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In Section we propose an accelerated refinement algorithm RACE and indicate that the
performance of RACE and RACERn is very similar via some simulation results. In Section [S2} we
demonstrate in detail how we select the tuning parameters 7 and K. In Section we explain
and compare the assumptions of the main theorems and corollary imposed. In Section [S4] we
compare the performance of RACE initialized with the two initialization algorithms INIT and
ESC, respectively, with some of their competitors in situation of K = 3. In Section [S5] we
make some additional discussions. Then, in Sectionls_ﬁ we present the proofs of Theorems [1{5]
Proposition [I] and Corollary For simplicity, we will abbreviate I;«(p, q), Pp.c and Ep . as
I+, P and E, respectively. Let § = p/q— 1. The constant C' and the sequence n = 71, that tends

to 0 may vary case by case.

S1. Supplementary algorithm

Algorithm S1. (RACE)
Input: The adjacency matriz A € {0,1}"*"™ an initialization algorithm

and the specific value of K > 2.

*Corresponding authors.
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Output: An estimator ¢ € [K|" of the community label vector ¢ € [K|".

1. (Initialization) Applying the initialization algorithm to A, we get the

output c°.

2. (Refinement) For each k,l € [K],

37 A I{c? (w)=k,c" (v)=k}

u<v .
po _ ey Pl
ki S AuoI{c(w)=Fk,c®(v)=I}
u,vE[n] ngn? ’ k_ # l7
, : 0 _ Sy mp PRyt (nfe— 1Py /2

update P, = ¢° for alll € [K].

For each i € [n], let

K-1
¢(i) = argmax Z Z [Aij log Py + (1 — A;;) log(1 — P,Sl)].
REK] 121 jic0 ()=

In Algorithm [ST] it first assigns node ¢ to the most likely group based
on the initialization algorithm c?, for each i € [n]. Note that we only used
observations (A;;)iejn],j:c0(j)£K, because from the model , we can know
that the connection probability between each group and the background

node is the same, without distinction.

S.1.1 Algorithms [1] and have similar performance

As we mentioned earlier, the community extraction performance of Algo-

rithm [I| and Algorithm is almost the same. Here is an example in the
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Figure S.1: The almost negligible performance difference between RACE and RACEn.

simulation in Figure [S.I with n =100, p =4, ¢ = 1, A = 12, where RACEn

is Algorithm [I] and RACE is Algorithm [ST]

S2. Selection of tuning parameters

S.2.1 Selection of 7

Combined with the selection of 7 in |Gao et al| (2017), i.e, 7 = 2d, where
d=>", i1 Aij/n is the average degree of the network A, we set 7 = Cd.
Suggested by extensive simulation results, we see that C' = 2, i.e. 7 = 2d,
is also a good choice for our study.

The specific simulation settings are the same as the previous settings
(I)-(IIT) for K = 2. The simulation results are summarized in Figures

and [S.3] The horizontal axis of Figures and are C' € [8]. We can see
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that 7 = 2d is indeed a watershed in terms of extraction loss, as shown in

Figure and
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Figure S.2: The extraction loss with varying C' in the case of K = 2 for Settings (I)-(I1I),

where the initialization algorithm is ESC.

S.2.2 Selection of K

In addition, the parameter K in the algorithm input is not known in all

cases. When K is unknown, we choose an innovative method, “corrected

Bayesian information criterion” (CBIC) that is proposed by Hu et al.| (2020))

to select K. Specifically,

. . S
LK & A) = L(A, K, &) — {,m log K+ SR (K +1) 1ogn},
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Figure S.3: The extraction loss with varying C in the case of K = 2 for Settings (I)-(III),

where the initialization algorithm is INIT.

Where LO(A, f(, é) = Z?:l ij{Aij log p&(i)é(]’) —+ (1 — AZ]) log(l _pé(i)é(j))}
and for each k,1 € [K],

> Aijl{e(i)=k,e(j)=k}

1<j —
A 37k (i —1) k=l
P = (e 87
5 J%:[n]Au H{C(l)_kvc(])_l}
ﬁkﬁ‘l Y k # l?
with 7y = >, I{e(j) = k}. Then, choose

K = argmax ;i L(K;e, A),

where IC is a candidate set for K. Here, we use RACEinit or RACEesc as
the community extraction method for getting ¢. By experience, here we set
Kk =4.5.

To see the accuracy of CBIC’s selection of K, we consider the following
settings with n =300, d =32, w = (1 —s,1+s)"/2:
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(I) ¢y = qo =1, po = r1 qo, r1 varies from 5 to 7 and s = 0;
II) d varies from 30 to 38, pg =5, qo = ¢, = 1 and s = 0;
0

(III) s varies from 0 to 0.24, py = 5 and qo = ¢ = 1.

Table S.1: The accuracy of using “corrected Bayesian information criterion” (CBIC) to

select K based on RACEesc and RACEinit

True K =2 True K =3
Setting | 71 RACEesc  RACEinit RACEesc RACEinit
5.0 T.00 T.00 T.00 T.00
5.5 1.00 1.00 1.00 1.00
ey 6.0 1.00 1.00 1.00 1.00
6.5 1.00 1.00 1.00 1.00
7.0 1.00 1.00 1.00 1.00
d | RACEesc RACEinit RACEesc RACEinit
30 T.00 T.00 0.80 0.80
32 1.00 1.00 1.00 1.00
(IT) 34 1.00 1.00 1.00 1.00
36 1.00 1.00 1.00 1.00
38 1.00 1.00 1.00 1.00
s RACEesc RACEinit RACEesc RACEinit
0.00 T.00 T.00 T.00 T.00
0.06 1.00 1.00 1.00 1.00
(II) | 0712 1.00 1.00 1.00 1.00
0.18 1.00 1.00 0.96 0.96
0.24 1.00 1.00 0.91 0.91

We have repeated all experiments 100 times, and Table shows the
accuracy of selecting the true K from the 100 times. From Table [S.1] we
can see that the performance of selecting K by using CBIC is good under

the above settings.

S3. Comparison of conditions imposed

S.3.1 Comparison of conditions imposed in the main theorems

To better understand the conditions imposed in the main theorems and

a

corollary of this paper, we consider the following setting. Set p = n™® and
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B =0Cn° where 0 <a<1,0<c¢<1and Cy € (0,1) is a constant.
Besides, when p =< ¢, set p — ¢ = Con~® with constants Cy € (0,1) and
b > a; when p > ¢, set p/q = Cyn® with constants Cy € (0,1) and b > 0.

Then, under the above setting, we present the sufficient conditions for
Assumption [If and the conditions imposed in Corollary Theorems
[], respectively, in Table [S.2] which allow for extremely unbalanced node
numbers of community and background group. For example, when p < ¢,
ie. a=b,if weset p=n"'* ie. a = 1/4, then the order of 3 can be
n~(/8-9) for any small constant € > 0.

Moreover, it can be seen that in our study the order of the average
degree can be much smaller than logn, whereas many existing studies re-
quire that the order of the average degree is greater than logn, such as
in Zhao et al. (2011). For example, when p = logn/n, ¢ = 1/(nlogn)
and § = 1/ logl/ *n, the conditions imposed in Theorem [1| and Theo-

rem (4] still hold, where the order of the average degree is smaller than

2log®* n < logn.

S.3.2 Explanation of the additional conditions on p and ¢

First, we explain the rationale of the additional assumptions regarding p

and ¢ beyond Assumption [I] in Theorems and Corollary [T}
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Table S.2: Sufficient conditions for Assumption[I]and the conditions imposed in Corollary

Theorems respectively.

(1)

| p=gq p>q
Assumption |1 a+2c<1 a+2c<1
Corollary 3b+2c—2a<1 a+2c<1,3b>a
Theorem 3b+2c—2a<1 a+2c<1
Theorem a+2c<1 a+2c<1,3b>a
Theorem 4b+2c—a<1 b+3a+2c<1
Theorem (4| 2b4+2c—a <1 a+2c<1

In Theorem when p — ¢, the additional condition —p}‘%‘]% —
oo is used to limit the speed at which p tends to ¢ and ensure that the

background nodes can be distinguished. As presented in Table[S.2] the

condition 3b — 2a + 2¢ < 1 is a sufficient condition for this condition.

In Theorem , when p > ¢, the additional conditions are

log(%)
: S 3(p : log np
lim,, o0 ogn < 1, plog (E) < oo and lim,,_,o fog log Z > 3.

They are used to limit the upper bounds of p/q, 1/p and 1/3. Specifi-
cally, they require that p/q is not too large, and p and § does not ap-
proach 0 too quickly. These additional conditions are used to establish
appropriate concentration of the likelihood ratio statistic, specifically
in establishing the lower bound of the minimax risk. In Table [S.2]
3b > a is a sufficient condition for plog® (5) < 00, a < 11is a sufficient

1 ya
log og(q)

—=2 < 1and a-+c<1is a sufficient condi-

condition for lim,,_, oan
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log Bnp
log log %

tion for lim,, > 3. Therefore, under this setting, these three

additional conditions must hold if ¢ + 2¢ < 1 and 3b > a.

Theoremrequires that Bn% — 00 and the initialization algorithm

in Algorithm [I] satisfies Condition [I] with

Vo =0 (_1055(]9 - Q)> (S3.1)

s loglog%J
n = — S3.2
Vo =0 < og fog? (S3.2)

when p =< ¢, and

when p > ¢q. We need these additional conditions because p and ¢
need to be estimated, and obtaining sufficiently good estimates for

p and ¢ requires stronger conditions on them. In Table [S.2] when

p =< q, 4b+ ¢ —a < 1 is a sufficient condition for Bn% — 00, and

3b+2c —a < 1 is a sufficient condition for the initialization algorithm

in Algorithm [1| to satisfy Condition [I| with ~, = o (_1025(17 - Q)>
On the other hand, when p > ¢, 3a + ¢ < 1 is a sufficient condition
for 5n@ — 00, and b+ 2a + 2¢ < 1 is a sufficient condition for

the initialization algorithm in Algorithm [I] to satisfy Condition [I] with

- I loglog%
Tn =0 log,Bq log%

In Theorem the additional condition is %ﬂ"(’;f*qﬁ — 00, which is

used to establish the consistency of the estimate of e¢. In Table [S.2]

9
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when p < ¢, 2b + 2¢ — a < 1 is sufficient to ensure this condition to

hold. When p > ¢, a + 2¢ < 1 is sufficient.

Next, we discuss whether these additional conditions on p and ¢ are

satisfied in some typical settings of existing studies, such as Wilson et al.

(2017), [Yun and Proutiere| (2016) and Zhao et al.| (2011)).

(1)

First, we consider the requirements imposed on p and ¢ in Wilson
et al.| (2017)), which are equivalent to that 3, p and ¢ with p > ¢ are
constants. These requirements are stronger because they automatically

lead to the conditions on p and ¢ in Theorems 1-4.

