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S1 Technical Proofs

Proof of Theorem 2. Define

ĈX,h(t, s) =
1

N − h

N−h∑
n=1

{
Xn − X̄n)

}{
Xn+h − X̄n+h)

}
(t, s),

C̃X,h(t, s) =
1

N − h

N−h∑
n=1

{Xn − E(Xn)} {Xn+h − E(Xn+h)} (t, s).

Clearly, given arbitrary δ̂(t), {Yn(t) : n ∈ N} are L4-m approximable, since

E‖Yn − Yn,m‖4

≤ const.

E‖Xn −Xn,m‖4 + E

〈
Xn −Xn,m,

δ̂

‖δ̂‖+ κ

〉4
‖δ̂‖4

(‖δ̂‖+ κ)4


≤ const.E‖Xn −Xn,m‖4,

and {Xn(t) : n ∈ N} are L4-m approximable. Note that the second inequality is due

to that fact ‖δ̂‖/(‖δ̂‖+ κ) < 1.

Under H0, observe that

Ĉ
(κ)
Y,h(t, s)

=
1

N − h

N−h∑
n=1

{
Y (κ)
n − Ȳ (κ)

n

}{
Y

(κ)
n+h − Ȳ

(κ)
n+h

}
(t, s)

=ĈX,h(t, s) +
1

N − h

N−h∑
n=1

〈
Xn+h − X̄n+h,

δ̂

‖δ̂‖+ κ

〉
(Xn − X̄n)δ̂

‖δ̂‖+ κ
(t, s)

+
1

N − h

N−h∑
n=1

〈
Xn − X̄n,

δ̂

‖δ̂‖+ κ

〉
δ̂(Xn+h − X̄n+h)

‖δ̂‖+ κ
(t, s)
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+
1

N − h

N−h∑
n=1

〈
Xn − X̄n,

δ̂

‖δ̂‖+ κ

〉〈
Xn+h − X̄n+h,

δ̂

‖δ̂‖+ κ

〉
δ̂(t)δ̂(s)

(‖δ̂‖+ κ)2

M
=ĈX,h(t, s) + A1(t, s) + A2(t, s) + A3(t, s).

Since N1/2κ→∞ and ‖δ̂‖ = Op(N
−1/2), asymptotically almost surely,

‖A1‖ =

∥∥∥∥∥ 1

N − h

N−h∑
n=1

〈
Xn+h − X̄n+h,

δ̂

‖δ̂‖+ κ

〉
(Xn − X̄n)δ̂

‖δ̂‖+ κ

∥∥∥∥∥
≤ ‖δ̂‖2

4κ2(N − h)

N−h∑
n=1

‖Xn+h − X̄n+h‖2

=
Op(1)‖δ̂‖2

κ2
= Op(N

−1+2ακ+ε). (A1)

Additionally, we can show that ‖A2‖S = Op(N
−1+2ακ+ε) and ‖A3‖S = Op(N

−2+4ακ+ε).

It can be shown that E‖ĈX,h−CX,h‖2 has the same convergence rate as E‖C̃X,h−

CX,h‖2. Define Xn(t) = Xn(t)− E{Xn(t)}, we have

E‖C̃X,h − CX,h‖2 = E

∫ [
1

N − h

N−h∑
n=1

{Xn − E(Xn)} {Xn+h − E(Xn+h)} (t, s)

− E {Xn − E(Xn)} {Xn+h − E(Xn+h)} (t, s)

]2
dtds

= E

∫ [
1

N − h

bNθ∗c−h∑
n=1

(XnXn+h − EXnXn+h)(t, s)

+
1

N − h

bNθ∗c∑
n=bNθ∗c−h+1

(XnXn+h − EXnXn+h)(t, s)

+
1

N − h

N−h∑
n=bNθ∗c+1

(XnXn+h − EXnXn+h)(t, s)
]2
dtds

≤ B1 +B2 +B3,
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where

(N − h)B1 ≤ const.θ∗
∫ {

Var(X1X1+h) + 2
∞∑
r=1

|Cov(X1X1+h,X1+rX1+h+r)|

}
dt,

(N − h)B2 ≤ const.
h2

N − h
→ 0,

(N − h)B3 ≤ const.(1− θ∗)
∫ {

Var(X1X1+h) + 2
∞∑
r=1

|Cov(X1X1+h,X1+rX1+h+r)|

}
dt.

