0.00) 0.07 0.00 (0.00) 0.00 (0.00) 0.23

Quantile 2.61 (0.59) 2.75 (0.65) 0.78 0.23 (0.26) 0.17 (0.25) 2.79 0.42 (0.65) 0.17 (0.37) 10.72

EQC 4.66(0.13) 4.67(0.00) 0.36 0.65(0.11) 0.67(0.00) 1.14 0.16(0.03) 0.17(0.00) 3.59

SVM 12.72 (1.14) 12.67 (1.03) 0.01 0.51 (0.33) 0.50 (0.37) 0.06 0.00 (0.00) 0.00 (0.00) 0.21

LDA 17.35 (1.18) 17.33 (1.40) 0.02 7.88 (1.03) 7.83 (0.81) 0.07 12.56 (2.27) 13.33 (2.61) 0.49

1-NN 24.34 (1.22) 24.58 (1.37) 0.01 19.06 (1.75) 18.92 (1.80) 0.01 16.64 (2.40) 16.67 (1.49) 0.03

nBayes 41.63 (6.79) 42.33 (8.55) 0.11 32.88 (3.13) 32.83 (3.36) 0.35 31.41 (1.94) 31.17 (1.49) 1.75

AdaBoost 5.90 (0.94) 5.83 (0.87) 4.98 1.38 (0.51) 1.33 (0.37) 9.98 0.99 (0.38) 1.08 (0.50) 41.05

GBDT 3.96 (0.78) 4.00 (0.65) 4.79 0.14 (0.15) 0.17 (0.16) 7.29 0.00 (0.00) 0.00 (0.00) 30.15

XGBoost 28.62 (1.53) 28.50 (1.52) 0.02 26.72 (1.71) 26.42 (1.27) 0.02 27.07 (1.99) 26.67 (2.08) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 12.25 (0.59) 12.27 (0.41) 0.97 1.11 (0.22) 1.13 (0.25) 3.37 0.07 (0.05) 0.07 (0.05) 14.96

Unimodal(NS) 5.87 (0.06) 5.90 (0.61) 0.90 0.08 (0.06) 0.07 (0.06) 2.62 0.00 (0.00) 0.00 (0.00) 11.79

Quantile-mode 8.73 (0.46) 8.63 (0.47) 9.88 0.30 (0.12) 0.30 (0.15) 10.00 0.00 (0.00) 0.00 (0.00) 12.34

Naive-mode 3.97 (8.02) 4.03 (9.14) 0.07 0.05 (0.71) 0.07 (0.75) 0.09 0.00 (0.00) 0.00 (0.00) 0.23

Centroid 15.33 (0.71) 15.17 (0.68) 0.01 4.98 (0.77) 5.17 (0.96) 0.01 1.25 (0.21) 1.20 (0.20) 0.02

Median 2.41 (0.31) 2.37 (0.36) 0.02 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.22

Quantile 2.66 (0.46) 2.60 (0.37) 0.95 0.06 (0.06) 0.07 (0.05) 2.60 0.08 (0.11) 0.07 (0.10) 12.02

EQC 2.98(0.15) 3.00(0.00) 0.31 0.07(0.01) 0.07(0.00) 0.93 0.00(0.00) 0.00(0.00) 4.36

SVM 13.17 (0.73) 13.10 (0.68) 0.03 1.44 (0.29) 1.47 (0.30) 0.06 0.00 (0.00) 0.00 (0.00) 0.32

LDA 15.50 (0.76) 15.47 (0.82) 0.02 5.20 (0.50) 5.07 (0.62) 0.10 2.46 (0.31) 2.53 (0.31) 1.08

1-NN 22.96 (0.86) 23.00 (0.76) 0.01 19.07 (1.04) 19.10 (0.91) 0.02 15.44 (0.97) 15.27 (0.61) 0.14

nBayes 34.07 (5.12) 32.33 (5.19) 0.18 29.87 (2.40) 29.63 (1.87) 0.67 29.96 (1.61) 29.80 (1.69) 3.46

AdaBoost 4.29 (0.52) 4.23 (0.56) 5.74 0.55 (0.16) 0.50 (0.20) 13.49 0.23 (0.12) 0.20 (0.10) 60.01

GBDT 3.25 (0.48) 3.13 (0.61) 5.94 0.07 (0.06) 0.07 (0.10) 20.87 0.00 (0.00) 0.00 (0.00) 53.38

XGBoost 26.40 (1.21) 26.30 (1.42) 0.02 26.06 (1.03) 25.97 (1.26) 0.93 25.55 (1.35) 25.27 (1.28) 4.36
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Table S3: Misclassification rates multiplied by 100 for Case 2 of Example 1 with balanced setting

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.00 (0.00) 0.00 (0.00) 0.96 0.00 (0.00) 0.00 (0.00) 2.61 0.00 (0.00) 0.00 (0.00) 10.84

Unimodal(NS) 0.03 (0.16) 0.00 (0.00) 0.87 0.00 (0.00) 0.00 (0.00) 2.24 0.00 (0.00) 0.00 (0.00) 8.66

Quantile-mode 0.00 (0.00) 0.00 (0.00) 1.99 0.00 (0.00) 0.00 (0.00) 2.11 0.00 (0.00) 0.00 (0.00) 9.53

Naive-mode 50.00 (0.00) 50.00 (0.00) 0.07 50.00 (0.00) 50.00 (0.00) 0.07 50.00 (0.00) 50.00 (0.00) 0.13

Centroid 3.15 (0.95) 3.00 (1.49) 0.01 0.00 (0.00) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Meidan 0.78 (0.83) 1.00 (0.75) 0.01 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.21

Quantile 0.35 (1.23) 0.00 (0.00) 0.64 0.03 (0.16) 0.00 (0.00) 2.20 0.00 (0.00) 0.00 (0.00) 9.88

EQC 0.00 (0.00) 0.00 (0.00) 0.24 0.00 (0.00) 0.00 (0.00) 0.73 0.00 (0.00) 0.00 (0.00) 3.01

nBayes 8.75 (2.96) 9.00 (2.43) 0.04 1.95 (1.50) 1.00 (1.49) 0.15 0.05 (0.22) 0.00 (0.00) 0.72

LDA 8.28 (2.89) 8.00 (3.17) 0.02 1.48 (1.32) 1.00 (0.93) 0.04 0.58 (0.81) 0.00 (0.75) 0.26

1-NN 17.65 (2.68) 18.00 (1.87) 0.01 6.33 (4.43) 5.50 (5.40) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

SVM 2.78 (1.39) 2.50 (1.49) 0.01 0.00 (0.00) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.15

AdaBoost 0.43 (0.64) 0.00 (0.75) 4.01 0.05 (0.22) 0.00 (0.00) 7.85 0.05 (0.22) 0.00 (0.00) 31.61

GBDT 0.10 (0.30) 0.00 (0.00) 4.15 0.00 (0.00) 0.00 (0.00) 4.98 0.00 (0.00) 0.00 (0.00) 18.53

XGBoost 15.48 (4.14) 15.00 (3.54) 0.01 16.33 (5.03) 16.00 (4.66) 0.02 16.85 (4.34) 16.50 (4.66) 0.02

n = 100 (balanced)

Unimodal(ROT) 0.03 (0.08) 0.00 (0.00) 0.74 0.00 (0.00) 0.00 (0.00) 3.14 0.00 (0.00) 0.00 (0.00) 11.20

Unimodal(NS) 0.13 (0.13) 0.25 (0.19) 0.74 0.00 (0.00) 0.00 (0.00) 2.31 0.00 (0.00) 0.00 (0.00) 9.28

Quantile-mode 0.03 (0.08) 0.00 (0.00) 1.32 0.00 (0.00) 0.00 (0.00) 2.22 0.00 (0.00) 0.00 (0.00) 10.21

Naive-mode 50.00 (0.00) 50.00 (0.00) 0.06 50.00 (0.00) 50.00 (0.00) 0.08 50.00 (0.00) 50.00 (0.00) 0.16

Centroid 1.43 (0.60) 1.50 (0.42) 0.01 0.00 (0.00) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 0.76 (0.42) 0.75 (0.37) 0.03 0.00 (0.00) 0.00 (0.00) 0.06 0.00 (0.00) 0.00 (0.00) 0.23

Quantile 0.00 (0.00) 0.00 (0.00) 0.72 0.00 (0.00) 0.00 (0.00) 2.32 0.00 (0.00) 0.00 (0.00) 10.56

EQC 0.00 (0.00) 0.00 (0.00) 0.25 0.00 (0.00) 0.00 (0.00) 0.75 0.00 (0.00) 0.00 (0.00) 3.19

nBayes 4.51 (1.04) 4.50 (0.79) 0.07 0.10 (0.16) 0.00 (0.19) 0.29 0.00 (0.00) 0.00 (0.00) 1.33

LDA 2.28 (0.66) 2.25 (0.75) 0.01 0.29 (0.23) 0.25 (0.19) 0.06 0.48 (0.39) 0.50 (0.37) 0.41

1-NN 9.13 (1.59) 9.13 (1.40) 0.01 1.64 (0.83) 1.50 (0.56) 0.01 0.05 (0.12) 0.00 (0.00) 0.02

SVM 1.93 (0.98) 1.63 (1.03) 0.01 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.16

AdaBoost 0.03 (0.08) 0.00 (0.00) 4.30 0.00 (0.00) 0.00 (0.00) 8.60 0.00 (0.00) 0.00 (0.00) 34.81

GBDT 0.00 (0.00) 0.00 (0.00) 4.62 0.00 (0.00) 0.00 (0.00) 4.84 0.00 (0.00) 0.00 (0.00) 21.84

XGBoost 6.03 (1.34) 5.88 (0.98) 0.02 5.91 (1.62) 5.63 (0.75) 0.04 5.92 (1.33) 6.13 (1.54) 0.04

n = 200 (balanced)

Unimodal(ROT) 0.00 (0.00) 0.00 (0.00) 0.84 0.00 (0.00) 0.00 (0.00) 2.91 0.00 (0.00) 0.00 (0.00) 13.20

Unimodal(NS) 0.00 (0.00) 0.00 (0.00) 0.89 0.00 (0.00) 0.00 (0.00) 2.23 0.00 (0.00) 0.00 (0.00) 10.39

Quantile-mode 0.00 (0.00) 0.00 (0.00) 2.30 0.00 (0.00) 0.00 (0.00) 2.44 0.00 (0.00) 0.00 (0.00) 11.24

Näıve-mode 50.00 (0.00) 50.00 (0.00) 0.07 50.00 (0.00) 50.00 (0.00) 0.09 50.00 (0.00) 50.00 (0.00) 0.19

Centroid 1.49 (0.29) 1.40 (0.30) 0.01 0.00 (0.00) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 1.22 (0.26) 1.20 (0.22) 0.02 0.00 (0.00) 0.00 (0.00) 0.08 0.00 (0.00) 0.00 (0.00) 0.26

Quantile 0.00 (0.00) 0.00 (0.00) 0.84 0.00 (0.00) 0.00 (0.00) 2.43 0.00 (0.00) 0.00 (0.00) 11.10

EQC 0.01 (0.02) 0.01 (0.00) 0.27 0.00 (0.00) 0.00 (0.00) 0.80 0.00 (0.00) 0.00 (0.00) 4.05

nBayes 3.00 (0.66) 2.80 (0.67) 0.13 0.01 (0.03) 0.00 (0.00) 0.44 0.00 (0.00) 0.00 (0.00) 2.25

LDA 1.96 (0.41) 1.85 (0.39) 0.02 0.01 (0.02) 0.00 (0.00) 0.09 0.00 (0.00) 0.00 (0.00) 0.63

1-NN 10.31 (1.10) 10.30 (1.42) 0.01 1.98 (0.57) 2.00 (0.56) 0.01 0.14 (0.12) 0.10 (0.15) 0.05

SVM 1.29 (0.28) 1.30 (0.30) 0.02 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.26

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.66 0.00 (0.00) 0.00 (0.00) 9.89 0.00 (0.00) 0.00 (0.00) 49.79

GBDT 0.00 (0.00) 0.00 (0.00) 5.47 0.00 (0.00) 0.00 (0.00) 8.36 0.00 (0.00) 0.00 (0.00) 38.19

XGBoost 4.95 (0.69) 4.95 (0.76) 0.01 5.02 (0.79) 5.05 (0.49) 0.02 5.02 (0.73) 5.00 (0.94) 0.03
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Table S4: Misclassification rates multiplied by 100 for Case 2 of Example 1 with imbalanced setting

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.00 (0.00) 0.00 (0.00) 0.79 0.00 (0.00) 0.00 (0.00) 2.67 0.00 (0.00) 0.00 (0.00) 11.63

Unimodal(NS) 0.00 (0.00) 0.00 (0.00) 0.69 0.00 (0.00) 0.00 (0.00) 2.17 0.00 (0.00) 0.00 (0.00) 10.65

Quantile-mode 0.00 (0.00) 0.00 (0.00) 2.11 0.00 (0.00) 0.00 (0.00) 3.11 0.00 (0.00) 0.00 (0.00) 10.19

Näıve-mode 33.33 (0.00) 33.33 (0.00) 0.06 33.33 (0.00) 33.33 (0.00) 0.07 33.33 (0.00) 33.33 (0.00) 0.14

Centroid 1.35 (0.61) 1.33 (0.62) 0.01 0.00 (0.00) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 1.57 (0.83) 1.33 (1.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.21

Quantile 0.12 (0.73) 0.00 (0.00) 0.71 0.00 (0.00) 0.00 (0.00) 2.23 0.00 (0.00) 0.00 (0.00) 10.14

EQC 0.00 (0.00) 0.00 (0.00) 0.25 0.00 (0.00) 0.00 (0.00) 0.73 0.00 (0.00) 0.00 (0.00) 3.17

SVM 33.33 (0.00) 33.33 (0.00) 0.01 33.33 (0.00) 33.33 (0.00) 0.02 10.65 (3.18) 10.67 (3.61) 0.13

LDA 3.88 (1.43) 3.33 (1.24) 0.02 3.42 (1.93) 3.33 (2.11) 0.04 0.23 (0.39) 0.00 (0.50) 0.35

1-NN 12.15 (1.76) 12.33 (1.62) 0.01 1.67 (0.81) 2.00 (0.62) 0.01 0.78 (0.93) 0.33 (1.00) 0.01

nBayes 7.70 (2.11) 7.67 (1.62) 0.05 1.67 (1.30) 1.33 (1.00) 0.22 0.18 (0.30) 0.00 (0.50) 0.95

AdaBoost 0.27 (0.39) 0.00 (0.50) 4.27 0.17 (0.33) 0.00 (0.00) 8.27 0.10 (0.24) 0.00 (0.00) 33.55

GBDT 0.00 (0.00) 0.00 (0.00) 4.30 0.00 (0.00) 0.00 (0.00) 4.54 0.00 (0.00) 0.00 (0.00) 18.18

XGBoost 9.25 (2.61) 8.67 (2.49) 0.01 11.60 (3.35) 11.00 (2.49) 0.02 10.70 (2.67) 10.33 (2.11) 0.02

n = 100 (imbalanced)

Unimodal(ROT) 0.00 (0.00) 0.00 (0.00) 0.86 0.00 (0.00) 0.00 (0.00) 2.75 0.00 (0.00) 0.00 (0.00) 11.20

Unimodal(NS) 0.01 (0.04) 0.00 (0.00) 0.74 0.00 (0.00) 0.00 (0.00) 2.15 0.00 (0.00) 0.00 (0.00) 9.31

Quantile-mode 0.00 (0.00) 0.00 (0.00) 2.51 0.00 (0.00) 0.00 (0.00) 5.63 0.00 (0.00) 0.00 (0.00) 10.70

Naive-mode 33.33 (0.00) 33.33 (0.00) 0.07 33.33 (0.00) 33.33 (0.00) 0.08 33.33 (0.00) 33.33 (0.00) 0.17

Centroid 1.55 (0.42) 1.50 (0.28) 0.01 0.00 (0.00) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 1.51 (0.40) 1.50 (0.28) 0.02 0.00 (0.00) 0.00 (0.00) 0.06 0.00 (0.00) 0.00 (0.00) 0.22

Quantile 0.00 (0.00) 0.00 (0.00) 0.79 0.00 (0.00) 0.00 (0.00) 2.63 0.00 (0.00) 0.00 (0.00) 10.55

EQC 0.00 (0.00) 0.00 (0.00) 0.27 0.00 (0.00) 0.00 (0.00) 0.83 0.00 (0.00) 0.00 (0.00) 3.72

SVM 33.33 (0.00) 33.33 (0.00) 0.01 0.19 (0.17) 0.17 (0.25) 0.03 0.00 (0.00) 0.00 (0.00) 0.21

LDA 1.89 (0.45) 2.00 (0.40) 0.01 0.10 (0.10) 0.17 (0.12) 0.06 0.28 (0.23) 0.17 (0.25) 0.48

1-NN 9.99 (1.11) 10.08 (0.93) 0.01 2.31 (0.71) 2.17 (0.87) 0.01 0.21 (0.18) 0.17 (0.25) 0.03

nBayes 3.13 (0.85) 3.00 (0.90) 0.10 0.13 (0.13) 0.17 (0.12) 0.36 0.00 (0.00) 0.00 (0.00) 1.73

AdaBoost 0.05 (0.08) 0.00 (0.12) 4.73 0.00 (0.00) 0.00 (0.00) 9.23 0.00 (0.00) 0.00 (0.00) 40.33

GBDT 0.00 (0.00) 0.00 (0.00) 5.26 0.00 (0.00) 0.00 (0.00) 6.58 0.00 (0.00) 0.00 (0.00) 28.56

XGBoost 3.52 (0.74) 3.50 (0.65) 0.01 3.98 (1.06) 3.83 (0.78) 0.02 4.26 (1.38) 4.17 (0.78) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 0.00 (0.01) 0.00 (0.00) 1.13 0.00 (0.00) 0.00 (0.00) 5.03 0.00 (0.00) 0.00 (0.00) 13.99

