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Appendix: Proofs

For simplicity of notation, we adopt the empirical process notation of van der Vaart and Wellner

(1996) throughout the Appendix. Suppose X1, · · · , Xn are independently and identically distributed

random variable that follow the distribution P on a measurable space (X ,A). For a measurable function

f : X → R, we denote Pnf = 1
n

∑n
i=1 f(Xi), Pf =

∫
fdP , and Gnf = n− 1

2
∑n

i=1{f(Xi) − Pf} =

√
n(Pn − P )f . We use the symbol ≲ to denote the left-hand side is bounded above by a constant times

the right-hand side. For any functions µ1, µ2 ∈ Fr, define d1(µ1, µ2) = ∥µ1 − µ2∥2. For the nuisance

functional parameter F , it is assumed to be belonged to the following infinite-dimensional parameter

space:

FF = {F : F (·|x) is a conditional distribution function on [0, τ ] for each x ∈ X},

where X is the support of the distribution of X, and ∥F −F0∥∞ = supu,x |F (u|x)−F0(u|x)| for F ∈ FF .

In the Appendix, first we give some lemmas and theorems that will be used in the proof of the

theorems in Section 4.

Theorem A.1. Let x 7→ mθ,η(x) be measurable functions indexed by parameters (θ, η), and consider
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estimators θ̂n contained in a set Θn that, for a given η̂n contained in a set Hn, maximize the map

θ 7→ Pnmθ,η̂n . The sets Θn and Hn need not be metric spaces, but instead we measure the discrepancies

between θ̂n and θ0, and η̂n and a limit value η0, by nonnegative functions θ 7→ dη(θ, θ0) and η 7→ d(η, η0),

which may be arbitrary.

Assume that for ϕn : (0,∞) 7→ R such that δ 7→ ϕn(δ)/δ
β is decreasing to some β < 2, every

(θ, η) ∈ Θn ×Hn with θ in a sufficient small neighborhood of θ0, every sufficiently small δ > 0,

P (mθ,η −mθ0,η) ≲ −d2η(θ, θ0) + d(η, η0)dη(θ, θ0), (A.1)

E∗ sup
dη(θ,θ0)<δ,(θ,η)∈Θn×Hn

|Gn(mθ,η −mθ0,η)| ≲ ϕn(δ). (A.2)

Let δn > 0 satisfy ϕn(δn) ≤
√
nδ2n for every n. If Pnmθ̂n,η̂n

≥ Pnmθ0,η̂n − Op(δ
2
n) and θ̂n converges in

outer probability to θ0 (dη̂n(θ̂n, θ0) = O∗
p(1)), then dη̂n(θ̂n, θ0) = O∗

p(δn + d(η̂n, η0)). Here, P ∗ and E∗

are outer probability and expectation as defined in page 258 of van der Vaart (1998).

Proof: This theorem is similar to Theorem 5.55 of van der Vaart (1998) and Theorem 8.4 of van der

Vaart (2002) and thus the proof is omitted.

Lemma A.1. Under the conditions (C2)-(C4), the class of functions defined as

{L(θ, µ, F ;O) : θ ∈ Θ, µ ∈ Fr, F ∈ FF }

is a Donsker class.
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Proof: Note that

L(θ, µ, F ;O) =∆

∫ τ

0

[
Y (t)− θ′Z(X, t)− µ(Ũ − t)

]2
dN(t)

+ (1−∆)

∫ τ

0

∫ τ

Ũ
[Y (t)− θ′Z(X, t)− µ(u− t)]

2
dF (u|X)

1− F (Ũ |X)
dN(t).

It is easy to see that Fr ⊂ Cr[0, τ ] is a Donsker Class according to the arguments in P157 of van der

Vaart and Wellner (1996). Then by Theorem 2.10.6 of van der Vaart and Wellner (1996), {[Y (t) −

θ′Z(X, t)− µ(Ũ − t)]2 : θ ∈ Θ, µ ∈ Fr} is Donsker since [Y (t)− θ′Z(X, t)− µ(Ũ − t)]2 is Lipschitz for

θ and µ. Thus {
∫ τ

0
[Y (t)− θ′Z(X, t)− µ(Ũ − t)]2dN(t) : θ ∈ Θ, µ ∈ Fr} is Donsker by the permanence

of the Donsker property for the closure of the convex hull according to Theorem 2.10.3 of van der Vaart

and Wellner (1996). And FF is a Donsker class.

By integration by parts,

∫ τ

Ũ

{Y (t)− θ′Z(X, t)− µ(u− t)}2dF (u|X)

={Y (t)− θ′Z(X, t)− µ(τ − t)}2F (τ |X)− {Y (t)− θ′Z(X, t)− µ(Ũ − t)}2F (Ũ |X)

+ 2

∫ τ

Ũ

{Y (t)− θ′Z(X, t)− µ(u− t)}µ′(u− t)F (u|X)du,

where µ′ is the first derivative for the function µ. By the permanence of the Donsker property for

the closure of the convex hull according to Theorem 2.10.3 of van der Vaart and Wellner (1996), the

permanence of the Donsker property for the addition and multiplication of Donsker classes according

to Theorem 2.10.7 and Theorem 2.10.10 of van der Vaart and Wellner (1996), and the boundedness of