Then, we consider the requirements imposed on p and ¢ in [Yun and
Proutiere| (2016), which are equivalently written as 5 2 1, np — oo,
1 < lim, 0 p/q < oo and nly(p,q) — oo. These requirements are
stronger because they automatically lead to the conditions of Theorems
1, 2 and 4. On the other hand, the conditions for p and ¢ in Theorem

3 intersect with the above requirements, but neither implies the other.

Finally, we consider the requirements on p and ¢ in Theorem 2 of |Zhao
et al| (2011): 8 = 1, lim,_,o, p/q < oo and np/logn — co. Because
their theorem studies the consistency of the estimated community la-

bels, we only compare their requirements with the conditions imposed

10
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in Theorem 4 which also studies the consistency. We find that these
requirements are stronger because they automatically lead to the con-

ditions imposed on p and ¢ in Theorem 4.

S.3.3 ESC is a suitable initialization algorithm for RACEn

We use the following corollary to better understand that ESC is a suitable

initialization algorithm for RACEn.

Corollary S1. Let (P, ¢) € ©,(p,q, 8) and assume that lim,,_, —25~ > 2,

q(1-p)
and —logﬁ%l — 00 as n — oo. Then, the output of Algom'thm@ i.e. cgsc,
satisfies
P’ ,
(P,c)eigf(p,qﬁ)ﬁpp’c (é (67 Cgsc) <C(1+ g)n_q4> >1— p—(+C )7

for some constants C,C" > 0, where & comes from the (1+&)-approximation

K-means optimization in step 3 of Algorithm [3

Corollary |51} indicates that under certain conditions, the combination
of ESC and RACEn can output a community extraction result that reaches
the asymptotic minimax risk. Under the same setting considered in Table
S.2| when p =< ¢, due to the assumption lim,, ., q(f—fﬁ) > 2, we have p—q =

Cin~® with b = a, and ¢ = 0, and the sufficient condition for the conditions

imposed in Corollary is a < 1/2. Besides, when p > ¢, we obtain

11
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that the sufficient condition for the conditions imposed in Corollary is

4b+c—2a < 1.

S4. Simulation results in the case of K =3

In this section, we investigate the performance of RACE in the case of K = 3.

We consider the following five settings:

(I) ¢, = qo =1, po = 71 qo, r1 varies from 3 to 7 and s = 0;
(IT) po =4, g0 = 1, gy = r2 qo, r2 varies from 0 to 1 and s = 0;
(III) po =4, ¢, = 1, qo = r3 q}, r3 varies from 0 to 1 and s = 0;
(IV) d varies from 8 to 26, pp =4, g0 = ¢; = 1 and s = 0;

(V) s varies from 0 to 0.4, pg = 4 and ¢y = ¢}, = 1.

In this situation, we need to demonstrate not only whether the com-
munity nodes and background nodes can be well distinguished, but also
whether the communities can be well separated. Let Cx = {i € [n] :
(i) = K}, Cx = {i € [n] : &i) = K}, ¢ = (¢(1),--,¢(n)) with
cli) = I{i € Cx} and & = (&(1),---,&(n))" with &(i) = I{i € Cx}.
Then, {(c, &) measures the loss of community extraction. On the other

hand, we use the normalized mutual information (NMI) between ¢ and

12
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Figure S.4: The performance of community extraction in the case of K = 3 for Settings

(D-(V)-

¢ on [n]\{Cx N Ck} to measure the accuracy of separating different com-

munities. Note that NMI is a common criterion for evaluating clustering

performance (Wang et al. 2020)), which takes a value between 0 and 1.
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A larger NMI value reflects a better clustering result. NMI is defined as
follows. For any ¢; € [Ki|" and ¢y € [K3]", define random variables X
and Y with the joint distribution, P(X = kY = 1) = |{(4,]) : e1(d) =
k,ea(j) = [}|/n? for each k € [K;] and [ € [K3]. Then the NMI be-
tween ¢; and ¢; is NMI(X,Y) = 2MI(X,Y)/(H(X) + H(Y)), where
H(X) = = Sy PX = K)IogP(X = k) and H(Y) = = Ycpey P(Y =
k)logP(Y = k) are the information entropy of X and Y, respectively. Here,
MI(X,Y) = i) Donepien POX =k, Y = 1) log sripisy is the mutu-
al information between X and Y.

Set n = 150, K = 3,d = 18, w = (1 —s,1,1 + s)" /3. Note that
because M-E is designed to find overlapping communities, while there is no
overlapping in the simulation settings, we exclude M-E from the following
comparison. The results for K = 3 are summarized in Figures [S.4] and
5.5, which suggest that RACEinit and RACEesc have very good performance
in both community extraction and community discovery (i.e. separating
different communities). Note that in setting (III), when r3 is relatively
small, SCORE has missing values because it requires that the network is

connected, hence it does not allow isolated nodes to exist in the network.

Similarly, the results of Gaoinit and Gaoesc have some missing values.

14
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Figure S.5: The performance of community discovery (i.e. separating different commu-

nities) in case of K = 3 for Settings (I)-(V).
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S5. Additional discussions

S.5.1 Limitations of degree separability in identifying background

nodes

In this subsection, we discuss whether the separability of node degrees is suf-
ficient to identify background nodes. In fact, the ability to distinguish com-
munities and background nodes relies on the separability of edge-probability
matrix. Degree separability is one aspect of this separability, which in-
volves information loss and often cannot substitute for the separability of
edge-probability matrix. In many cases, methods based solely on degree
separability may even completely fail to differentiate between communities
and background nodes.

To showcase this point, we consider one example with K = 3, n; =

ne =ns = n/3 and

4 q q

where p = 2¢. The rows or columns of this matrix exhibit clear separability.
However, for each node in one of the two communities and each background
node, their expected degrees are approximately equal or equal to (n — 1)q,

based on which the two types of nodes cannot be distinguished.
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Figure S.6: The performance of RACE and DegreeKmeans in case of K = 2 for Settings
(D-(110).

Next, we present some numerical results to investigate the performance
of a method based on degree separation in comparison with the proposed
method. The method based on degree separation is constructed as follows:
if K =2, we apply K-means to {Z?Zl Ajj}icn) to obtain two clusters, where
the cluster with the smaller centroid is considered as the set of background
nodes, and the other cluster is considered as the community; if K > 2, we
apply K-means to {>_7_; Aj;}ie[s) to obtain K clusters and the cluster with
the smaller centroid is considered as the set of background nodes, where K

is selected from {2,--- , K} by maximizing the Silhouette coefficient that is

a measure of clustering effectiveness (Rousseeuw, |1987)). It should be noted

that the reason for selecting K instead of using a fixed K is that the average
degrees of nodes in different communities often cannot be distinguished, as
seen in the example above. From experience, directly using K-means to

get K clusters will result in significantly poorer clustering outcomes. The
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Figure S.7: The performance of RACE and DegreeKmeans in case of K = 3.

above method based on degree separation is written as DegreeKmeans.
The simulation settings are designed as follows. For the case of K = 2,
we consider settings (I)-(IIT) used in Section 4. For the case the K = 3, we

consider the following setting of P:

1 @1 g
P=1\q p q|>
| 4 9 9 |

with ¢1 = rq, r € [0,2] and ny : ny : n3 =3 : 5 : 7. Two settings of p; and
po are considered: (1) p; = pa = 4q, (2) p1 = 5q, p2 = 4¢q. The simulation
results of DegreeKmeans and RACEesc are presented in Figures S.6 and S.7
with K = 2 and K = 3, respectively. These results suggest that RACEesc
significantly outperforms DegreeKmeans in identifying background nodes.
In summary, a simple method based on degree separation, such as

DegreeKmeans, has limitations in identifying background nodes, especial-
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ly when there is sufficient separability in the edge-probability matrix but
not enough separability in average degrees. In contrast, our proposed meth-
ods make fuller use of the separability of the edge-probability matrix, thus

yielding more competitive results.
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Figure S.8: The absolute values of the eigenvalues of A and E(A) in case of K = 2 for

Settings (I)-(I1I).

S.5.2 Suitable initialization method based on spectral clustering

In some related existing studies on community detection without back-

ground nodes, such as |Lei and Rinaldo| (2015) and |Gao et al. (2017), K-

means is applied to the n x K matrix constructed by the leading K eigen-
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Figure S.9: The performance of ESC and SC in case of K = 2 for Settings (I)-(III).

vectors of A to obtain K clusters. In fact, when a network has K communi-
ties without background nodes, the edge-probability matrix is generally full
rank and the leading K eigenvalues are significantly larger than the other
eigenvalues. In this case, selecting K eigenvectors to construct the matrix
to be used in K-means is usually the optimal choice.

However, for networks with a certain number of background nodes,
using the Kth leading eigenvector is usually not a good choice due to its low
signal-to-noise ratio. Below, we will support this argument with an example.
Under a network setting with K — 1 communities and a set of background
nodes, we generated the edge-probability matrix P and the node labels ¢ as
in Setting (I)-(III) in Section 4, based on which we randomly generated the
adjacency matrix A. Then, we investigated the pattern of the eigenvalues
of E(A) and A, respectively. From Figures [S.8(a){S.8(c)l we find that

the absolute value of E(A)’s K'th eigenvalue is generally moderately larger
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than 0, i.e. the (K + 1)th eigenvalue, and much smaller than the (K — 1)th
eigenvalue. Hence, if E(A) is known, applying K-means to the matrix
composed of the leading K eigenvectors of E(A) will be more competitive
than applying it to the matrix composed of the leading K — 1 eigenvectors.
Since E(A) is unknown, we have to consider the eigenvectors of A. From
Figures , we find that although the Kth eigenvalue of A is still
significantly smaller than the (K — 1)th eigenvalue, which is similar to the
E(A) case, it is no longer well separated from the (K + 1)th eigenvalue,
which is different from the E(A) case. This indicates that the signal-to-
noise ratio of the Kth eigenvector of A is very low.

On this ground, using the Kth eigenvector of A may has a negative im-
pact on clustering. Suggested by Figure [S.9 the proposed ESC algorithm
outperforms SC in terms of identifying background nodes, where the algo-
rithm SC is the same as ESC, except that it applies K-means to the matrix
composed of the leading K eigenvectors of A. The poor performance of
SC is due to the lack of cluster information in the Kth eigenvectors of A,
which is demonstrated in Figure . Figure (a) presents the scatter
plot of the first two eigenvectors of A in case of K = 2, which suggests
that the first eigenvector can clearly distinguish the clusters, but the sec-

ond (K'th) eigenvector cannot distinguish the clusters at all. Similar results
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Figure S.10: Scatter plot of the eigenvectors of A.

are presented in Figures [S.10[(b)-S.10|(d) for the case of K = 3.
Hence, we ultimately decided to use the first K — 1 eigenvectors of A

in ESC for clustering to achieve community extraction.

S.5.3 New challenges encountered

In this subsection, we will explain in detail the new challenges that our study
has encountered. These challenges are described in terms of the algorithmic
and theoretical aspects, respectively.