By the same argument in Jiao et al. (2023) and Assumption 1, due to the fact that

{Yn(t) : n ∈ N} are L4-m approximable, we deduce that that (N − h)Bi, i = 1, 2, 3

are bounded by some constant not related to h, and thus (N − h)E‖ĈX,h − CX,h‖2

is also bounded by some constant not related to h.

Next we develop the convergence rate of ‖L̂CX(t, s) − LCX(t, s)‖S . By the

triangle inequality, we deduce that

‖L̂CX(t, s)− LCX(t, s)‖S ≤ const.

{∥∥∥∥∥∑̀
h=−`

W

(
h

`

)
(C̃X,h − CX,h)

∥∥∥∥∥
S

+

∥∥∥∥∥∑̀
h=−`

{
1−W

(
h

`

)}
CX,h

∥∥∥∥∥
S

+

∥∥∥∥∥
−`−1∑
h=−∞

CX,h +
∞∑

h=`+1

CX,h

∥∥∥∥∥
S

}
.

Define

tr(`) =


`r+1, if r > −1,

log(`), if r = −1,

1, if r < −1,

and we deduce that

E

∥∥∥∥∥∑̀
h=−`

W

(
h

`

)
(C̃X,h − CX,h)

∥∥∥∥∥
S

≤
∑̀
h=−`

W

(
h

`

)
E
∥∥∥C̃X,h − CX,h∥∥∥

S
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≤ const.N−1/2
∑̀
h=−`

{
1− const.

(
h

`

)α}

≤ const.`N−1/2 = const.Nα`−1/2,∥∥∥∥∥∑̀
h=−`

{
1−W

(
h

`

)}
CX,h

∥∥∥∥∥
S

≤
∑̀
h=−`

{
1−W

(
h

`

)}
‖CX,h‖S

≤ const.
∑̀
h=−`

(
h

`

)αw
· h−αc

≤ const.tαw−αc(`)`
−αw = const.tαw−αc(`)N

−αwα`

≤


const.N−(αc−1)α` , if αw − αc > −1,

const. log(N)N−(αc−1)α` , if αw − αc = −1,

const.N−αwα` , if αw − αc < −1,∥∥∥∥∥
−`−1∑
h=−∞

CX,h +
∞∑

h=`+1

CX,h

∥∥∥∥∥
S

≤ const.`−αc+1 = const.N−(αc−1)α` .

Then we conclude that

E
∥∥∥L̂CX(t, s)− LCX(t, s)

∥∥∥
S
≤ const.Nmax{α`−1/2,−(αc−1)/α`}

∨


N−(αc−1)α` , if αw − αc > −1.

N−(αc−1)α`+ε, if αw − αc = −1.

N−αwα` , if αw − αc < −1.

Combining (A1) leads to the final results under H0.

Under Ha, by Lemma 2 and Lemma 3, ‖L̂CY,κ − L̂CY ‖S ≤ Op(1)`κ‖δ‖−1 and

‖CY,h‖S ≤ const.h−αc , the convergence rate can be obtained with similar arguments.
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Proof of Theorem 3. For the simplicity of notations, we assume that

sign〈ψ̂(κ)
d , φd〉 = 1, for d ≥ 1.

It suffices to show that supθ∈(0,1)|T̃N(θ)− T oN(θ)| p→ 0. Define µX(t) = EXn(t), then

by Theorem 1.1 from Berkes et al. (2013),

sup
0<θ<1

1√
N

bNθc∑
n=1

(Xn − µX)(t) = Op(1).