F (τ |X) and F (Ũ |X), we have {
∫ τ

Ũ
[Y (t)− θ′Z(X, t)−µ(u− t)]2dF (u|X) : θ ∈ Θ, µ ∈ Fµ, F ∈ FF } is a

Donsker class. Thus, {
∫ τ

Ũ
[Y (t)−θ′Z(X, t)−µ(u−t)]2dF (u|X)/{1−F (Ũ |X)} : θ ∈ Θ, µ ∈ Fµ, F ∈ FF }
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is a Donsker class by the boundedness of 1 − F (Ũ |X) from condition C4. Finally, {L(θ, µ, F ;O) : θ ∈

Θ, µ ∈ Fµ, F ∈ FF } is a Donsker class according to the fact that the classes of the indicator functions

{∆ = I(Ui ≤ Ci)} and {1 − ∆} are both Donsker and Theorem 2.10.7 of van der Vaart and Wellner

(1996). □

Lemma A.2. Suppose the conditions (C2)-(C4) and (C8) hold.

(i) For any differentiable function h, we have

∣∣∣∣P {∫ τ

0

(1−∆)

∫ τ

Ũ

h(u− t)

[
dF (u|X)

1− F (Ũ |X)
− dF (u|X)

1− F (Ũ |X)

]
dN(t)

} ∣∣∣∣
≲E

{
K∑

j=1

ξ(TK,j)
[
|h(U − TK,j)|+ |h′(U − TK,j)|

]}
∥F − F0∥∞

for all F ∈ FF .

(ii)

|P{L(θ, µ, F ;O)− L(θ, µ, F0;O)}| ≲ ∥F − F0∥∞

for all θ ∈ Θ, µ ∈ Fr, F ∈ FF .

(iii)

P{L(θ, µ, F ;O)− L(θ0, µ0, F ;O)}

=P

∫ τ

0

[
∆{(θ0 − θ)′Z(X, t) + (µ0 − µ)(Ũ − t)}2

+
(1−∆)

1− F (Ũ |X)

∫ τ

Ũ

{(θ0 − θ)′Z(X, t) + (µ0 − µ)(u− t)}2dF (u|X)

]
dN(t)

for all θ ∈ Θ, µ ∈ Fr, F ∈ FF .
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Proof: (i) Note that

∣∣∣∣P {∫ τ

0

(1−∆)

∫ τ

Ũ

h(u− t)

[
dF (u|X)

1− F (Ũ |X)
− dF0(u|X)

1− F0(Ũ |X)

]
dN(t)

} ∣∣∣∣
≤
∣∣∣∣P{ K∑

j=1

(1−∆)ξ(TK,j)

∫ τ

Ũ

h(u− TK,j)
d{F (u|X)− F0(u|X)}

1− F0(Ũ |X)

}∣∣∣∣
+

∣∣∣∣P{ K∑
j=1

(1−∆)ξ(TK,j)

∫ τ

Ũ

h(u− TK,j)
{F (u|X)− F0(u|X)}dF0(u|X)

{1− F0(Ũ |X)}{1− F (Ũ |X)}

}∣∣∣∣
=I1 + I2.

We can show that

I1 ≤ E

{ K∑
j=1

ξ(TK,j)
∣∣h′(U − TK,j)

∣∣}∥F − F0∥∞,

and

I2 ≤ E

{ K∑
j=1

ξ(TK,j)
∣∣h(U − TK,j)

∣∣}∥F − F0∥∞.

Thus, (i) holds. The proofs of (ii) and (iii) are straightforward and thus are omitted.

By Corollary 6.21 of Schumaker(2007), we have the following lemma with the proof omitted.

Lemma A.3. For µ0 ∈ Fr, there exists a function µn ∈ Ψl,I with l ≥ r, such that

∥µn − µ0∥∞ = O(n−νr), ∥µ′
n − µ′

0∥∞ = O(n−ν(r−1)),

where ∥ · ∥∞ is the sup-norm, µ′
n and µ′

0 are the first derivatives for µn and µ0, respectively.

Lemma A.4. Under condition (C5), PL(θ, µ, F0;O) has a unique minimizer (θ0, µ0).
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Proof: Note that under model (2.1),

PL(θ, µ, F0;O)− PL(θ0, µ0, F0;O)

= E

[
K∑

j=1

ξ(TK,j)
{
Y (TK,j)− θ′Z(X, TK,j)− µ(U − TK,j)

}2

]

−E

[
K∑

j=1

ξ(TK,j)
{
Y (TK,j)− θ′

0Z(X, TK,j)− µ0(U − TK,j)
}2

]

= E

[
K∑

j=1

ξ(TK,j)
{
(θ − θ0)

′Z(X, TK,j)− (µ− µ0)(U − TK,j)
}2

]
≥ 0.

Thus the lemma follows under condition (C5).

Proof of Theorem 1

By Lemma A.4,

inf
(θ,µ):d((θ,µ),(θ0,µ0))>δ

PL(θ, µ, F0;O) > PL(θ0, µ0, F0;O) (A.3)

hold for every δ > 0. By the definition of (θ̂n, µ̂n),

PnL(θ̂n, µ̂n, F̂n;O)

≤PnL(θ0, µn, F̂n;O)

=PL(θ0, µn, F̂n;O) + op(1)

≲PL(θ0, µn, F0;O) + ∥F̂n − F0∥∞ + op(1)

≲PL(θ0, µ0, F0;O) + d21(µn, µ0) + op(1)

=PnL(θ0, µ0, F0;O) + op(1),

(A.4)
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where µn is defined in Lemma A.3, the second equality is obtained by Lemma A.1 that the class of

functions {L(θ, µ, F ;O) : θ ∈ Θ, µ ∈ Fµ, F ∈ FF } is a Donsker class, hence it is Glivenko-Cantelli.