Unimodal(NS) 0.00 (0.00) 0.00 (0.00) 1.34 0.00 (0.00) 0.00 (0.00) 3.72 0.00 (0.00) 0.00 (0.00) 12.38

Quantile-mode 0.00 (0.01) 0.00 (0.00) 2.50 0.00 (0.00) 0.00 (0.00) 6.21 0.00 (0.00) 0.00 (0.00) 12.75

Naive-mode 33.33 (0.00) 33.33 (0.00) 0.07 33.33 (0.00) 33.33 (0.00) 0.09 33.33 (0.00) 33.33 (0.00) 0.23

Centroid 1.28 (0.22) 1.27 (0.21) 0.01 0.00 (0.00) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.02

Median 0.77 (0.20) 0.73 (0.21) 0.02 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.25

Quantile 0.00 (0.00) 0.00 (0.00) 0.98 0.00 (0.00) 0.00 (0.00) 3.21 0.00 (0.00) 0.00 (0.00) 11.95

EQC 0.00 (0.02) 0.00 (0.00) 0.32 0.00 (0.00) 0.00 (0.00) 0.96 0.00 (0.00) 0.00 (0.00) 4.46

SVM 26.09 (1.30) 26.17 (1.33) 0.03 0.00 (0.00) 0.00 (0.00) 0.07 0.00 (0.00) 0.00 (0.00) 0.38

LDA 1.41 (0.28) 1.33 (0.31) 0.02 0.00 (0.00) 0.00 (0.00) 0.10 0.00 (0.00) 0.00 (0.00) 1.37

1-NN 8.68 (0.67) 8.70 (0.81) 0.01 1.63 (0.32) 1.67 (0.26) 0.02 0.06 (0.06) 0.07 (0.05) 0.12

nBayes 2.07 (0.48) 2.03 (0.44) 0.18 0.05 (0.05) 0.07 (0.05) 0.69 0.00 (0.00) 0.00 (0.00) 3.33

AdaBoost 0.00 (0.00) 0.00 (0.00) 5.26 0.00 (0.00) 0.00 (0.00) 11.96 0.00 (0.00) 0.00 (0.00) 52.03

GBDT 0.00 (0.00) 0.00 (0.00) 6.34 0.00 (0.00) 0.00 (0.00) 20.67 0.00 (0.00) 0.00 (0.00) 52.55

XGBoost 3.32 (0.37) 3.37 (0.32) 0.02 3.19 (0.47) 3.13 (0.42) 0.02 3.17 (0.50) 3.10 (0.35) 0.04
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Table S5: Misclassification rates multiplied by 100 for Case 3 of Example 1 with balanced setting

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 13.60 (3.47) 13.50 (3.92) 2.07 4.83 (2.06) 5.00 (1.87) 4.44 0.10 (0.30) 0.00 (0.00) 11.05

Unimodal(NS) 15.63 (2.62) 15.00 (2.99) 1.50 9.95 (2.59) 9.50 (2.99) 3.73 1.23 (0.89) 1.00 (0.75) 9.61

Quantile-mode 11.60 (2.70) 12.00 (2.43) 2.03 2.88 (1.26) 3.00 (0.93) 8.04 0.00 (0.00) 0.00 (0.00) 38.83

Naive-mode 30.68 (5.10) 31.00 (5.97) 0.06 32.23 (8.71) 32.50 (11.38) 0.08 10.83 (7.71) 9.50 (8.02) 0.13

Centroid 49.00 (3.09) 50.00 (0.75) 0.01 48.98 (2.15) 50.00 (0.75) 0.01 49.93 (0.47) 50.00 (0.00) 0.01

Median 18.68 (3.37) 18.50 (2.43) 0.02 5.90 (1.97) 6.00 (1.68) 0.06 0.23 (0.48) 0.00 (0.00) 0.25

Quantile 8.73 (3.45) 8.00 (2.99) 0.65 2.70 (2.48) 2.00 (2.24) 2.15 1.08 (1.65) 0.00 (1.49) 9.56

EQC 18.08 (0.47) 18.00 (0.00) 0.23 2.03 (0.16) 2.00 (0.00) 0.72 0.00 (0.00) 0.00 (0.00) 2.98

nBayes 12.83 (2.71) 13.00 (2.43) 0.04 7.33 (3.10) 7.50 (2.99) 0.13 2.65 (1.56) 3.00 (2.24) 0.67

LDA 27.83 (4.99) 27.00 (4.85) 0.02 26.98 (6.15) 27.00 (5.41) 0.04 21.08 (5.19) 21.00 (4.66) 0.30

1-NN 10.73 (2.55) 10.50 (2.24) 0.01 15.63 (4.24) 15.00 (4.66) 0.02 12.15 (3.40) 12.50 (3.73) 0.12

SVM 2.88 (1.52) 3.00 (1.49) 0.01 0.00 (0.00) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.12

AdaBoost 3.88 (1.96) 4.00 (2.24) 4.50 1.53 (1.15) 1.00 (0.75) 8.05 0.38 (0.54) 0.00 (0.75) 31.65

GBDT 4.20 (1.96) 4.00 (2.24) 4.42 1.55 (0.88) 2.00 (0.75) 5.06 0.38 (0.90) 0.00 (0.19) 20.03

XGBoost 22.48 (5.35) 23.00 (6.34) 0.01 22.05 (4.55) 21.50 (5.41) 0.02 22.00 (4.45) 21.00 (4.48) 0.02

n = 100 (balanced)

Unimodal(ROT) 12.83 (1.81) 12.75 (2.10) 1.78 2.93 (0.74) 3.00 (0.75) 3.57 0.01 (0.04) 0.00 (0.00) 12.28

Unimodal(NS) 15.33 (1.79) 15.50 (1.96) 1.61 8.33 (1.47) 8.25 (1.31) 2.89 0.17 (0.17) 0.25 (0.19) 10.08

Quantile-mode 8.57 (1.04) 8.50 (1.12) 2.27 1.00 (0.33) 1.00 (0.37) 8.36 0.00 (0.00) 0.00 (0.00) 41.10

Naive-mode 49.56 (0.46) 49.75 (0.23) 0.07 45.52 (3.40) 46.25 (2.85) 0.07 5.64 (2.45) 5.50 (1.96) 0.15

Centroid 49.45 (1.97) 50.00 (0.19) 0.01 49.74 (0.33) 49.75 (0.19) 0.01 49.99 (0.25) 50.00 (0.00) 0.01

Median 16.93 (1.67) 16.50 (1.63) 0.02 2.97 (0.69) 2.88 (0.56) 0.05 0.19 (0.19) 0.25 (0.19) 0.23

Quantile 7.53 (1.71) 7.00 (1.40) 0.73 0.11 (0.17) 0.00 (0.19) 2.19 0.00 (0.00) 0.00 (0.00) 10.16

EQC 15.74 (0.08) 15.75 (0.00) 0.25 1.98 (0.12) 2.00 (0.00) 0.69 0.00 (0.00) 0.00 (0.00) 3.18

nBayes 18.56 (3.01) 18.88 (2.71) 0.06 4.67 (1.14) 4.50 (0.93) 0.23 1.56 (0.55) 1.63 (0.61) 1.20

LDA 27.63 (2.47) 27.25 (2.19) 0.01 17.63 (2.59) 17.75 (2.85) 0.04 23.34 (3.01) 23.50 (3.08) 0.38

1-NN 14.44 (1.54) 14.50 (1.49) 0.01 7.46 (1.37) 7.75 (1.49) 0.01 9.09 (1.39) 9.13 (1.54) 0.02

SVM 5.73 (0.93) 5.75 (0.98) 0.01 0.00 (0.00) 0.00 (0.00) 0.04 0.01 (0.04) 0.00 (0.00) 0.13

AdaBoost 2.89 (0.83) 2.75 (0.93) 4.28 0.03 (0.08) 0.00 (0.00) 8.84 0.00 (0.00) 0.00 (0.00) 35.28

GBDT 2.69 (0.76) 2.50 (0.98) 4.66 0.02 (0.07) 0.00 (0.00) 4.17 0.00 (0.00) 0.00 (0.00) 21.36

XGBoost 19.87 (4.06) 20.75 (5.64) 0.01 15.14 (2.91) 14.88 (1.96) 0.02 14.24 (2.01) 14.38 (1.91) 0.02

n = 200 (balanced)

Unimodal(ROT) 15.25 (1.89) 14.60 (2.85) 1.76 2.09 (0.47) 2.05 (0.54) 3.22 0.01 (0.02) 0.00 (0.00) 13.91

Unimodal(NS) 20.28 (2.05) 20.60 (2.72) 1.62 2.86 (0.67) 2.75 (0.71) 2.98 0.36 (0.21) 0.30 (0.22) 10.18

Quantile-mode 10.57 (0.73) 10.55 (0.97) 5.34 0.61 (0.19) 0.60 (0.17) 20.10 0.00 (0.00) 0.00 (0.00) 45.34

Näıve-mode 32.30 (3.15) 32.10 (2.93) 0.11 13.34 (2.33) 12.85 (1.87) 0.64 7.98 (2.89) 7.30 (2.78) 2.12

Centroid 48.81 (1.22) 49.30 (0.76) 0.01 49.76 (0.29) 49.80 (0.15) 0.01 49.99 (0.04) 50.00 (0.00) 0.01

Median 20.18 (0.84) 20.15 (0.99) 0.02 2.03 (0.34) 2.00 (0.37) 0.05 0.25 (0.13) 0.20 (0.07) 0.23

Quantile 7.85 (0.59) 7.85 (0.63) 0.78 0.08 (0.08) 0.10 (0.07) 2.52 0.00 (0.00) 0.00 (0.00) 10.62

EQC 13.99 (0.09) 14.00 (0.00) 0.30 0.99 (0.05) 1.00 (0.00) 0.84 0.10 (0.02) 0.10 (0.00) 3.56

nBayes 21.21 (1.63) 21.10 (1.53) 0.11 3.50 (0.50) 3.45 (0.45) 0.64 1.01 (0.35) 0.95 (0.32) 2.12

LDA 34.35 (2.05) 34.25 (1.92) 0.02 14.09 (1.31) 14.05 (1.19) 0.10 9.25 (1.31) 9.20 (1.12) 0.63

1-NN 15.12 (0.79) 15.20 (0.75) 0.01 3.60 (0.70) 3.55 (0.67) 0.01 8.26 (0.79) 8.35 (0.69) 0.05

SVM 7.45 (0.56) 7.50 (0.39) 0.01 0.00 (0.00) 0.00 (0.00) 0.03 0.09 (0.46) 0.00 (0.00) 0.17

AdaBoost 2.10 (0.44) 2.20 (0.52) 5.41 0.01 (0.03) 0.00 (0.00) 11.24 0.00 (0.00) 0.00 (0.00) 46.08

GBDT 1.84 (0.40) 1.90 (0.45) 5.11 0.00 (0.00) 0.00 (0.00) 9.06 0.00 (0.00) 0.00 (0.00) 38.37

XGBoost 16.59 (3.83) 14.75 (4.85) 0.30 14.07 (2.18) 13.90 (1.14) 0.84 13.45 (1.24) 13.50 (1.32) 3.56
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Table S6: Misclassification rates multiplied by 100 for Case 3 of Example 1 with imbalanced setting

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 10.45 (1.81) 10.67 (2.49) 1.88 6.62 (1.78) 7.00 (1.49) 4.35 0.35 (0.43) 0.00 (0.50) 11.80

Unimodal(NS) 14.55 (2.44) 14.00 (2.49) 1.66 11.08 (2.20) 10.67 (1.99) 3.01 1.15 (0.75) 1.33 (0.62) 9.76

Quantile-mode 10.97 (1.99) 10.67 (1.49) 8.63 2.55 (1.12) 2.67 (1.00) 18.61 0.00 (0.00) 0.00 (0.00) 40.25

Naive-mode 65.55 (2.02) 66.00 (1.00) 0.06 15.30 (5.87) 13.67 (6.59) 0.08 21.05 (10.45) 20.33 (8.21) 0.16

Centroid 62.97 (7.16) 65.00 (2.24) 0.01 40.32 (13.42) 33.33 (0.00) 0.01 48.63 (16.54) 33.33 (24.38) 0.01

Median 18.00 (3.09) 17.67 (3.48) 0.01 7.50 (1.52) 7.33 (1.49) 0.04 0.80 (0.63) 0.67 (0.62) 0.22

Quantile 8.90 (2.89) 8.00 (2.24) 0.70 0.82 (0.94) 0.67 (1.00) 2.55 0.78 (0.95) 0.67 (0.62) 9.81

EQC 18.58 (0.53) 18.67 (0.00) 0.25 0.67 (0.00) 0.67 (0.00) 0.69 0.70 (0.21) 0.67 (0.00) 3.28

SVM 4.43 (1.50) 4.33 (1.99) 0.01 0.00 (0.00) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.14

LDA 18.27 (3.35) 18.00 (2.49) 0.02 26.68 (5.30) 27.33 (4.60) 0.06 18.15 (2.98) 18.00 (2.11) 0.35

1-NN 21.33 (2.75) 21.33 (2.61) 0.01 8.73 (2.97) 9.00 (3.61) 0.01 9.42 (2.33) 9.00 (1.99) 0.01

nBayes 18.33 (4.39) 18.00 (4.23) 0.06 8.10 (2.31) 8.33 (2.99) 0.26 2.22 (1.42) 2.00 (1.12) 0.94

AdaBoost 4.37 (1.35) 4.67 (1.49) 4.66 1.20 (0.76) 1.33 (0.50) 8.31 0.38 (0.50) 0.00 (0.50) 34.94

GBDT 5.97 (2.29) 5.33 (1.87) 4.01 0.52 (0.55) 0.67 (0.50) 4.74 0.00 (0.18) 0.00 (0.00) 18.74

XGBoost 20.55 (3.63) 20.00 (2.49) 0.01 12.73 (4.18) 12.00 (4.10) 0.02 16.62 (3.38) 16.67 (3.98) 0.02

n = 100 (imbalanced)

Unimodal(ROT) 12.93 (1.42) 13.00 (1.15) 1.75 0.93 (0.39) 0.83 (0.37) 4.01 0.09 (0.12) 0.00 (0.12) 10.89

Unimodal(NS) 19.19 (1.31) 19.17 (1.31) 1.98 3.59 (0.76) 3.67 (0.78) 3.24 0.74 (0.32) 0.67 (0.37) 9.71

Quantile-mode 12.00 (0.99) 12.00 (1.12) 32.04 0.77 (0.30) 0.67 (0.25) 36.15 0.01 (0.04) 0.00 (0.00) 43.45

Naive-mode 29.71 (1.71) 29.33 (1.40) 0.08 22.83 (6.38) 22.33 (7.46) 0.09 5.75 (2.71) 4.92 (2.77) 0.19

Centroid 63.13 (5.25) 64.33 (1.06) 0.01 39.85 (13.09) 33.30 (0.12) 0.01 62.93 (10.00) 66.33 (0.50) 0.01

Median 18.26 (1.69) 18.17 (1.87) 0.02 4.06 (0.67) 4.17 (0.65) 0.08 0.21 (0.17) 0.17 (0.16) 0.24

Quantile 5.29 (0.84) 5.42 (0.87) 0.78 0.09 (0.10) 0.00 (0.12) 2.67 0.00 (0.00) 0.00 (0.00) 10.38

EQC 10.00 (0.00) 10.00 (0.00) 0.27 1.83 (0.03) 1.83 (0.00) 0.79 0.33 (0.05) 0.33 (0.00) 3.72

SVM 6.20 (0.99) 6.33 (1.03) 0.01 0.00 (0.00) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.15

LDA 26.48 (1.37) 26.42 (1.49) 0.02 12.08 (1.34) 12.00 (1.52) 0.07 21.43 (2.25) 21.08 (2.30) 0.53

1-NN 16.46 (1.22) 16.67 (1.06) 0.01 9.12 (1.01) 9.00 (0.93) 0.01 4.84 (0.83) 4.75 (0.78) 0.03

nBayes 29.68 (2.26) 29.58 (2.52) 0.10 3.52 (0.54) 3.50 (0.50) 0.36 0.68 (0.32) 0.67 (0.25) 1.67

AdaBoost 2.20 (0.63) 2.25 (0.50) 5.05 0.00 (0.03) 0.00 (0.00) 9.59 0.00 (0.03) 0.00 (0.00) 40.86

GBDT 2.56 (0.85) 2.33 (0.68) 5.27 0.24 (0.24) 0.17 (0.25) 6.99 0.00 (0.00) 0.00 (0.00) 29.96

XGBoost 18.17 (1.78) 17.75 (0.78) 0.02 10.38 (1.23) 10.25 (1.15) 0.02 12.22 (1.39) 12.25 (1.55) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 14.23 (1.57) 14.13 (1.26) 1.91 4.48 (0.62) 4.50 (0.52) 3.99 0.06 (0.05) 0.07 (0.05) 19.59

Unimodal(NS) 18.37 (1.20) 18.30 (1.02) 1.85 7.49 (0.71) 7.53 (0.63) 3.31 1.07 (0.26) 1.07 (0.35) 14.64

Quantile-mode 10.94 (0.57) 10.93 (0.51) 2.91 0.78 (0.17) 0.73 (0.15) 10.69 0.00 (0.00) 0.00 (0.00) 49.84

Naive-mode 48.63 (4.68) 48.83 (4.88) 0.07 14.24 (2.54) 14.17 (2.15) 0.11 5.63 (1.72) 5.93 (1.85) 0.29

Centroid 43.91 (15.79) 33.33 (24.78) 0.01 64.06 (8.91) 66.60 (0.15) 0.01 65.58 (5.27) 66.47 (0.11) 0.02