Thus it is deduced that

sup
θ∈(0,1)

∣∣∣T̃N(θ)− T oN(θ)
∣∣∣

= sup
θ∈(0,1)

1

N

∣∣∣∣∣∣
D∑
d=1


bNθc∑

n=1

〈Xn − µX , ψ̂(κ)
d 〉 − θ

N∑
n=1

〈Xn − µX , ψ̂(κ)
d 〉

2

−

bNθc∑
n=1

〈Xn − µX , φd〉 − θ
N∑
n=1

〈Xn − µX , φd〉

2
∣∣∣∣∣∣

≤ Op(1)

 sup
θ∈(0,1)

D∑
d=1

1

N

bNθc∑
n=1

〈Xn − µX , ψ̂(κ)
d − φd〉

−θ
∑
n≥1

〈Xn − µX , ψ̂(κ)
d − φd〉

)2


1/2

.

Additionally, since the enhancement term does not influence the convergence rate of

K̂(κ) under H0, we deduce that

sup
θ∈(0,1)

D∑
d=1

1

N

bNθc∑
n=1

〈Xn − µX , ψ̂(κ)
d − φd〉 − θ

∑
n≥1

〈Xn − µX , ψ̂(κ)
d − φd〉

2
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= sup
θ∈(0,1)

D∑
d=1

 1√
N

bNθc∑
n=1

〈
Xn − µX ,

ψ̂
(κ)
d − φd

‖ψ̂(κ)
d − φd‖

〉
‖ψ̂(κ)

d − φd‖

−θ 1√
N

∑
n≥1

〈
Xn − µX ,

ψ̂
(κ)
d − φd

‖ψ̂(κ)
d − φd‖

〉
‖ψ̂(κ)

d − φd‖

)2

=Op(1)
D∑
d=1

‖ψ̂(κ)
d − φd‖

2 ≤ Op(1)
D∑
d=1

‖L̂CY,κ − LCX‖

≤Op(1)N−r0
D∑
d=1

δ−1τ,d
p→ 0.

This finishes the proof.

Proof of Theorem 4. First we prove that event (1) holds asymptotically almost surely.

Based on the selection of D, we conclude λ̂
(κ)
D−1 < ρ‖δ̂‖2 = θ̂d∗ , which leads to

λ̂
(κ)
D−1 < θ̂d∗ < λ̂d∗−1 by the fact that the sequence {θ̂d : d ≥ 1} is decreasing and

{θ̂d : d 6= d∗} = {λ̂d : d ≥ 1}. Then we deduce that

P (λ̂D−1 − λ̂d∗−1 ≥ 0) = P (λ̂
(κ)
D−1 − λ̂d∗−1 ≥ λ̂

(κ)
D−1 − λ̂D−1)

= P

(
λ̂
(κ)
D−1 − λ̂d∗−1
`κ‖δ‖−1

≥
λ̂
(κ)
D−1 − λ̂D−1
`κ‖δ‖−1

)
.

By Lemma 3 and the fact that maxd≥1{λ̂(κ)d −λ̂d} ≤ ‖L̂CY,κ−L̂CY ‖, `−1κ−1‖δ‖(λ̂
(κ)
D−1−

λ̂D−1) = Op(1), and by assumption `−1κ−1‖δ‖(λ̂(κ)D−1− λ̂d∗−1)
p→ −∞, thus P (λ̂D−1−

λ̂d∗−1 ≥ 0)→ 0. Then we conclude that asymptotically almost surely, λ̂D−1 < λ̂d∗−1,

and equivalently, D > d∗.

For event (2), it is deduced that

|θ̂(κ)d∗ − θ̂
(κ)
d∗−1| = |θ̂

(κ)
d∗−1 − θ̂

(κ)
d∗+1|/2
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≥ |ωd∗−1 − ωd∗+1|/2− |θ̂(κ)d∗−1 − ωd∗−1|/2− |θ̂
(κ)
d∗+1 − ωd∗+1|/2

≥ |ωd∗−1 − ωd∗+1|/2− ‖∆K‖.

Consequently, for arbitrary ε > 0,

|θ̂(κ)d∗ − θ̂
(κ)
d∗−1| ≥

|ωd∗−1 − ωd∗+1|
2 + ε

+
|ωd∗−1 − ωd∗+1|

2(2/ε+ 1)
− ‖∆K‖.