The third and forth inequalities are obtained by Lemma A.2 and the consistency for F̂n(·) , and the

last equality is obtained by Lemma A.1 and the fact that d21(µn, µ0) = ∥µn − µ0∥22 ≲ ∥µn − µ0∥2∞ =

O(n−2νr) = o(1). Then, we have

0 ≥PL(θ0, µ0, F0;O)− PL(θ̂n, µ̂n, F0;O)

=PnL(θ0, µ0, F0;O)− PnL(θ̂n, µ̂n, F0;O) + op(1)

≥PnL(θ̂n, µ̂n, F̂n;O)− PnL(θ̂n, µ̂n, F0;O) + op(1)

=PL(θ̂n, µ̂n, F̂n;O)− PL(θ̂n, µ̂n, F0;O) + op(1)

=op(1),

(A.5)

where the second and the last but one equalities are obtained by Lemma A.1, the third inequality is

obtained by (A.4), the last equality is obtained by Lemma A.2 and the consistency for F̂n(·).

By the inequality (A.3), for every δ > 0, the event {d((θ̂n, µ̂n), (θ0, µ0)) > δ} is contained in the

event {PL(θ̂n, µ̂n, F0;O) > PL(θ0, µ0, F0;O)}. The latter sequence of the events going to a null event

in view of inequality (A.5), which yields the almost surely convergence of (θ̂n, µ̂n), thus the convergence

in probability holds.

Proof of Theorem 2

Our proof is based on Theorem A.1. We’ll prove that the conditions in Theorem A.1 are satisfied

for our estimators. Denote g(Z, t, u) = θ′Z(X, t) + µ(u − t), g0(Z, t, u) = θ′
0Z(X, t) + µ0(u − t),
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ĝn(Z, t, u) = θ̂
′
nZ(X, t) + µ̂n(u− t), gn(Z, t, u) = θ′

0Z(X, t) + µn(u− t), and

m(g, F ;O) =− 1

2
L(θ, µ, F ;O)

=− 1

2

∫ τ

0

[
∆{Y (t)− g(Z, t, Ũ)}2 + 1−∆

1− F (Ũ |X)

∫ τ

Ũ

{Y (t)− g(Z, t, u)}2dF (u|X)

]
dN(t).

In our proof, g and F are the “θ” and “η” in Theorem A.1, respectively,

d(g, g0) = ∥g − g0∥2 =∥(θ − θ0)
′Z(X, t) + (µ− µ0)(u− t)∥2

=

{
E

[
K∑

j=1

ξ(TK,j){(θ − θ0)
′Z(X, TK,j) + (µ− µ0)(U − TK,j)}2

]} 1
2

,

and d(F, F0) = ∥F − F0∥∞.

For any η > 0, let

Fη = {g(Z, t, u) = θ′Z(X, t) + µ(u− t) : ∥θ − θ0∥ ≤ η, d1(µ, µ0) ≤ η, µ ∈ Ψn,θ ∈ Θ}.

By Lemma A.2 (iii), we have P {m(g, F0, ;O)−m(g0, F0;O)} = − 1
2
∥g − g0∥22. And by Lemma A.2 (i)

and (iii), for g ∈ Fη with sufficiently small η,

P {m(g, F ;O)−m(g0, F ;O)} − P {m(g, F0;O)−m(g0, F0;O)}]

=− 1

2
P

∫ τ

0

(1−∆)

∫ τ

Ũ

{(θ0 − θ)′Z(X, t) + (µ0 − µ)(u− t)}2
[

dF (u|X)

1− F (Ũ |X)
− dF0(u|X)

1− F0(Ũ |X)

]
dN(t)

≲E

{
K∑

j=1

ξ(TK,j)

[
(g − g0)

2(Z, TK,j , U) +
∣∣2(g − g0)(Z, TK,j , U)(µ′ − µ′

0)(U − TK,j)
∣∣]} ∥F − F0∥∞

≲∥F − F0∥∞∥g − g0∥2.
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Therefore,

P {m(g, F ;O)−m(g0, F ;O)}

=P {m(g, F0;O)−m(g0, F0;O)}+ [P {m(g, F ;O)−m(g0, F ;O)} − P {m(g, F0;O)−m(g0, F0;O)}]

≲− ∥g − g0∥22 + ∥F − F0∥∞∥g − g0∥2.

By the calculation of Shen and Wong (1994, P597), for η > 0 and any ε < η, logN[](ε,Ψn, ∥ · ∥2) ≤

C1qn log(η/ε), where qn = mn + l is the number of spline basis functions and C1 is a constant. Similar

to Lemma A.2 in Huang (1999, P1557), for any ε ≤ η, logN[](ε,Fη, ∥ · ∥2) ≤ C2qn log(η/ε) for a constant

C2. Thus, for ε > 0, there exists a set of brackets {[gli, gri ], i = 1, · · · , (η/ε)C2qn} such that, for each

g ∈ Fη, there is a [gls, g
r
s ], s.t. g

l
s(Z, t, u) ≤ g(Z, t, u) ≤ grs(Z, t, u) for all Z and τ0 ≤ t ≤ u ≤ τ and

∥grs − gls∥2 ≤ ε.