First, we illustrate the challenges encountered in the algorithmic aspect.
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(1) Existing methods often struggle to find a suitable initialization method
based on spectral clustering to handle networks with background n-
odes. This is because for a network with background nodes, the signal-
to-noise ratio of the K'th eigenvector of the adjacency matrix A may be
significantly low during the eigen-decomposition process. This occurs
despite the fact that the Kth eigenvector of the expected adjacency
matrix E(A) does indeed contain a discernible signal; see Section[S.5.2]
Due to this phenomenon, when K is known, if we use the leading K
eigenvectors of A as in|Gao et al.| (2017), it will be difficult to identify
the background nodes, as presented in Figure In fact, we will
likely disperse the background nodes into communities. When K is
unknown, if we use the model selection methods such as in [Yun and
Proutiere| (2016) and |Ariu et al.| (2023), we will generally select a num-
ber of clusters smaller than K. This typically leads to unsatisfactory

model selection performance, as demonstrated in Table [S.3]

To address this challenge, when K is known, the proposed initialization
method, ESC, utilizes only the leading K —1 eigenvectors of the matrix
A. Subsequently, the K-means algorithm is applied based on these
eigenvectors to obtain K clusters. When K is unknown, to select K

clusters including K —1 communities and a set of background nodes, we
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have combined the methods that we proposed with the CBIC criterion.

(2) In the refinement step of many existing two-step methods, such as
those proposed by |Gao et al.| (2017) and |Gao et al. (2018), the funda-
mental concept is to assign a node to the cluster with which it has the
closest connection. However, this approach may not effectively handle
background nodes. This is primarily because background nodes do
not exhibit a tendency to favor any particular community or the set

of background nodes in terms of the probability of connection.

To address this challenge, we implement refinement similar to Yun and
Proutiere| (2016), based on the likelihood information of the community

extraction model under study.

Next, we discuss the challenges encountered in the theoretical aspect. In
fact, when establishing the asymptotic minimax risk in the network model
including background nodes, many conditions on (ng,--- ,ng) and (p,q)
used in existing studies are somewhat restrictive. Hence, the asymptotic

minimax risk needs to be established under more relaxed conditions.

(1) To obtain the upper bound, [Zhang and Zhoul (2016) and |Gao et al.
(2018) used the following condition when K = 2: Kny/n € [1/3/5,/5/3]

for each k € [K]. Further, Yun and Proutiere| (2016) relaxed this con-
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Table S.3: The performance of model selection by using RACEesc together with CBIC
in comparison with the model selection methods in |[Yun and Proutiere| (2016) and |Ariu

et al.| (2023)

True K =2 True K =3
Setting [ 1 RACEesc Y& P A P&Y RACEesc Y&P A P&Y
5.0 1.00 0 0 1.00 0 0
5.5 1.00 0 0 1.00 0 0
) 6.0 1.00 0 0 1.00 0 0
6.5 1.00 0 0 1.00 0 0
7.0 1.00 0 0 1.00 0 0
d RACEesc Y& P A P&Y RACEessc Y& P A P&Y
30 1.00 0 0] 0.9 0 0
32 1.00 0 0 1.00 0 0
(I1) 34 1.00 0 0 1.00 0 0
36 1.00 0 0 1.00 0 1.00
38 1.00 0 1.00 1.00 0 1.00
S RACEesc Y& P A P&Y RACEesc Y& P A P&Y
0.00 1.00 0 0 1.00 0 0
0.06 1.00 0 0 1.00 0 0
(I11) 0.12 1.00 0 0 1.00 0 0
0.18 1.00 0 0 0.96 0 0
0.24 1.00 0 0 0.91 0 0

dition to ny < n/K for each k € [K] and used an additional condition
1 < lim, 00 p/q < 0o. In practical problems, nx may be much larger
or smaller than the number of community nodes. Hence, the condi-
tions of Kny/n € [\/3/5,/5/3] and ny =< n/K are unreasonable for
background nodes. In addition, the condition 1 < lim,, , p/q < oo is
also unreasonable, because it excludes the case where ¢ is much smaller

than p, which is very reasonable for background nodes.

These conditions are crucial for establishing the upper bound in the
corresponding studies. Hence, we need to find a new way to establish
the upper bound under more relaxed conditions. In fact, we imposed
the following conditions on (n,n2) and (p,q): ny € |[Bn] —1,[(1 —
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Bn] + 1], —% — oo and lim, o p/q > 1, which are much

weaker than the above ones.

To obtain the lower bound, Yun and Proutiere (2016]) assumed that
1 < lim, 0 p/q = O(1) and ny, < n/K for each k € [K], and Gao
et al| (2018) assumed that 1 < lim, . p/q¢ = O(1). Similarly, these
conditions are also unreasonable, so we consider establishing the lower
bound under the following more relaxed conditions: n; € ||fn] —
L [(1-08)n]+1], —% — o0 and p =< ¢ (or p > ¢ together with

some additional conditions).

Our approach to establishing the lower bound is partly inspired by |Gao
et al.| (2018)’s proof framework. In their proof, it is relatively direct
to verify the Lindeberg condition when using the Lindeberg theorem
under the condition 1 < lim, . p/q = O(1). However, under more
relaxed conditions, it becomes much more challenging to determine
whether the Lindeberg condition holds. To solve this problem, we
have developed a new approach, not based on the Lindeberg theorem,

but on the Liapounov theorem.

26



S6. THE MAIN PROOF

S6. The Main Proof

We provide some necessary lemmas in the proof, and we will provide proof
of all lemmas at the end. Firstly, we provide the following lemmas, which

give the properties of t* and I;-, respectively.

Lemma 1. Forany 0 < g<p=(14+0)g <1—ey, whered >0 and ¢ is a

small positive constant. Then,

(1) t* € (0,1) defined in (3.11)) is the only mazimum point of I;(p,q) on

t >0, and 1 — t* is the only mazimum point of I;(q,p) ont > 0;

(2) There exists a small constant C' > 0 such that t* € [C,1 — C] when

051 Andt = (1 +0(1))% when § — oo.

Lemma 2. For any0 < g¢g<p=(140)g <1—¢€, wherej >0 and €y is a

small positive constant. Then,
(1) I < 6%q when 6 S1
(2) t'p < Iir < p when § — oo.

For any ¢ € [2]" and its estimation ¢, define

{(c,&) = min Z {m(c(i)) # e(i)},

m[2]—=[2] N
which is a recognized loss in community discovery. Assume that &° is an

initialization algorithm for community discovery.
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Condition S1. For a given positive sequence {7,}, there exist a constant

Co > 0, such that
inf P C{Z c. &) < n} > 1 — p~(+C0) $6.3
(P,c)€O(p,q,8) P’ ( ) =y = ( )

0

where ¢ is an initialization algorithm for community discovery.

~ 0 ~
Then, we discuss the distance between P = (P,?l) xxk Obtained in the

initialization step and the real parameter P, where

S Ay 1{E% (u)=k,&% (v)=k}
u<v , k — l,

1iQ(AY—1)

=0
P = S Ao {0 (u)=k,e0 (v) =1}
u,v€E(n] - 7 k‘ # l,
k'l
where 2 = Y. . I{e"(j) = k}. Let p° = max{P, P}, and ¢° =

AP+ PY, . /2

R where k* = argmingep P, The community extraction

problem not only provides clustering results ¢°, but also identifies back-
ground nodes. Therefore, we give ¢’ based on ¢&°. Specifically, ¢®(i) = 2 if
¢’ (i) = k*, and c°(i) = 1if &°(4) € [2]\ {k*}. Based on the above definition,
we provide the following lemma, which not only characterizes the accuracy
of connection probability matrix estimation, but also describes the rela-
tionship between community discovery results and community extraction

results.

Lemma 3. Suppose that asn — oo, Bn@ — 00 and Condition holds
B

with the requirement for -, replaced by v, = 0(—@

). Then there ezists a
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constant C' > 0 such that

ol Pre(max{[p’ —p|,|¢" =g} <nlp - ) =1 Cn"F,

(S6.4)

log B8

= and 1y = —7, =35>, for some

n(p—q)

where n = C'(m + n2) with m = 3
large constant C' > 0. Moreover, {(c,c’) = g(c, éo) with probability at

least 1 — C'np~(1+C0),

Lemma 3| is similar to Lemma 1 in|Gao et al.| (2017)), we also provided

a detailed proof at the end for the completeness of proof.

S.6.1 Proof of Theorem 4

Firstly, because Theorem [4 will be used to prove Theorem [I], we will first

provide a proof of Theorem [4]

Proof of Theorem[]. Let ¢ be the true label. A", €., ch. and {Dy}brep)
come from Algorithm where {Dk}ke[Q} are taken so that the left side of the

inequality of (2.3) reaches the minimum. Let M’ = (Pe(i)e(j))nxn, Whose

rank is 2. For all k € [2], define T}, = {i : ¢(i) = k,||V; — M||y < b} as

in Lei and Rinaldo (2015) where V; = Ve (i and b = :vV/Bn(p — q). Note
that || M — M|y > 2b for all 4, j with c(i) # c(j).
Finally, we will prove that nf (c,ehy) < S22 L |Tg|, so let’s first the

» “init
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upper bound of 37_, |T¢|. By the definition of T; we have

2
Y T < IV =M
k=1

IN

2|V — M|f +2/|M — M|}

< 202+¢)|M - M'|; (56.5)

where M is defined in (2.2). Then, the next task is to present the bound

of | M — M'||2, which can be written as

|M — A" + A" — M|}
=M - AT|f + AT - M|} - 2(A" - M, A" - M)
<2(M — M' A" — M)

1 ~
<—|M — M|z +2 sup (Mg, AT — M'))?. (S6.6)
2 rank(Mg)<4

1Mo llp=1, Mg=M

The first inequality holds since ||A™ — M||% < ||A™ — M’||?, and the second

inequality holds since rank(M — M’) < 4. And then, we have

IM— M|z <4 sup  [(My, A" — M), (56.7)
rank(Mqg)<4
IMollp=1, Mo=M,

Then, apply singular value decomposition to M, that is My = Zizl SpQpQy .

Then,

4 4
(Mo, AT = M')| <) silaj (A7 = M)ay| <[|A™ = Ml|op Y s

k=1 k=1
<A|A” — M[lp. (36.8)
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The last inequality holds since s, < [[M||op = 1. By Lemma 5 in |Gao et al.
(2017), for any C” > 0, there exists some C' > 0, such that ||A™ — M'||,, <
C/np + 1 with probability at least 1 — n~¢" uniformly over 7 € [Cy(np +
1), Co(np + 1)] for some sufficiently large constants Cy, Cy. Then, we have

|A™ — M|, < Cy/np + 1, with probability at least 1 — n~(+¢").