Therefore it suffices to show that, asymptotically almost surely,

|ωd∗−1 − ωd∗+1|
2(2/ε+ 1)

− ‖∆K‖ ≥ 0,

or equivalently,

P

(
‖∆K‖ ≥

|ωd∗−1 − ωd∗+1|
2(2/ε+ 1)

)
→ 0.

Since D > d∗ asymptotically almost surely, by the Markov inequality, with some

c0 > 0 related to ε,

P

(
‖∆K‖ ≥

|ωd∗−1 − ωd∗+1|
2(2/ε+ 1)

)
≤ P

(
‖∆K‖ ≥ c0(d

∗)−(αλ+1)
)

≤ c−10 (d∗)αλ+1E‖∆K‖ → 0.

The same arguments can be applied to |θ̂(κ)d∗ − θ̂
(κ)
d∗+1|, then result follows. Similar

arguments can be applied to the case d∗ = 1.

Proof of Theorem 5. For the simplicity of notations, we assume that

sign〈ψ̂(κ)
d , ψd〉 = 1, for d ≥ 1.
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Define

f̂d =
1

N

bNθc∑
n=1

η̂nd − θ
N∑
n=1

η̂nd

 , where η̂nd = 〈Xn, φ̂
(κ)
d 〉,

fd = 0 for d 6= d∗, fd∗(θ) =


θ(1− θ∗)‖δ‖, 0 < θ ≤ θ∗,

θ∗(1− θ)‖δ‖, θ∗ < θ < 1,

and

Rd(θ) = N−1

bNθc∑
n=1

∫
enψ̂

(κ)
d − θ

N∑
n=1

∫
enψ̂

(κ)
d

 .

Observe that

f̂d(θ) =


θ(1− θ∗)

∫
δψ̂

(κ)
d +Rd(θ), 0 < θ ≤ θ∗,

θ∗(1− θ)
∫
δψ̂

(κ)
d +Rd(θ), θ∗ < θ < 1.

Define

ĝ
(κ)
d =

{∫
δ(t)ψ̂

(κ)
d (t)dt

}2

, gd =

{∫
δ(t)ψd(t)dt

}2

.

It is deduced that, with some constant related to θ∗, C1(θ
∗), C2(θ

∗),

sup
0<θ<1

|N−1T̃N(θ)− ‖δ‖2V 2(θ)| ≤ sup
0<θ<1

D∑
d=1

|f̂ 2
d − f 2

d |

≤C1(θ
∗)

D∑
d=1

|ĝ(κ)d − gd|+ C2(θ
∗) sup

0<θ<1

D∑
d=1

∣∣∣∣Rd(θ)

∫
δψ̂

(κ)
d

∣∣∣∣+ sup
0<θ<1

D∑
d=1

R2
d(θ)

M
=S1 + S2 + S3.

By Berkes et al. (2009), sup
0<θ<1

∫ {
N−1/2

∑bNθc
n=1 en(t)

}2

dt = Op(1), and it can be

deduced that S3 = sup
0<θ<1

∑
dR

2
d(θ) = Op(N

−1) from the assumption E‖en‖2 < ∞.
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Regarding S2, it is deduced that

sup
0<θ<1

D∑
d=1

∣∣∣∣Rd(θ)

∫
δψ̂

(κ)
d

∣∣∣∣ ≤
{

sup
0<θ<1

D∑
d=1

R2
d(θ)

}1/2 [ D∑
d=1

{∫
δψ̂

(κ)
d

}2
]1/2

≤ Op(N
−1/2)‖δ‖.