For fixed F , define

Mη(F ) = {m(g, F ;O)−m(g0, F ;O) : g ∈ Fη}.

For i = 1, · · · , (η/ε)C2qn , define

ml
i(u;O) =

K∑
j=1

ξ(TK,j)
[
2Y (TK,j)g0(Z, TK,j , u)− g20(Z, TK,j , u) + {|gli| ∧ |gri |}2(Z, TK,j , u)

− 2Y (TK,j){gri (Z, TK,j , u)I(Y (TK,j) ≥ 0) + gli(Z, TK,j , u)I(Y (TK,j) < 0)}
]
,
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and

mr
i (u;O) =

K∑
j=1

ξ(TK,j)
[
2Y (TK,j)g0(Z, TK,j , u)− g20(Z, TK,j , u) + {|gli| ∨ |gri |}2(Z, TK,j , u)

− 2Y (TK,j){gli(Z, TK,j , u)I(Y (TK,j) ≥ 0) + gri (Z, TK,j , u)I(Y (TK,j) < 0)}
]
,

where a ∨ b = max{a, b}, and a ∧ b = min{a, b}. Moreover, let

Mr
i (F,O) = −1

2

[
∆ml

i(Ũ ;O) +
1−∆

1− F (Ũ |X, )

∫ τ

Ũ

ml
i(u;O)dF (u|X)

]
,

and

M l
i (F,O) = −1

2

[
∆mr

i (Ũ ;O) +
1−∆

1− F (Ũ |X)

∫ τ

Ũ

mr
i (u;O)dF (u|X)

]
.

Then M l
i (F,O) ≤Mr

i (F,O) and by some calculations, we can show that ∥Mr
i (F,O)−M l

i (F,O)∥2P,B ≤

C3ε
2 with a positive constant C3, where ∥·∥P,B is the “Bernstein norm” defined as ∥f∥P,B = {2P (e|f |−1−

|f |)}1/2 (see van der Varrt andWellner (1996, p.324)). Thus {(M l
i (F,O),Mr

i (F,O)), i = 1, · · · , (η/ε)C2qn}

is the set of brackets for Mη(F ), which implies that logN[](ε,Mη(F ), ∥ · ∥P,B) ≤ C2qn log(η/ε) for a

constant C2. Therefore, for

Lη(F ) = {m(g, F ;O)−m(g0, F ;O) : d((θ, µ), (θ0, µ0)) ≤ η, µ ∈ Ψn,θ ∈ Θ},

we have logN[](ε,Lη(F ), ∥ · ∥P,B) ≤ C4qn log(η/ε) for a constant C4. By Lemma 3.4.3 of van der Varrt

and Wellner (1996), we obtain

E∥
√
n(Pn − P )∥Lη(F ) ≤ C5J̃[](η,Lη(F ), ∥ · ∥P,B)

{
1 +

J̃[](η,Lη(F ), ∥ · ∥P,B)√
nη2

M

}
, (A.6)
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where C5 and M are constants and ∥
√
n(Pn − P )∥F = supf∈F |

√
n(Pn − P )f |, and

J̃[](η,Lη(F ), ∥ · ∥P,B) =

∫ η

0

{1 + logN[](ε,Lη(F ), ∥ · ∥P,B)}1/2dε ≲ q1/2n η.

The right hand side of equation (A.6) yields ϕn(η) = c(q
1/2
n η+ qn/

√
n). It is easy to see that ϕn(η)/η is

decreasing in η, and ϕn(δn) = δnq
1/2
n + qn/

√
n ≤

√
nδ2n for δn = n− 1−ν

2 and 0 < ν < 1/2.

Next, we show that Pn[m(ĝn, F̂n;O)−m(g0, F̂n;O)] ≥ −Op(δ
2
n).

Actually

Pn[m(ĝn, F̂n;O)−m(g0, F̂n;O)]

=(Pn − P ){m(gn, F̂n;O)−m(g0, F̂n;O)}+ P{m(gn, F̂n;O)−m(g0, F̂n;O)}

+ Pn{m(ĝn, F̂n;O)−m(gn, F̂n;O)}

≥(Pn − P ){m(gn, F̂n;O)−m(g0, F̂n;O)}+ P{m(gn, F̂n;O)−m(g0, F̂n;O)}

=I1 + I2.

For I1, it can be written as

I1 = n−νr+ε(Pn − P )

{
m(gn, F̂n,O)−m(g0, F̂n;O)

n−νr+ε

}

for any 0 < ε < 1/2− νr. Now define the class

C(F̂n) =

{
m(g̃0, F̂n;O)−m(g0, F̂n;O)

n−νr+ε
: µ ∈ Ψn, ∥µ− µ0∥∞ = O(n−νr)

}
,
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where g̃0(Z, t, u) = θ′
0Z(X, t) + µ(u − t). Then it can be easily prove that C(F̂n) is Donsker by the

boundedness conditons (C3) and (C4). And for any f ∈ C(F̂n), it has Pf2 → 0 as n → ∞. Then using

corollary 2.3.12 of van der Varrt and Wellner (1996), we obtain that

√
n(Pn − P )

m(gn, F̂n;O)−m(g0, F̂n;O)

n−νr+ε
= op(1).