To sum up, by (S6.5)), (S6.6)), (S6.7) and (S6.8)), we have

np+1

Bnlp— g (56.9)

2
MITEl < c(1+¢)
k=1

with probability at least 1 — n~ 1+,

Next, we will prove that nf (c,ehy) < S |T¢|. By the assumption

) “init

that %W — 00 as n — 00, we have |T¢| < C(1 +5)#:)2 = o(fn)

for each k € [2] with probability at least 1 — n~(*¢") which means based
on the event (S6.9), Ty # 0 for each k € [2]. In such case, T} and T have

the following properties. First, for any i € T} and j € Ty, & (i) # e (7).

init

Otherwise, if &).(i) = & .(j), we have | M} — M;||2 < ||‘~/Z — M|, +

init
|V; — M/||2 < 2b, which contradicts with the fact that || M — M|, > 2b

for all 4, 7 with (i) # ¢(j). Second, fix any k € [2], and for any ¢,j € T,

&) (i) = & .(j), since there are at most two values for & .

(u) for each
u € [n].
Combining the above two properties of {7}, }rejg, we have nl (c & ) <

» “init

31



QUAN YUAN, BINGHUI LIU, DANNING LI AND YANYUAN MA

Zizl |T¢|. Then, we have that for any (P,c) € ©,(p,q, 5),

; +1 ,
Ppeinl(c &) <O+ L}Zl_n—(l—ﬁ—C),
P, { ( t) ( f)ﬁn(p—Q)2

=B pnlp—q)?

— 00, we have
logB8  p

for constants C,C” > 0. Based on assumption
Pp. {E(c, 5i0nit) < %} >1—n 1+

for some constant C’ > 0 with 7, = o(—3/log ). And by Lemma [3| we

have

41 ,
Ppe 4l (e chy) < O+ L} > 1 - 35~ (1O,
" { (€. clne) < €1 5)»6’7%(1)—61)2

Since the results are independent of (P, ¢), the proof is completed.

S.6.2 Proof of Proposition 1

Next lemma provides the upper bound of the probability of ¢, ,(i) # c(7)

for each node 7.

Lemma 4. Suppose that as n — oo, fnlyx — oo and the initialization
algorithm ¢ satisfies Condition 1| with ~y,, = o(B). If lim, . p/q > 1, then

for {¢,.4(7) Yicpy from (3.12)), there is a sequence n — 0 such that

Sup max ]P)P’C (ép:q(i) 7£ C<Z>) < exp ( - (]- - n)ﬁnlt*) + 2n_(1+00)7
(P,C)G@n(p7q76) Ze[n]

(S6.10)
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where the constant Cy > 0 is from Condition . And when lim,,_, p/q > 1

is replaced by lim, o p/q = 1, if v, = o(=B(p — q)/p), then (S6.10) still

holds.

Proof of Proposition[]. Under the assumption of Proposition [I} by Lemma
[ we have that for {€,4(7) }icin from (3.12)), there is a sequence 1 — 0 such

that

Sup max Pp . (e,4(i) # c(i)) < exp (— (1 —n)Bnly) + on~(1+C0),
(P,C)Gen(p,q,ﬁ) Ze[n]

And then, we have

El(c,epq) = %Zp(ép,q(i) # C(Z))

< exp(— (1 —mn)Bnl;:) + 2n 0T,

If limy, o0 222 < 1, we have exp (— (1 —n)Bnlyx) > n" for some

logn —
77— 0. Hence, exp( - (1 - n)ﬂn[t*) > n~ (40 which implies that
El(e, ¢,,) < exp ( - (1- n)ﬂn[t*) for some positive sequence 1 — 0.

If lim,, o % > 1, there exists a small € > 0 such that 1 + ¢ <
lim,, o0 %. And we have exp ( —(1- n)ﬁnlt*) < n~(+¢/2) which
means Ef(c, ¢,,) < n~ 9 for some small positive constant C. This situ-
ation means that ¢, , exactly restored the label ¢ in the expected sense and

the specific minimax risk rate is not as important. O]
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S.6.3 Proof of Theorem 1

5 B2nlyx _ Bn(p—q)?
Proof of Theorem[1]. Firstly, — ep — 00 can lead to oogs T 00

[ = Q)

Specifically, by Lemma when p < ¢, we have [ < and when p > ¢,

_ B*n(p—9q)*

— 00, which
plog B ’

we have I,- < p and &= Q) = p which can deduce
demonstrate that the conditions of Theorem [I] are sufficient conditions for
the condition of Theorem [l

Moreover, under the assumption of Theorem [I} by Theorem [ there

exist a constant Cjy > 0 and a positive sequence v,, = o(f) when lim,,_,, 2 >

_Q

1 and ~, = O(BPT) when hmn_m%’ = 1. such that

inf minPp. {¢ (c_;, ), <~ b > 11— (n— 1) (1+20)
(P,c)€On (p,q,B8) i€[n] P, { ( init, z) /7} = ( )

> 1 — n*(lJrCo),

since the result of Theorem 4] are independent of 1. O

S.6.4 Proof of Theorem 2

Proof of Theorem[2 For simplicity, ©,(p, ¢, 3) is abbreviated as © in the
following proof. First, we will construct some subspaces of ©, which can be
sufficient for deriving the lower bound.

1. When lim 8 < 1, there exists a ¢* € [2]" that satisfies ny (¢*) = | 8n].

n—o0

Choose 1n9fn nodes from {i : ¢*(i) = 2} and put them in set T, where 7,
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tends to 0 and satisfies —log(no3) = o(Bnl). Define O} (p, ¢, B) as
{(Pa C) € @n(pa Q7ﬁ) Py =D Py = Py = g, fO’f' all i € Tc7c<i> = C*(Z)}
Similarly, ©L(p, q, 3) is abbreviated as ©'. Then, we have

inf sup El(e,¢) >inf sup El(c,e)
¢ (P,c)e® ¢ (P,c)eo!

>1nfm Z Eﬁ(c,é)

The last inequality holds since for any ¢ € T¢, ¢(i) = ¢*(i).

Then, for any given i € 7 and k € [2], let O0F = @g’k)(p,q,ﬁ) =
{(P,c) € ©L(p.q,B) : c(i) = k}. We can see that @) U O = ©! and
06N N e = (). Moreover, there is a one-to-one correspondence between
the elements in ©!) and ©®. For example, for any ¢; in C(O®Y) = {c:
(P,c) € ©WD} there is a unique ¢; in C(O?) = {c : (P,c) € O}
with ¢3(j) = ¢1(j) for all j # i corresponding to it, and for any ¢, in
C(012) there is also a unique ¢; in C(O®Y) with ¢;(j) = ea(j) for all

35



QUAN YUAN, BINGHUI LIU, DANNING LI AND YANYUAN MA

j # i corresponding to it. Then, we have

inf sup El(c,c¢)
¢ (P,c)€®

n|@1| mez Z c(i))

k 1 (P,c)e0:k)

n|@1|Z 3 milPnee) 10+ Brfe #2)]. (01

i€T (P,c)e0:D)

where o'[c] = (c(l), coe(i—1),0(e(i), e(i+1),- - ,c(n))T, and for any

xin {1,2}, o(xz) = 1 if = 2, otherwise o(x) = 2. Then,

inf sup El(e,¢) > _M exp (— (14 n)Bnly)
¢ (P,c)e® 2
=exp (— (1+0(1))Bnl;). (S56.13)

Combining [©00V] = |002)] = 1|0, Lemmaand |T| = noBn, the in-
equality in (56.13)) is established for some 1 — 0. The equality in (56.13))
holds since —log(noB) = o(fSnl).

2. When lim § = £, if n is odd, define

n—oo

©* = ©l(p,q.B)

= {(RC) € O,(p,q,B) : Pi1 =p, Pio = Pay=gq, forall k € [2],

na(c) € {ngljngl}}'

If n is even, define

©* = ©l(p,q.B)
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= {(RC) € On(p,q,B) : P =p,Pia = Py = ¢q, forall k € 2],

n n n
noynn 1} .
”k(c)€{2 g T }

In addition, for any i € [n] and ¢ € ©?, define

a'le], mnew(c) > 3,

Vi(e) =
c, otherwise,
and
i) — éﬁf’l)(p,q,ﬁ) — {(p} c): (P,c) € 0y (c) # c},
612 = 82 (p,q,8) = {(P,€) : (P,e) € 80, & = v (o) .
Note that @) ¢ 2,002 ¢ 02, |61 | = |02 and there is a one-to-one

mapping between O and 002 In particular, for any ¢; in C(O@D) =
{c:(Pc)e @’1)} there is only one ¢, in C(©2) ={c: (Pc) € o2 }

corresponding to it, with ¢;(j) = ¢y(j) for any j # i. Besides, there

. . ©i,1) . .
must exist some 4 in [n] such that |?@21| L > 1. Because if for all i € [n],

5(i,1) 2 ~ .
l(?e—g‘l < 1, we have nl2! > 5" |6GD| > 2102|, which would lead to a

contradiction. It is not difficult to see that for any ¢ # j € [n], there is a
one-to-one correspondence between O and ©U-1). In particular, for any
¢1 in C(O6D) there is a unique ¢, in C(00?), with ¢y(1) = ¢(l) for any

€ [n]\{i,7}, c2(i) = c1(j), and ¢3(j) = ¢1(i). Since @ and j are arbitrarily

selected, we have |©D| = [@UY)| for any i # j € [n]. Thus, ‘?(121" > 3
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holds for any i € [n]. Then, we have

inf sup El(c,¢) > inf sup El(c,¢) > mf— Z El(c,¢)

¢ (Pejeo ¢ (Pjee? e |87 poler
e 2 LS (el # i) 2 me > PB(e(i) # )
662 =1 n|@ ‘ i=1 (Pc)E@2
_2n|@2|2 >o it [Brc(el) # ei)) + Pryio (26 # ¥'(0)(0))
(P,c)eO:D)
> exp (—%(1 + 77)%*) ; (S6.14)

for some 1 — 0. The fourth equation holds because O ¢ @2, 92 ¢ ©2

and 1 is a one-to-one correspondence between O and ©®2). Combining

l?g 1‘)| > ;, Lemma 5| and nl;» — oo, the last inequality holds. O

Assume that {X;}!°; is a sequence of independent random variables.
Let X = (Xy,-+-,X,,)", and then we consider the following hypothesis

testing problem

no no
X ~ ®Bern (p), H : X ~ ®Bern (q), (S6.15)
i=1 =1

where 0 <g<p=(1+09)g<1—¢y,d>0,and ¢ > 0 is a small constant.
Then the following lemma presents the minimum possible Type [+ 11 error

of the above hypothesis testing.

Lemma 5. Assume that as n — oo, ngly(p,q) — 0o and p < q. Then, we
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have

igf (PH0¢ + Pp, (1 — ¢)) 2 eXp ( — (L4 n)nole(p, Q)>7 (56.16)

for some n — 0. If noly(p,q) < 1, then infy (Puy¢ + Py, (1 — ¢)) > C

for some constant C' > 0. When p =< q s replaced by p > q, if additional

conditions
log(2)
log —= 1
plog? (13) <00, lim —2—<1 and lim Og—ﬁnp 3
q n—oo logn n—oo log log g

are added, ((S6.16)) still holds.

