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These materials contain proofs and derivations for the theorems provided in the main paper.

S1 Preliminaries

We begin by defining the matrix absolute value and discussing some of its properties.

Definition S1. For a matrix A € R™*", we define the matrix absolute value |A| =

VATA. In particular, when D = diag(ds,...,d,), we have |D| = diag(|di], . .., |d.|).
For symmetric matrices A = AT with eigendecomposition A = UAUT, we have
A = UIA|UT.

Fact S2. |A| is the unique positive semi-definite square root of AT A.

Proof. See |Horn and Johnson| (2012, Theorem 7.3.1). m

Fact S3. If A = AT and A = UXVT is a singular value decomposition of A, then
|A| = UZUT.

Proof. We may write ATA = AAT = USVTVEUT = US2UT. Note that
USUT =0 and (USUT)(USUT) = A% = AT A

So by Fact , |A] = UXUT is the unique positive semi-definite square root of AT A.
[

Fact S4. Suppose A = XDXT, where XX is diagonal and D is a diagonal matriz
with diagonal entries in {£1}. Then |A| = X XT.



JONATHAN HEHIR, XIAOYUE NIU, AND ALEKSANDRA SLAVKOVIC

Proof. Write AT A as follows:
ATA=XDX"XDX"
= XD*(XTX)X" (diagonals commute)
= XXTXXT (D*=1)
= (XX1)2
Since XX7T = 0, |A] = XX7 is the unique positive semi-definite square root of

ATA. O
Fact S5. If U is orthogonal, then |UAUT| = U|A|UT.

Proof.
(UA[UT)? = U|A[|AlUT
_ UATAUT (AP = AT A)
= UATUTUAUT
— (UAUTY(UAUT).
Since UJA|U” = 0, U|A|UT is the unique positive semi-definite square root of (UAUT)T(UAUT).

[]

Fact S6. Suppose A = 1,11 +dI,,. Then |A| = d1,17 + d'I,,, where:
o lentdl 1

n
Proof. Let UAUT be an eigendecomposition of 1,11. Then A = diag(n,0,...,0).

Now we write an eigendecomposition for A:

,d =d.

A= clnlz +di,
= cUNUT +dUU" (S1.1)
= U(cA +dI,)U".
By definition, then:
|A| = UleA +dI,|U",
which is of the same form as eq. , albeit with different constants. The result

follows by solving the following for ¢’ and d':

diag(|en +d|, |d|, ..., |d|) = |[cA+dI,| = A+ d'I,, = diag(dn+d',d',...,d).
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Fact S7. Suppose A = 1,1 +dI,, and A;; > 0 for alli,j € [n]. Then |Al;; > 0 for
all i, € [n].

Proof. We begin with the trivial cases: If d > 0, then A > 0 and A = |A|. Also if
n = 1, then A is scalar, and |A| is the usual scalar absolute value.

Assume then that d < 0 and n > 2. Let |A| = ¢1,1% + d'I,, as defined in Fact [S6]
Since all entries in A are positive, then ¢ > —d = |d|. Consequently:

en+d=cn—|d >|dn—|d =|d|(n—1) > |d|
As a result, ¢ must be positive, since |cn+d| = ecn+d > |d|. Since d' is also positive,
every entry in |A| is positive. ]
Fact S8. For any two square matrices of equal dimension, || |A| — |B| ||r < v2||A—
B||F.
Proof. See |Bhatia (2013)), Theorem VIL.5.7 and eq. (VII.39). O
We recall our definition of the binary matrix operator H.

Definition S9. Let A € R™*™ B € R™". Then:
ABB=(A®1,1)) + (1,11 ® B).

The operation H is similar to the more standard Kronecker sum A®B = (A®1,)+
(I, ® B), but with identity matrices replaced by 117. Fact below also resembles
a property that the Kronecker sum satisfies, but replacing the matrix exponential

with an element-wise exponential.

Fact S10. For two square matrices A and B, exp(AH B) = exp(A) ® exp(B), where

exp is evaluated element-wise.

