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Supplementary Material

S1 Proofs and complements

S1.1 Proof of Theorem ??

To prove Theorem ??, we first consider the setting with known β∗. We

define Zi(θ1), L1(θ1), elr1(θ
0
1), and ν̃2

1n(θ
0
1) in the same way as Ẑi(θ1),

L(θ1), elr(θ
0
1), and ν̂2

1n(θ
0
1), respectively, with R̂i replaced by Ri. Under

Conditions ?? and ??, we derive the asymptotic distribution of elr1(θ
0
1) in

the following theorem.
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Theorem 1. Let c̃n(θ
0
1) = ν̃2

2n(θ
0
1)/ν̃

2
1n(θ

0
1), where ν̃2

1n(θ
0
1) is a consistent

estimator of the asymptotic variance of n−1/2
∑n

i=1 Zi(θ
0
1) and ν̃2

2n(θ
0
1) =

n−1
∑n

i=1 Z
2
i (θ

0
1). If θ∗(1) ∈ Rd−1

+ , then under Conditions ?? and ??, as

n → ∞, c̃n(θ
0
1)
(
− 2 log elr1(θ

0
1)
)
→ χ2

1 in distribution when θ01 > 0, and

c̃n(0)(−2 log elr1(0)) → U2
+ in distribution, where U ∼ N(0, 1) and U+ =

max(U, 0).

Proof. For simplicity, we sometimes use Zi to denote Zi(θ1) when there is

no confusion. Using the method of Lagrange multipliers, let

L = −
n∑

i=1

log pi + κ(
n∑

i=1

pi − 1) + λ0

n∑
i=1

piZi.

Since

∂L
∂pi

= − 1

pi
+ κ+ λ0Zi = 0,

we have

pi =
1

κ+ λ0Zi

and κ = n. (S1.1)

Plugging λ0 = nλ into (S1.1), we obtain

pi =
1

n(1 + λZi)
. (S1.2)

Since

0 =
n∑

i=1

piZi =
n∑

i=1

Zi

n(1 + λZi)
, (S1.3)
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under Condition ??, one can show that

λ =
( n∑

i=1

Z2
i

)−1
n∑

i=1

Zi + op(n
−1/2) by Taylor expansion.

Let W1(θ1) = nnL1(θ1). We have

−2 log(W1(θ1)) = −2
n∑

i=1

(log pi + log n) = 2
n∑

i=1

log(1 + λZi)

= 2
n∑

i=1

(
λZi −

1

2
(λZi)

2
)
+ op(1) (by Taylor expansion)

=
( n∑

i=1

Zi

)2( n∑
i=1

Z2
i

)−1
+ op(1). (S1.4)

(1) If θ01 > 0, then Lemma 1 implies

c̃n(θ
0
1)
(
− 2 log

L1(θ
0
1)

maxθ1≥0 L1(θ1)

)
= c̃n(θ

0
1)
(
− 2 logW1(θ

0
1)
)

=
(
n−1/2

n∑
i=1

Zi(θ
0
1)
)2
/ν̃2

1n(θ
0
1) + op(1)

=

(
n−1/2α−1

∑n
i=1

〈
Φi1 −

∑d−1
q=1 FqΦiq+1, Ri − θ01Φi1

〉)2
n−1α−2

∑n
i=1

〈
Ri −Hi((θ01, θ̃

T
(1))

T ),Φi1 −
∑d−1

q=1 FqΦiq+1

〉2 + op(1).

Since

n−1α−2

n∑
i=1

〈
Ri −Hi((θ

0
1, θ̃

T
(1))

T ),Φi1 −
d−1∑
q=1

FqΦiq+1

〉2
=var

(
n−1/2α−1

n∑
i=1

〈
Φi1 −

d−1∑
q=1

FqΦiq+1, Ri − θ01Φi1

〉)
+ op(1)

under Condition ??, it implies c̃n(θ
0
1)
(
− 2 log elr1(θ

0
1)
)
→ χ2

1 in dis-

tribution when θ01 > 0.
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(2) When θ01 = 0, Lemma 1 implies

c̃n(0)
(
−2 log

L1(0)

maxθ1≥0 L1(θ1)

)
= c̃n(0)

(
−2 logW1(0)

)
I
( n∑

i=1

Zi(0) ≥ 0
)

as n is large enough. Therefore, c̃n(0)
(
− 2 log elr1(0)

)
→ U2

+ in

distribution, where U ∼ N(0, 1) and U+ = max(U, 0).