Median 14.90 (0.06) 14.87 (0.48) 0.02 3.68 (0.32) 3.67 (0.34) 0.05 0.19 (0.09) 0.20 (0.10) 0.28

Quantile 4.69 (0.56) 4.57 (0.56) 0.93 0.09 (0.10) 0.07 (0.10) 2.55 0.00 (0.00) 0.00 (0.00) 11.83

EQC 11.65 (0.08) 11.67 (0.00) 0.30 0.99 (0.05) 1.00 (0.00) 0.89 0.00 (0.00) 0.00 (0.00) 4.31

SVM 10.82 (16.98) 4.93 (0.67) 0.02 7.54 (12.40) 0.20 (13.48) 0.05 0.09 (0.45) 0.00 (0.00) 0.26

LDA 22.58 (1.05) 22.67 (0.98) 0.02 11.35 (1.07) 11.37 (0.71) 0.10 6.51 (0.81) 6.40 (0.95) 1.00

1-NN 14.02 (0.87) 14.17 (0.75) 0.01 14.83 (0.95) 14.63 (0.90) 0.02 4.57 (0.50) 4.53 (0.51) 0.12

nBayes 10.90 (1.38) 10.83 (0.97) 0.17 5.95 (1.11) 5.90 (1.07) 0.63 0.85 (0.23) 0.87 (0.22) 3.21

AdaBoost 1.17 (0.27) 1.13 (0.31) 5.99 0.02 (0.04) 0.00 (0.00) 13.32 0.00 (0.00) 0.00 (0.00) 56.74

GBDT 1.35 (0.36) 1.27 (0.32) 6.31 0.05 (0.06) 0.07 (0.05) 21.31 0.00 (0.00) 0.00 (0.00) 54.70

XGBoost 14.07 (1.20) 14.17 (1.39) 0.02 11.42 (0.84) 11.43 (0.86) 0.02 10.60 (0.97) 10.60 (0.82) 0.04
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Table S7: Misclassification rates multiplied by 100 for Case 4 of Example 1 with balanced setting

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.45 (0.68) 0.00 (0.75) 1.01 0.00 (0.00) 0.00 (0.00) 2.04 0.00 (0.00) 0.00 (0.00) 9.22

Unimodal(NS) 1.73 (1.13) 2.00 (0.75) 0.82 0.00 (0.00) 0.00 (0.00) 2.01 0.00 (0.00) 0.00 (0.00) 8.46

Quantile-mode 0.00 (0.00) 0.00 (0.00) 2.28 0.00 (0.00) 0.00 (0.00) 3.23 0.00 (0.00) 0.00 (0.00) 10.84

Naive-mode 48.30 (2.02) 49.00 (2.43) 0.07 49.18 (1.28) 50.00 (0.75) 0.10 50.00 (0.00) 50.00 (0.00) 0.18

Centroid 8.48 (2.66) 9.00 (2.99) 0.01 2.30 (1.24) 2.00 (1.49) 0.01 0.20 (0.41) 0.00 (0.00) 0.01

Median 0.85 (0.66) 1.00 (0.75) 0.01 0.00 (0.00) 0.00 (0.00) 0.06 0.00 (0.00) 0.00 (0.00) 0.18

Quantile 0.55 (0.64) 0.00 (0.75) 0.59 0.05 (0.22) 0.00 (0.00) 2.12 0.00 (0.00) 0.00 (0.00) 9.48

EQC 0.00 (0.00) 0.00 (0.00) 0.20 0.00 (0.00) 0.00 (0.00) 0.65 0.00 (0.00) 0.00 (0.00) 2.91

nBayes 5.33 (2.22) 5.00 (1.49) 0.04 3.03 (1.51) 3.00 (1.49) 0.13 1.88 (1.42) 2.00 (1.49) 0.66

LDA 25.93 (7.97) 26.00 (7.84) 0.01 0.43 (0.75) 0.00 (0.75) 0.13 0.13 (0.40) 0.00 (0.00) 0.66

1-NN 24.20 (4.26) 25.00 (2.99) 0.01 19.95 (4.43) 21.00 (5.22) 0.01 10.83 (3.97) 10.00 (4.48) 0.01

SVM 3.25 (1.32) 3.50 (1.49) 0.01 0.00 (0.00) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.13

AdaBoost 0.25 (0.49) 0.00 (0.00) 3.85 0.00 (0.00) 0.00 (0.00) 7.63 0.00 (0.00) 0.00 (0.00) 30.66

GBDT 0.05 (0.22) 0.00 (0.00) 3.42 0.00 (0.00) 0.00 (0.00) 4.02 0.00 (0.00) 0.00 (0.00) 18.69

XGBoost 13.35 (4.49) 13.50 (5.41) 0.01 14.28 (3.84) 14.50 (4.48) 0.02 15.28 (4.95) 14.50 (5.22) 0.02

n = 100 (balanced)

Unimodal(ROT) 0.19 (0.20) 0.25 (0.19) 0.97 0.00 (0.00) 0.00 (0.00) 1.97 0.00 (0.00) 0.00 (0.00) 9.78

Unimodal(NS) 1.86 (0.66) 1.88 (0.75) 0.85 0.08 (0.12) 0.00 (0.19) 1.85 0.00 (0.00) 0.00 (0.00) 8.57

Quantile-mode 0.04 (0.10) 0.00 (0.00) 2.81 0.00 (0.00) 0.00 (0.00) 2.91 0.00 (0.00) 0.00 (0.00) 12.40

Naive-mode 49.98 (0.07) 50.00 (0.00) 0.06 50.00 (0.00) 50.00 (0.00) 0.25 50.00 (0.00) 50.00 (0.00) 1.12

Centroid 2.94 (0.88) 2.75 (0.93) 0.01 1.03 (0.45) 0.10 (0.37) 0.01 0.09 (0.14) 0.00 (0.19) 0.01

Median 0.22 (0.19) 0.25 (0.19) 0.02 0.00 (0.00) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.19

Quantile 0.16 (0.26) 0.00 (0.19) 0.67 0.00 (0.00) 0.00 (0.00) 2.13 0.00 (0.00) 0.00 (0.00) 9.66

EQC 0.00 (0.02) 0.00 (0.00) 0.22 0.00 (0.00) 0.00 (0.00) 0.69 0.00 (0.00) 0.00 (0.00) 3.12

nBayes 1.23 (0.64) 1.25 (0.56) 0.06 0.70 (0.41) 0.50 (0.37) 0.25 0.46 (0.24) 0.50 (0.23) 1.12

LDA 0.08 (0.15) 0.00 (0.00) 0.01 0.03 (0.08) 0.00 (0.00) 0.05 0.06 (0.14) 0.00 (0.00) 0.37

1-NN 17.31 (2.03) 17.13 (1.91) 0.01 15.69 (1.69) 15.50 (1.87) 0.01 8.06 (1.28) 8.00 (1.31) 0.02

SVM 0.46 (0.29) 0.50 (0.37) 0.01 0.00 (0.00) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.14

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.18 0.00 (0.00) 0.00 (0.00) 7.99 0.00 (0.00) 0.00 (0.00) 34.07

GBDT 0.00 (0.00) 0.00 (0.00) 3.80 0.00 (0.00) 0.00 (0.00) 4.75 0.00 (0.00) 0.00 (0.00) 21.17

XGBoost 3.49 (1.85) 3.00 (0.93) 0.01 3.46 (1.60) 3.00 (1.40) 0.02 4.37 (1.62) 4.63 (1.59) 0.02

n = 200 (balanced)

Unimodal(ROT) 0.48 (0.16) 0.50 (0.15) 0.87 0.01 (0.02) 0.00 (0.00) 2.47 0.00 (0.00) 0.00 (0.00) 10.43

Unimodal(NS) 2.44 (0.46) 2.40 (0.39) 0.93 0.30 (0.14) 0.30 (0.15) 2.39 0.00 (0.00) 0.00 (0.00) 10.28

Quantile-mode 0.17 (0.12) 0.15 (0.15) 3.47 0.00 (0.00) 0.00 (0.00) 8.08 0.00 (0.00) 0.00 (0.00) 15.49

Naive-mode 50.00 (0.00) 50.00 (0.00) 0.08 50.00 (0.00) 50.00 (0.00) 0.13 50.00 (0.00) 50.00 (0.00) 0.39

Centroid 3.73 (0.59) 3.80 (0.67) 0.01 0.60 (0.17) 0.60 (0.15) 0.01 0.04 (0.05) 0.00 (0.07) 0.01

Median 0.22 (0.11) 0.20 (0.09) 0.02 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.20

Quantile 0.04 (0.07) 0.00 (0.00) 0.76 0.00 (0.02) 0.00 (0.00) 2.43 0.00 (0.00) 0.00 (0.00) 10.33

EQC 0.00 (0.00) 0.00 (0.00) 0.25 0.00 (0.00) 0.00 (0.00) 0.77 0.00 (0.00) 0.00 (0.00) 3.47

nBayes 0.50 (0.25) 0.50 (0.30) 0.12 0.38 (0.18) 0.40 (0.22) 0.44 0.15 (0.12) 0.20 (0.09) 2.13

LDA 0.00 (0.02) 0.00 (0.00) 0.02 0.01 (0.02) 0.00 (0.00) 0.09 0.00 (0.00) 0.00 (0.00) 0.60

1-NN 19.00 (1.33) 19.05 (1.53) 0.01 13.18 (0.76) 13.20 (0.84) 0.01 8.89 (1.16) 8.90 (1.23) 0.05

SVM 0.37 (0.13) 0.40 (0.08) 0.02 0.01 (0.03) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.20

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.95 0.00 (0.00) 0.00 (0.00) 9.51 0.00 (0.00) 0.00 (0.00) 42.04

GBDT 0.00 (0.00) 0.00 (0.00) 4.57 0.00 (0.00) 0.00 (0.00) 8.61 0.00 (0.00) 0.00 (0.00) 35.18

XGBoost 3.01 (0.46) 2.85 (0.52) 0.02 2.87 (0.51) 2.85 (0.54) 0.02 2.83 (5.00) 2.75 (0.56) 0.03
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Table S8: Misclassification rates multiplied by 100 for Case 4 of Example 1 with imbalanced setting

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.43 (0.44) 0.67 (0.50) 0.80 0.00 (0.00) 0.00 (0.00) 2.02 0.00 (0.00) 0.00 (0.00) 9.06

Unimodal(NS) 1.40 (0.88) 1.33 (1.00) 0.93 0.03 (0.15) 0.00 (0.00) 1.99 0.00 (0.00) 0.00 (0.00) 8.45

Quantile-mode 0.08 (0.22) 0.00 (0.00) 1.98 0.00 (0.00) 0.00 (0.00) 4.79 0.00 (0.00) 0.00 (0.00) 11.63

Naive-mode 32.92 (0.58) 33.33 (0.50) 0.07 33.33 (0.00) 33.33 (0.00) 0.10 33.33 (0.00) 33.33 (0.00) 0.22

Centroid 5.32 (1.73) 4.67 (1.99) 0.01 1.47 (0.98) 1.33 (1.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 0.02 (0.11) 0.00 (0.00) 0.01 0.02 (0.11) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.20

Quantile 0.18 (0.45) 0.00 (0.00) 0.62 0.02 (0.11) 0.00 (0.00) 2.21 0.00 (0.00) 0.00 (0.00) 9.61

EQC 0.67 (0.00) 0.67 (0.00) 0.21 0.00 (0.00) 0.00 (0.00) 0.67 0.00 (0.00) 0.00 (0.00) 3.18

SVM 7.20 (2.46) 7.33 (2.74) 0.01 0.08 (0.22) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.15

LDA 1.65 (1.56) 1.33 (1.00) 0.01 1.18 (0.87) 1.33 (0.50) 0.04 0.02 (0.11) 0.00 (0.00) 0.30

1-NN 20.22 (2.60) 20.00 (2.49) 0.01 15.47 (2.68) 15.00 (2.61) 0.01 13.42 (2.91) 13.33 (2.99) 0.01

nBayes 2.72 (1.34) 3.00 (1.12) 0.04 2.88 (1.21) 2.67 (1.00) 0.19 1.03 (0.72) 0.67 (0.50) 1.14

AdaBoost 0.07 (0.20) 0.00 (0.00) 3.98 0.03 (0.15) 0.00 (0.00) 7.69 0.00 (0.00) 0.00 (0.00) 32.19

GBDT 0.00 (0.00) 0.00 (0.00) 3.65 0.00 (0.00) 0.00 (0.00) 4.25 0.00 (0.00) 0.00 (0.00) 18.25

XGBoost 6.85 (1.87) 7.33 (1.62) 0.01 8.60 (3.18) 8.33 (3.48) 0.02 8.93 (2.19) 8.67 (1.99) 0.02

n = 100 (imbalanced)

Unimodal(ROT) 0.51 (0.26) 0.50 (0.25) 1.16 0.00 (0.00) 0.00 (0.00) 2.16 0.00 (0.00) 0.00 (0.00) 10.05

Unimodal(NS) 2.47 (0.48) 2.50 (0.50) 1.30 0.12 (0.13) 0.17 (0.12) 2.12 0.00 (0.00) 0.00 (0.00) 10.13

Quantile-mode 0.03 (0.06) 0.00 (0.00) 2.71 0.00 (0.00) 0.00 (0.00) 4.27 0.00 (0.00) 0.00 (0.00) 13.88

Naive-mode 33.33 (0.04) 33.33 (0.00) 0.09 33.33 (0.00) 33.33 (0.00) 0.33 33.33 (0.00) 33.33 (0.00) 1.65

Centroid 3.75 (0.65) 3.83 (0.41) 0.01 0.76 (0.30) 0.67 (0.37) 0.01 0.05 (0.09) 0.00 (0.00) 0.01

Median 0.10 (0.10) 0.17 (0.12) 0.02 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.19

Quantile 0.10 (0.15) 0.00 (0.00) 0.71 0.00 (0.00) 0.00 (0.00) 2.30 0.00 (0.00) 0.00 (0.00) 10.03

EQC 0.00 (0.00) 0.00 (0.00) 0.23 0.00 (0.00) 0.00 (0.00) 0.77 0.00 (0.00) 0.00 (0.00) 3.45

SVM 0.65 (0.26) 0.67 (0.25) 0.01 0.00 (0.03) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.16

LDA 0.02 (0.05) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.06 0.05 (0.10) 0.00 (0.12) 0.50

1-NN 16.85 (1.16) 17.00 (1.15) 0.01 14.40 (1.50) 14.17 (1.27) 0.01 10.25 (2.55) 9.25 (2.67) 0.03

nBayes 0.76 (0.26) 0.67 (0.37) 0.09 0.54 (0.24) 0.50 (0.25) 0.33 0.23 (0.21) 0.17 (0.25) 1.65

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.48 0.00 (0.00) 0.00 (0.00) 8.90 0.00 (0.00) 0.00 (0.00) 38.04

GBDT 0.00 (0.00) 0.00 (0.00) 4.62 0.00 (0.00) 0.00 (0.00) 6.42 0.00 (0.00) 0.00 (0.00) 28.59

XGBoost 2.63 (0.95) 2.33 (0.75) 0.01 3.18 (1.31) 3.25 (1.68) 0.02 3.27 (0.96) 3.25 (0.62) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 0.57 (0.15) 0.60 (0.15) 1.23 0.02 (0.03) 0.00 (0.05) 2.66 0.00 (0.00) 0.00 (0.00) 11.36

Unimodal(NS) 2.32 (0.37) 2.27 (0.36) 1.03 0.17 (0.11) 0.13 (0.15) 2.11 0.00 (0.00) 0.00 (0.00) 10.40

Quantile-mode 0.32 (0.08) 0.33 (0.05) 2.57 0.00 (0.00) 0.00 (0.00) 4.08 0.00 (0.00) 0.00 (0.00) 18.85

Naive-mode 33.33 (0.00) 33.33 (0.00) 0.15 33.33 (0.00) 33.33 (0.00) 0.61 33.33 (0.00) 33.33 (0.00) 2.97

Centroid 3.38 (0.31) 3.33 (0.31) 0.01 0.69 (0.16) 0.67 (0.15) 0.02 0.04 (0.04) 0.03 (0.05) 0.02

Median 0.15 (0.06) 0.13 (0.05) 0.02 0.00 (0.00) 0.00 (0.00) 0.07 0.00 (0.00) 0.00 (0.00) 0.22

Quantile 0.05 (0.11) 0.00 (0.05) 0.84 0.00 (0.01) 0.00 (0.00) 2.73 0.00 (0.00) 0.00 (0.00) 11.32

EQC 0.00 (0.00) 0.00 (0.00) 0.28 0.00 (0.00) 0.00 (0.00) 0.95 0.00 (0.00) 0.00 (0.00) 4.21

SVM 0.35 (0.13) 0.33 (0.11) 0.02 0.00 (0.00) 0.00 (0.00) 0.08 0.00 (0.00) 0.00 (0.00) 0.32

LDA 0.03 (0.03) 0.00 (0.05) 0.02 0.00 (0.00) 0.00 (0.00) 0.12 0.00 (0.00) 0.00 (0.00) 0.96

1-NN 15.04 (0.89) 15.03 (0.72) 0.01 14.12 (0.85) 14.10 (0.76) 0.02 10.35 (1.17) 10.43 (1.08) 0.12

nBayes 0.66 (0.21) 0.60 (0.21) 0.15 0.40 (0.16) 0.40 (0.15) 0.61 0.05 (0.07) 0.00 (0.05) 2.97

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.96 0.00 (0.00) 0.00 (0.00) 11.97 0.00 (0.00) 0.00 (0.00) 51.73