Proof. Observe that the Kronecker product of two square matrices A € R™*™ and
B € R™™ may be written A® B = (A®1,11) ® (1,,1Z ® B), where ® denotes the
Hadamard product (i.e., element-wise multiplication). From here it follows that:
exp(AB B) = exp(A® 1,1 + 1,,11 ® B)
= exp(A ® 1,17) ® exp(1,,1] ® B)
= (exp(4) ® 1,1]) ® (1,,1], ® exp(B))
= exp(A) ® exp(B).
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In light of the Kronecker representation of exp(AH B), we review some facts about
Kronecker products and inspect their matrix absolute values.
Fact S11. If A= AT and B= B”, then A® B=(A® B)T.
Proof. By [Horn and Johnson| (1991} eq. 4.2.5), (A® B)f = AT @ BT = A B. [

Fact S12. Let A = AT, B = BT with eigendecompositions A = UNUT, B = VUV,
IfC =A® B, then:
ICl=(UeV)Ax¥|(UaV)" =|Al®|B|

Proof. We begin by writing SVDs for A and B, namely:

A = U|A|(sign(A)UT)

B = V|¥|(sign(¥)V7),
where sign(-) is taken element-wise. It is easy to verify that sign(A)UT and sign(¥)V7T
are indeed orthogonal.

Armed with these decompositions, we may apply Horn and Johnson| (1991}, Theo-
rem 4.2.15) to find an SVD for C:

C = U V)(A| @ |¥])(sign(A)U" @ sign(¥)V7)
= (U@ V)|A ® ¥|(sign(A)UT @ sign(¥)V7T)
Since A = AT and B = B”, we have that C' = C7 (Fact [S11). Therefore:

Cl=UeV)A®U|(Ue V)" (Fact[S3)
=UaV)(Ale[ThUe V)
= U o V¥)e (U o VT)
= (UIAIUT) @ (VIw[VT)
=A@ |B].

Finally, we give two useful facts about sums and permutations.

Fact S13. Let xy,...,x, € R. Then for any o € Sp,):

n n
Z Tilo(i) < Z x?
i=1 i=1
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Proof. This is an application of Cauchy—Schwarz in disguise:

) <[54 (54

The final statement comes by taking the square root of both sides.

Fact S14. Let A € R™" such that A = 0. Then for any o € Sp,):

Z Aioi) < Z A

i=1 i=1
Moreover, if rank(A) = n and o # id, the inequality is strict.
Proof. Since A = 0, let A= XX". Fix 0 € S},;). Then:

D A =) el Aegiy
=1 =1

= (XTei, X eqn)

i=1

@ < Z | X e[| X esw]|  (Cauchy-Schwarz)
i=1

<3 XTe|P  (Pact BI3
i=1

= Z<XT67;, XT€i>

=1

n n
§ T E :

= €; Aei = A”
i=1 i=1

If o # id, the inequality () is made strict when X has linearly independent rows, i.e.,

when A is full-rank.

S2 Proofs of Results

Representation Results. We prove that ACSBM can be represented as an SBM

by explicitly constructing such a representation.
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Proof of Proposition 1. Consider first the case when M = 1,1i.e., Z = Z,;. Every edge
is an independent Bernoulli random variable whose probability depends on (6;, Z;1)
and (0, Z;;). It will be convenient to map these tuples to scalars. Let 7(k,() =
Ly(k—1)+¢, a bijection from [K] x [L1] to [KLy]. Let 0% € [KLy]" = (7(6;, Zv:))™,.
We will now write the edge probabilities in terms of these new scalar quantities. It
can be shown (if a bit tediously) that:

P(Y;=1]0" =400 =t;) = ¢ (B 11,1%, + 1515 @ Bil1,]ur, )
= [gil(B Eﬂ /Bl[Ll)]tth Y

where ¢! is taken element-wise in the final line. This is precisely the form of the SBM
given in Definition [Il Thus when M = 1, we can say Y is equal to an SBM with L =
KL, communities, § = L1(0 —1,) + Z.1, and edge probabilities B = g (BB S I1,).

The case when M > 2 follows inductively. Let Y; ~ ACSBM(0, B, Z1, 51, g) 2
SBM(#), BM). Define Yo = ACSBM(0, B, [Z, | Z5), (B4, 52)T,g). This network is
equal in distribution to Y ~ ACSBM(6M), g(BM), Zy, B, g). By the M = 1 case
above, these networks are equal in distribution to an SBM with K L; L, communities:

02 = Ly(0Y — 1)) + Zyy = Lo(L1(0 — 1,,) + Zuy — 1) + Zos
and edge probabilities:

g' (Q(B(l)) H 521L2) =g {(BE L, B BalL,),

I are element-wise.

where once again, g and g~
Proceed inductively to find the forms of Y3, ..., Y}, defined analogously to Y5, so

that Y 2 Yy, 0
The gRDPG representation now follows immediately as a corollary.