S.6.5 Proof of Theorem 3

We give some necessary lemmas, i.e. Lemmas[6land[7] Lemmalf]is similar to
Lemma 1 in|Gao et al. (2017), discussing the distance between P” obtained
in the initialization step and the real parameter P. Lemmas [7] characterizes

the loss of the refinement step in RACEn.

Lemma 6. Suppose that as n — oo, ﬂn@ — 00 and Candition holds
with the requirement for v, replaced by ~, = 0(—%). Then there exists a

constant C' > 0 such that

. . ~0i 200 _ _(O'pn~1+Co)
(P,c)elgf(p,q,ﬂ) glel[lg]le,c (max {[p” —p|,[¢" —q|} <nlp—q)) = 1-Cn~ 1+,

(S6.17)
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where p° and §* are obtained in the refinement step of Algorithm|[1], the con-

1/2
stant Cy > 0 is from C’onditz’on andn = C'(n1+n2) withn = (W)

and Ny = =, logﬁ

, for some large constant C' > 0.

The proof of Lemma [6] can be directly obtained from Lemma [3] Since

1 (c,z, ) </ (c,l, ) by Lemma , we have

A0i ~0i _
(Pc)elgf(pqﬁ)gfﬁppc (max {[p" = p|,]¢" —a|} <nlp—q))

>1— —C(TL _ 1)—(1+Co) > 1 — Onp~1+Co)
- 2 — Y

for some constant C' > 0. Because the result are independent of 7, which

means the proof is complete.

Lemma 7. Suppose that as n — oo, An2=2" q) — 00, Bnly — oo and Condi-

log log 2
twnlholds with yn—o( Blp=q) > when p = q, and v, = 0 (_ Bgq log qu>

logB log 8 logg

when p > q. Then for {¢(i)} mn Algom'thm there is a sequence n — 0

1€[n]

and a constant C' > 0, such that

sup maXIF’pc( (1) # c(z)) < exp ( —(1- n)ﬂn_[t*) + Cp~(+C0),
(P,c)€On(p.q,8) €Nl
(36.18)

where the constant Co > 0 is from Condition [1

Proof of Theorem[3 By Lemmal7 for any (P, c) € © and i € [n], we have
P(e(i) # c(i)) < exp (—(1—7')Bnly) +Cn~ 1+ for constants C, Cy > 0
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and some ' — 0. Set n =1 + \/51—[, and by Markov’s inequality, we have
M dLyx

]P{E(c, é) >exp(—(1- n)ﬁn[t*)}
_ 52 P(e) # (i)
~ exp ( —(1- n)ﬁn[t*)

COn—(1+Cp)
< exp (0 =mne) ¥ )
COn~—1+Co)

= exp(—+/pnly) + oxp ( . ﬁ)ﬁnft*) ) (S6.19)
If exp ( —(1- n)ﬁn[t*) > Cn~(+%/2) then
]P){ﬁ(c, é) >exp(—(1- n)ﬁn[t*)} < exp (_, /5n[t*> + Cn~C/2 .

If exp (— (1 — n)Bnly) < Cn~0+C/2) then

<3 [exp (= (1 = f)Bndir) + O~ 1]

@
I
—

< Cn~%/% 4 Cn~% — 0. (6.20)

The last inequality in holds since n > n’, which implies exp (— (1—
n)Bnl) < exp (— (1 —n)Bnl) < Cn~(+%/2) Therefore, we can obtain
that

P{ﬁ(c, é)>exp(—(1- n)ﬁn[t*)} -0,
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which completes the proof.

S.6.6 Proof of Theorem 5

Let’s first take a look at the separability of a node with ¢(i) = 1 and a node
with ¢(i) = 2 based on parameter matrix (Ppg(;)e(j))nxn, Which is shown in

the following lemma.

Lemma 8. For (P,c) € 0,(p,q.3), set M' = (Pegi)e(j))nxn, whose rank is
2. Let UAU" be the eigen-decomposition of M.

Then, A = diag (A1, o) with \; = z++/2 + y? and Ay = x— /3% + 12,
where

v nl(c)p;’n?(C)q’ 7= n(e)p ; ng(c)q, and y = /ni(c)nz(c)q.

Besides, c(i) = c(j) if and only if Uy = Uj; and if (i) # c(j), (Ua —
Uj1)? = A? as long as A > 0, where Uy; is the (i,7)-th element of matriz
U, and

2 — L ! T+2z)— !
A _(:E+z)2+y2{ nl(c)( +2) ns(c)

with z = \/ 2% + y2.

Proof of Theorem[3. Let ¢ be the true label. A7, U

y} , (S6.21)

K-1 _ f]l _ (Ul) c

R, &, ¢° and {Dk}rez with 7, € R come from Algorithm , where

esc’ esc
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{Uk}kepz) are taken so that the left side of the inequality of reaches
the minimum. Let M’ = (Pe(i)e(j))nxn, Whose rank is 2. Let UAU' be
the eigen-decomposition of M’, and for each i in [n], let U;; = 9U;; where
v € {—1, 1}, which will be determined later.

For each k € [2], define T}, = {i : (i) = k,|V; — Uy| < A/2} where

Vi = Vg ; and A is defined in (S6.21). Note that Ui — Uﬂ] = A for all

()

i,7 with e(7) # ¢(j).

Finally, we will prove that nf (c,ed.) < S22 |T¢, so let’s first the

) esc

upper bound of 37_, |T¢|. By the definition of T} we have

n

2
1 2 TC v, r7o\2
i ; el < D (Vi—Un)

i=1

< 2 (Vi-U)?+2) (U= Un)
=1 i=1

< 22+6 (0 - U (56.22)

=1

Next, the next task is to present the bound of 327 (U} —Uy;)?, which can be
obtained through the Davis-Kahan theorem. The version of Davis-Kahan
theorem used here is Theorem 4.5.5 in |Vershynin (2018). Specifically, let S
and T be symmetric matrices with the same dimensions. Fix ¢ and assume
that the i-th largest eigenvalue of S is well separated from the rest of the

spectrum:

JigF#i
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Then the unit eigenvectors v;(S) and v;(T") are close to each other up to a

sign, namely

28 = Ty,

30 € {~1,1} : ‘ 2 -

v,(S) — ﬁvi(T)H

Hence, setting § = A", T = M’ and ¥ = argmingc, , , [[vi(S) —
Vvi(T)||2, we have § = |A\; — o] where \; and A, are eigenvalues of matrix

M’ whose specific forms are given in Lemma . Then, we have

nﬁl(72<23“AT_]‘4/”‘2’p $6.23
Z( i il) = ()\1_)\2)2 : ( : )

i=1

By Lemma 5 in |Gao et al.| (2017)), for any C’ > 0, there exists some C' > 0,
such that ||A™ — M’||,, < Cy/np + 1 with probability at least 1 —n~¢" uni-
formly over 7 € [C(np+1), Ca(np+1)] for some sufficiently large constants
Cy, Cs.

To sum up, by (S6.22)) and (S6.23)), we have
2

~ 1
Z’Tlﬂ < C<1+£)$—t>\2)2’ (S6.24)

k=1

with probability at least 1 — n~ 0+,

Next, we will prove that nf (¢,éb.) < Y»_, |T¢|. By the assumption

) esc

that —% — 00 as n — 0o, we have \T,ﬂ < C(l+ 5)—A2(7f\ft1\2)2 =

o(Bn) for each k € [2] with probability at least 1 — n~(+¢") which means
based on the event (S6.24), T), # 0 for each k € [2]. In such case, T} and

T5, have the following properties. First, for any i € T} and j € T, €2_(i) #

esc
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&..(j). Otherwise, if &(i) = &%

(4), we have [|Uy = Uyt [l2 < Vi = Unlls +
|V; — Ujlla < A, which contradicts with the fact that ||U; — Ujlls = A
for all i,j with ¢(i) # ¢(j). Second, fix any k € [2], and for any i,j € T},

& (i) = &2.(j), since there are at most two values for &2 (u) for each

esc
u € [n].
Combining the above two properties of {T},} kef2], We have nt (c & ) <

7 ~esc

S22, |T¢|. Then, we have that for any (P, c) € 6,(p,q, ),

S np+1 _ ,
PP,c {n€ (C, Cgsc) S C(l +§)m} Z 1—n (1+C),

2 _ 2
for constants C', C’ > 0. Based on assumption %w — 00, we have

Ppe {g (67 é(erc) < 'Yn} >1- n7(1+0’)7

for some constant C’ > 0 with 7, = o(—3/log ). And by Lemma [3| we

have

+1 ,
Ppe {n€ (c, cgsc) < C(1+ f)h} >1— 3~ (1+C)

for constants C, C’ > 0 and since p > 1/n, the proof is completed. n

S.6.7 Proof of Corollary 2

Proof of Corollary[S]]. Firstly, we give the lower bound of (A\; — A3)?. For

simplicity, we abbreviate ni(c) as n; for each k € [2]. By assumption
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lim,, oo q(f—fﬁ) > 2, there is a small constant € > 0 such that lim,,_, q(f—fﬁ) >
2+ €. Then,
(A= X2)? = (nip — n2q)? + dnynag®
= nan{(Unl 1[ 2) +4Q}
1-p e
> ning (1+e) ﬁ + 4q°
2 9 21— f
> Pf(L—=PF)n"q (1 +e€) 3 +4
> (1-8)*n2¢ (1 +€)* 2 n’¢”. (56.25)

The first inequality holds

by the fact that ,/=p —/™2q > (1 + €)(1 —

B)q/B3 when lim,,_,. 22~ > 2 + ¢. Next, we calculate the upper bound of
q(1-8)

2
( + 2)? + y* and the lower bound of {r(x +z) — \/%y} respectively,

and then give the lower bound of AZ.

(@ +2)*+ ¢

2

1 2
1 1
< 2 {5(”129 —naq) + (?(nlp — n2q)® + n1n2q2> }

1 1y 2
(15 (540

IN

1 2
1 1 2
= {=(mp—n2q) + | = (mp — n29)* + ninag® + ninag?
2

2

2

< 2nyngp? {4 + ﬂ} . (S6.26)

=
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1/2
The second inequality holds since (1 /n2)"? p—(na/n1)"/* ¢ < { (%) p—

1/2 N 1/2 '
(%) Cl}ﬂﬁ(%) p/2. Besides,

- | =+ (o= s )|

L mq]
- fyne (59 (orot52 o) ) o]
> {\/n_z(l +9 (%) - m—}q (6.27)

Combining ((S6.26)) and (S6.27|), we can obtain that,

1 2
1 1— 2
A > i+ ¢ <—ﬁ> N s
2n1n2p2 {4+ %} ﬁ
1 52(]2 B 62q2 q2

= > 2 56.28
2p22 fn 2(1+3B)np* ™ np? (86.28)

Then, combining ((S6.25) and (S6.28)), and the results are independent of

(P, c), our proof is complete.

dL(pa) _ o -
Proof of Lemma [l Let =524 =0, i.e.