GBDT 0.00 (0.00) 0.00 (0.00) 5.76 0.00 (0.00) 0.00 (0.00) 20.01 0.00 (0.00) 0.00 (0.00) 49.95

XGBoost 1.35 (0.38) 1.33 (0.41) 0.01 2.01 (0.34) 2.00 (0.35) 0.02 1.70 (0.41) 1.60 (0.25) 0.04
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Table S9: Misclassification rates multiplied by 100 for Case 5 of Example 1 with balanced setting and

ρ = 0.2

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.00 (0.00) 0.00 (0.00) 1.03 0.00 (0.00) 0.00 (0.00) 2.08 0.00 (0.00) 0.00 (0.00) 8.79

Unimodal(NS) 0.65 (0.80) 0.00 (0.75) 1.04 0.00 (0.00) 0.00 (0.00) 1.93 0.00 (0.00) 0.00 (0.00) 8.09

Quantile-mode 0.00 (0.00) 0.00 (0.00) 2.35 0.00 (0.00) 0.00 (0.00) 5.74 0.00 (0.00) 0.00 (0.00) 10.90

Naive-mode 48.68 (2.02) 50.00 (1.68) 0.07 49.44 (1.11) 50.00 (0.75) 0.08 50.00 (0.00) 50.00 (0.00) 0.18

Centroid 6.88 (2.48) 7.00 (1.87) 0.01 3.19 (1.31) 3.00 (1.49) 0.01 0.18 (0.38) 0.00 (0.00) 0.01

Median 0.20 (0.41) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.19

Quantile 0.68 (0.83) 0.00 (0.75) 0.61 0.03 (0.17) 0.00 (0.00) 2.18 0.00 (0.00) 0.00 (0.00) 9.40

nBayes 4.83 (1.80) 4.50 (2.24) 0.03 4.33 (2.03) 5.00 (2.24) 0.13 2.15 (1.58) 2.00 (1.49) 0.66

EQC 0.00 (0.00) 0.00 (0.00) 0.21 0.00 (0.00) 0.00 (0.00) 0.63 0.00 (0.00) 0.00 (0.00) 2.88

LDA 25.98 (8.47) 24.00 (10.63) 0.01 0.58 (0.75) 0.00 (0.75) 0.03 0.13 (0.40) 0.00 (0.00) 0.26

1-NN 23.35 (3.70) 22.00 (4.48) 0.01 18.33 (3.50) 19.00 (3.73) 0.01 15.78 (3.60) 16.00 (3.17) 0.01

SVM 1.75 (1.35) 2.00 (1.49) 0.01 0.06 (0.24) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.11

AdaBoost 0.03 (0.16) 0.00 (0.00) 3.94 0.00 (0.00) 0.00 (0.00) 7.66 0.00 (0.00) 0.00 (0.00) 31.06

GBDT 0.00 (0.00) 0.00 (0.00) 3.58 0.00 (0.00) 0.00 (0.00) 4.34 0.00 (0.00) 0.00 (0.00) 19.23

XGBoost 16.65 (4.87) 18.00 (5.97) 0.01 14.88 (3.91) 15.00 (3.92) 0.02 16.23 (4.97) 16.00 (5.97) 0.02

n = 100 (balanced)

Unimodal(ROT) 0.43 (0.27) 0.50 (0.37) 1.09 0.00 (0.00) 0.00 (0.00) 2.10 0.00 (0.00) 0.00 (0.00) 9.19

Unimodal(NS) 2.38 (0.57) 2.25 (0.56) 0.96 0.16 (0.17) 0.25 (0.19) 1.88 0.00 (0.00) 0.00 (0.00) 8.70

Quantile-mode 0.00 (0.00) 0.00 (0.00) 2.86 0.00 (0.00) 0.00 (0.00) 6.58 0.00 (0.00) 0.00 (0.00) 12.41

Näıve-mode 50.00 (0.00) 50.00 (0.00) 0.07 50.00 (0.00) 50.00 (0.00) 0.10 50.00 (0.00) 50.00 (0.00) 0.26

Centroid 5.33 (1.02) 5.38 (0.75) 0.01 1.96 (0.65) 2.00 (0.56) 0.01 0.28 (0.24) 0.25 (0.37) 0.01

Median 0.31 (0.20) 0.25 (0.19) 0.01 0.00 (0.00) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.21

Quantile 0.14 (0.21) 0.00 (0.19) 0.66 0.01 (0.04) 0.00 (0.00) 2.25 0.00 (0.00) 0.00 (0.00) 9.74

EQC 0.00 (0.00) 0.00 (0.00) 0.22 0.00 (0.00) 0.00 (0.00) 0.76 0.00 (0.00) 0.00 (0.00) 3.08

nBayes 1.13 (0.58) 1.13 (0.56) 0.06 0.38 (0.34) 0.38 (0.37) 0.24 0.49 (0.30) 0.50 (0.37) 1.11

LDA 0.09 (0.17) 0.00 (0.19) 0.01 0.01 (0.04) 0.00 (0.00) 0.05 0.09 (0.18) 0.00 (0.05) 0.37

1-NN 23.73 (2.01) 24.00 (1.40) 0.01 16.34 (1.50) 16.13 (1.73) 0.01 12.01 (2.44) 12.00 (3.03) 0.02

SVM 1.13 (0.45) 1.00 (0.56) 0.01 0.08 (0.13) 0.00 (0.19) 0.03 0.00 (0.00) 0.00 (0.00) 0.14

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.17 0.00 (0.00) 0.00 (0.00) 8.48 0.00 (0.00) 0.00 (0.00) 34.16

GBDT 0.00 (0.00) 0.00 (0.00) 3.80 0.00 (0.00) 0.00 (0.00) 4.16 0.00 (0.00) 0.00 (0.00) 20.40

XGBoost 2.88 (1.10) 2.75 (0.93) 0.01 4.32 (2.93) 3.50 (1.91) 0.02 4.22 (1.67) 3.75 (1.49) 0.02

n = 200 (balanced)

Unimodal(ROT) 0.58 (0.19) 0.60 (0.09) 0.98 0.00 (0.00) 0.00 (0.00) 2.20 0.00 (0.00) 0.00 (0.00) 10.38

Unimodal(NS) 2.50 (0.44) 2.40 (0.37) 0.92 0.17 (0.11) 0.15 (0.07) 2.07 0.00 (0.00) 0.00 (0.00) 9.81

Quantile-mode 0.34 (0.12) 0.30 (0.07) 3.20 0.00 (0.00) 0.00 (0.00) 6.17 0.00 (0.00) 0.00 (0.00) 15.84

Näıve-mode 49.96 (0.05) 50.00 (0.07) 0.07 50.00 (0.00) 50.00 (0.00) 0.12 50.00 (0.00) 50.00 (0.00) 0.37

Centroid 5.59 (0.66) 5.55 (0.54) 0.01 1.59 (0.37) 1.50 (0.48) 0.01 0.01 (0.03) 0.00 (0.00) 0.01

Median 0.33 (0.14) 0.30 (0.15) 0.02 0.03 (0.04) 0.00 (0.07) 0.06 0.00 (0.00) 0.00 (0.00) 0.21

Quantile 0.03 (0.07) 0.00 (0.02) 0.77 0.00 (0.00) 0.00 (0.00) 2.39 0.00 (0.00) 0.00 (0.00) 10.72

EQC 0.00 (0.00) 0.00 (0.00) 0.25 0.00 (0.00) 0.00 (0.00) 0.80 0.00 (0.00) 0.00 (0.00) 3.46

nBayes 0.69 (0.35) 0.60 (0.26) 0.37 0.41 (0.19) 0.50 (0.17) 0.41 0.18 (0.12) 0.20 (0.09) 2.21

LDA 0.01 (0.03) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.07 0.00 (0.00) 0.00 (0.00) 0.75

1-NN 18.31 (1.22) 18.30 (1.12) 0.01 16.46 (1.46) 16.50 (0.97) 0.01 9.01 (0.97) 8.95 (1.03) 0.05

SVM 0.52 (0.17) 0.50 (0.15) 0.02 0.01 (0.02) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.30

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.43 0.00 (0.00) 0.00 (0.00) 9.92 0.00 (0.00) 0.00 (0.00) 41.90

GBDT 0.00 (0.00) 0.00 (0.00) 5.06 0.00 (0.00) 0.00 (0.00) 7.84 0.00 (0.00) 0.00 (0.00) 39.15

XGBoost 2.88 (0.65) 2.90 (0.67) 0.01 2.77 (0.49) 2.80 (0.54) 0.02 2.72 (0.46) 2.70 (0.47) 0.03
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Table S10: Misclassification rates multiplied by 100 for Case 5 of Example 1 with imbalanced setting and

ρ = 0.2

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.35 (0.37) 0.33 (0.50) 1.06 0.00 (0.00) 0.00 (0.00) 2.06 0.00 (0.00) 0.00 (0.00) 9.46

Unimodal(NS) 1.48 (0.87) 1.33 (1.00) 0.84 0.05 (0.18) 0.00 (0.00) 2.12 0.00 (0.00) 0.00 (0.00) 9.59

Quantile-mode 0.05 (0.18) 0.00 (0.00) 3.51 0.00 (0.00) 0.00 (0.00) 6.33 0.00 (0.00) 0.00 (0.00) 11.57

Naive-mode 32.88 (1.06) 33.33 (0.12) 0.07 33.28 (0.23) 33.33 (0.00) 0.09 33.33 (0.00) 33.33 (0.00) 0.22

Centroid 5.20 (1.61) 5.33 (1.00) 0.01 1.07 (0.62) 1.33 (0.50) 0.01 0.32 (0.43) 0.00 (0.50) 0.01

Median 0.17 (0.33) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.20

Quantile 0.08 (0.22) 0.00 (0.00) 0.64 0.10 (0.24) 0.00 (0.00) 2.20 0.00 (0.00) 0.00 (0.00) 9.70

EQC 0.00 (0.00) 0.00 (0.00) 0.21 0.00 (0.00) 0.00 (0.00) 0.67 0.00 (0.00) 0.00 (0.00) 3.24

SVM 9.22 (2.85) 9.33 (2.99) 0.01 0.10 (0.28) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.12

LDA 2.25 (1.03) 2.00 (1.12) 0.01 1.27 (1.18) 1.33 (0.50) 0.04 0.02 (0.11) 0.00 (0.00) 0.30

1-NN 20.45 (2.65) 20.67 (1.99) 0.01 18.05 (2.66) 18.33 (2.99) 0.01 9.53 (2.18) 10.00 (2.61) 0.01

nBayes 3.50 (1.69) 3.33 (1.99) 0.05 1.12 (0.65) 1.33 (0.50) 0.19 1.72 (1.06) 1.33 (1.12) 0.85

AdaBoost 0.15 (0.32) 0.00 (0.00) 3.99 0.02 (0.11) 0.00 (0.00) 7.71 0.02 (0.11) 0.00 (0.00) 32.32

GBDT 0.00 (0.00) 0.00 (0.00) 4.17 0.00 (0.00) 0.00 (0.00) 4.47 0.00 (0.00) 0.00 (0.00) 18.04

XGBoost 7.07 (1.97) 7.33 (1.62) 0.01 7.83 (2.64) 8.00 (1.99) 0.02 8.50 (2.34) 8.00 (1.62) 0.02

n = 100 (imbalanced)

Unimodal(ROT) 0.47 (0.24) 0.50 (0.16) 1.06 0.00 (0.00) 0.00 (0.00) 2.32 0.00 (0.00) 0.00 (0.00) 9.91

Unimodal(NS) 2.00 (0.59) 2.00 (0.56) 1.19 0.06 (0.10) 0.00 (0.12) 2.03 0.00 (0.00) 0.00 (0.00) 9.56

Quantile-mode 0.10 (0.08) 0.17 (0.12) 4.47 0.00 (0.00) 0.00 (0.00) 7.36 0.00 (0.00) 0.00 (0.00) 13.91

Naive-mode 33.19 (0.27) 33.33 (0.12) 0.08 33.33 (0.00) 33.33 (0.00) 0.12 33.33 (0.00) 33.33 (0.00) 0.30

Centroid 4.50 (0.78) 4.50 (0.78) 0.01 1.33 (0.45) 1.17 (0.50) 0.01 0.07 (0.09) 0.00 (0.12) 0.01

Median 0.10 (0.08) 0.17 (0.12) 0.02 0.07 (0.08) 0.00 (0.12) 0.05 0.00 (0.00) 0.00 (0.00) 0.19

Quantile 0.12 (0.17) 0.00 (0.12) 0.69 0.00 (0.03) 0.00 (0.00) 2.36 0.00 (0.00) 0.00 (0.00) 10.05

EQC 0.00 (0.00) 0.00 (0.00) 0.23 0.00 (0.00) 0.00 (0.00) 0.75 0.00 (0.00) 0.00 (0.00) 3.45

SVM 0.91 (0.31) 0.92 (0.37) 0.01 0.06 (0.09) 0.00 (0.12) 0.03 0.00 (0.00) 0.00 (0.00) 0.19

LDA 0.03 (0.06) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.06 0.06 (0.10) 0.00 (0.12) 0.47

1-NN 17.37 (1.40) 17.33 (1.05) 0.01 13.73 (1.27) 13.42 (1.49) 0.01 11.65 (1.49) 11.58 (1.37) 0.03

nBayes 1.28 (0.43) 1.33 (0.40) 0.09 0.58 (0.24) 0.67 (0.19) 0.32 0.20 (0.17) 0.17 (0.25) 1.66

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.28 0.00 (0.00) 0.00 (0.00) 9.33 0.00 (0.00) 0.00 (0.00) 38.01

GBDT 0.00 (0.00) 0.00 (0.00) 4.74 0.00 (0.00) 0.00 (0.00) 6.16 0.00 (0.00) 0.00 (0.00) 28.19

XGBoost 2.64 (0.87) 2.50 (0.78) 0.01 3.26 (1.27) 3.83 (1.77) 0.02 3.80 (0.96) 4.08 (0.59) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 0.51 (0.18) 0.50 (0.20) 0.96 0.00 (0.01) 0.00 (0.00) 2.75 0.00 (0.00) 0.00 (0.00) 11.77

Unimodal(NS) 3.19 (0.51) 3.27 (0.51) 0.96 0.14 (0.09) 0.13 (0.10) 1.86 0.00 (0.00) 0.00 (0.00) 10.97

Quantile-mode 0.10 (0.06) 0.07 (0.05) 6.00 0.00 (0.00) 0.00 (0.00) 7.79 0.00 (0.00) 0.00 (0.00) 18.85

Naive-mode 33.33 (0.00) 33.33 (0.00) 0.11 33.33 (0.00) 33.33 (0.00) 0.16 33.33 (0.00) 33.33 (0.00) 0.51

Centroid 4.87 (0.50) 4.83 (0.46) 0.01 1.08 (0.23) 1.10 (0.20) 0.01 0.08 (0.05) 0.07 (0.05) 0.02

Median 0.13 (0.07) 0.13 (0.06) 0.02 0.00 (0.00) 0.00 (0.00) 0.06 0.00 (0.00) 0.00 (0.00) 0.22

Quantile 0.02 (0.05) 0.00 (0.00) 0.87 0.01 (0.02) 0.00 (0.00) 2.45 0.00 (0.00) 0.00 (0.00) 10.93

EQC 0.00 (0.00) 0.00 (0.00) 0.28 0.00 (0.00) 0.00 (0.00) 0.93 0.00 (0.00) 0.00 (0.00) 4.24

SVM 0.35 (0.12) 0.33 (0.10) 0.02 0.00 (0.01) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.32

LDA 0.00 (0.00) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.10 0.00 (0.00) 0.00 (0.00) 0.98

1-NN 17.16 (0.76) 17.27 (0.66) 0.01 15.72 (0.90) 15.60 (0.91) 0.02 9.60 (1.18) 9.53 (1.14) 0.11

nBayes 0.65 (0.19) 0.67 (0.15) 0.16 0.32 (0.14) 0.33 (0.11) 0.57 0.17 (0.08) 0.20 (0.11) 3.19

AdaBoost 0.00 (0.00) 0.00 (0.00) 5.10 0.00 (0.00) 0.00 (0.00) 11.62 0.00 (0.00) 0.00 (0.00) 51.98

GBDT 0.00 (0.00) 0.00 (0.00) 5.71 0.00 (0.00) 0.00 (0.00) 20.14 0.00 (0.00) 0.00 (0.00) 51.64

XGBoost 2.00 (0.37) 1.90 (0.36) 0.01 1.89 (0.38) 1.90 (0.26) 0.02 2.00 (0.39) 1.97 (0.35) 0.04



BIBLIOGRAPHY

Table S11: Misclassification rates multiplied by 100 for Case 5 of Example 1 with balanced setting and

ρ = 0.5

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.20 (0.41) 0.00 (0.00) 1.04 0.00 (0.00) 0.00 (0.00) 1.99 0.00 (0.00) 0.00 (0.00) 8.98

Unimodal(NS) 1.53 (0.88) 1.00 (0.75) 0.93 0.00 (0.00) 0.00 (0.00) 1.97 0.00 (0.00) 0.00 (0.00) 8.42

Quantile-mode 0.03 (0.16) 0.00 (0.00) 3.32 0.00 (0.00) 0.00 (0.00) 5.69 0.00 (0.00) 0.00 (0.00) 10.66

Naive-mode 45.93 (3.97) 47.00 (3.73) 0.06 49.75 (0.63) 50.00 (0.00) 0.08 50.00 (0.00) 50.00 (0.00) 0.17

Centroid 11.93 (2.96) 12.00 (2.43) 0.01 7.18 (1.87) 7.00 (1.49) 0.01 1.48 (0.96) 1.00 (0.75) 0.01

Median 1.65 (1.14) 2.00 (0.93) 0.03 0.00 (0.00) 0.00 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.19

Quantile 1.13 (1.24) 1.00 (1.49) 0.61 0.00 (0.00) 0.00 (0.00) 2.22 0.00 (0.00) 0.00 (0.00) 9.29