Proof of Proposition [J. By Proposition , we may represent Y as an SBM, i.e., Y 2
SBM(@N, B) The ability to represent an SBM as a gRDPG using latent positions
derived from spectral decomposition is a well established practice in the gRDPG
literature, e.g., Rubin-Delanchy et al.| (2017, Section 2.1). Thus Proposition [2| follows
as a corollary to Proposition [I} O]

Consistency of Part 1. Consistency of Part 1 of the algorithm was stated in
Theorem [I], proven here.
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Proof of Theorem[1. By Lemma [I], we know that:

A logn
ma; X, — X50:,Z)|s =0
e Q- X506, 20l = O (52 )
for some sequence of matrices @ € O(p,q). We might prefer a statement in terms of
Xi, rather than QXi, which we can make as follows:

Illé%( ||Xz —QX3(0:,Z)|2 < Q7|2 (?é%f]( HQX@ — X3(0;, ZZ)H2> )

We have seemingly done little here but move the troublesome ) and impose an
additional nuisance term. However, Rubin-Delanchy et al.| (2017, Lemma 5) states a
key result: ||Q||2 and ||Q7!|]2 are bounded almost surely. This allows us to eliminate
the nuisance term:

5 log‘n
X’i - )(~ Hl-, Zz = O .
max [|Xi — QX p(0:, Zi)l» p< NG )

We still have to grapple with ()X 5. Observe that for z fixed, the canonical latent
positions X3(1,2),..., Xz(K, 2) are distinct by construction. Since @) is full-rank,
this also applies to QXz(1,2),...,QX5(K, 2). Moreover, in light of the bounded
spectral norms of ) and Q~', which bound the singular values of Q in an interval
away from zero, the asymptotic distortion of distances is limited. In particular,
|Q(X5(k1,2) — X5z(ka, 2)) |2 = ©(\/an) almost surely. Combining these facts yields
the result, as follows.

Let B(z,r) denote a ball centered at x with radius 7. From our argument above,
there exists a sequence of radii r = Op(log®n/+/n) such that X; € B(QX 5(6;, 2),7)
for all i € Z,. Since ||Q(Xz(k1,2) — Xp(ka, 2))||2 scales with \/ay, = w(log® n/\/n),
these balls shrink in size faster than they converge to the origin. More concretely, let

Bi. = B(QXj(k,z),r) for k € [K]. Then for any ki, ks € [K]:
1
PGy 0 Bie = 0) = P (r < 11QXp(00.2) ~ QX (ka9 ) 1

since ||QX z(k1,2) — QX (ks 2)||2 = O(\/a,) almost surely, and r = op(y/ay,). O

Consistency of Part 2. Consistency of Part 2 of the algorithm was stated in
Theorem [2

Proof of Theorem[2. Suppose Yy, ~ SBM(@, Byey,) for some symmetric matrix B, €
RELXKL  This model is more general than Y ~ SBM(6, B). Suppose we have a perfect
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estimate of 6 (up to a permutation), and we wish to estimate By,. In this case, the
natural approach to estimating B, via the empirical density of each block is precisely
the maximum likelihood estimator, which has been well-studied (e.g., Bickel et al.|
2013).

Under the theorem hypothesis, we have indeed recovered 6 up to a permutation of
labels. This is true since 0((7,, 0 0..)(i)), z;) = 0; for all i, and the function 0(-,-) is a

bijection. Let T € Sy denote this permutation, and let 7" denote the corresponding

permutation matrix. Then T‘léT is the maximum likelihood estimator for a model
Ygen ~ SBM(@, Byen), and so we may apply the maximum likelihood results of Bickel
et al.| (2013, Lemma 1) or, more conveniently, Tang et al. (2022, Theorem 1). Per
these results, we can say that for any ky, ky € [KL]:

na;l/Z ((T_léT)/ﬂkQ - Bk1k2> i> N<O? Uk1k2)7

where 25 A/ (+,-) denotes convergence in distribution to the normal distribution, and

Uk, k, > 0 is a constant depending on k; and ks. In other words:

2 ~ /an
(jjilBjj)kl]€2 - Bk1k2 — Op < n ) .