~(D'plog i+ (=0)'(1 - p)log 1=}
¢pt+ (1 —q)(1—p)

47
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dItpq ‘
t=t*

and then, we can get = 0. Besides, for any ¢t > 0, the second

derivative of I;(p, q) is as follows

(9)'pllog £ + (4 (1 — p)(log =27
@+ (U—g L —p) 7

which is strictly less than 0. Thus, we have that ¢* is the only maximum

point of I;(p,q) on [0,4+00). Combined with Iy(p,q) = Ii(p,q), we have

€ (0,1). In addition, ¢* = 1 — ¢* is the only maximum point of I;(¢,p)

n (0, 1), since for any ¢ > 0, the second derivative of I;(q, p) is strictly less

than 0, Io(q,p) = Li(q,p) and I;(q,p) = I1_+(p,q) for any t € [0,1]. Thus,
we get (1).

Next, we investigate the properties of ¢* in (2). Firstly, considering the

situation where ¢ < 1, in retrospect, t* has the following form

log |:(1?—1)(log(l—p)—log(l—Q)):| o |:(1+5)q 110g<1+6)q]
t* =

(log p—log q) _ (14+6)g  log(1+46)
q(1—p) —(1+49)
log< (- Z)) 1°g< >(1+§>>
Then, we rewrite t* as

log 17;(" + log ( log (1 — 5—)) loglog(1 + 0)

dq
log(1+8) —log (1 — q)
log a1 log ( log (1 — 5—‘1(1)) — log —10g(;+5)
log(1 +¢) —log (1 — %)

q

t=1—

(S6.29)

=1-

(S6.30)

From (S6.30)), we can see that when § or dq tends to 0, we can see t* more
clearly. First, we analyze the case when dq = 1. We will first present that

t* stays away from 0 and 1 by using reduction to absurdity.
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From (|S6.29)), we know that the statement that there is a certain dis-

tance between t* and 1 is equivalent to the statement that there is a cer-

. _glog (1-2%
tain distance between —MM and 1. Let y = —L and assume
q log(1+9) 1—q
_llog(1—6y)
y log(1+9)

= 1. Note that dy < 1 since p < 1 — ¢y for some small con-
stant ¢ € (0,1). Then, due to log(l — z) < —z for any z < 1, we have
d < log(1+ §), and there is a contradiction.

Similarly, to illustrate that ¢* is away from 0, assume

_llog(l—dy) 140
y log(1+0) 1-—6y

Due to log(1l — ) > —* for any € (0,1), we have 0 > (1+6) log(1+4).
And there is a contradiction, since f(d) = d — (1 + §)log(1 + J) decreases
monotonically on (0, +00).

Next, we consider the case of d¢ = o(1). When § = o(1), from ((S6.29))

and by the Taylor expansion of log(1 + x) at x = 0, we can get
2
log [1 + %%’q +3 (1‘%‘{]) + 0(52q2)} —log [1 — 30+ 302+ 0(62)}

log(1 + ) —log (1 — %)

1—¢

tr=1-

Using the Taylor expansion of log(1 + x) at =z = 0 again, we have

t*

I
—_
|
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The rest case in 0 < 1, is ¢ = o(1). From (S6.29)) and by the Taylor expan-

sion of log(1 + z) at = 0, and through simple calculations, we have

log(1 4+ 0) —logd + loglog(1 + 6)

t=(1+0(1)) log(1 +9)

Thus, due to the fact that for § > 0,
1
log(1+ ) > logd — loglog(1+ ) > 3 log(1 +9),

we have ¢* € [e, 3 — €] for a constant € > 0.

Finally, we consider the case where 6 — co. We rewrite t* as

—loglog(1 + 6) + log ( — 1%” log %Z)
B —log(1 + 0) —i—logi%’; .

Since p < 1 — ¢ for some small constant ¢y € (0, 1), when p > ¢, we have

1-p

—log 3=~ = p and log(1 — p) < —p, which means the dominant terms of

numerator and denominator are — loglog(1 + J) and — log(1 + ¢). Hence,

loglog(1 + 6)

t=(1+o(1) log(1+46)

when § — oo.

]

Proof of Lemmal[2 For any t, p,q € (0,1), define J,(p, q) = 2(tp+(1—t)q—

ptql—t>, which is nonnegative. Then,

Li(p.q) = —log (cfzoH +(1—q)(1— p)“)
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1 1
= —log (1 — §Jt(q,p) - §Jt(1 —q,1 —p)) :

Due to Lemma 11 in|Gao et al|(2018)), we have 2 min(t*, 1—t*)(/p—/q)* <
Jo(q,p) < 2(y/P—/q)? and Ji=(1 — ¢, 1 —p) < (p—q)? since 1 —p > ¢ for
some small constant ¢, € (0, 1).

The first task is to give the proof of (1). From Lemmall] when § < 1, t*

< 52q2_

~Y

stays away from 0 and 1, hence Ju(q, p) < 62q and Ji+(1 —q,1 — p)
First, we consider the case of §°¢ = o(1). When 6%¢ = o(1), J(q,p) and

Jy=(1 — q,1 — p) both tend to 0. Hence,

1 1
Ii(p,q) = —log <1 — §Jt*(q,p) — §Jt*(1 —q,1 —p)>

_ %(1 +0(1)) (Jt*(q,p) +Je(1—¢,1 - p))’

which indicates that I« =< §2q.

Next, we consider the case of §2¢ < 1. Since § < 1 and ¢ < 1, when
6%q < 1, we have §, ¢ < 1. And then, we have I 5(p, ¢) stays away from 0. In
addition, from the proof of Lemma |l we have for any ¢ € [0, 1], the second
derivative of I;(p,q) is strictly less than 0, and Iy(p,q) = I(p,q) = 0.
Besides, from Lemma [I, when 6 < 1, t* stays away from 0 and 1. And
based on the above information, we have I;«(p, ¢) < 1. And the proof of (1)
is completed.

The following task is to give the proof of (2). Let’s first give the lower

o1



QUAN YUAN, BINGHUI LIU, DANNING LI AND YANYUAN MA

bound of i+ (p, q). From the proof of (1),

1 1
Ii(p,q) > §Jt*(q,p)+§Jt*(1—q,1—p)

> e {Wr- v+ (Vice-vica)'}

2 t'p,

~J

where the second inequality holds since 2min(t*,1 — t*)(\/p — 1/q)*
Ji(q,p) < 2(y/p — /q)* and the last inequality holds since when p > ¢,
t* — 0, and 1 — p > ¢y for some small constant €, € (0,1).

Next, we give the upper bound of I;«(p,q). When p = o(1), we have

Le(pg) = 5(1+0(1) (ool p) + Jeo(1 = g, 1= p)

o) {(h-var + (Vi—p-vi-a) '}

1
2
(1+

A

p.

When p 2 1, by the definition of I;(p, q), we have

Li(p.q) = —log (qt*pl‘t* +(1—¢) (1— p)l‘t*)

o) s0-n(iz)

= —log {(1+o(1))(1-p)}

AN

p-

t*

t*
When p > ¢, (%) — 0 and (%) — 1 since when p > ¢, t* — 0, and
1 —p > ¢ for some small constant €y € (0, 1), and thus the third equality
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holds.

]

Proof of Lemma[3 For any (P,c) € ©,(p,q, ), define event £ = {!7 (c, éo)

< Yo} Because v, = 0(—%), there is a unique 7 : [2] — [2] that makes

g(c, ¢’) = ( (nc],e"), where wlc] = (n(c(1)), - ,W(C(H)))T. Without loss
of generality, assume that m(1) = 1 and n(2) = 2. In addition, for any
ke [2)let Cpo={i:e(i) = kY, Co = {i : @(1) = k}, nj, = |G|, 7ip = ‘c}( ,
Ew=1{(,§) 11 < ji €ChjeCAy;=1}and & = {(6,7) i < jic

ak,j € (Z,Aij = 1}. Fix any k € [2]. On E,

By, 72 > 0,71 + 92 < Yny St g >|CLNC| >y —mn

and  ng > ‘52 ﬂCg‘ > ng — Y9m.(S6.31)

Let C}, be any deterministic subset of [n] such that (S6.31)) holds with C;
replaced by C;, i.e. 3 71(Cp),%2(Cr) > 0,71(C;) + 12(C,) < 7n, such that

ny > )C~1 ﬂCl‘ > ny —yn and ng > ‘52 ﬂCg‘ > ny — Yon. Then, there are

at most
YnN n1 'Ynn*l Ny en YnTo en YnT
3 < (n+1)? (—1) (—2>
1=0 l m=0 m Tt Tt

< exp {210g(fynn + 1) + 2y,nlog i}
g

n

1
< exp {C’lfynn log —}

n
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different subsets satisfying this property, where C] is a positive constant.
The first inequality holds since v,n = o(fn). For any k,l € [2], let &}, =
{(i,7) i< j,i€C,j€C, Ay =1}, and nj, = |C,|. By definition of C;,, we
can get ng — Y& (Cp)n < nh < ng + %(Cp)n for each k € [2].

Hence, we can get the fact that |£];| consists of n} (n}—1)/2 independent
Bernoulli random variables, where at most ~,n(n; + v,n) of them follow

Bern (¢), Due to the property of £};, we have

Ynn(ns + 7an)g + {51 () — 1) — yan(ny + 7an)}p <&l
sm(nf —1) sm(nh —1) ~
Under the assumption v,, = 7]2(—%)7 we have
Byl Pl <P g) =0 ), (3632)
5711(77,1 — 1) 6 logﬁ

for a constant C' > 0. Similarly, we can obtain that |€),| consists of nj(nf —
1)/2 independent Bernoulli random variables, where at most y,,n(y,n—1)/2

of them follow Bern (p), Due to the property of £5,, we have

g <m el zwnlwn = D+ fgnb(nh — 1) = gran(iwn — D}
B %nl(nl -1~ %”/2(”/2 -1)
Under the assumption 7, = 772(—%), we have
|€5| T U
E———— — Py <(C=(p—q) =—-C——(p—q), 56.33
%nﬁ(nﬁ —1) 2| = B2 (b =) log2 ,6(p %) ( )

: : D
for a constant C' > 0. Besides, since |&;,| = Zu@e% Ay, we can get

Var |gkk:| Z Var Au’u = Z P 1 - Pc(u)c(v))

u<veCy, u<veCy,
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(nk + V) p.