EQC 0.00 (0.00) 0.00 (0.00) 0.21 0.00 (0.00) 0.00 (0.00) 0.65 0.00 (0.00) 0.00 (0.00) 2.85

nBayes 5.85 (2.62) 6.00 (2.24) 0.03 2.33 (1.02) 2.00 (0.75) 0.14 1.50 (1.22) 1.00 (0.75) 0.66

LDA 26.50 (7.47) 27.00 (7.65) 0.01 0.38 (0.74) 0.00 (0.19) 0.03 0.18 (0.38) 0.00 (0.00) 0.27

1-NN 29.43 (5.18) 29.50 (5.22) 0.01 21.30 (3.41) 21.00 (2.43) 0.01 20.23 (6.51) 18.50 (6.16) 0.01

SVM 5.15 (1.81) 5.00 (1.49) 0.01 0.58 (0.68) 0.00 (0.75) 0.02 0.00 (0.00) 0.00 (0.00) 0.11

AdaBoost 0.28 (0.55) 0.00 (0.00) 3.93 0.05 (0.22) 0.00 (0.00) 7.79 0.00 (0.00) 0.00 (0.00) 30.44

GBDT 0.00 (0.00) 0.00 (0.00) 3.60 0.00 (0.00) 0.00 (0.00) 4.16 0.00 (0.00) 0.00 (0.00) 19.97

XGBoost 14.18 (3.87) 14.00 (2.99) 0.01 15.75 (3.87) 15.00 (3.73) 0.02 16.90 (4.27) 16.00 (4.10) 0.02

n = 100 (balanced)

Unimodal(ROT) 0.80 (0.37) 0.75 (0.37) 1.05 0.00 (0.00) 0.00 (0.00) 2.15 0.00 (0.00) 0.00 (0.00) 9.36

Unimodal(NS) 2.60 (0.66) 2.50 (0.79) 0.89 0.15 (0.16) 0.25 (0.19) 2.19 0.00 (0.00) 0.00 (0.00) 8.56

Quantile-mode 0.56 (0.29) 0.50 (0.23) 3.82 0.00 (0.00) 0.00 (0.00) 6.61 0.00 (0.00) 0.00 (0.00) 12.29

Näıve-mode 49.84 (0.23) 50.00 (0.19) 0.07 50.00 (0.00) 50.00 (0.00) 0.11 50.00 (0.00) 50.00 (0.00) 0.25

Centroid 9.61 (1.40) 9.75 (1.49) 0.01 4.40 (0.87) 4.50 (0.75) 0.01 0.61 (0.33) 0.50 (0.23) 0.01

Median 1.75 (0.52) 1.75 (0.37) 0.01 0.02 (0.07) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.20

Quantile 0.20 (0.21) 0.25 (0.19) 0.67 0.05 (0.20) 0.00 (0.00) 2.14 0.00 (0.00) 0.00 (0.00) 9.98

EQC 0.00 (0.00) 0.00 (0.00) 0.25 0.00 (0.00) 0.00 (0.00) 0.72 0.00 (0.00) 0.00 (0.00) 3.09

nBayes 1.88 (0.66) 1.75 (0.75) 0.06 0.64 (0.41) 0.50 (0.51) 0.24 0.59 (0.31) 0.50 (0.19) 1.11

LDA 0.27 (0.21) 0.25 (0.37) 0.01 0.18 (0.23) 0.13 (0.19) 0.05 0.22 (0.27) 0.25 (0.23) 0.37

1-NN 21.21 (1.68) 20.88 (1.91) 0.01 20.61 (1.33) 20.38 (1.17) 0.01 16.73 (2.54) 17.50 (2.71) 0.01

SVM 2.50 (0.59) 2.50 (0.61) 0.01 0.23 (0.18) 0.25 (0.14) 0.03 0.00 (0.00) 0.00 (0.00) 0.14

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.33 0.00 (0.00) 0.00 (0.00) 8.04 0.00 (0.00) 0.00 (0.00) 33.50

GBDT 0.00 (0.00) 0.00 (0.00) 3.75 0.00 (0.00) 0.00 (0.00) 4.82 0.00 (0.00) 0.00 (0.00) 21.97

XGBoost 3.70 (1.86) 3.25 (1.40) 0.01 3.62 (1.73) 3.00 (1.87) 0.01 4.79 (2.72) 1.41 (2.24) 0.02

n = 200 (balanced)

Unimodal(ROT) 0.70 (0.23) 0.70 (0.30) 1.09 0.00 (0.02) 0.00 (0.00) 2.33 0.00 (0.00) 0.00 (0.00) 10.43

Unimodal(NS) 2.98 (0.51) 2.90 (0.52) 1.10 0.36 (0.15) 0.40 (0.15) 2.04 0.00 (0.00) 0.00 (0.00) 9.72

Quantile-mode 0.32 (0.14) 0.30 (0.15) 4.77 0.00 (0.00) 0.00 (0.00) 8.16 0.00 (0.00) 0.00 (0.00) 15.57

Näıve-mode 49.94 (0.09) 50.00 (0.07) 0.08 50.00 (0.00) 50.00 (0.00) 0.12 50.00 (0.00) 50.00 (0.00) 0.37

Centroid 9.90 (0.87) 9.95 (0.63) 0.01 4.11 (0.63) 4.05 (0.49) 0.01 0.30 (0.15) 0.30 (0.15) 0.01

Median 1.15 (0.29) 1.20 (0.17) 0.02 0.18 (0.09) 0.20 (0.07) 0.05 0.00 (0.00) 0.00 (0.00) 0.21

Quantile 0.11 (0.16) 0.00 (0.15) 0.76 0.01 (0.03) 0.00 (0.00) 2.41 0.00 (0.00) 0.00 (0.00) 10.41

EQC 0.00 (0.00) 0.00 (0.00) 0.23 0.00 (0.00) 0.00 (0.00) 0.79 0.00 (0.00) 0.00 (0.00) 3.48

nBayes 0.95 (0.26) 0.90 (0.22) 0.10 0.42 (0.19) 0.45 (0.22) 0.40 0.12 (0.11) 0.10 (0.15) 2.13

LDA 0.21 (0.12) 0.20 (0.15) 0.01 0.00 (0.00) 0.00 (0.00) 0.07 0.00 (0.00) 0.00 (0.00) 0.61

1-NN 20.65 (1.21) 20.45 (1.08) 0.01 18.40 (1.67) 18.20 (1.81) 0.01 14.38 (2.06) 14.60 (1.64) 0.05

SVM 1.45 (0.32) 1.40 (0.30) 0.01 0.13 (0.09) 0.10 (0.07) 0.03 0.00 (0.00) 0.00 (0.00) 0.20

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.56 0.00 (0.00) 0.00 (0.00) 9.71 0.00 (0.00) 0.00 (0.00) 42.10

GBDT 0.00 (0.00) 0.00 (0.00) 4.91 0.00 (0.00) 0.00 (0.00) 7.93 0.00 (0.00) 0.00 (0.00) 36.24

XGBoost 3.09 (0.55) 3.00 (0.62) 0.01 2.84 (0.55) 2.80 (0.47) 0.02 2.97 (0.46) 2.90 (0.52) 0.03
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Table S12: Misclassification rates multiplied by 100 for Case 5 of Example 1 with imbalanced setting and

ρ = 0.5

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.72 (0.59) 0.67 (1.00) 0.99 0.00 (0.00) 0.00 (0.00) 2.00 0.00 (0.00) 0.00 (0.00) 8.99

Unimodal(NS) 1.80 (0.86) 2.00 (0.62) 1.01 0.00 (0.00) 0.00 (0.00) 2.03 0.00 (0.00) 0.00 (0.00) 8.86

Quantile-mode 0.17 (0.29) 0.00 (0.12) 3.71 0.00 (0.00) 0.00 (0.00) 6.16 0.00 (0.00) 0.00 (0.00) 11.44

Naive-mode 30.72 (2.35) 31.33 (1.74) 0.07 33.13 (0.41) 33.33 (0.00) 0.10 33.33 (0.00) 33.33 (0.00) 0.22

Centroid 11.23 (3.04) 10.67 (3.48) 0.01 5.43 (1.60) 5.33 (1.62) 0.01 0.68 (0.63) 0.67 (1.00) 0.01

Median 1.05 (0.66) 0.67 (0.50) 0.01 0.38 (0.33) 0.67 (0.50) 0.06 0.00 (0.00) 0.00 (0.00) 0.20

Quantile 0.23 (0.39) 0.00 (0.50) 0.62 0.08 (0.22) 0.00 (0.00) 2.19 0.00 (0.00) 0.00 (0.00) 9.77

EQC 0.65 (0.11) 0.67 (0.00) 0.23 0.00 (0.00) 0.00 (0.00) 0.70 0.00 (0.00) 0.00 (0.00) 3.30

SVM 10.48 (3.56) 10.00 (2.99) 0.01 0.58 (0.63) 0.67 (0.50) 0.02 0.00 (0.00) 0.00 (0.00) 0.12

LDA 3.22 (1.98) 2.67 (1.49) 0.01 1.87 (1.39) 1.33 (1.12) 0.04 0.00 (0.00) 0.00 (0.00) 0.30

1-NN 23.05 (2.90) 23.33 (3.11) 0.01 18.82 (3.05) 18.33 (3.48) 0.01 14.15 (4.27) 13.67 (3.98) 0.01

nBayes 3.28 (1.38) 2.67 (1.12) 0.04 2.92 (1.41) 2.67 (1.12) 0.19 1.95 (0.80) 2.00 (1.00) 0.86

AdaBoost 0.25 (0.42) 0.00 (0.50) 4.05 0.05 (0.18) 0.00 (0.00) 7.70 0.00 (0.00) 0.00 (0.00) 32.52

GBDT 0.00 (0.00) 0.00 (0.00) 3.49 0.00 (0.00) 0.00 (0.00) 4.37 0.00 (0.00) 0.00 (0.00) 19.19

XGBoost 8.72 (2.63) 8.67 (2.24) 0.02 7.28 (3.18) 7.33 (2.49) 0.02 8.08 (2.69) 7.67 (2.49) 0.03

n = 100 (imbalanced)

Unimodal(ROT) 0.94 (0.35) 0.83 (0.37) 1.13 0.03 (0.06) 0.00 (0.00) 2.06 0.00 (0.00) 0.00 (0.00) 10.01

Unimodal(NS) 3.07 (0.55) 3.08 (0.50) 0.87 0.38 (0.25) 0.33 (0.25) 2.25 0.00 (0.00) 0.00 (0.00) 9.37

Quantile-mode 0.07 (0.09) 0.00 (0.12) 4.36 0.00 (0.00) 0.00 (0.00) 7.48 0.00 (0.00) 0.00 (0.00) 14.22

Naive-mode 33.23 (0.97) 33.17 (0.12) 0.07 33.33 (0.00) 33.33 (0.00) 0.11 33.33 (0.00) 33.33 (0.00) 0.32

Centroid 9.97 (1.56) 10.00 (10.60) 0.01 3.73 (0.70) 3.67 (0.50) 0.01 0.45 (0.20) 0.50 (0.25) 0.01

Median 0.72 (0.30) 0.67 (0.25) 0.01 0.03 (0.07) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.20

Quantile 0.08 (0.17) 0.00 (0.12) 0.71 0.00 (0.03) 0.00 (0.00) 2.37 0.00 (0.00) 0.00 (0.00) 10.14

EQC 0.00 (0.00) 0.00 (0.00) 0.24 0.00 (0.00) 0.00 (0.00) 0.76 0.00 (0.00) 0.00 (0.00) 3.47

SVM 1.88 (0.39) 1.83 (0.37) 0.01 0.23 (0.15) 0.25 (0.12) 0.03 0.00 (0.00) 0.00 (0.00) 0.17

LDA 0.13 (0.16) 0.17 (0.12) 0.02 0.01 (0.04) 0.00 (0.00) 0.06 0.23 (0.19) 0.25 (0.25) 0.49

1-NN 19.30 (1.06) 19.17 (1.15) 0.01 16.94 (1.26) 16.92 (1.06) 0.01 11.38 (1.23) 11.67 (1.52) 0.03

nBayes 1.30 (0.49) 1.17 (0.44) 0.08 0.73 (0.42) 0.67 (0.28) 0.31 0.35 (0.19) 0.33 (0.25) 1.67

AdaBoost 0.00 (0.03) 0.00 (0.00) 4.39 0.00 (0.00) 0.00 (0.00) 9.42 0.00 (0.00) 0.00 (0.00) 38.46

GBDT 0.00 (0.00) 0.00 (0.00) 4.21 0.00 (0.00) 0.00 (0.00) 6.36 0.00 (0.00) 0.00 (0.00) 28.66

XGBoost 2.60 (1.10) 2.33 (1.27) 0.01 2.93 (1.32) 2.58 (1.46) 0.02 4.25 (1.14) 4.50 (1.12) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 0.55 (0.16) 0.53 (0.10) 1.02 0.02 (0.04) 0.00 (0.05) 2.70 0.00 (0.00) 0.00 (0.00) 11.33

Unimodal(NS) 2.43 (0.37) 2.40 (0.35) 0.94 0.41 (0.12) 0.40 (0.11) 2.28 0.00 (0.00) 0.00 (0.00) 10.59

Quantile-mode 0.55 (0.12) 0.60 (0.15) 5.72 0.03 (0.03) 0.03 (0.05) 9.95 0.00 (0.00) 0.00 (0.00) 18.95

Naive-mode 33.31 (0.04) 33.33 (0.05) 0.08 33.33 (0.02) 33.33 (0.00) 0.15 33.33 (0.00) 33.33 (0.00) 0.53

Centroid 9.44 (0.81) 9.33 (0.76) 0.01 3.91 (0.52) 3.90 (0.42) 0.01 0.33 (0.12) 0.30 (0.11) 0.02

Median 0.93 (0.18) 0.93 (0.20) 0.02 0.10 (0.06) 0.07 (0.05) 0.05 0.00 (0.00) 0.00 (0.00) 0.23

Quantile 0.04 (0.05) 0.00 (0.05) 0.88 0.01 (0.03) 0.00 (0.00) 2.46 0.00 (0.00) 0.00 (0.00) 11.11

EQC 0.14 (0.02) 0.13 (0.00) 0.27 0.00 (0.00) 0.00 (0.00) 0.91 0.00 (0.00) 0.00 (0.00) 4.14

SVM 1.05 (0.17) 1.07 (0.25) 0.02 0.07 (0.06) 0.07 (0.06) 0.06 0.00 (0.00) 0.00 (0.00) 0.27

LDA 0.09 (0.07) 0.07 (0.10) 0.02 0.00 (0.00) 0.00 (0.00) 0.09 0.00 (0.00) 0.00 (0.00) 0.96

1-NN 18.55 (0.90) 18.70 (0.90) 0.01 16.92 (1.24) 16.83 (1.09) 0.02 11.98 (1.27) 11.97 (1.01) 0.10

nBayes 0.79 (0.22) 0.80 (0.16) 0.17 0.39 (0.15) 0.40 (0.15) 0.62 0.07 (0.08) 0.07 (0.10) 3.07

AdaBoost 0.00 (0.00) 0.00 (0.00) 5.00 0.00 (0.00) 0.00 (0.00) 11.62 0.00 (0.00) 0.00 (0.00) 52.16

GBDT 0.00 (0.00) 0.00 (0.00) 5.75 0.00 (0.00) 0.00 (0.00) 19.87 0.00 (0.00) 0.00 (0.00) 49.51

XGBoost 1.96 (0.40) 1.97 (0.31) 0.02 2.01 (0.32) 1.97 (0.35) 0.02 1.84 (0.36) 1.87 (0.30) 0.04
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Table S13: Misclassification rates multiplied by 100 for Case 5 of Example 1 with balanced setting and

ρ = 0.8

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 2.33 (1.31) 2.00 (0.93) 1.02 0.08 (0.27) 0.00 (0.00) 2.18 0.00 (0.00) 0.00 (0.00) 8.92

Unimodal(NS) 4.20 (1.60) 4.00 (1.49) 0.87 0.63 (0.63) 1.00 (0.75) 1.83 0.00 (0.00) 0.00 (0.00) 9.13

Quantile-mode 0.83 (0.71) 1.00 (0.75) 3.53 0.00 (0.00) 0.00 (0.00) 5.66 0.00 (0.00) 0.00 (0.00) 10.97

Naive-mode 44.38 (5.20) 46.00 (5.97) 0.06 42.65 (4.62) 43.50 (4.85) 0.10 49.73 (0.60) 50.00 (50.00) 0.17

Centroid 22.20 (3.96) 21.50 (4.48) 0.01 14.60 (3.25) 15.00 (2.43) 0.01 6.40 (2.73) 6.00 (2.43) 0.01

Median 8.70 (2.76) 8.00 (2.99) 0.01 2.48 (1.30) 2.00 (0.75) 0.05 0.00 (0.00) 0.00 (0.00) 0.20

Quantile 2.05 (1.91) 1.50 (1.49) 0.60 0.30 (0.52) 0.00 (0.75) 2.03 0.03 (0.16) 0.00 (0.00) 9.72

EQC 1.98 (0.16) 2.00 (0.00) 0.21 0.00 (0.00) 0.00 (0.00) 0.63 0.00 (0.00) 0.00 (0.00) 3.11

SVM 12.65 (2.96) 13.00 (2.24) 0.01 4.30 (1.52) 4.00 (0.75) 0.02 0.03 (0.16) 0.00 (0.00) 0.11

LDA 37.43 (8.29) 37.50 (8.21) 0.01 2.33 (1.59) 2.00 (1.68) 0.03 0.10 (0.30) 0.00 (0.00) 0.25

1-NN 27.10 (4.59) 27.00 (3.73) 0.01 24.10 (3.72) 24.50 (2.99) 0.01 31.30 (5.71) 32.50 (4.85) 0.01

nBayes 9.60 (2.92) 10.00 (3.17) 0.04 4.53 (2.20) 4.00 (2.24) 0.14 3.50 (1.60) 3.00 (1.49) 0.63