Next we study the convergence rate of S1. Define ∆K(t, s) = K̂(κ)(t, s)−K(t, s),

then it can be deduced that

ψ̂
(κ)
d − ψd =

∑
k 6=d

{(θ̂(κ)d − ωk)
−1 − (ωd − ωk)−1}ψk

∫
∆Kψ̂

(κ)
d ψk

+
∑
k 6=d

(ωd − ωk)−1ψk
∫

∆K(ψ̂
(κ)
d − ψd)ψk

+
∑
k 6=d

(ωd − ωk)−1ψk
(∫

∆Kψdψk

)
+ ψd

∫
(ψ̂

(κ)
d − ψd)ψd

and ∣∣∣ĝ(κ)d − gd
∣∣∣ =

∣∣∣∣∣
{∫

δ(t)ψ̂
(κ)
d (t)dt

}2

−
{∫

δ(t)ψd(t)dt

}2
∣∣∣∣∣

≤ Op(1)

∣∣∣∣∫ δ(t){ψ̂(κ)
d (t)− ψd(t)}dt

∣∣∣∣ .
When d = d∗, since 〈ψd∗ , ψd′〉 = 0 for d′ 6= d∗,∣∣∣ĝ(κ)d∗ − gd∗

∣∣∣ ≤ Op(1)

∣∣∣∣∫ δ(t){ψ̂(κ)
d∗ (t)− ψd∗(t)}dt

∣∣∣∣
= Op(1)‖δ‖

∣∣∣∣∫ (ψ̂
(k)
d∗ − ψd∗)ψd∗dt

∣∣∣∣ .
By Assumption 4, d∗ = O((ρ‖δ‖2)−1/αλ), then∣∣∣∣∫ (ψ̂

(k)
d∗ − ψd∗)ψd∗dt

∣∣∣∣ ≤ ‖ψ̂(κ)
d∗ − ψd∗‖ ≤ (d∗)αλ+1‖∆K‖
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≤ Op(N
−ra)(ρ‖δ‖2)−(1+1/αλ).

Consequently, ∣∣∣ĝ(κ)d∗ − gd∗
∣∣∣ ≤ Op(N

−ra)‖δ‖(ρ‖δ‖2)−(1+1/αλ).

When d 6= d∗, ∣∣∣ĝ(κ)d − gd
∣∣∣ ≤ const.

∣∣∣∣∫ δ(t){ψ̂(κ)
d (t)− ψd(t)}dt

∣∣∣∣ ,
and ∫

δ(t){ψ̂(κ)
d (t)− ψd(t)}dt

= ‖δ‖
[
{(θ̂(κ)d − ωd∗)

−1 − (ωd − ωd∗)−1}
∫

∆Kψ̂
(κ)
d ψd∗

+(ωd − ωd∗)−1
∫

∆K(ψ̂
(κ)
d − ψd)ψd∗ + (ωd − ωd∗)−1

(∫
∆Kψdψd∗

)]
.

We deduce that |θ̂(κ)d − ωd∗|−1 ≤ 2|ωd − ωd∗|−1 asymptotically almost surely. By the

mean value theorem and Cauchy-Schwarz inequality,∣∣∣∣{(θ̂(κ)d − ωd∗)
−1 − (ωd − ωd∗)−1}

(∫
∆Kψ̂

(κ)
d ψd∗

)∣∣∣∣
≤ const.|θ̂(κ)d − ωd|(ωd − ωd∗)

−2
∣∣∣∣∫ ∆Kψ̂

(κ)
d ψd∗

∣∣∣∣
≤ const.‖∆K‖(ωd − ωd∗)−2

{∣∣∣∣∫ ∆K(ψ̂
(κ)
d − ψd)ψd∗

∣∣∣∣+

∣∣∣∣∫ ∆Kψdψd∗

∣∣∣∣} .
Under Assumption 4, by simple calculus, as d < d∗, ωd − ωd∗ ≥ const.d−αλ , and as

d > d∗, ωd∗ − ωd ≥ const.(d∗)−αλ .∑
d6=d∗
|ĝ(κ)d − gd|
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≤ const.‖δ‖
∑
d6=d∗

{∣∣∣∣{(θ̂(κ)d − ωd∗)
−1 − (ωd − ωd∗)−1}

(∫
∆Kψ̂

(κ)
d ψd∗

)∣∣∣∣
+

∣∣∣∣(ωd − ωd∗)−1 ∫ ∆K(ψ̂
(κ)
d − ψd)ψd∗

∣∣∣∣+

∣∣∣∣(ωd − ωd∗)−1(∫ ∆Kψdψd∗

)∣∣∣∣}
M
=const.‖δ‖(Ad∗,1 + Ad∗,2 + Ad∗,3).