Lemma 1. Let W1(θ1) = nnL1(θ1) and θ̃1 = argmaxθ1≥0W1(θ1). If the

true value θ∗1 > 0, then W1(θ̃1) = 1 as n is large enough. If the true value

θ∗1 = 0, then W1(θ̃1) = I(
∑n

i=1 Zi(0) ≥ 0) + W1(0)I(
∑n

i=1 Zi(0) < 0) as n

is large enough.

Proof. Let θ̌1 = argmaxθ1 W1(θ1). We use a similar method in Qin and

Lawless (1994). Since

θ̌1 = argmin
θ1

−2 logW1(θ1),

0 =
∂(−2 logW1(θ1))

∂θ1
|θ1=θ̌1

= 2
n∑

i=1

∂λ
∂θ1

Zi + λ∂Zi

∂θ1

1 + λZi

|θ1=θ̌1

= 2λ
n∑

i=1

1

1 + λZi

∂Zi

∂θ1
|θ1=θ̌1

(by (S1.3)). (S1.5)

Let λ̌ = λ(θ̌1). We note θ̌1 and λ̌ satisfy

Q1n(θ̌1, λ̌) = 0, Q2n(θ̌1, λ̌) = 0,
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where

Q1n(θ1, λ) =
1

n

n∑
i=1

Zi(θ1)

1 + λZi(θ1)
(by (S1.3)),

Q2n(θ1, λ) =
λ

n

n∑
i=1

1

1 + λZi(θ1)

∂Zi(θ1)

∂θ1
(by (S1.5)).

Taking derivatives about θ1 and λ, we have

∂Q1n(θ1, 0)

∂θ1
=

1

n

n∑
i=1

∂Zi(θ1)

∂θ1
,

∂Q1n(θ1, 0)

∂λ
= − 1

n

n∑
i=1

Zi(θ1)
2,

∂Q2n(θ1, 0)

∂θ1
= 0,

∂Q2n(θ1, 0)

∂λ
=

1

n

n∑
i=1

∂Zi(θ1)

∂θ1
.

Expanding Q1n and Q2n at (θ1 = θ∗1, λ = 0), we have

0 =Q1n(θ̌1, λ̌)

=Q1n(θ
∗
1, 0) +

∂Q1n(θ
∗
1, 0)

∂θ1
(θ̌1 − θ∗1) +

∂Q1n(θ
∗
1, 0)

∂λ
λ̌+ op(n

−1/2), (S1.6)

0 =Q2n(θ̌1, λ̌)

=Q2n(θ
∗
1, 0) +

∂Q2n(θ
∗
1, 0)

∂θ1
(θ̌1 − θ∗1) +

∂Q2n(θ
∗
1, 0)

∂λ
λ̌+ op(n

−1/2). (S1.7)

(S1.6) and (S1.7) give

(θ̌1 − θ∗1, λ̌)T

=

 1
n

∑n
i=1

∂Zi(θ
∗
1)

∂θ1
− 1

n

∑n
i=1 Zi(θ

∗
1)

2

0 1
n

∑n
i=1

∂Zi(θ
∗
1)

∂θ1


−1− 1

n

∑n
i=1 Zi(θ

∗
1) + op(n

−1/2)

op(n
−1/2)


Hence,

θ̌1 − θ∗1 = −n−1
∑n

i=1 Zi(θ
∗
1)

n−1
∑n

i=1
∂Zi(θ∗1)

∂θ1

+ op(n
−1/2), (S1.8)
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where (
∑n

i=1 Zi(θ
∗
1))/(

∑n
i=1 ∂Zi(θ

∗
1)/∂θ1) = Op(n

−1/2).

When θ∗1 > 0, (S1.8) implies θ̌1 > 0 as n is large enough. Thus, θ̃1 = θ̌1

as n is large enough. Then θ̃1 satisfies (S1.5), i.e.,

2λ
n∑

i=1

1

1 + λZi

(−∥Φi1∥2F ) = 0. (S1.9)

Plugging (S1.2) into (S1.9), we have λ = 0. Then pi = n−1 and W1(θ̃1) = 1.

When θ∗1 = 0, θ̃1 = θ̌1I(θ̌1 ≥ 0) as n is large enough. Since

n∑
i=1

∂Zi(0)/∂θ1 = −
n∑

i=1

∥Φi1∥2F < 0,

we have θ̃1 = θ̌1I(
∑n

i=1 Zi(0) ≥ 0) as n is large enough. So W1(θ̃1) =

I(
∑n

i=1 Zi(0) ≥ 0) +W1(0)I(
∑n

i=1 Zi(0) < 0).