AdaBoost 1.35 (1.19) 1.00 (0.93) 4.00 0.30 (0.61) 0.00 (0.00) 7.54 0.10 (0.30) 0.00 (0.00) 31.47

GBDT 0.25 (0.54) 0.00 (0.00) 3.59 0.15 (0.36) 0.00 (0.00) 4.19 0.03 (0.16) 0.00 (0.00) 18.61

XGBoost 15.03 (4.18) 15.00 (2.99) 0.01 16.38 (4.18) 16.50 (2.99) 0.02 16.23 (3.66) 16.50 (3.36) 0.02

n = 100 (balanced)

Unimodal(ROT) 0.80 (0.37) 0.75 (0.37) 0.83 0.00 (0.00) 0.00 (0.00) 2.14 0.00 (0.00) 0.00 (0.00) 9.48

Unimodal(NS) 2.60 (0.66) 2.50 (0.79) 0.94 0.15 (0.16) 0.25 (0.19) 2.01 0.00 (0.00) 0.00 (0.00) 9.02

Quantile-mode 0.56 (0.29) 0.50 (0.23) 3.70 0.00 (0.00) 0.00 (0.00) 6.54 0.00 (0.00) 0.00 (0.00) 12.30

Naive-mode 49.84 (0.23) 50.00 (0.19) 0.06 50.00 (0.00) 50.00 (0.00) 0.10 50.00 (0.00) 50.00 (0.00) 0.24

Centroid 9.61 (1.40) 9.75 (1.49) 0.01 4.40 (0.87) 4.50 (0.75) 0.01 0.61 (0.33) 0.50 (0.23) 0.01

Median 1.75 (0.52) 1.75 (0.37) 0.01 0.02 (0.07) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.19

Quantile 0.20 (0.21) 0.25 (0.19) 0.66 0.05 (0.20) 0.00 (0.00) 2.15 0.00 (0.00) 0.00 (0.00) 9.63

EQC 0.26 (0.04) 0.25 (0.00) 0.23 0.00 (0.00) 0.00 (0.00) 0.74 0.00 (0.00) 0.00 (0.00) 3.12

nBayes 1.88 (0.66) 1.75 (0.75) 0.07 0.64 (0.41) 0.50 (0.51) 0.23 0.59 (0.31) 0.50 (0.19) 1.19

LDA 0.27 (0.21) 0.25 (0.37) 0.01 0.18 (0.23) 0.13 (0.19) 0.05 0.22 (0.27) 0.25 (0.23) 0.36

1-NN 21.21 (1.68) 20.88 (1.91) 0.01 20.61 (1.33) 20.38 (1.17) 0.01 16.73 (2.54) 17.50 (2.71) 0.01

SVM 2.50 (0.59) 2.50 (0.61) 0.01 0.23 (0.18) 0.25 (0.14) 0.04 0.00 (0.00) 0.00 (0.00) 0.13

AdaBoost 0.00 (0.00) 0.00 (0.00) 4.22 0.00 (0.00) 0.00 (0.00) 8.46 0.00 (0.00) 0.00 (0.00) 34.59

GBDT 0.00 (0.00) 0.00 (0.00) 4.20 0.00 (0.00) 0.00 (0.00) 4.64 0.00 (0.00) 0.00 (0.00) 22.73

XGBoost 3.70 (1.86) 3.25 (1.40) 0.23 3.62 (1.73) 3.00 (1.87) 0.74 4.79 (2.72) 1.41 (2.24) 3.12

n = 200 (balanced)

Unimodal(ROT) 2.75 (0.46) 2.75 (0.47) 1.04 0.29 (0.12) 0.30 (0.15) 2.68 0.00 (0.00) 0.00 (0.00) 10.43

Unimodal(NS) 6.85 (0.87) 6.90 (0.97) 0.99 1.46 (0.31) 1.40 (0.24) 1.71 0.00 (0.00) 0.00 (0.00) 9.68

Quantile-mode 2.91 (0.46) 2.90 (0.14) 4.70 0.06 (0.06) 0.10 (0.07) 8.21 0.00 (0.00) 0.00 (0.00) 15.55

Naive-mode 48.96 (0.42) 48.95 (0.47) 0.08 49.63 (0.31) 49.80 (0.30) 0.14 50.00 (0.00) 50.00 (0.00) 0.42

Centroid 18.47 (1.20) 1.83 (1.32) 0.01 13.15 (1.29) 13.20 (1.08) 0.01 4.86 (0.73) 4.80 (0.82) 0.01

Median 6.30 (0.74) 6.30 (0.86) 0.02 1.85 (0.36) 1.90 (0.34) 0.05 0.16 (0.09) 0.20 (0.07) 0.25

Quantile 0.77 (0.29) 0.80 (0.32) 0.78 0.07 (0.12) 0.00 (0.07) 2.45 0.02 (0.04) 0.00 (0.00) 10.75

EQC 0.49 (0.08) 0.50 (0.00) 0.28 0.10 (0.00) 0.10 (0.00) 0.76 0.00 (0.00) 0.00 (0.00) 3.66

SVM 4.75 (0.68) 4.60 (0.71) 0.02 0.67 (0.24) 0.60 (0.22) 0.04 0.00 (0.00) 0.00 (0.00) 0.19

LDA 3.04 (0.47) 3.10 (0.37) 0.02 0.50 (0.21) 0.50 (0.19) 0.08 0.16 (0.15) 0.10 (0.17) 0.61

1-NN 22.74 (1.31) 22.50 (1.23) 0.01 22.13 (1.46) 22.00 (1.57) 0.01 18.53 (1.37) 18.60 (1.23) 0.05

nBayes 4.19 (0.75) 4.20 (0.69) 0.12 1.08 (0.45) 1.00 (0.52) 0.41 0.27 (0.15) 0.30 (0.15) 2.08

AdaBoost 0.05 (0.07) 0.00 (0.07) 4.52 0.00 (0.02) 0.00 (0.00) 9.63 0.00 (0.00) 0.00 (0.00) 42.42

GBDT 0.00 (0.00) 0.00 (0.00) 5.02 0.00 (0.00) 0.00 (0.00) 7.82 0.00 (0.00) 0.00 (0.00) 36.48

XGBoost 2.93 (0.65) 2.85 (0.67) 0.01 2.93 (0.61) 2.80 (0.63) 0.02 2.76 (0.45) 2.75 (0.52) 0.03
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Table S14: Misclassification rates multiplied by 100 for Case 5 of Example 1 with imbalanced setting and

ρ = 0.8

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 0.72 (0.73) 0.67 (1.00) 1.09 0.10 (0.24) 0.00 (0.00) 2.10 0.00 (0.00) 0.00 (0.00) 9.04

Unimodal(NS) 2.45 (1.18) 2.00 (1.12) 1.08 0.52 (0.53) 0.67 (0.50) 2.18 0.00 (0.00) 0.00 (0.00) 8.47

Quantile-mode 0.58 (0.48) 0.67 (0.50) 3.78 0.03 (0.15) 0.00 (0.00) 6.25 0.00 (0.00) 0.00 (0.00) 11.85

Naive-mode 31.75 (1.36) 32.00 (1.00) 0.07 32.87 (0.43) 32.67 (0.50) 0.10 33.27 (0.20) 33.33 (0.00) 0.23

Centroid 18.60 (2.58) 18.00 (2.11) 0.01 13.78 (2.83) 13.67 (2.99) 0.01 5.43 (1.76) 5.33 (1.62) 0.01

Median 5.02 (1.48) 5.00 (1.49) 0.01 2.60 (1.20) 2.67 (1.00) 0.04 0.32 (0.34) 0.00 (0.50) 0.21

Quantile 0.82 (1.02) 0.67 (1.00) 0.62 0.55 (0.56) 0.67 (0.50) 2.19 0.00 (0.00) 0.00 (0.00) 9.64

EQC 0.03 (0.21) 0.00 (0.00) 0.20 0.02 (0.11) 0.00 (0.00) 0.67 0.00 (0.00) 0.00 (0.00) 3.12

SVM 14.77 (3.79) 14.67 (4.48) 0.01 2.93 (1.22) 3.33 (1.49) 0.02 0.03 (0.15) 0.00 (0.00) 0.14

LDA 12.95 (3.34) 12.67 (2.99) 0.01 7.20 (2.50) 7.33 (1.62) 0.05 0.05 (0.18) 0.00 (0.00) 0.30

1-NN 18.35 (2.53) 18.67 (2.11) 0.01 22.22 (2.62) 22.00 (2.49) 0.01 19.23 (2.66) 18.67 (3.11) 0.01

nBayes 4.70 (1.87) 4.67 (1.62) 0.05 3.58 (1.68) 3.33 (1.49) 0.17 1.30 (1.06) 1.33 (1.00) 0.89

AdaBoost 0.91 (1.36) 0.67 (0.50) 3.83 0.13 (0.31) 0.00 (0.00) 7.61 0.00 (0.00) 0.00 (0.00) 33.05

GBDT 0.00 (0.00) 0.00 (0.00) 4.44 0.00 (0.00) 0.00 (0.00) 4.57 0.00 (0.00) 0.00 (0.00) 18.21

XGBoost 8.70 (2.33) 8.67 (1.49) 0.20 8.90 (2.72) 8.67 (2.11) 0.67 9.13 (1.90) 9.00 (2.11) 3.12

n = 100 (imbalanced)

Unimodal(ROT) 1.64 (0.47) 1.67 (0.37) 0.87 0.14 (0.12) 0.17 (0.12) 1.72 0.00 (0.00) 0.00 (0.00) 9.97

Unimodal(NS) 4.60 (0.66) 4.58 (0.75) 0.96 1.35 (0.38) 1.33 (0.28) 2.17 0.01 (0.04) 0.00 (0.00) 9.19

Quantile-mode 1.42 (0.37) 1.50 (0.37) 4.41 0.05 (0.08) 0.00 (0.12) 7.40 0.00 (0.00) 0.00 (0.00) 14.06

Naive-mode 32.26 (0.71) 32.33 (0.56) 0.08 33.20 (0.19) 33.33 (0.16) 0.13 33.33 (0.00) 33.33 (0.00) 0.32

Centroid 19.40 (2.12) 19.08 (2.02) 0.01 13.51 (1.56) 13.58 (1.40) 0.01 5.36 (0.80) 5.33 (0.68) 0.01

Median 5.05 (0.92) 5.08 (0.78) 0.01 1.65 (0.57) 1.67 (0.40) 0.06 0.30 (0.17) 0.33 (0.25) 0.20

Quantile 0.48 (0.39) 0.42 (0.37) 0.70 0.12 (0.15) 0.00 (0.12) 2.30 0.00 (0.03) 0.00 (0.00) 10.20

EQC 0.18 (0.08) 0.17 (0.00) 0.24 0.02 (0.11) 0.00 (0.00) 0.84 0.00 (0.00) 0.00 (0.00) 3.55

SVM 6.30 (0.69) 6.25 (0.62) 0.01 1.32 (0.31) 1.25 (0.25) 0.03 0.00 (0.03) 0.00 (0.00) 0.17

LDA 2.90 (0.59) 2.83 (0.62) 0.02 1.24 (0.37) 1.17 (0.37) 0.06 3.81 (1.41) 3.67 (1.43) 0.49

1-NN 19.55 (0.96) 19.58 (1.00) 0.01 19.83 (1.46) 19.67 (1.74) 0.01 18.48 (1.76) 18.33 (1.90) 0.03

nBayes 3.32 (0.86) 3.17 (0.90) 0.08 1.53 (0.58) 1.50 (0.53) 0.31 0.40 (0.29) 0.33 (0.25) 1.64

AdaBoost 0.03 (0.07) 0.00 (0.00) 4.32 0.03 (0.07) 0.00 (0.00) 9.56 0.00 (0.00) 0.00 (0.00) 38.42

GBDT 0.00 (0.00) 0.00 (0.00) 4.60 0.00 (0.00) 0.00 (0.00) 6.50 0.00 (0.00) 0.00 (0.00) 28.29

XGBoost 2.58 (1.13) 2.25 (1.15) 0.01 2.93 (1.00) 2.67 (1.06) 0.02 3.73 (1.14) 3.67 (1.06) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 1.82 (0.25) 1.80 (0.21) 1.05 0.33 (0.10) 0.33 (0.10) 2.15 0.00 (0.00) 0.00 (0.00) 12.00

Unimodal(NS) 4.45 (0.51) 4.47 (0.41) 1.07 1.53 (0.26) 1.53 (0.25) 2.08 0.03 (0.03) 0.00 (0.05) 10.65

Quantile-mode 2.11 (0.30) 2.13 (0.22) 5.74 0.25 (0.08) 0.27 (0.10) 9.93 0.00 (0.00) 0.00 (0.00) 18.85

Naive-mode 31.55 (0.91) 31.60 (0.80) 0.09 33.16 (0.18) 33.20 (0.10) 0.17 33.33 (0.00) 33.33 (0.00) 0.52

Centroid 20.40 (1.10) 20.30 (1.06) 0.01 13.19 (0.69) 13.17 (0.66) 0.01 4.40 (0.55) 4.33 (0.72) 0.02

Median 5.03 (0.48) 4.93 (0.57) 0.02 1.89 (0.23) 1.87 (0.19) 0.07 0.01 (0.00) 0.00 (0.00) 0.22

Quantile 0.49 (0.17) 0.47 (0.47) 0.86 0.04 (0.06) 0.00 (0.05) 2.47 0.00 (0.00) 0.00 (0.00) 11.17

EQC 0.27 (0.00) 0.27 (0.00) 0.33 0.00 (0.00) 0.00 (0.00) 0.95 0.00 (0.00) 0.00 (0.00) 4.32

SVM 3.18 (0.23) 3.20 (0.16) 0.03 0.76 (0.17) 0.73 (0.17) 0.06 0.00 (0.00) 0.00 (0.00) 0.25

LDA 1.76 (0.26) 1.80 (0.26) 0.02 0.40 (0.16) 0.40 (0.11) 0.09 0.02 (0.03) 0.00 (0.01) 0.96

1-NN 19.04 (0.83) 19.13 (0.87) 0.01 19.30 (0.90) 19.20 (0.63) 0.02 15.87 (0.91) 15.70 (0.95) 0.11

nBayes 2.73 (0.54) 2.80 (0.47) 0.17 1.10 (0.25) 1.07 (0.30) 0.60 0.14 (0.10) 0.13 (0.10) 3.01

AdaBoost 0.02 (0.03) 0.00 (0.01) 5.15 0.03 (0.03) 0.00 (0.05) 11.85 0.00 (0.00) 0.00 (0.00) 51.65

GBDT 0.00 (0.00) 0.00 (0.00) 5.81 0.00 (0.00) 0.00 (0.00) 20.32 0.00 (0.00) 0.00 (0.00) 51.01

XGBoost 2.25 (0.47) 2.27 (0.57) 0.01 2.01 (0.44) 2.00 (0.57) 0.02 1.95 (0.31) 1.93 (0.31) 0.04
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Table S15: Misclassification rates multiplied by 100 for Case 6 of Example 1 with balanced setting

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 2.55 (2.55) 1.20 (3.00) 1.45 0.20 (0.46) 0.00 (0.00) 2.93 0.00 (0.00) 0.00 (0.00) 11.71

Unimodal(NS) 1.65 (1.21) 2.00 (0.75) 1.27 0.15 (0.36) 0.00 (0.00) 2.47 0.00 (0.00) 0.00 (0.00) 11.10

Quantile-mode 0.18 (0.38) 0.00 (0.00) 2.95 0.00 (0.00) 0.00 (0.00) 5.53 0.00 (0.00) 0.00 (0.00) 9.76

Naive-mode 30.58 (4.95) 31.00 (5.41) 0.06 34.38 (4.02) 35.00 (4.66) 0.08 40.53 (3.41) 41.00 (2.99) 0.14

Centroid 8.63 (1.94) 9.00 (2.24) 0.01 0.05 (0.22) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 6.88 (1.81) 7.00 (1.45) 0.01 0.03 (0.16) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.19

Quantile 2.50 (2.30) 2.00 (2.24) 0.62 1.25 (1.74) 1.00 (1.49) 2.11 0.08 (0.27) 0.00 (0.00) 9.81

EQC 6.90 (0.63) 7.00 (0.00) 0.21 0.00 (0.00) 0.00 (0.00) 0.65 0.00 (0.00) 0.00 (0.00) 2.88

SVM 4.08 (1.47) 4.00 (1.49) 0.02 0.00 (0.00) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.12

LDA 16.00 (3.74) 16.50 (2.99) 0.01 8.68 (3.16) 8.50 (3.36) 0.04 5.43 (2.58) 5.50 (2.99) 0.31

1-NN 27.25 (5.07) 27.00 (5.41) 0.01 11.50 (4.06) 10.50 (3.92) 0.01 2.90 (2.38) 2.00 (2.99) 0.01

nBayes 19.20 (3.41) 20.00 (3.73) 0.04 6.28 (2.03) 6.00 (2.24) 0.14 1.33 (1.12) 1.00 (0.75) 0.71

AdaBoost 3.60 (1.92) 3.00 (1.68) 4.00 0.93 (1.10) 1.00 (0.75) 7.78 1.00 (1.11) 1.00 (1.49) 33.14

GBDT 3.98 (1.66) 4.00 (1.49) 3.41 0.25 (0.54) 0.00 (0.00) 4.05 0.03 (0.16) 0.00 (0.00) 17.95

XGBoost 22.03 (5.49) 22.00 (4.66) 0.01 24.03 (5.13) 24.50 (5.22) 0.02 22.95 (4.28) 23.00 (4.66) 0.02

n = 100 (balanced)

Unimodal(ROT) 6.49 (1.04) 6.38 (1.12) 1.71 0.08 (0.12) 0.00 (0.19) 3.02 0.00 (0.00) 0.00 (0.00) 13.98