Thus I1 = op(n
−νr+ε)n−1/2 = op(n

−2νr).

For I2,

I2 =P{m(gn, F0;O)−m(g0, F0;O)}

+ P{m(g0, F0;O)−m(gn, F0;O)} − P{m(g0, F̂n;O)−m(gn, F̂n;O)}

≳− d21(µn, µ0)− ∥F̂n − F0∥∞∥µn − µ0∥∞

≳− ∥µn − µ0∥2∞ − ∥F̂n − F0∥∞∥µn − µ0∥∞

=−Op(n
−2νr + n−( r

1+2r
+νr)),

where the second inequality holds since by Lemma A.2(i) and (iii), and

P{m(g0, F̂n;O)−m(gn, F̂n;O)} − P{m(g0, F0;O)−m(gn, F0;O)}

=
1

2
P

∫ τ

0

(1−∆)

∫ τ

Ũ

(µn − µ0)
2(u− t)

[
dF̂n(u|X)

1− F̂n(Ũ |X)
− dF0(u|X)

1− F0(Ũ |X)

]
dN(t)

≲∥F̂n − F0∥∞

[
E

{
K∑

j=1

ξ(TK,j)
[
|(µn − µ0)

2(U − TK,j)|+ |2(µn − µ0)(U − TK,j)(µ
′
n − µ′

0)(U − TK,j)|
]}]

≲∥F̂n − F0∥∞∥µn − µ0∥∞.

12



Semiparametric Inference for Longitudinal Data

Therefore,

Pn[m(ĝn, F̂n;O)−m(g0, F̂n;O)] ≥ −Op(n
−2νr + n−( r

1+2r
+νr)) ≥ −Op(n

−2min{νr, r
1+2r

}).

Finally, according to Theorem A.1, we have

∥ĝn − g0∥2 = Op(n
−min{νr, r

1+2r
, 1−ν

2
} + ∥F̂n − F0∥∞∥) = Op(n

−min{νr, 1−ν
2

, r
1+2r

}).

Since

∥ĝn − g0∥22 =E

{
K∑

j=1

ξ(TK,j)[(θ̂n − θ0)
′Z(X, TK,j) + (µ̂n − µ0)(U − TK,j)]

2

}

=E

{
K∑

j=1

ξ(TK,j)[(θ̂n − θ0)
′E{Z(X, TK,j)|K, T̃K , U, C}+ (µ̂n − µ0)(U − TK,j)]

2

}

+ E

{
K∑

j=1

ξ(TK,j)[(θ̂n − θ0)
′{Z(X, TK,j)− E{Z(X, TK,j)|K, T̃K , U, C}}]2

}
,

which yields that d((θ̂n, µ̂n), (θ0, µ0)) = Op(n
−min{νr, 1−ν

2
}) under Condition C6.

Theorem A.2. Given n i.i.d. observations O1, · · · , On of O, suppose that (θ̂n, µ̂n) of (θ, µ) are chosen

to maximize the objective function

Ln(θ, µ, F̂n; {Oi}ni=1) = n−1
n∑

i=1

m(θ, µ, F̂n;Oi)

with respect to (θ, µ) ∈ Θ×Fµ, where F̂n is an estimator of the true parameter F0 ∈ FF . Let {µt} be a

parameter submodel in Fµ passing through µ, that is, µt ∈ Fµ and µt=0 = µ, and define Hµ = {h : h =

13
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∂µt
∂t

|t=0} as the collection of all directions to approach µ, and H = {(h1, h2) : h1 ∈ Θ, h2 ∈ Hµ, ∥h1∥ ≤

1, ∥h2∥∞ ≤ 1}. For any (h1, h2) ∈ H, define

Sn(θ, µ, F )[h1, h2] = n−1
n∑

i=1

∂m(θ + εh1, µε, F ;Oi)

∂ε

∣∣∣
ε=0

= Pnψ(θ, µ, F ;O)[h1, h2],

and S(θ, µ, F )[h1, h2] = Pψ(θ, µ, F ;O)[h1, h2]. Consider the following conditions:

B1.
√
n(Sn − S)(θ̂n, µ̂n, F̂n)[h1, h2]−

√
n(Sn − S)(θ0, µ0, F0)[h1, h2] = op(1);

B2. S(θ0, µ0, F0)[h1, h2] = 0, Sn(θ̂n, µ̂n, F̂n)[h1, h2] = op(n
− 1

2 );

B3. S(θ, µ, F0) is Fréchet differentiable with respect to (θ, µ) at (θ0, µ0) with a continuous deriva-

tive Ṡ1,(θ0,µ0,F0), and is Fréchet differentiable with respect to F at (θ0, µ0, F0) with continuous

derivatives Ṡ2,(θ0,µ0,F0), respectively;

B4. S(θ̂n, µ̂n, F̂n)[h1, h2]−S(θ0, µ0, F0)[h1, h2]−Ṡ1,(θ0,µ0,F0)(θ̂n−θ0, µ̂n−µ0)[h1, h2]−Ṡ2,(θ0,µ0,F0)(F̂n−

F0)[h1, h2] = op(n
− 1

2 ).

B5.
√
nṠ2,(θ0,µ0,F0)(F̂n − F0)[h1, h2] +

√
nSn(θ0, µ0, F0)[h1, h2] converges in distribution to a tight

Gaussian process on l∞(H).