Next we study the convergence rate of the three summands {Ad∗,i : i = 1, 2, 3}. By

Lemma 1,

∣∣∣∣∫ ∆Kψdψd∗

∣∣∣∣ ≤ Op(1)ω
1/2
d N−rδ ,

∥∥∥∥∫ ∆Kψd∗

∥∥∥∥ ≤ Op(1)N−rδ .

Consequently,

Ad∗,1 =
∑
d6=d∗

∣∣∣∣{(θ̂(κ)d − ωd∗)
−1 − (ωd − ωd∗)−1}

(∫
∆Kψ̂

(κ)
d ψd∗

)∣∣∣∣
≤const.‖∆K‖

∑
d6=d∗

(ωd − ωd∗)−2
{∣∣∣∣∫ ∆K(ψ̂

(κ)
d − ψd)ψd∗

∣∣∣∣+

∣∣∣∣∫ ∆Kψdψd∗

∣∣∣∣}

≤const.‖∆K‖

{∑
d6=d∗

(ωd − ωd∗)−4
}1/2

×

{∑
d6=d∗

∣∣∣∣∫ ∆K(ψ̂
(κ)
d − ψd)ψd∗

∣∣∣∣2 +
∑
d6=d∗

∣∣∣∣∫ ∆Kψdψd∗

∣∣∣∣2
}1/2

≤const.‖∆K‖

(∑
d<d∗

d4αλ +
∑
d>d∗

(d∗)4αλ

)1/2

×

{∑
d6=d∗

∣∣∣∣∫ ∆K(ψ̂
(κ)
d − ψd)ψd∗

∣∣∣∣2 +
∑
d 6=d∗

∣∣∣∣∫ ∆Kψdψd∗

∣∣∣∣2
}1/2

≤const.‖∆K‖D1/2(d∗)2αλ
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×

{∑
d 6=d∗

∥∥∥∥∫ ∆Kψd∗

∥∥∥∥2 ‖ψ̂(κ)
d − ψd‖

2 +
∑
d6=d∗

∣∣∣∣∫ ∆Kψdψd∗

∣∣∣∣2
}1/2

≤Op(1)‖∆K‖D1/2(d∗)2αλ

{
N−2(ra+rδ)

∑
d6=d∗

d2(αλ+1) +N−2rδ
∑
d 6=d∗

d−αλ

}1/2

.

By the assumption Dαδ+3/2/N ra → 0, we have Ad∗,1 ≤ Op(1)N−(ra+rδ)D1/2(d∗)2αλ .

Regarding Ad∗,2, we deduce that

Ad∗,2 =
∑
d6=d∗

∣∣∣∣(ωd − ωd∗)−1{∫ ∆K(ψ̂
(κ)
d − ψd)ψd∗

}∣∣∣∣
≤

{∑
d 6=d∗

(ωd − ωd∗)−2
}1/2{∥∥∥∥∫ ∆Kψd∗

∥∥∥∥2 ∑
d 6=d∗
‖ψ̂(κ)

d − ψd‖
2

}1/2

=Op(1)D1/2(d∗)αλN−rδ‖∆K‖

{∑
d6=d∗

d2(αλ+1)

}1/2

≤Op(1)Dαλ+2(d∗)αλN−(ra+rδ)

and

Ad∗,3 =
∑
d6=d∗

∣∣∣∣(ωd − ωd∗)−1(∫ ∆Kψdψd∗

)∣∣∣∣
≤

{∑
d6=d∗

(ωd − ωd∗)−2
}1/2{∑

d6=d∗

(∫
∆Kψdψd∗

)2
}1/2

≤Op(1)

{∑
d6=d∗

(ωd − ωd∗)−2
}1/2{∑

d6=d∗
N−2rδωd

}1/2

≤Op(1)D1/2(d∗)αλN−rδ .
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By the assumption Dαλ+3/2N−ra → 0, we have Ad∗,2/Ad∗,3
p→ 0. Therefore,∑

d6=d∗

∣∣∣∣∫ δ(t){ψ̂(κ)
d (t)− ψd(t)}dt

∣∣∣∣ ≤ Op(N
−rδ)D1/2(d∗)αλ ,

and that leads to, ∑
d6=d∗
|ĝ(κ)d − gd| ≤ Op(N

−rδ)D1/2(d∗)αλ‖δ‖

≤ Op(N
−rδ)D1/2(ρ‖δ‖2)−1‖δ‖.