Since B scales with ay,, we rewrite this to be in terms of the constant quantity o, 1B:

1

2 - 1
N e A s (m) - (W> |

Since K and L are kept constant in n, these entrywise bounds may be taken as a
bound for the Frobenius norm, ||[T~'BT — B||p. Moreover, since the Frobenius norm

is unitarily invariant, we may write:

2 ~ 1
|B—TBT '|r =op <—c) .
v/nlog®n

]

Consistency of Part 3. We first show that the matching problem selects the
appropriate permutations in the absence of estimation error, i.e., when applied to the
true latent positions X 5. Note that the role of the permutation ¢ in Theorem
below differs slightly from its role in Algorithm [I} In the algorithm, there is an
unknown permutation that we are looking to reverse for each choice of z; in the
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theorem below, there is no such permutation, so the correct choice of ¢ is the identity
permutation.

Theorem S15. Assume Y from the setting of Section[). Let Xz as in Proposition ]
For any fized z € [Ly] X --- x [Lp):

K
arg min > || Xg(o(k), z) — Xp(k, 133 = id. (S2.2)
k=1

oES[K]
Moreover, if exp(B) is full-rank, o = id is the unique minimizer.

Proof. To simplify notation for the proof, let z;, = X3(k, z). We begin by unpacking
the squared norm:

Z ||'r0(k)z - xkl“% -

[M] >

<$J(k)z — Tk1, Lo(k)z — ZEk1>

T‘r
—_
?‘
—_

[
]~

((xa(k)za wo'(k)z> + <xk17 xkl) - 2<xa(k)za xk1>)

el
)
=

I
]~

K
(Thz, The) + Z<$k1, Tr1) — 2 Z<ﬂ3o(k)z, Tr1)

k=1 k=1

>
Il
—

Since only the final sum depends on o, the optimization problem (S2.2) is equivalent

to finding:
K

arg max » (To(r)z, Th1)-
O'ES[K] —1 ( )
Fix z € [L1] x --- X [Ly], and let B as in Proposition |1l Next, we will assemble yet
another matrix. For any ki, ke € [K], let Qrk, = (Tky2, Tip1). If we can show that
Q = 0, the result will follow from Fact This is our plan. Observe that:

<xk127 $k21>pq = Bé(k1,z),§(kg,1)’
where (p,q) is the signature of the gRDPG corresponding to Y. Following from
Fact [S4] the inner products that form the entries of Q can be found in |B|, i.e.:
Qirks = (Thizs Tio1) = |Blaghy ) 6(kan)-

Since g = log, by Fact [S10, we can write B like so:

B = exp(B) ® exp(f11r,) ® - - - @ exp(BuIL,,)-
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Lemma gives the convenient form of |B]:
B = |exp(B)| @ |exp(Bi11,)| @ - -~ @ | exp(Burlry,)|-
In particular, this means:

Qs = |B|é(k1,z),é(k2,1)
= [exp(B) ks [ | exp(Bilr,)| @ -~ @ [ exp(BarLiy )| I 21
= c; | exp(B)|k ks
where ¢, = [ |exp(S111,)| @ -+ @ [exp(BumILy, )| g .1 18 @ strictly positive constant.

This follows from Fact [S7], which says that each of the |exp(8,,1r,,)| matrices have
positive entries. Since |exp(B)| = 0 by construction, we have then that @ > 0.
Moreover, when exp(B) is full-rank, @ > 0.

Applying Fact we have that 0 = id is a solution to our optimization problem:;
moreover, it is the unique solution when exp(B) is full-rank. O

The following corollary generalizes Theorem to arbitrary link functions and
differential homophily, as discussed in Section [4] “Generalizations.”