Then, under conditions (B1)-(B4),

− Ṡ1,(θ0,µ0,F0)(θ̂n − θ0, µ̂n − µ0)[h1, h2]

=Ṡ2,(θ0,µ0,F0)(F̂n − F0)[h1, h2] + Sn(θ0, µ0, F0)[h1, h2] + op(n
− 1

2 ),

(A.7)

and −
√
nṠ1,(θ0,µ0,F0)(θ̂n − θ0, µ̂n − µ0)[h1, h2] converges in distribution to a tight Gaussian process on

l∞(H).

14
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Proof: By the conditions B2, B3 and B4,

S(θ̂n, µ̂n, F̂n)[h1, h2]− Ṡ1,(θ0,µ0,F0)(θ̂n − θ0, µ̂n − µ0)[h1, h2]− Ṡ2,(θ0,µ0,F0)(F̂n − F0)[h1, h2] = op(n
− 1

2 ).

(A.8)

And by B1 and B2,

−
√
nS(θ̂n, µ̂n, F̂n)[h1, h2]−

√
nSn(θ0, µ0, F0)[h1, h2] = op(1). (A.9)

Combing the equations (A.8) and (A.9), equation (A.7) can be obtained. And the proposition is con-

cluded by Assumption B5. □

Proof of Theorem 3

We show the theorem using Theorem A.2.

For our proposed methods, Ln(θ, µ, F̂n; {Oi}ni=1) = n−1 ∑n
i=1m(θ, µ, F̂n;Oi) with m(θ, µ, F ;O) =

− 1
2
L(θ, µ, F ;O). Let

H = {(h1, h2) : h1 ∈ Θ, h2 ∈ Fr, ∥h1∥ ≤ 1, ∥h2∥∞ ≤ 1},

and denote l∞(H) as the space of bounded functionals on H under the supermum norm ∥f∥∞ =

suph∈H |f(h)|. For fixed F , we define a sequence of maps Sn mapping a neighborhood of (θ0, µ0),

denoted by U , in the parameter space for (θ, µ) into l∞(H) as

Sn(θ, µ, F )[h1, h2] = n−1
n∑

i=1

∂m(θ + εh1, µε, F ;Oi)

∂ε

∣∣∣
ε=0

= Pnψ(θ, µ, F ;O)[h1, h2],

15
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where

ψ(θ, µ, F ;O)[h1, h2]

=

∫ τ

0

[
∆

{
Y (t)− θ′Z(X, t)− µ(Ũ − t)

}
{h′

1Z(X, t) + h2(Ũ − t)}

+
(1−∆)

1− F (Ũ |X)

∫ τ

Ũ

{
Y (t)− θ′Z(X, t)− µ(u− t)

}
{h′

1Z(X, t) + h2(u− t)}dF (u|X)

]
dN(t).

Correspondingly, we define the limit map S: U −→ l∞(H) as

S(θ, µ, F )[h1, h2] = Pψ(θ, µ, F ;O)[h1, h2].

Next we verify the conditions in Theorem A.2.

Note that

√
n(Sn − S)(θ̂n, µ̂n, F̂n)[h1, h2]−

√
n(Sn − S)(θ0, µ0, F0)[h1, h2]

=
√
n(Pn − P )

(
ψ(θ̂n, µ̂n, F̂n;O)[h1, h2]− ψ(θ0, µ0, F0;O)[h1, h2]

)
.

For some δ > 0, define

Fδ ={ψ(θ, µ, F ;O)[h1, h2]− ψ(θ0, µ0, F0;O)[h1, h2] : ρ
∗((θ, µ, F ), (θ0, µ0, F0)) < δ, (h1, h2) ∈ H},

where ρ∗((θ1, µ1, F1), (θ2, µ2, F2)) = {∥θ1 − θ2∥2 + d21(µ1, µ2) + ∥F1 − F2∥2∞}1/2. It is easy to see that

Fδ is a Donsker class by the fact that H is a Donsker class based on the arguments in Page 154 - 157 of

16
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van der Vaart and Wellner (1996) and the similar arguments in the proof of Lemma A.1. And

P |ψ(θ, µ, F ;O)[h1, h2]− ψ(θ0, µ0, F0;O)[h1, h2]|2

=P

∣∣∣∣− ∫ τ

0

∆{(θ − θ0)
′Z(X, t) + (µ− µ0)(Ũ − t)}{h′

1Z(X, t) + h2(Ũ − t)}dN(t)

−
∫ τ

0

(1−∆)

∫ τ

Ũ

{
(θ − θ0)

′Z(X, t) + (µ− µ0)(u− t)
}
{h′

1Z(X, t) + h2(u− t)} dF0(u|X)

1− F0(Ũ |X)
dN(t)

+

∫ τ

0

(1−∆)

∫ τ

Ũ

{
Y (t)− θ′Z(X, t)− µ(u− t)

}
{h′

1Z(X, t) + h2(u− t)}d{F (u|X)− F0(u|X)}
1− F (Ũ |X)

dN(t)

+

∫ τ

0

(1−∆)

∫ τ

Ũ

{
Y (t)− θ′Z(X, t)− µ(u− t)

}
{h′

1Z(X, t) + h2(u− t)}

× {F (u|X)− F0(u|X)}dF0(u|X)

{1− F (Ũ |X)}{1− F0(Ũ |X)}
dN(t)

∣∣∣∣2
≲ρ∗2((θ, µ, F ), (θ0, µ0, F0)),

where the last inequality holds by using the similar arguments in the proof of Lemma A.2 under the

boundedness condition (C3) and the boundedness of 1 − F (Ũ |X) and 1 − F0(Ũ |X) by condition (C4).