Unimodal(NS) 5.77 (0.97) 5.75 (0.56) 1.50 0.04 (0.11) 0.00 (0.00) 2.31 0.00 (0.00) 0.00 (0.00) 11.24

Quantile-mode 0.78 (0.34) 0.75 (0.37) 3.23 0.00 (0.00) 0.00 (0.00) 5.57 0.00 (0.00) 0.00 (0.00) 10.00

Naive-mode 26.84 (2.38) 26.75 (2.71) 0.07 32.92 (2.77) 33.13 (2.66) 0.08 37.44 (2.28) 37.88 (2.15) 0.16

Centroid 7.21 (0.92) 7.50 (0.93) 0.01 0.13 (0.15) 0.00 (0.19) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 7.31 (1.10) 7.25 (1.31) 0.02 0.27 (0.18) 0.25 (0.00) 0.05 0.00 (0.00) 0.00 (0.00) 0.23

Quantile 0.03 (0.08) 0.00 (0.00) 0.72 0.00 (0.00) 0.00 (0.00) 2.13 0.00 (0.00) 0.00 (0.00) 10.11

EQC 12.90 (0.24) 7.00 (0.00) 0.23 0.00 (0.00) 0.00 (0.00) 0.73 0.00 (0.00) 0.00 (0.00) 3.28

SVM 5.94 (0.98) 6.00 (1.17) 0.01 0.00 (0.00) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.17

LDA 9.11 (1.25) 9.00 (1.12) 0.01 1.16 (0.62) 7.50 (0.37) 0.05 2.29 (0.95) 2.25 (0.93) 0.38

1-NN 22.89 (2.23) 23.25 (2.29) 0.01 10.61 (2.72) 10.50 (0.27) 0.01 1.91 (0.81) 2.00 (0.93) 0.02

nBayes 11.14 (1.53) 11.38 (1.73) 0.08 1.22 (0.58) 1.25 (0.75) 0.25 0.02 (0.07) 0.00 (0.00) 1.18

AdaBoost 0.64 (0.40) 0.50 (0.42) 4.54 0.01 (0.04) 0.00 (0.00) 8.42 0.00 (0.00) 0.00 (0.00) 35.89

GBDT 0.38 (0.37) 0.25 (0.23) 4.98 0.00 (0.00) 0.00 (0.00) 4..71 0.00 (0.00) 0.00 (0.00) 23.49

XGBoost 14.17 (2.23) 13.75 (1.87) 0.01 14.76 (2.94) 14.25 (3.08) 0.02 14.31 (2.13) 14.63 (2.47) 0.02

n = 200 (balanced)

Unimodal(ROT) 6.77 (0.74) 6.75 (0.75) 1.54 0.19 (0.12) 0.20 (0.15) 3.64 0.00 (0.00) 0.00 (0.00) 13.79

Unimodal(NS) 6.39 (0.70) 6.45 (0.82) 1.69 0.14 (0.10) 0.10 (0.07) 2.59 0.00 (0.00) 0.00 (0.00) 12.09

Quantile-mode 1.45 (0.25) 1.45 (0.24) 3.53 0.00 (0.00) 0.00 (0.00) 5.79 0.00 (0.00) 0.00 (0.00) 11.03

Näıve-mode 28.14 (1.29) 28.05 (1.38) 0.07 31.39 (1.82) 31.45 (1.88) 0.09 36.57 (1.49) 36.40 (1.72) 0.20

Centroid 6.92 (0.50) 6.90 (0.54) 0.01 0.15 (0.07) 0.20 (0.07) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 7.76 (0.66) 7.80 (0.67) 0.02 0.15 (0.09) 0.10 (0.07) 0.07 0.00 (0.00) 0.00 (0.00) 0.24

Quantile 0.04 (0.05) 0.00 (0.07) 0.85 0.00 (0.00) 0.00 (0.00) 2.48 0.00 (0.00) 0.00 (0.00) 10.96

EQC 13.10 (0.05) 13.00 (0.00) 0.28 0.00 (0.00) 0.00 (0.00) 0.86 0.00 (0.00) 0.00 (0.00) 3.63

SVM 6.14 (0.61) 6.10 (0.63) 0.02 0.01 (0.03) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.21

LDA 7.53 (0.52) 7.55 (0.56) 0.02 0.35 (0.17) 0.40 (0.19) 0.09 0.06 (0.05) 0.10 (0.07) 0.65

1-NN 22.59 (1.40) 22.55 (1.19) 0.01 6.41 (0.57) 6.35 (0.52) 0.01 2.00 (0.77) 1.90 (0.71) 0.05

nBayes 9.62 (1.12) 9.45 (1.12) 0.13 0.35 (0.17) 0.35 (0.15) 0.66 0.00 (0.00) 0.00 (0.00) 2.14

AdaBoost 0.17 (0.15) 0.20 (0.22) 5.46 0.00 (0.00) 0.00 (0.00) 11.39 0.00 (0.00) 0.00 (0.00) 47.06

GBDT 0.14 (0.12) 0.10 (0.15) 5.81 0.00 (0.00) 0.00 (0.00) 8.84 0.00 (0.00) 0.00 (0.00) 39.00

XGBoost 11.11 (1.28) 11.10 (1.06) 0.01 11.30 (1.32) 11.30 (1.64) 0.02 11.91 (0.79) 11.85 (0.69) 0.03
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Table S16: Misclassification rates multiplied by 100 for Case 6 of Example 1 with imbalanced setting

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 4.33 (1.54) 4.00 (1.12) 1.49 0.07 (0.20) 0.00 (0.00) 3.32 0.00 (0.00) 0.00 (0.00) 13.20

Unimodal(NS) 3.48 (1.10) 3.67 (1.00) 1.31 0.00 (0.00) 0.00 (0.00) 3.31 0.00 (0.00) 0.00 (0.00) 11.48

Quantile-mode 0.68 (0.44) 0.67 (0.00) 2.90 0.00 (0.00) 0.00 (0.00) 5.28 0.00 (0.00) 0.00 (0.00) 9.84

Naive-mode 24.68 (3.61) 24.67 (4.48) 0.06 28.83 (2.24) 29.00 (2.99) 0.08 32.32 (0.84) 32.67 (0.62) 0.14

Centroid 7.20 (1.79) 7.33 (1.49) 0.01 0.08 (0.22) 0.00 (0.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 6.77 (1.35) 6.67 (1.49) 0.02 0.15 (0.28) 0.00 (0.00) 0.06 0.00 (0.00) 0.00 (0.00) 0.23

Quantile 0.53 (0.92) 0.00 (0.50) 0.71 0.15 (0.44) 0.00 (0.00) 2.45 0.00 (0.00) 0.00 (0.00) 10.31

EQC 1.98 (0.11) 2.00 (0.00) 0.23 0.02 (0.11) 0.00 (0.00) 0.72 0.00 (0.00) 0.00 (0.00) 3.17

SVM 5.33 (1.27) 5.33 (1.00) 0.01 0.00 (0.00) 0.00 (0.00) 0.02 0.00 (0.00) 0.00 (0.00) 0.13

LDA 10.53 (2.15) 10.33 (2.49) 0.02 10.37 (3.71) 9.67 (4.10) 0.04 2.62 (1.36) 2.67 (1.12) 0.34

1-NN 19.50 (2.02) 19.33 (1.99) 0.01 15.50 (3.90) 15.33 (3.48) 0.01 5.88 (2.40) 5.33 (1.99) 0.01

nBayes 15.02 (2.73) 14.67 (2.49) 0.06 5.03 (1.67) 5.33 (1.99) 0.20 1.80 (1.06) 2.00 (1.49) 0.98

AdaBoost 3.35 (1.74) 3.33 (1.99) 4.10 1.00 (0.66) 1.33 (0.50) 8.04 0.55 (0.62) 0.67 (0.62) 33.16

GBDT 1.78 (1.51) 1.33 (1.00) 4.74 0.00 (0.00) 0.00 (0.00) 5.13 0.00 (0.00) 0.00 (0.00) 19.67

XGBoost 15.75 (3.67) 15.67 (3.98) 0.01 15.87 (2.92) 15.67 (3.11) 0.02 16.40 (3.34) 16.00 (2.49) 0.02

n = 100 (imbalanced)

Unimodal(ROT) 4.43 (0.85) 4.17 (0.75) 1.51 0.04 (0.08) 0.00 (0.00) 3.26 0.00 (0.00) 0.00 (0.00) 14.22

Unimodal(NS) 4.18 (0.68) 4.00 (0.75) 1.21 0.01 (0.04) 0.00 (0.00) 2.94 0.00 (0.00) 0.00 (0.00) 11.79

Quantile-mode 0.53 (0.20) 0.50 (0.25) 3.46 0.00 (0.00) 0.00 (0.00) 5.77 0.00 (0.00) 0.00 (0.00) 10.57

Naive-mode 20.08 (1.77) 20.00 (1.43) 0.08 23.82 (1.20) 23.75 (0.93) 0.08 27.29 (0.94) 27.17 (0.78) 0.17

Centroid 6.70 (0.96) 6.58 (1.03) 0.01 0.12 (0.13) 0.17 (0.12) 0.01 0.00 (0.00) 0.00 (0.00) 0.01

Median 6.58 (0.72) 6.50 (0.62) 0.02 0.14 (0.14) 0.17 (0.16) 0.05 0.00 (0.00) 0.00 (0.00) 0.24

Quantile 0.00 (0.03) 0.00 (0.00) 0.79 0.00 (0.00) 0.00 (0.00) 2.61 0.00 (0.00) 0.00 (0.00) 10.70

EQC 1.34 (0.05) 1.33 (0.00) 0.26 0.16 (0.03) 0.17 (0.00) 0.82 0.00 (0.00) 0.00 (0.00) 3.61

SVM 4.65 (0.67) 4.50 (0.78) 0.01 0.00 (0.00) 0.00 (0.00) 0.03 0.00 (0.00) 0.00 (0.00) 0.18

LDA 6.88 (0.89) 6.67 (1.03) 0.01 0.87 (0.35) 0.83 (0.37) 0.06 2.22 (0.86) 2.00 (0.75) 0.49

1-NN 20.27 (1.35) 20.33 (1.31) 0.01 9.68 (1.34) 9.75 (1.55) 0.01 2.34 (0.95) 2.33 (1.24) 0.03

nBayes 9.63 (1.30) 9.42 (1.62) 0.10 1.03 (0.33) 1.00 (0.28) 0.35 0.00 (0.00) 0.00 (0.00) 1.63

AdaBoost 0.68 (0.32) 0.67 (0.25) 4.69 0.02 (0.05) 0.00 (0.00) 9.51 0.00 (0.00) 0.00 (0.00) 40.15

GBDT 0.34 (0.21) 0.33 (0.25) 5.07 0.00 (0.00) 0.00 (0.00) 6.87 0.00 (0.00) 0.00 (0.00) 29.89

XGBoost 8.60 (1.66) 8.50 (1.43) 0.01 8.69 (1.95) 8.25 (1.90) 0.02 8.80 (1.36) 8.75 (1.49) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 5.46 (0.47) 5.50 (0.60) 1.67 0.16 (0.08) 0.13 (0.06) 4.23 0.00 (0.00) 0.00 (0.00) 14.58

Unimodal(NS) 5.15 (0.47) 5.17 (0.55) 1.55 0.12 (0.06) 0.13 (0.05) 3.59 0.00 (0.00) 0.00 (0.00) 13.78

Quantile-mode 1.32 (0.26) 1.30 (0.25) 3.78 0.00 (0.00) 0.00 (0.00) 6.46 0.00 (0.00) 0.00 (0.00) 11.99

Naive-mode 19.87 (1.10) 20.00 (1.38) 0.07 21.95 (0.79) 21.87 (0.78) 0.09 25.23 (0.64) 25.23 (0.71) 0.23

Centroid 6.29 (0.50) 6.30 (0.52) 0.01 0.16 (0.09) 0.13 (0.11) 0.01 0.00 (0.00) 0.00 (0.00) 0.02

Median 6.24 (0.45) 6.27 (0.62) 0.02 0.15 (0.08) 0.13 (0.10) 0.05 0.00 (0.00) 0.00 (0.00) 0.27

Quantile 0.00 (0.00) 0.00 (0.00) 1.28 0.00 (0.00) 0.00 (0.00) 2.61 0.00 (0.00) 0.00 (0.00) 11.77

EQC 1.39 (0.04) 1.40 (0.00) 0.34 0.00 (0.00) 0.00 (0.00) 0.91 0.00 (0.00) 0.00 (0.00) 4.31

SVM 5.32 (0.51) 5.23 (0.55) 0.03 0.02 (0.04) 0.00 (0.05) 0.04 0.00 (0.00) 0.00 (0.00) 0.30

LDA 5.93 (0.53) 5.93 (0.52) 0.02 0.25 (0.10) 0.27 (0.10) 0.11 0.00 (0.01) 0.00 (0.00) 1.03

1-NN 18.35 (0.80) 18.40 (0.88) 0.01 6.08 (0.78) 6.07 (0.85) 0.02 1.70 (0.61) 1.53 (0.61) 0.12

nBayes 6.99 (0.67) 7.03 (0.73) 0.19 0.40 (0.12) 0.43 (0.10) 0.62 0.00 (0.01) 0.00 (0.00) 3.06

AdaBoost 0.11 (0.09) 0.07 (0.05) 5.69 0.00 (0.00) 0.00 (0.00) 12.95 0.00 (0.00) 0.00 (0.00) 58.49

GBDT 0.05 (0.04) 0.07 (0.05) 6.14 0.00 (0.00) 0.00 (0.00) 20.83 0.00 (0.00) 0.00 (0.00) 53.09

XGBoost 8.13 (0.84) 8.13 (0.85) 0.01 7.98 (0.80) 7.93 (0.65) 0.02 8.20 (0.74) 8.10 (0.86) 0.04
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Table S17: Misclassification rates multiplied by 100 for Case 7 of Example 1 with balanced setting

n = 50 (balanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 2.75 (1.46) 3.00 (1.12) 1.02 0.00 (0.00) 0.00 (0.00) 2.36 0.00 (0.00) 0.00 (0.00) 10.50

Unimodal(NS) 2.70 (1.44) 3.00 (0.93) 0.77 0.00 (0.00) 0.00 (0.00) 2.10 0.00 (0.00) 0.00 (0.00) 9.19

Quantile-mode 0.25 (0.44) 0.00 (0.19) 2.93 0.00 (0.00) 0.00 (0.00) 5.16 0.00 (0.00) 0.00 (0.00) 9.56

Naive-mode 18.45 (4.55) 18.50 (3.36) 0.07 11.58 (3.13) 11.50 (2.43) 0.07 5.53 (2.50) 5.50 (2.24) 0.13

Centroid 41.70 (3.39) 41.00 (2.43) 0.01 40.83 (2.75) 41.00 (1.68) 0.01 44.70 (2.10) 44.50 (1.68) 0.01

Median 17.00 (3.06) 17.00 (2.99) 0.02 8.48 (2.44) 8.00 (2.24) 0.05 1.85 (1.27) 2.00 (0.93) 0.23

Quantile 4.18 (2.85) 3.50 (2.99) 0.68 1.35 (1.19) 1.00 (1.49) 2.65 0.05 (0.22) 0.00 (0.00) 9.77

EQC 1.03 (0.16) 1.00 (0.00) 0.24 0.00 (0.00) 0.00 (0.00) 0.68 0.00 (0.00) 0.00 (0.00) 3.01

SVM 31.38 (5.70) 31.00 (5.41) 0.01 9.93 (2.56) 10.00 (2.43) 0.02 0.08 (0.27) 0.00 (0.00) 0.13

LDA 42.68 (4.26) 43.00 (2.61) 0.01 41.45 (4.49) 41.00 (4.10) 0.04 42.60 (3.46) 42.00 (3.92) 0.31

1-NN 48.80 (0.99) 49.00 (1.49) 0.01 50.00 (0.00) 50.00 (0.00) 0.01 50.00 (0.00) 50.00 (0.00) 0.01

nBayes 0.00 (0.00) 0.00 (0.00) 0.04 0.00 (0.00) 0.00 (0.00) 0.14 0.00 (0.00) 0.00 (0.00) 0.70

AdaBoost 4.05 (1.72) 4.00 (1.49) 4.59 1.58 (1.38) 1.00 (1.68) 7.60 1.30 (1.22) 1.00 (1.49) 32.54

GBDT 3.43 (1.82) 3.00 (2.24) 4.18 0.65 (1.12) 0.00 (0.75) 4.86 0.05 (0.22) 0.00 (0.00) 18.58

XGBoost 30.00 (3.30) 30.00 (3.17) 0.01 29.68 (4.71) 29.00 (3.92) 0.02 31.00 (4.66) 30.50 (3.92) 0.02

n = 100 (balanced)

Unimodal(ROT) 1.06 (0.35) 1.00 (0.37) 0.84 0.00 (0.00) 0.00 (0.00) 2.54 0.00 (0.00) 0.00 (0.00) 11.07

Unimodal(NS) 1.11 (0.36) 1.00 (0.19) 0.76 0.00 (0.00) 0.00 (0.00) 2.13 0.00 (0.00) 0.00 (0.00) 10.02

Quantile-mode 0.13 (0.17) 0.00 (0.19) 3.19 0.00 (0.00) 0.00 (0.00) 5.50 0.00 (0.00) 0.00 (0.00) 10.29

Naive-mode 12.77 (1.89) 13.00 (1.77) 0.06 4.34 (1.28) 4.25 (1.49) 0.08 0.73 (0.36) 0.75 (0.37) 0.18

Centroid 45.35 (2.35) 45.25 (1.96) 0.01 41.63 (1.82) 41.50 (1.40) 0.01 40.46 (1.71) 40.50 (1.91) 0.01