Proof of Theorem ??. Let ∆ be a d-dimensional vector with the kth element

∆k =
∑n

i=1 tr(ΦikE(ϵ̂i)). Let ςi = (tr(Φi1Φi2), · · · , tr(Φi1Φid))
T . For i =

1, · · · , n,

E(R̂i) = Hi(θ
∗) + E(ϵ̂i),

E(θ̂(1)) = θ∗(1) +
(
Ξ−1

)T
−1
∆,

so we have

E(Ẑi(θ
0
1)) = tr(Φi1E(ϵ̂i))− ςTi (Ξ

−1)T−1∆ = O(n−1), (S1.10)

E(n−1/2

n∑
i=1

Ẑi(θ
0
1)) = o(1) (S1.11)
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under Proposition ??. Then with similar techniques in the proof of Theorem

1, Theorem ?? can be proved.

S1.2 Proof of of Proposition ??

Proof. Since

n1/2(β̂ − β∗) = n1/2(XTX)−1XT r = (n−1XTX)−1n−1/2XT r,

we have n1/2(β̂ − β∗)
d−→ Σ−1η.

Under Condition ??, E∥ri∥22 and E∥ri∥42 are bounded uniformly. Since

nE(ri(β
∗ − β̂)TXT

i ) =− E(ri

n∑
k=1

rTk Xk(n
−1XTX)−1XT

i )

=− E(rir
T
i Xi(n

−1XTX)−1XT
i ) → O(1),

nE(Xi(β
∗ − β̂)(β∗ − β̂)TXT

i ) → O(1),

we have E(ϵ̂i) = O(n−1).

Note that for i ̸= j,

cov(rir
T
i , ϵ̂j)

=cov(rir
T
i , rj(β

∗ − β̂)TXT
j ) + cov(rir

T
i , Xj(β

∗ − β̂)rTj )

+ cov(rir
T
i , Xj(β

∗ − β̂)(β∗ − β̂)TXT
j )

=cov(rir
T
i , Xj(β

∗ − β̂)(β∗ − β̂)TXT
j ).
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Since

n2cov(rir
T
i , Xj(β

∗ − β̂)(β∗ − β̂)TXT
j )

= cov(rir
T
i , Xj(n

−1XTX)−1

n∑
l=1

XT
l rl

n∑
k=1

rTk Xk(n
−1XTX)−1XT

j )

→ cov(rir
T
i , XjΣ

−1XT
i rir

T
i XiΣ

−1XT
j ) = O(1),

cov(rir
T
i , ϵ̂j) = O(n−2).

For cov(ϵ̂i, ϵ̂j), i ̸= j, we only analyze cov(ri(β
∗ − β̂)TXT

i , rj(β
∗ − β̂)TXT

j ),

cov(ri(β
∗ − β̂)TXT

i , Xj(β
∗ − β̂)(β∗ − β̂)TXT

j ) and cov(Xi(β
∗ − β̂)(β∗ − β̂)TXT

i ,

Xj(β
∗ − β̂)(β∗ − β̂)TXT

j ). Since

n2cov(ri(β
∗ − β̂)TXT

i , rj(β
∗ − β̂)TXT

j )

= cov(ri

n∑
l=1

rTl Xl(n
−1XTX)−1XT

i , rj

n∑
k=1

rTk Xk(n
−1XTX)−1XT

j )

→ cov(rir
T
j XjΣ

−1XT
i , rjr

T
i XiΣ

−1XT
j ) = O(1),

n2cov(Xi(β
∗ − β̂)(β∗ − β̂)TXT

i , Xj(β
∗ − β̂)(β∗ − β̂)TXT

j ) → O(1),



Empirical Likelihood Inference for Variance Components 9

cov(ri(β
∗ − β̂)TXT

i , Xj(β
∗ − β̂)(β∗ − β̂)TXT

j )

=− n−3cov(ri

n∑
k=1

rTk Xk(n
−1XTX)−1XT

i , Xj(n
−1XTX)−1

n∑
s=1

n∑
t=1

XT
s rsr

T
t Xt(n

−1XTX)−1XT
j )

=− n−3cov(rir
T
i Xi(n

−1XTX)−1XT
i , Xj(n

−1XTX)−1XT
i rir

T
i Xi(n

−1XTX)−1XT
j )

− n−3
∑
k ̸=i

cov(rir
T
k Xk(n

−1XTX)−1XT
i , Xj(n

−1XTX)−1(XT
i rir

T
k Xk

+XT
k rkr

T
i Xi)(n

−1XTX)−1XT
j ),

we have cov(ri(β
∗ − β̂)TXT

i , rj(β
∗ − β̂)TXT

j ), cov(ri(β
∗ − β̂)TXT

i ,

Xj(β
∗ − β̂)(β∗ − β̂)TXT

j ), and cov(Xi(β
∗ − β̂)(β∗ − β̂)TXT

i ,

Xj(β
∗ − β̂)(β∗ − β̂)TXT

j ) = O(n−2). Hence, cov(ϵ̂i, ϵ̂j) = O(n−2).