N | —

1
< §n;(n; —1)p <

By Bernstein’s inequality, for any ¢ > 0,

t2
P ‘|5’|—E|8’ |’>t < 2expl — .
{ Kk Kk } 2(%(nk+’ynn)2p+%t)
Let

2 2 -1

t* =2 (ng + van) p(Cwnnlog% + (14 Co) log n)
2

v (2C’wnn log 7y, ' +2(1 + Cp) log n)

1 2
< (nk (npynlogv,')? + yanlog vy, 1) ,

where the second equality holds since v, log~, ' > %logn for any %n <n

because loix decreases monotonically on [e,4+00). And 7, < + means the

%, we can still continue to

initialization is already perfect. When 7, <
the following arguments by replacing every =, with % and all the steps still

hold. Then, there exists a constant C'(Cp, C1) > 0 that depends only on Cy

and C, such that

P {|1gi] — Elggl| > C(Co. 1) (ms (nprlog i) +7unlogn;t) )

< 2exp {~Ciyanlogy, '} =1+,

Under the assumption = = bnlp—a)* _, 0o, we have (p/(ﬁn))l/2 =
1

=

m(p — q) and Bin = n? (7’;‘1)2 < n?(p — q). Besides, since v, = 0(_10gﬂ)’ we

B
log 8

have v, < — as n — 0o, which implies that %% logv, ! < 1. Thus, we

%)
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have

1
2

1 N n _
< C(Co, Cy) (n—k (npynlogy,')? + 5 1og’yn1>
k

p 1 1>5 11 »
SC A nlo n + == nlO n
((67157 g7 B 51087

< Cm(p—q), (S6.34)

Eal gl ’

m(ng — 1) gni(ng — 1)

for a positive constant C' > 0, with probability at least 1 — 2np~(1+C0)

x exp {—C1v,nlogv,'}. Using the triangle inequality to ((S6.32), (56.33)

and (1S6.34]), we have

€k

n(ng = 1)

T — Pk
2

<np—aq),

with probability at least 1 —2exp {—Ciy,nlogv, '} n~0+%) and here n =

C(m + n2) for some large constant C' > 0. Next, apply the union bound

_1~|gﬁk| _Pkk

gnk(nk_l)

. For the sake of simplicity,

to obtain the upper bound of
define event
€

y R O P .2 B
G { Inj(nj, — 1)

and let {C}.} denote the set that contains all C;, that satisfies (S6.31)). Hence,

— P

Sn(p—Q)},

1{C;.} | < exp{Ciy,nlogy,'}. Then, we have

El=1-P U FS\E | >1—on (tC0),
k k
ke{c,;} c,ge{c,;}
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Similar to F¢;, define event

“
.7:5 =

—— — P <nlp-—q s

and then, we have
P <f5k|E> >p| ]—“C;C‘E > 1 — 2~ (14C0)
ce{c.}
The above completes the proof of the upper bound of ‘]5& — Pkk‘ for any k

in [2]. The proof for

]5,81 — Pkl‘ for k # 1 € [2], are analogous and hence are
omitted. Based on these results, a final union bound over {(k,[) : k,l € [2]}

can be obtained, i.e.

P{gga[x} ’15;3 = sz’ <n(p— q))E} > 1 — 9 (1HC),
Je2

Then,

P{max }15131 — sz‘ > n(p—Q)}

k,l€[2]

k,le[2]

— P(E)P {max P p,d‘ > n(p— q) (E}

+P(EC)P { max

P _p ‘> _ ‘E
rieh) Kl Kl TI(P Q) }

9n7(1+00) + n*(1+Co) — 10n7(1+00).

IN

Review that g(c, éo) = Ming.[g 9 ¢ (7‘(‘[0], éo). From the above proof,

if ¢ (n[c],e’) = g(c, ¢’) with 7(1) = 1 and 7(2) = 2, we have n(p — q) >

maxy, e[z ]5,?1 — Pkl’ holds with probability at least 1 — 10n~(1+C)  On

o7
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n(p — q) > maxy e ‘pl?l - Pkl‘, we have P% > p —n(p — ¢) and PY, <
q+n(p — q), and then, P%, — PY, > p—q — 2n(p — ¢) > 0, which implies
p° = max{PY, P%} = PY and k* = 2. And easy to obtain [p°—p| < n(p—q),
1¢° — gl < n(p—q) and ¢ = & If £ (r[c],&) = {(c,&") with (1) = 2
and 7(2) = 1, we have maxy [ ’Plgl — Proyra) ‘ < n(p — q) holds with
probability at least 1 —10n~(1+%) On max;, ey ‘Pkl — P 1)’ <nlp—q),
we have P > p —n(p — q) and P < g +n(p — ¢), and then, Py, — PY >
p—q—2n(p—q) > 0, which implies p° = max{P?, P),} = P% and k* = 1.
And easy to obtain [p° — p| <n(p —q), [¢° — ¢l < n(p — ¢) and & = x[e"].

Then, the proof of this lemma is completed since C' = 10 and 1 do not

rely on (P, c).

Proof of Lemmal[j]. For any (P,c) € ©,(p,q,3) and i € [n], define event

= {E (c_z, ) < 'yn} And then, we have

(cpq( ) # c(i ))
= Peu)= l(cp g(1) = 2) + Pegiy= (épvq(i) - 1>
= Pe—1{(&pq(i) = 2) N Di} + Peiy—1{(&p4(i) = 2) N D}

+ Peiy—2{(€pq(i) = 1) N Di} + Peiy—2{ (&,4(i) = 1) N D}

IN

]P)c(i):l{<ép,Q(i) =2)N Di} + PC(i)=1{Dz‘c}
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+ Pefiy=2{ (€pg(1) = 1) N Di} + Pegyy—2{ D{}.
Next, we just need to provide the upper bounds of Pe(;y=1{(€,,4(i) = 2)ND; }
and Pc(i)zg{(énq(i) =1)nN Di} separately.
]P)C(i)=1{(ép,q(i) =2)N Di}
= Pegi)=1 [{ Z (Ajjlogq+ (1 — Ay;)log(l —q))

J#ic%i(j)=1

1—

jhiei(j)=1 R

1—
= E(Ec(i)zl [H{ E (Aij log% + (1 —A;;)log = Z) > O}
JF#i

c0i(j)=1

Besides, note that A™" and A; are independent of each other. And then,

xI{D;}|A™"

using the Chernoff bound, choose ¢t = t*, we have

PC(i)=1{(ép,q<i) =2)N Di}

<kl ] " +a-pta-9"}
j#i:cVi(j)=1
c(j)=1
—t* 14t* —t* 14t*
< [ " d* +1-p) 19" YD)
j#i:cli(j)=1
e()=2

<E| exp { = (m(e) = 7un) I |
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><{ P+ (1 —p) (A=) }H{Di}

< exp ( -(1- U)ﬁ”]t*)P{Di}

<exp (= (1 =n)pnl;),
for some positive sequence 7 — 0. The third inequality holds because
P+ (A=) (1= <{(1—q)/(1—-p)}" = exptlog{l + (p -
q)/(1—p)}] < exp{t*(p—q)/(1—p)}, and by Lemma|[l]and Lemma 2| when
limy, o0 p/q > L, yunt*(p—q)/(L=p) < yant*(p—q)*/p < yunly < Bnlp if
Y = 0(B) and when lim,, ;oo p/q = 1, vunt*(p—q)/(1—p) < Bn(p—q)?/p =

By if v, = o(B(p — q)/p). Similarly, we have
PC(i):Q{(ép,q(i) =1n Di}

=Popa|{ D (Aglogp+ (11— Ay)log(l —p))
J#i:e%(j)=1
> Y (Aijlogg+ (1 - Ay)log(1 —q)) } n Dz}

i (j)=1

1—
= Pe)—2 [{ Z (Aij log%j + (1 —A;;)log . _Z) > 0} N Di]

jire%i(j)=1

1 —

i —4q

0i(j)=1
And then, using the Chernoff bound, choose t =1 — t*, we have

XH{DZ} A_i

PC(i)=2{(ép7q(i) =1)N Di}
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<E| ] PV +0-pr0- Q)t*}H{Di}]

_jyéi Vi (j)=1

<E exp{ (n1(e) —ymn) It*}H{Di}]
< oxp (= (1 - n)Bnl)P{D;}

< exp ( —(1- n)ﬁn[t*)7

for some positive sequence 7 — 0. Hence, we have that

P(&yq(i) # €(i)) < exp (= (1 —n)Bnly) + 20~ 00,

for some positive sequence n — 0. Note that the results are independent of

(P, c) and 14, thereby proving completion.

Proof of Lemma[J. The proof of Lemma [5]is similar to the proof of Lemma
2 in |Gao et al.| (2018). Since (S6.15) is a a simple-versus-simple hypothesis
testing problem, by the Neyman-Pearson lemma, the optimal test is the

likelihood ratio test ¢*, which rejects Hy if

no
[[r"a-p' <Hq (1—q)' .
=1

Therefore,

no 1—
[Xlog +(1-X;)log ; a

=1

Py, 6" =P < > 0) . (S6.35)
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Let Y3, -+ ,Y,, be independent and identically distributed random variables

with the distribution given by

1—
]P’(Y:logg):p, P(Y:log q)zl—p.
p L—=p

Let Y = (Yi,--,Yo) s ¥y = (41, ,Yno) " € R™ and for any fixed ¢t > 0,

let K,(t) = logE(e™). Then, we have

PHO¢*:P<§:Y;>O>
= > Py=y= > [J[PMi=w

2:21 yi>0 Z?ﬁl yi>0 i=1
0 — ) etV
I > § | P(Yi=uyie
J eKn(t*) Y
Z;’gl yi>0 i=1

where t* is defined in (3.11)). In addition, let Zy,--- , Z,, be independent

and identically distributed random variables with the distribution given by

1—t* t*
q p q
Pz (Z = log _) T T Ka(t)

p
o 1-q\ _(1-p) " (-g"
Py (Z—logl_p) = ) .
Note that
enoKn(t*) _ eno log (plft*qt*-‘r(l—p)l’t*(1—q)t*) _ e—noIt*’

and due to Lemma , t* is the only maximum point of e"%»() on ¢ > 0.
Let f(t) = p''q¢" + (1 — p)'7(1 — ¢)'. We have

t 1 — t
PO =9~ log %+ (1) (1= ) log (L=ar
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Thus, we have Ez(Z) = % = 0. In addition, for some L > 0,

R rr P (Y; = y;) el v
—t 21:0 i % Yi
> ¢ Sl ()

2?21 4:>0 =1
0 — a.) et Y
SRS § et DI
- J eK’n(t*)
0<E?£1 y; <L i=1

tyi
_* —yz
ey
— eKnt*

0<ZZ 1yz<Ll 1

:e_t*L Z H PZ - yz

0<21:1y, <L =1

ng
= VIP, (0 <> Zi< L) ,

=1

where Z = (Z1,+++ , Zp,)".
Then, we consider the lower bound of e ™" 2P (0 < >.7°, Z; < L). First,

we calculate the expectation of Z2. For any i € [ng],

1—¢* ¢* 2 1—-¢* t* 2
o Plg q (1-p " (-9 1—gq
EZ(ZZ> - eKn(t*) (log};> + eKn(t*) log 1— p

When p < ¢, by Lemma , I = —K,(t*) < §%q, and then we have

En(t") = ¢~I* < 1. Moreover, we have t* € [e,1 — €], for a small enough

constant € > 0 by Lemma [I] Thus,
Ez(Z7) = @00 579 Varg Z; = ng @2,

Note that the value of Z; is bounded by some constant, for any i € [ny].