Consequently,

sup
0<θ<1

D∑
d=1

|f̂ 2
d − f 2

d | ≤ S1 + S2 + S3

≤ Op(N
−rδ)‖δ‖max{D1/2(ρ‖δ‖2)−1, N rδ−ra(ρ‖δ‖2)−(1+1/αλ), N rδ−1/2},

and the result follows.

Lemma 1. Under Assumption 4,∣∣∣∣∫ ∆Kψdψd∗

∣∣∣∣ ≤ Op(1)ω
1/2
d Nmax{α`−ακ−αδ−1/2,αδ+β−1/2+ε},∥∥∥∥∫ ∆Kψd∗

∥∥∥∥ ≤ Op(1)Nmax{α`−ακ−αδ−1/2,αδ+β−1/2+ε},

where ε is some arbitrary small positive value.

Proof. We only show the first inequality, and the second one can be deduced with

the same argument. Since the bias of δ̂(t) does not lead to loss of information, we

assume Eδ̂(t) = δ(t). Define ∆C(t, s) = L̂CY,κ(t, s)− LCY (t, s), and observe that∫
∆Kψdψd∗ =

∫
ρ{δ̂(t)δ̂(s)− δ(t)δ(s)}ψd(t)ψd∗(s)dtds



S1. TECHNICAL PROOFS15

+

∫
∆C(t, s)ψd(t)ψd∗(s)dtds. (A2)

For the first part,∣∣∣∣∫ ρ{δ̂(t)δ̂(s)− δ(t)δ(s)}ψdψd∗dtds
∣∣∣∣ = ρ

∣∣∣〈δ̂, ψd〉〈δ̂, ψd∗〉∣∣∣ .
We deduce that |〈δ̂, ψd〉| = |〈δ̂−δ, ψd〉| ≤ ω

1/2
d Op(N

−1/2+ε), and |〈δ̂, ψd∗〉| ≤ Op(N
αδ).

Therefore, the first part in (A2) is bounded by

ω
1/2
d Op(N

αδ+β−1/2+ε).

For the second part, since 〈Y, ψd∗〉 = 0,

|〈∆C(ψd), ψd∗〉| =

∣∣∣∣∣
〈{∑̀

h=−`

W

(
h

`

)
Ĉ

(κ)
Y,h −

∞∑
h=−∞

CY,h

}
(ψd), ψd∗

〉∣∣∣∣∣
=

∣∣∣∣∣
〈{∑̀

h=−`

W

(
h

`

)
Ĉ

(κ)
Y,h

}
(ψd), ψd∗

〉∣∣∣∣∣ .
It can be shown that E‖Ĉ(κ)

Y,h−CY,h‖2 has the same convergence rate as E‖C̃(κ)
Y,h−

CY,h‖2, where

C̃
(κ)
Y,h(t, s) =

1

N − h

N−h∑
n=1

{
Y (κ)
n − E(Y (κ)

n )
}{

Y
(κ)
n+h − E(Y

(κ)
n+h)

}
(t, s).

Thus we assume E{Y (κ)
n } is known and define Zn(t) = Y

(κ)
n (t)−E{Y (κ)

n } and δ̂κ(t) =

δ̂(t)/(‖δ̂‖+ κ), we deduce that

〈C̃(κ)
Y,h(ψd), ψd∗〉

=
1

N

N−h∑
n=1

(
〈Zn, ψd〉 − 〈Zn, δ̂κ〉〈δ̂κ, ψd〉

)
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×
(
〈Zn+h, ψd∗〉 − 〈Zn+h, δ̂κ〉〈δ̂κ, ψd∗〉