Thus condition B1 of Theorem A.2 holds by Lemma13.3 of Kosorok (2008).

For B2, S(θ0, µ0, F0)[h1, h2] = 0. Let h2n be the B-spline approximation of h2 with ∥h2 −h2n∥∞ =

17
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O(n−νr) by Lemma A.3, then we have Sn(θ̂n, µ̂n, F̂n)[h1, h2n] = 0. Thus, for (h1, h2) ∈ H,

√
nSn(θ̂n, µ̂n, F̂n)[h1, h2]

=
√
n{Sn(θ̂n, µ̂n, F̂n)[h1, h2]− Sn(θ̂n, µ̂n, F̂n)[h1, h2n]}

=
√
n(Pn − P )

{
ψ(θ̂n, µ̂n, F̂n;O)[h1, h2]− ψ(θ0, µ0, F0;O)[h1, h2]

}
−

√
n(Pn − P )

{
ψ(θ̂n, µ̂n, F̂n;O)[h1, h2n]− ψ(θ0, µ0, F0, ;O)[h1, h2n]

}
+

√
nPn {ψ(θ0, µ0, F0;O)[h1, h2]− ψ(θ0, µ0, F0;O)[h1, h2n]}

+
√
nP

{
ψ(θ̂n, µ̂n, F0;O)[h1, h2]− ψ(θ̂n, µ̂n, F0;O)[h1, h2n]

}
+

√
nP

{
ψ(θ̂n, µ̂n, F̂n;O)[h1, h2]− ψ(θ̂n, µ̂n, F0;O)[h1, h2]

}
−

√
nP

{
ψ(θ̂n, µ̂n, F̂n;O)[h1, h2n]− ψ(θ̂n, µ̂n, F0;O)[h1, h2n]

}
≜Q1n −Q2n +Q3n +Q4n +Q5n −Q6n.

It follows from (B1) that both Q1n and Q2n are op(1). Q3n is op(1) since

P |ψ(θ0, µ0, F0;O)[h1, h2]− ψ(θ0, µ0, F0;O)[h1, h2n|2

=P

∣∣∣∣ ∫ τ

0

[
∆

{
Y (t)− θ′

0Z(X, t)− µ0(Ũ − t)
}
(h2 − h2n)(Ũ − t) +

(1−∆)

1− F0(Ũ |X)

×
∫ τ

Ũ

{
Y (t)− θ′

0Z(X, t)− µ0(u− t)
}
(h2 − h2n)(u− t)dF0(u|X)

]
dN(t)

∣∣∣∣2
≲∥h2 − h2n∥2∞ → 0 as n→ ∞.

Furthermore, we can show that |Q4n| = op(1) and |Q5n − Q6n| = op(1) when 1
4r

≤ ν < 1
2
. Thus

Sn(θ̂n, µ̂n, F̂n)[h1, h2] = op(n
−1/2).

For B3, by the smoothness of S(θ, µ, F0)[h1, h2] with respect to (θ, µ), we have the Fréchet derivative

18
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of S(θ, µ, F0) at (θ0, µ0), denoted by Ṡ1,(θ0,µ0,F0), is a map from the space {(θ, µ)− (θ0, µ0) : (θ, µ) ∈ U}

to l∞(H) and

Ṡ1,(θ0,µ0,F0)(θ − θ0, µ− µ0)[h1, h2]

=
dS(θ0 + ε(θ − θ0), µ0 + ε(µ− µ0), F0)[h1, h2]

dε

∣∣∣∣
ε=0

=− P

∫ τ

0

[
∆

{
(θ − θ0)

′Z(X, t) + (µ− µ0)(Ũ − t)
}
{h′

1Z(X, t) + h2(Ũ − t)}

+
(1−∆)

1− F0(Ũ |X)

∫ τ

Ũ

{
(θ − θ0)

′Z(X, t) + (µ− µ0)(u− t)
}
{h′

1Z(X, t) + h2(u− t)}dF0(u|X)

]
dN(t).

Similarly,

Ṡ2,(θ0,µ0,F0)(F − F0)[h1, h2]

=
dS(θ0, µ0, F0 + ε(F − F0))[h1, h2]

dε

∣∣∣∣
ε=0

=P

∫ τ

Ũ

ψ1(u;O)[h1, h2]d(F − F0)(u|X) +
(F − F0)(Ũ |X)

1− F0(Ũ |X)
P

∫ τ

Ũ

ψ1(u;O)[h1, h2]dF0(u|X)

=P

∫ τ

Ũ

ψ2(u;O)[h1, h2]d(F − F0)(u|X),

where

ψ1(u;O)[h1, h2] =
(1−∆)

1− F0(Ũ |X)

∫ τ

0

{
Y (t)− θ′

0Z(X, t)− µ0(u− t)
}
{h′

1Z(X, t) + h2(u− t)}dN(t),

ψ2(u;O)[h1, h2] =ψ1(u;O)[h1, h2]−
∫ τ

Ũ
ψ1(u;O)[h1, h2]dF0(u|X)

1− F0(Ũ |X)
.
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Therefore,

√
n{S(θ̂n, µ̂n, F̂n, )[h1, h2]− S(θ0, µ0, F0)[h1, h2]