Under the assumption that ngl+(p,q) — oo and p =< ¢, we have "(’(pp%qp —
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oo by Lemma . Hence, I {|Zz —Ez(Z;)| > e (D22, Varg (Zi))l/z} — 0 for

every ¢ and for any constant € > 0. Thus

1
2

no no
. 2 —
Jim ;Ez (Zi —Ez(2:))* 15 |2 — Ez(Z)| > ¢ (2 Vary (Zz-)) =0,

for any constant e > 0. Together with )", Ez(Z;) = 0, the Lindeberg con-
Sl Zs

(X700, Varz(Z:))

set L = (3.1, Varz (Z))"? =< V/nolp. Hence, L = o(nyl;-), and combined

dition implies that under Pz, 7z converges to N(0,1). Then

with t* € [e,1 — €], for a small enough constant € > 0, we have

Pyy6" = exp (= (1+m)nol- ).
for some n — 0.
When p > ¢, by Lemma , t*p < Iw < p, and we have efn(t") = ¢=lir <

1. Then,

2 2
* * ¥ * 1 -
Ez(Z7) = p'™"¢' (log%) +(1-p " (1-0q (logl_Z)

= pexp{(1+o(1))loglog(1+4)}.

The last equality holds since t* = (1 + 0(1))% when § — oo by

Lemma , where § = 1%. Similarly, we have

+(1-p)' " (1-q)"

1—q3

EZ(|Zi|3) — pl—t*qt* 1_p

log

log a
p

= pexp{2(1+o(1))loglog(l+4)} .

Under the assumption plog®(p/q) < oo, we have Ez(|Z;|>) < co. Then, we
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have
Ez(|Z:]? 1 1
LHL; =p zexp {—(1 + o(1)) log log(1 + 5)} :
(Ez(22))> 2
By the assumption that when p > ¢,
o log(2)
&

lim

<1,
n—oo logn

we have % = o(y/n). And then, by Corollary 2.7.2 of Lehmann
Ez(Z?)

(1999), i.e. Liapounov theorem, we have that under Py, Sizi %

(309, Varz ()"

converges to N(0,1). Then set L = (3%, Varg (Zi))l/Q. By the assumption

that when p > ¢,

]
o Jog Bnp -

3
n—oo loglog £ ’

we have L < nopt* < ngly, which means

Py, 0" > exp ( —(1+ n)nolt*>,
for some 1 — 0.

By the same way, it can be proved that

Pu, (1= ) Z exp (= (1 +mnolie),
for some n — 0.

[]

Proof of Lemma[] Fix any (P,c) € ©,(p,q,3) and i € [n]. %, p*, ¢
and ¢ are obtained in the initialization step and the refinement step of
Algorithm [I}
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Then, for some 79 — 0, which will be determined later. For i € [n],

define events

E:{e(cc)<%, P < molp - @), [¢” —Q|§770(p—Q>}-

Combined the assumption of Lemma [7, by Lemma [6], we have

inf minPp . (F;) > 1 — Cn~ 0+,
(P,c)€0n(p,q,0) i€[n]

1
for constants C,Cy > 0, with 79 = o(p — ¢q), and 1y = o <q%) when

p > q. Moreover, for simplicity, we write p as p* and ¢ as ¢*. Then, we

have

P(&(i) # (i), F;) < Pegyon (€(i) = 2. F) + Pegya ((0) = 1, F).

The next step is to get the upper bounds of the two terms on the right-hand

side of the above inequality. Firstly, we have

Pc(i):l (é('l/) =2 and E)

] 1-—

=Pci)=1 E (Aij logg + (1 —A;;)log T C{) > 0 and F;
N p P
Jie(§)=1

q 1—gq
=Pei)=1 [ § (Aij log = + (1 — Ay;) log T )
je)=1 p p
(=1
1—gq
+ g Awlog —|—(1—AU)10g1 5 > 0

j:e(j)=1
c(j)=2

Next, we focus on the conditional distribution in (S6.36). On ¢(i) = 1,

F|P(F). (S6.36)
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using the Chernoff bound, for any A > 0,

. 14
Peiiy=1 [ Z (Aij log% + (1 — Ayj) log qA)

1—
j:e(g)=1 p

e(d)=1

3 q 1- Ci
(=1

c(i)=2

< H E |7 ci)=1 €xp

Jie(i)=1
c(d)=1

X H IE|Fcz) 1 €Xp

J:e(j)=1
c(j)=2

Note that for any 57 € {j' : ¢(j') = 1,¢(j') = 1}, P(A;; =

c(i) = 1. Then,

E . p e)=1€xp 5

AN A AN A
q l1—¢q

= pl=z) +0-p ( A)
(p) ( ) 1—p

_ qul_A[(%q;)A —1| + (1 - g1 —p)“[((l —p){d —@))A _ 1]

+p T+ (1= @)1= p)

Since p keeps away from 1, by simple manipulation, we have 1’;— <14 Cnod

and # < 1+ Cnyd, for some constant C' > 0. Consider the fact that

L+ Ca)* —1<20Az as = = 0 and 7o = o(p — ), and 1o = 0 (¢ et
log
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when p > ¢. Then, set A = t*, where t* € (0,1) by Lemmal [l and we have

q 1—4q
t* | A;;log = + (1 — A;;) log A)
(1oL + 1 - 4,105 =1 ]

E |7, e(i)=1 €XP

< (¢P7 (=) (1= p) ) (1 + 20t md)

S eXp(— (1 _T]>It*>7
for a sequence n — 0. Here, the last inequality holds since when p < ¢
log(142Ct*ne8) = o(0%p) and I~ < 6%q by (1) of Lemma[2]and when p > ¢
log(1 + 2Ct*n98) = o(t*dq) and I= 2 t*p = t*(1 + 0)q by (2) of Lemma [2|

Besides, for any j € {j': ¢(j') = 1,¢(j') = 2}, P(A;; = 1) = q. Then,

A 1 A
p

1—p
AN A AN A
q 1—gq
= q| = +1—Q( A)
<p> ( ) 1—p

AN A
24 al—q 24| (Prd
= ¢'p' A1—9+(1—Q)A(1—p)1 ! A—[(—) —1]

K. |7 c(i)=1 €XP

1—p P \Pa
Lol (a=p -\
+(1-¢)'(1-p) 1—p[((1_ﬁ)(1_q>> 1]'

Besides, we also have

E 7 c)=1 €xp

q 1—¢
t* AZlOgj—l— 1—A7, log A)
(1082 + (1= ) 105 =1 ]

IN

s . -
(qt pt ]% + (1= (1-p*" 1—q> (14 2Ct*ny0)

IN

14 Céq,

for a large constant C' > 0, and although it is somewhat ambiguous, in order
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to reduce unnecessary symbols, C' may have different values in different
places, but it will not affect the results. The last inequality holds since
¢ P H (1 =g (1-p) L < g4 =L (1 —q) = 14 (1 - ¢)7% and
nod = 0(dq). Denote my = my(c,e) = |{j : c(j) = 1,¢(j) = 2}, my =
ma(e,e) = {j : e(j) = 2,¢(j) = 1}| and ny = ni(e) = [{j : e(j) = 1}|. We

have,

Puyor (el0) = 2. ) <(1+Co0)™ exp (= (1= )y — )
<exp (— (1 —n)pnl;), (S6.38)
for a sequence n — 0, and in order to reduce unnecessary symbols, n may

be different in different places, but it will not affect the results. On F;, we

know that m; < v,n and sy < y,n. And under the assumption that -,

satisfied v, = o (—%) and 7, = o (—bﬂgqﬁ) when p > ¢, we can get

(1+Cdoq)™ < exp (%nlog(l + Céq)) = exp (o(l)ﬁn[t*), which establishes

the last inequality. On the other hand,

é ) =1, F
1—q
c('L AU log + (1 Azg) log — > O, E
P 1—p
J) 1
1—q
Pe(i)=2 [— (z):l(Azglogp+(1—A,-j)log1_ﬁ)>0 P(F).
j:e(j)=

Next, we focus on the conditional distribution in the last equation above.
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On ¢(i) = 2, using Chernoff bound again, for any A > 0,

Pe(i=2 E;

q l1—4q
— Allog—A—l— 1—Al log A>>0
> (ytogd (1 4,05 =1

j:e(g)=1

< H E |7, e(i)=2 €XP

J:e(i)=1

And for any j € [n], P(A;; = 1) = ¢. Then,

q 1—¢
(1088 J>g1_p]< )

q 1—gq
E |5 c(i)=2 €xp —A(Ai»log7+ 1—A;;)log A)
|Fye(i)=2 [ slog 5 ( i) -
AN —A AN —A
q 1—¢q
= q|= +(—q < A)
<p> ( ) 1—p
pi\
= P+ 1= 1 —g) N+ [ (—) - 1]

+1-p)*1—g)" [ (W) - 1] .

Let A =1 —t*. By simple manipulation, we have,

~ 1 _ ~
E |5, e(i)=2 €xXp [— (1—1t%) (Aij logz% + (1 —A;;)log T ;) ]

< (qt*pl’t* +(1—q)"(1— p)H*> (1+2C(1 —t")ned)
<(1 4 Cnod) exp(—1¢-), (S6.40)

where C' > 0 is a large constant. Denote n; = ny(¢) = |{j : ¢(j) = 1}|.

And then, we have,

Pei)=2 (é(z) =1and Fl> <(1 + Cnodq)™ exp(—ny I;+)

<exp (— (1 —n)Bnl), (56.41)
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log log %
D
log q

for a sequence n — 0. Since 79 = o(p — q), and 7y = o <q ) when
p > q, we can get (14 Cod)™ = exp (7 log(1+ Cyd)) = exp (o(1)7i11;+).

Thus, the last inequality in (S6.41)) holds. And then,

P(e(i) # c(i) < P(e(i) # (i), F}) + Cn~ 0+
< Pe= (é(i) # 2, F) + Pe(i)—2 (é(i) £1, F) 1 O (14Co)

< exp ( —(1- n)ﬂn[t*) + Cn~(HC0),

for a sequence n — 0 since fnlx — oo as n — oo. The proof is then

completed since C' and 7 do not rely on ¢ or (P, c).

Proof of Lemmal8 Firstly, we abbreviate ny(c) as ny for each k € [2].
Let T = diag (/n1,/n2) and Z = (Zy) € {0,1}"*? with Zy = 1 if
and only if (i) = k. Let UyAU, be the eigen-decomposition of T'PT
and we can calculate A = diag(A;,\;). And then M’ = ZPZ' =
ZT'TPT (ZTY)' = ZT'U,AU{ (ZT7Y)". Since (ZzT7Y)' 20! =
diag (1,1), we have M’ = UAU " where U = ZT'"'U,. Hence, we can
obtain that U; = U; if and only if ¢(i) = ¢(j) where U, is the i-th row of

U, and we can calculate

_ 1 T+ z
\/nl(c) \/(i—l—z)z—i—y?’
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if e(i) = 1,
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and

V(o) G+ 2P+

which completes the proof.

Ui

,ife(i) =2,
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