Corollary S16. Suppose M, L,0, and Z are as defined for the ACSBM, but let B3,,, €
R for m € [M], ¢ € [L,,] denote differential homophily coefficients for the model

M Lp
Yy % Bernoulli <ang1 (Bgigj + Z Zﬂmg]l(Zim = Zjm = g))) . i<,
m=1 (=1

where g is any link function. If B = 0,9~ (B) = 0 and (A1), (A3) hold, then for
any fizred z € [L1] X -+ x [Ly|, 0 = id is the unique minimizer of the quantity:

D IIXg(a (k). 2) = X5k, Lar)l5-

Proof. The proof follows directly from the above, noting that in this case |B | = B,
while the submatrix of interest is now Q = a,,g~*(B). We needed to show that Q = 0,

which follows now by assumption. O]

Next, we show that the estimation error due to use of X 5 in place of X5 vanishes
asymptotically. Note that relabeling permutations appear here.
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Lemma S17. Assume the conditions of Theorem[3 hold. Let Xz as in Proposition|]]
and X 5 as in Algorithm . For any fized z € [Ly] X -+ x [Lyp], let:

Then for any 01,02 € Sik)

~1(f [ =a ! o1) — o 0 —1
o, (L:(01) = L:(02)) = o, (Lz(01) — L:(02)) + op (\/m)

Proof. By an argument similar to the proof of Theorem we observe that:

zi Xp(o( Xp(k,147))

z —02—22 UOTz ) Z)7XB(T1M<k)71M)>

for some constants ¢, and c,. Moreover, continuing to extend the arguments from the
proof of Theorem [S15, we have:

|
| ‘~((00’rz)(k),z),é(7'1M(k),l)
= (T|B|T_1)§(a(k),z),§(k,1)

0(c(k),2),0(k,1)>

where T is the permutation matrix from Theorem [2l Note that the last line follows
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from Fact [S5l Therefore:
L.(01) — L.(09) — (L.(01) — L.(02))

K
:—2Z|B 9(k1)+22|3§02 (k),2),8(k,1)
k=1
+QZ‘TBT 1’9(01 ZZ‘TBT 1‘9 (o2(k),2),0(k,1)
=1 h—1
K jo}
=2 Z <|B|§(02(k),z),§(k71) |TBT 1|9 z),0(k, 1))
k=1
K 2
—2 Z (|B|§(al(k),z),§(k,1) I TBT~ o1 ), 0k, 1))
k=1

Observe that the final expression consists of 2K terms of the form 2(| B|;;—|T BT ;).
Combining Theorem [2] and Fact [S§, we know that:

2 ~ 1
a | 1B] = ITBT ||r = op <—> ,
v/ nlog®n
from which we claim a bound on the entrywise error for any i,j € [K E]
2 N 1
a, ' (IBli — ITBT™'];;) = op <—c> :
v/nlogtn
Summarizing, then, we have:

a, ' (Ez(al) - iz(@) = (Lz(o1) — Lz(Uz))) =4K -op (ﬁ) .

Since K is constant, the final result follows by simple rearrangement. m
For completeness, we end with a formal proof of Theorem [3

Proof of Theorem[3. Let f)z : Sk — Rand L, : Six; — R as in the statement of
Lemma We first rewrite the result of Theorem in a permuted order. For
any fixed z:

arg min L,(o)

O'GS[K]

K
= arg min Y 1X5 (00 m)(k),2) = X (1, (k), 1a) |1
k=1

_ -1
=T1,,°T, .
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This follows from the commutativity of the sum and the fact that Sk is closed
under composition. In other words, we may think of the sum as going in order of
T, (1), ..., 71, (K) and minimizing over o o 7, € Sik instead, if we prefer, in which
case recovering the identity permutation is equivalent to recovering o o 7, = 79,,.

For each z, let 07 = 71,, o 7,! denote the optimal permutation, and let:

a, = L,(0}),

b, = arg H;éirl L.(0), and
A, =b,— Az,

so that A, denotes the gap between the optimal and second-best permutation. Let
A¢ = min; A,. Since X scales with /a,, L.(-) scales with o, and the quantity
o, 1Ay is constant. By assumption (A2), we may further assume Ag > 0.

By Lemma[ST7, we have that for any permutation o € Sig:

R . 1
o, (Le(0) = L(07)) = o (Lx(0) = La(0)) + op <—> :
/nlogtn
We would like these error terms to be less than «;,'Ag/2 for all z. Since a;,'Ag/2 is
constant, this happens with high probability for sufficiently large n. In this case, we
have:

0, =arg min L.(0) =arg min L,(0) =0, =71, 07, .
O’ES[K] O'ES[K]

Consequently, for all i € Z,, since éz (1) = 7.(6;), we have our desired result:

G2(0:(1)) = 71, (71 (72(6:))) = 71, (6:).
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