−Ṡ1,(θ0,µ0,F0)(θ̂n − θ0, µ̂n − µ0)[h1, h2]− Ṡ2,(θ0,µ0,F0)(F̂n − F0)[h1, h2]

=
√
nP

∫ τ

0

(1−∆)

∫ τ

Ũ

{
Y (t)− θ̂

′
nZ(X, t)− µ̂n(u− t)

}
{h′

1Z(X, t) + h2(u− t)}
[

dF̂n(u|X)

1− F̂n(Ũ |X)
− dF0(u|X)

1− F0(Ũ |X)

]
dN(t)

−
√
nP

∫ τ

Ũ

ψ2(u;O)[h1, h2]d(F̂n − F0)(u|X)

≲
√
n(∥F̂n − F0∥∞

[
∥θ0 − θ̂n∥+ E

{
K∑

j=1

ξ(TK,j)
[
|(µ̂n − µ0)(U − TK,j)|+ |(µ̂′

n − µ′
0)(U − TK,j)|

]}]

=op(1),

where the last equality holds by Theorem 1 and Lemma A.3. Thus condition B4 is satisfied.

Since

Ṡ2,(θ0,µ0,F0)(F̂n−F0)[h1, h2]+Sn(θ0, µ0, F0)[h1, h2] = Pn{ψ(θ0, µ0, F0;O)[h1, h2]+m
∗(θ0, µ0, F0; Õ)[h1, h2]},

where m∗(θ0, µ0, F0; Õ)[h1, h2] = P
∫ τ

Ũ
ψ̃2(u;O)[h1, h2]dO(u;O; Õ) with ψ̃2 = g̃ ◦ ψ2. It can be seen

that ψ(θ0, µ0, F0;O)[h1, h2] +m∗(θ0, µ0, F0; Õ)[h1, h2] is a bounded Lipschitz function with respect to

H. Therefore, condition B5 holds since H is a Donsker Class.

Finally, by the Theorem A.2, we have

−
√
nṠ1,(θ0,µ0,F0)(θ̂n − θ0, µ̂n − µ0)[h1, h2]

=
√
nṠ2,(θ0,µ0,F0)(F̂n − F0)[h1, h2] +

√
nSn(θ0, µ0, F0)[h1, h2] + op(1)

(A.10)

is asymptotically normal distributed.
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Especially, if we take h2(u− TK,j) = −h′
1E{Z(X, TK,j)|K,TK,j , U = u,C}, then

E

{∫ τ

0

{h′
1Z(X, t) + h2(U − t)}(µ̂n − µ0)(U − t)dN(t)

}
= 0,

and for this h2, we have

−
√
nṠ1,(θ0,µ0,F0)(θ̂n − θ0, µ̂n − µ0)[h1, h2]

=h′
1E

{
K∑

j=1

ξ(TK,j) [Z(X, TK,j)− E{Z(X, TK,j)|K,TK,j , U, C}]⊗2

}
√
n(θ̂n − θ0)

≜h′
1J

√
n(θ̂n − θ0),

and

Ṡ2,(θ0,µ0,F0)(F̂n − F0)[h1, h2] + Sn(θ0, µ0, F0)[h1, h2] = h′
1Pn{ψ∗(θ0, µ0, F0;O) +m∗∗(θ0, µ0, F0; Õ)},

where

ψ∗(θ0, µ0, F0;O)

=
K∑

j=1

ξ(TK,j)

[
∆

{
Y (TK,j)− θ′

0Z(X, TK,j)− µ0(Ũ − TK,j)
}
[Z(X, TK,j)− E{Z(X, TK,j)|K,TK,j , U, C}]

+
(1−∆)

1− F0(Ũ |X)

∫ τ

Ũ

{
Y (TK,j)− θ′

0Z(X, TK,j)− µ0(u− TK,j)
}

× [Z(X, TK,j)− E{Z(X, TK,j)|K,TK,j , U = u,C}] dF0(u|X)

]
,
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and m∗∗(θ0, µ0, F0; Õ)} = P
∫ τ

Ũ
ψ̃∗

2(u;O)[h1, h2]dO(u;O; Õ) with ψ̃∗
2 = g̃ ◦ ψ∗

2 and

ψ∗
2(u;O)[h1, h2] =ψ

∗
1(u;O)[h1, h2]−

∫ τ

Ũ
ψ∗

1(u;O)[h1, h2]dF0(u|X)

1− F0(Ũ |X)
,

ψ∗
1(u;O)[h1, h2] =

(1−∆)

1− F0(Ũ |X)

K∑
j=1

{
Y (TK,j)− θ′

0Z(X, TK,j)− µ0(u− TK,j)
}

× [Z(X, TK,j)− E{Z(X, TK,j)|K,TK,j , U = u,C}] .

Finally, according to (A.10), by using the multivariate central limit theorem, h′
1J

√
n(θ̂n − θ0)

converges in distribution to a mean zero normal random vector with variance matrix h′
1Qh1 as n tends

to infinity, where Q = E[{ψ∗(θ0, µ0, F0;O) +m∗∗(θ0, µ0, F0; Õ)}⊗2]. Therefore, by the delta method,

√
n(θ̂n − θ0) converges in distribution to a mean zero normal random vector with variance matrix

J−1QJ−1 as n tends to infinity. This completes the proof of the theorem. □
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