S1.3 Proof of equation (??)

Proof. Rewrite Ξ as Ξ =
(
E11 E12
E21 E22

)
with E11 being a scalar. Rewrite Υ̂ as

Υ̂ = (Υ̂1, Υ̂(1))
T . So

θ̂(1) = (Ξ−1)T−1Υ̂ = −E−1
22 E21q

−1Υ̂1 + E−1
22 Υ̂(1) + E−1

22 E21q
−1E12E

−1
22 Υ̂(1),
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where q = E11 − E12E
−1
22 E21. Let F = E−1

22 E21. We obtain

n∑
i=1

Ẑi(θ
0
1) =Υ̂1 − F T

(
− q−1E21Υ̂1 + Υ̂(1) + E21q

−1E12E
−1
22 Υ̂(1)

)
− E11θ

0
1

=(1 + q−1F TE21)Υ̂1 − (1 + F TE21q
−1)F T Υ̂(1) − E11θ

0
1

=(1 + q−1F TE21)
n∑

i=1

〈
Φi1 −

d−1∑
q=1

FqΦiq+1, R̂i

〉
− E11θ

0
1

=
n∑

i=1

D̂i(θ
0
1),

where D̂i(θ
0
1) = α−1

〈
Φi1 −

∑d−1
q=1 FqΦiq+1, R̂i − θ01Φi1

〉
. Note that for any

b = (b1, · · · , bd−1)
T ,

n∑
i=1

〈
Φi1 −

d−1∑
q=1

FqΦiq+1,
d−1∑
j=1

bjΦij+1

〉
=

d−1∑
j=1

bjΞ1j+1 −
d−1∑
j=1

bj

d−1∑
q=1

FqΞq+1j+1 = 0,

so we have
n∑

i=1

D̂i(θ
0
1) =

n∑
i=1

M̂i(θ
0
1),

where M̂i(θ
0
1) = α−1⟨Φi1 −

∑d−1
q=1 FqΦiq+1, R̂i −Hi((θ

0
1, θ̂

T
(1))

T )⟩.

S1.4 Proof of Proposition ??

Proof. Since ξ
(g)
i ∼ N(0, 1) and (S1.10), property (i) holds.

To prove property (ii), we have

var
(
n−1/2

n∑
i=1

M̂i(θ
0
1, t)ξ

(g)
i

)
= n−1

n∑
i=1

var(M̂i(θ
0
1, t)ξ

(g)
i ) = n−1

n∑
i=1

EM̂i(θ
0
1, t)

2,
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and

var
(
n−1/2

n∑
i=1

Ẑi(θ
0
1, t)

)
= var

(
n−1/2

n∑
i=1

D̂i(θ
0
1, t)

)
= n−1

n∑
i=1

var(D̂i(θ
0
1, t)) + o(1)

= n−1

n∑
i=1

EM̂i(θ
0
1, t)

2 + o(1).

Thus, we have property (ii).

Since

cov
(
n−1/2

n∑
i=1

M̂i(θ
0
1, s)ξ

(g)
i , n−1/2

n∑
j=1

M̂j(θ
0
1, t)ξ

(g)
j

)
= n−1

n∑
i=1

cov(M̂i(θ
0
1, s)ξ

(g)
i , M̂i(θ

0
1, t)ξ

(g)
i )

= n−1

n∑
i=1

E(M̂i(θ
0
1, s)M̂i(θ

0
1, t)),

and

cov
(
n−1/2

n∑
i=1

Ẑi(θ
0
1, s), n

−1/2

n∑
j=1

Ẑj(θ
0
1, t)

)
= cov

(
n−1/2

n∑
i=1

D̂i(θ
0
1, s), n

−1/2

n∑
j=1

D̂j(θ
0
1, t)

)
= n−1

n∑
i=1

cov(D̂i(θ
0
1, s), D̂i(θ

0
1, t)) + o(1)

= n−1

n∑
i=1

E(M̂i(θ
0
1, s)M̂i(θ

0
1, t)) + o(1),

we see property (iii) holds.
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