Median 11.36 (1.46) 11.50 (0.75) 0.04 3.58 (0.91) 3.75 (0.75) 0.04 0.27 (0.27) 0.25 (0.37) 0.24

Quantile 0.54 (0.55) 0.38 (0.37) 0.70 0.22 (0.47) 0.00 (0.19) 2.14 0.10 (0.15) 0.00 (0.19) 10.59

EQC 2.00 (0.00) 2.00 (0.00) 0.29 0.00 (0.00) 0.00 (0.00) 0.74 0.00 (0.00) 0.00 (0.00) 3.25

SVM 32.98 (2.37) 33.50 (2.71) 0.01 18.93 (1.49) 18.75 (1.54) 0.03 5.30 (1.01) 5.50 (1.12) 0.15

LDA 45.12 (2.33) 45.25 (2.01) 0.03 43.62 (1.99) 43.75 (1.49) 0.05 44.57 (2.06) 44.63 (1.73) 0.39

1-NN 46.22 (0.84) 46.13 (0.75) 0.01 50.00 (0.00) 50.00 (0.00) 0.01 50.00 (0.00) 50.00 (0.00) 0.02

nBayes 0.00 (0.00) 0.00 (0.00) 0.07 0.00 (0.00) 0.00 (0.00) 0.23 0.00 (0.00) 0.00 (0.00) 1.13

AdaBoost 0.35 (0.30) 0.25 (0.37) 4.66 0.04 (0.10) 0.00 (0.00) 8.67 0.01 (0.04) 0.00 (0.00) 36.30

GBDT 0.14 (0.18) 0.00 (0.19) 4.57 0.00 (0.00) 0.00 (0.00) 4.93 0.00 (0.00) 0.00 (0.00) 21.91

XGBoost 25.44 (2.74) 25.38 (3.03) 0.02 24.49 (2.35) 24.38 (1.77) 0.02 25.98 (2.21) 25.75 (2.33) 0.03

n = 200 (balanced)

Unimodal(ROT) 1.06 (0.19) 1.10 (0.22) 0.84 0.00 (0.00) 0.00 (0.00) 2.45 0.00 (0.00) 0.00 (0.00) 11.23

Unimodal(NS) 1.11 (0.16) 1.10 (0.15) 0.83 0.00 (0.00) 0.00 (0.00) 2.42 0.00 (0.00) 0.00 (0.00) 10.07

Quantile-mode 0.32 (0.12) 0.30 (0.15) 0.15 0.00 (0.00) 0.00 (0.00) 0.41 0.00 (0.00) 0.00 (0.00) 1.84

Naive-mode 11.06 (1.23) 11.00 (1.40) 3.50 3.78 (0.51) 3.70 (0.45) 5.92 0.48 (0.22) 0.50 (0.24) 11.09

Centroid 44.51 (1.37) 44.55 (1.59) 0.01 43.28 (1.29) 43.50 (1.34) 0.01 39.05 (0.92) 39.00 (0.86) 0.02

Median 11.78 (0.75) 11.70 (0.69) 0.02 2.63 (0.52) 2.50 (0.47) 0.05 0.41 (0.17) 0.40 (0.15) 0.27

Quantile 0.43 (0.16) 0.40 (0.15) 0.81 0.07 (0.07) 0.10 (0.07) 2.74 0.06 (0.10) 0.00 (0.07) 11.80

EQC 1.30 (0.00) 1.30 (0.00) 0.30 0.00 (0.00) 0.00 (0.00) 0.80 0.00 (0.00) 0.00 (0.00) 3.63

SVM 33.39 (1.06) 33.20 (1.23) 0.02 25.85 (0.98) 25.80 (0.86) 0.05 14.35 (0.88) 14.35 (0.62) 0.27

LDA 44.36 (1.49) 44.50 (1.31) 0.02 44.44 (1.12) 44.60 (1.01) 0.08 42.15 (1.31) 41.90 (1.18) 0.80

1-NN 44.03 (0.74) 43.95 (0.67) 0.01 50.00 (0.00) 50.00 (0.00) 0.01 50.00 (0.00) 50.00 (0.00) 0.06

nBayes 0.01 (0.27) 0.00 (0.00) 0.12 0.00 (0.00) 0.00 (0.00) 0.44 0.00 (0.00) 0.00 (0.00) 2.27

AdaBoost 0.04 (0.08) 0.00 (0.07) 4.99 0.00 (0.02) 0.00 (0.00) 10.74 0.00 (0.00) 0.00 (0.00) 46.66

GBDT 0.01 (0.02) 0.00 (0.00) 5.84 0.00 (0.00) 0.00 (0.00) 8.55 0.00 (0.00) 0.00 (0.00) 38.55

XGBoost 23.57 (1.63) 24.00 (1.64) 0.02 24.14 (1.61) 24.15 (1.21) 0.02 24.41 (1.64) 24.30 (1.53) 0.03
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Table S18: Misclassification rates multiplied by 100 for Case 7 of Example 1 with imbalanced setting

n = 50 (imbalanced)

p = 50 p = 200 p = 1000

Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time Mean(SD) Median(RSD) Time

Unimodal(ROT) 2.08 (0.77) 2.00 (1.00) 0.78 0.00 (0.00) 0.00 (0.00) 2.23 0.00 (0.00) 0.00 (0.00) 10.81

Unimodal(NS) 2.53 (0.90) 2.67 (0.50) 0.76 0.00 (0.00) 0.00 (0.00) 1.99 0.00 (0.00) 0.00 (0.00) 9.91

Quantile-mode 0.53 (0.43) 0.67 (0.50) 3.07 0.00 (0.00) 0.00 (0.00) 5.26 0.00 (0.00) 0.00 (0.00) 9.83

Näıve-mode 12.57 (3.01) 12.00 (2.49) 0.07 7.87 (2.23) 7.33 (2.49) 0.10 4.88 (1.82) 5.33 (1.62) 0.15

Centroid 27.67 (2.41) 28.00 (2.61) 0.01 28.22 (1.44) 28.00 (1.49) 0.01 29.28 (1.64) 29.33 (1.99) 0.01

Median 12.20 (2.08) 12.67 (1.49) 0.02 5.65 (1.63) 6.00 (1.49) 0.07 2.20 (0.84) 2.00 (0.62) 0.22

Quantile 1.87 (1.45) 1.67 (1.12) 0.69 0.28 (0.45) 0.00 (0.50) 2.25 0.00 (0.00) 0.00 (0.00) 9.74

EQC 2.08 (0.53) 2.00 (0.00) 0.24 0.00 (0.00) 0.00 (0.00) 0.75 0.00 (0.00) 0.00 (0.00) 3.41

SVM 33.10 (0.41) 33.33 (0.50) 0.01 15.58 (2.93) 15.67 (2.24) 0.03 0.22 (0.35) 0.00 (0.50) 0.13

LDA 29.92 (2.95) 30.00 (2.99) 0.01 34.77 (3.32) 34.67 (2.99) 0.04 26.72 (2.27) 26.00 (2.11) 0.32

1-NN 31.62 (0.81) 32.00 (0.50) 0.01 33.33 (0.00) 33.33 (0.00) 0.01 33.33 (0.00) 33.33 (0.00) 0.01

nBayes 0.00 (0.00) 0.00 (0.00) 0.06 0.00 (0.00) 0.00 (0.00) 0.18 0.00 (0.00) 0.00 (0.00) 0.90

AdaBoost 2.63 (1.42) 2.67 (1.49) 4.21 1.53 (1.23) 1.33 (1.00) 8.12 1.43 (1.02) 1.33 (1.00) 33.41

GBDT 1.27 (1.02) 1.33 (1.00) 4.59 0.08 (0.22) 0.00 (0.00) 4.72 0.00 (0.00) 0.00 (0.00) 18.74

XGBoost 23.10 (3.08) 23.00 (3.11) 0.01 24.85 (2.78) 24.00 (3.48) 0.02 24.48 (3.22) 24.33 (3.48) 0.02

n = 100 (imbalanced)

Unimodal(ROT) 0.95 (0.28) 1.00 (0.25) 0.80 0.00 (0.00) 0.00 (0.00) 2.16 0.00 (0.00) 0.00 (0.00) 11.08

Unimodal(NS) 0.99 (0.27) 1.00 (0.25) 0.68 0.00 (0.00) 0.00 (0.00) 1.87 0.00 (0.00) 0.00 (0.00) 9.82

Quantile-mode 0.20 (0.16) 0.17 (0.25) 3.17 0.00 (0.00) 0.00 (0.00) 5.62 0.00 (0.00) 0.00 (0.00) 10.67

Naive-mode 7.75 (1.02) 7.83 (0.90) 0.06 3.11 (0.72) 3.08 (0.87) 0.08 0.78 (0.32) 0.67 (0.37) 0.18

Centroid 37.85 (1.86) 38.58 (1.93) 0.01 32.58 (1.27) 32.33 (1.06) 0.01 28.15 (0.75) 28.17 (0.87) 0.01

Median 8.60 (1.10) 8.42 (1.37) 0.02 2.35 (0.63) 2.33 (0.65) 0.06 0.44 (0.17) 0.50 (0.16) 0.25

Quantile 0.61 (0.36) 0.50 (0.04) 0.77 0.10 (0.23) 0.00 (0.12) 2.29 0.07 (0.13) 0.00 (0.12) 10.47

EQC 2.15 (0.11) 2.17 (0.00) 0.25 0.16 (0.03) 0.17 (0.00) 0.81 0.00 (0.00) 0.00 (0.00) 3.61

SVM 33.19 (0.23) 33.33 (0.12) 0.01 20.66 (1.63) 20.58 (1.90) 0.04 6.91 (0.90) 7.00 (0.87) .021

LDA 27.90 (1.12) 27.75 (1.37) 0.01 32.27 (1.60) 3.22 (1.96) 0.06 36.64 (2.52) 36.67 (2.24) 0.49

1-NN 31.44 (0.44) 31.50 (0.37) 0.01 33.33 (0.00) 33.33 (0.00) 0.01 33.33 (0.00) 33.33 (0.00) 0.03

nBayes 0.10 (0.11) 0.08 (0.12) 0.10 0.00 (0.00) 0.00 (0.00) 0.33 0.00 (0.00) 0.00 (0.00) 1.71

AdaBoost 0.40 (0.22) 0.33 (0.16) 5.03 0.06 (0.11) 0.00 (0.12) 9.50 0.02 (0.05) 0.00 (0.00) 40.62

GBDT 0.12 (0.11) 0.17 (0.12) 4.80 0.00 (0.00) 0.00 (0.00) 6.79 0.00 (0.00) 0.00 (0.00) 28.31

XGBoost 21.73 (1.48) 22.08 (1.80) 0.01 21.79 (1.59) 21.67 (1.90) 0.02 22.42 (1.44) 22.50 (1.68) 0.03

n = 200 (imbalanced)

Unimodal(ROT) 0.94 (0.16) 0.93 (0.16) 0.79 0.00 (0.00) 0.00 (0.00) 2.27 0.00 (0.00) 0.00 (0.00) 11.90

Unimodal(NS) 0.90 (0.18) 0.90 (0.15) 0.73 0.00 (0.00) 0.00 (0.00) 2.10 0.00 (0.00) 0.00 (0.00) 10.68

Quantile-mode 0.36 (0.11) 0.40 (0.15) 3.79 0.00 (0.00) 0.00 (0.00) 6.45 0.00 (0.00) 0.00 (0.00) 12.22

Naive-mode 8.16 (0.79) 8.13 (0.78) 0.07 2.04 (0.37) 2.07 (0.36) 0.13 0.38 (0.15) 0.40 (0.15) 0.23

Centroid 43.01 (1.16) 43.03 (1.29) 0.01 35.48 (0.95) 35.50 (1.02) 0.01 30.86 (0.78) 30.83 (0.77) 0.02

Median 9.40 (0.45) 9.37 (0.45) 0.02 1.81 (0.27) 1.87 (0.25) 0.08 0.21 (0.09) 0.20 (0.10) 0.23

Quantile 0.40 (0.17) 0.40 (0.15) 0.92 0.05 (0.07) 0.00 (0.05) 3.01 0.00 (0.00) 0.00 (0.00) 11.49

EQC 1.01 (0.04) 1.00 (0.00) 0.32 0.00 (0.00) 0.00 (0.00) 0.96 0.00 (0.00) 0.00 (0.00) 4.49

SVM 33.33 (0.01) 33.33 (0.00) 0.03 22.58 (1.04) 22.47 (1.13) 0.08 13.90 (0.87) 14.03 (0.70) 0.47

LDA 28.72 (0.54) 28.70 (0.51) 0.02 28.31 (0.99) 28.17 (1.02) 0.11 31.46 (0.91) 31.63 (0.90) 1.04

1-NN 30.50 (0.42) 30.43 (0.40) 0.01 33.33 (0.00) 33.33 (0.00) 0.02 33.33 (0.00) 33.33 (0.00) 0.12

nBayes 0.02 (0.03) 0.00 (0.05) 0.16 0.00 (0.00) 0.00 (0.00) 0.62 0.00 (0.00) 0.00 (0.00) 3.07

AdaBoost 0.04 (0.04) 0.00 (0.05) 5.58 0.00 (0.01) 0.00 (0.00) 13.26 0.00 (0.00) 0.00 (0.00) 57.15

GBDT 0.00 (0.00) 0.00 (0.00) 5.87 0.00 (0.00) 0.00 (0.00) 20.76 0.00 (0.00) 0.00 (0.00) 51.98

XGBoost 20.63 (1.28) 20.67 (1.28) 0.02 21.07 (1.08) 21.07 (1.06) 0.02 22.18 (1.11) 22.13 (0.86) 0.04
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Table S25: Descriptive statistics for the number of modes for p = 6033 genes determined by the three

testing procedures in the prostate cancer dataset, nominal level α = 0.05

Test Group Min Q1 Meidan Mean Q3 Max

SI healthy 1.000 1.000 1.000 1.000 1.000 1.000

cancer 1.000 1.000 1.000 1.001 1.000 2.000

FM healthy 1.000 1.000 17.00 17.47 25.00 123.00

cancer 1.000 1.000 18.00 18.83 26.00 150.00

ACR healthy 1.000 1.000 1.000 1.516 2.000 10.000

cancer 1.000 1.000 1.000 1.543 2.000 7.000

Table S26: Testing results for the number of modes for p = 50, 200, 500, 1000 selected predictors of two

groups based on three testing procedures for the second dataset, critical value α = 0.05

no-focal-lesion group with-focal-lesion group

p Test Mean Median Min Max Mean Median Min Max

SI 1.000 1.00 1.00 1.00 1.020 1.00 1.00 2.00

p = 50 FM 1.250 1.00 1.00 3.00 2.700 1.00 1.00 58.00

ACR 1.065 1.00 1.00 2.00 1.075 1.00 1.00 3.00

SI 1.000 1.00 1.00 1.00 1.000 1.00 1.00 1.00

p = 200 FM 1.195 1.00 1.00 9.00 1.995 1.00 1.00 58.00

ACR 1.160 1.00 1.00 2.00 1.220 1.00 1.00 3.00

SI 1.000 1.00 1.00 1.00 1.000 1.00 1.00 1.00

p = 500 FM 1.480 1.00 1.00 119.00 2.150 1.00 1.00 106.00

ACR 1.064 1.00 1.00 4.00 1.068 1.00 1.00 3.00

SI 1.000 1.00 1.00 1.00 1.000 1.00 1.00 1.00

p = 1000 FM 1.696 1.00 1.00 119.00 2.216 1.00 1.00 210.00

ACR 1.063 1.00 1.00 4.00 1.080 1.00 1.00 4.00
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Table S27: Mean misclassification error rates (%) for the multiple myeloma dataset dataset, with standard

errors (%) in parenthese

Classifiers p = 50 p = 200 p = 500 p = 1000

Unimodal classifier (no test) 10.50 (2.55) 7.03 (3.76) 3.46 (2.98) 1.70 (2.74)

Bimodal classifier (no test) 40.54 (13.44) 31.43 (8.65) 35.40 (13.30) 34.90 (8.31)

Mode-based classifier (SI test) 18.68 (5.78) 7.03 (3.76) 3.46 (2.98) 1.70 (2.74)

Mode-based classifier (FM test) 21.38 (9.34) 18.02 (10.17) 13.93 (6.81) 9.88 (7.34)

Mode-based classifier (ACR test) 19.13 (7.69) 15.66 (9.13) 14.66 (8.65) 13.00 (10.16)

Quantile-mode classifier 21.50 (7.08) 20.79 (7.90) 14.62 (8.52) 10.50 (8.95)

Centroid classifier 34.87 (13.44) 36.14 (14.43) 34.87 (8.19) 37.60 (9.83)

Median classifier 30.92 (14.59) 31.50 (16.96) 30.23 (9.06) 27.63 (13.01)

Quantile classifier 23.89 (10.18) 26.27 (6.66) 23.24 (9.83) 24.95 (5.94)

Ensemble quantile classifier 17.94 (10.94) 20.86 (7.01) 16.18 (7.43) 17.32 (8.44)

Naive Bayes classifier 26.76 (14.15) 26.21 (10.52) 23.33 (14.5) 26.62 (10.58)

LDA 25.00 (11.08) 32.03(9.40) 16.27 (9.05) 19.93 (12.93)

1-NN 25.03 (11.84) 29.74 (10.33) 34.31 (7.53) 32.48 (10.69)

SVM 26.14 (13.02) 29.77 (13.54) 23.10 (9.31) 33.12 (5.02)

AdaBoost 20.92 (10.02) 21.63 (10.12) 19.12 (8.07) 19.69 (12.51)

GBDT 19.71 (12.23) 19.90 (14.48) 22.22 (19.43) 22.66 (22.52)

XGBoost 23.82 (8.79) 29.15 (8.54) 23.86 (7.09) 21.38 (6.17)
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