)
= ‖ψd − 〈δ̂κ, ψd〉δ̂κ‖‖ψd∗ − 〈δ̂κ, ψd∗〉δ̂κ‖

× 1

N

N−h∑
n=1

〈
Zn,

ψd − 〈δ̂κ, ψd〉δ̂κ
‖ψd − 〈δ̂κ, ψd〉δ̂κ‖

〉〈
Zn+h,

ψd∗ − 〈δ̂κ, ψd∗〉δ̂κ
‖ψd∗ − 〈δ̂κ, ψd∗〉δ̂κ‖

〉
,

and by the Cauchy-Schwarz inequality, we have that, asymptotically almost surely,

E|〈Ĉ(κ)
Y,h(ψd), ψd∗〉| ≤ const.{E‖ψd∗ − 〈δ̂κ, ψd∗〉δ̂κ‖2}1/2

×

E
(

1

N

N−h∑
n=1

〈
Zn,

ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗
‖ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗‖

〉〈
Zn+h,

ψd∗ − 〈ψ̂d∗ , ψd∗〉ψ̂d∗
‖ψd∗ − 〈ψ̂d∗ , ψd∗〉ψ̂d∗‖

〉)2


1/2

= B1 ×B2.

As for B1, clearly,

ψd∗ − 〈δ̂κ, ψd∗〉δ̂κ = −〈δ̂κ − ψd∗ , ψd∗〉(δ̂κ − ψd∗)− 〈δ̂κ − ψd∗ , ψd∗〉ψd∗ − (δ̂κ − ψd∗),

and we deduce that B1 ≤ {E‖δ̂κ − ψd∗‖2}1/2 ≤ const.κ‖δ‖−1.

As for B2,

B2
2 =

{
var

(〈
Zn,

ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗
‖ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗‖

〉)}

×

{
var

(〈
Zn+h,

ψd∗ − 〈ψ̂d∗ , ψd∗〉ψ̂d∗
‖ψd∗ − 〈ψ̂d∗ , ψd∗〉ψ̂d∗‖

〉)}
× E

(
1

N

N−h∑
n=1

ξn,dξn+h,d∗

)2

,

where

ξn,d =

〈
Zn,

ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗
‖ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗‖

〉/{
var

(〈
Zn,

ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗
‖ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗‖

〉)}1/2

.
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By Lemma 4 in Jiao et al. (2023),

E

(
1

N

N−h∑
n=1

ξn,dξn+h,d∗

)2

≤ const.N−1.

In addition, since ψd − 〈δ̂κ, ψd〉δ̂κ
p→ ψd, it can be deduced that

var

(〈
Zn,

ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗
‖ψd − 〈ψ̂d∗ , ψd〉ψ̂d∗‖

〉)
≤ const.ωd.

as N → ∞. Therefore, we conclude B2
2 ≤ const.ωdN

−1. Combining the previous

results, |〈Ĉ(κ)
h (ψd), ψd∗〉| ≤ Op(1)ω

1/2
d κ‖δ‖−1N−1/2, and∣∣∣∣∣

〈∑̀
h=−`

W

(
h

`

)
Ĉ

(κ)
h (ψd), ψd∗

〉∣∣∣∣∣ ≤ Op(1)ω
1/2
d `κ‖δ‖−1N−1/2

= Op(1)ω
1/2
d Nα`−ακ−αδ−1/2.

Then the result follows.

Lemma 2. Under Assumption 3 and Ha, ‖CY,h‖2 ≤ const.h−αc for h = 1, . . . , `.

Proof. It suffices to show that ‖CY,h‖2 ≤ ‖CX,h‖2 for h = 1, . . . , `. Under Ha, assume

that Zn(t) = Xn(t) − EXn(t) =
∑

d≥1 ζndvd(t), where {vd : d ≥ 1} are orthonormal

basis functions and v1 = δ/‖δ‖.

CY,h(t, s) = E

{
Zn(t)−

〈
Zn,

δ

‖δ‖

〉
δ(t)

‖δ‖

}{
Zn+h(s)−

〈
Zn+h,

δ

‖δ‖

〉
δ(s)

‖δ‖

}
=
∑
d≥1

∑
d′≥1

E{ζndζn+h,d′}vd(t)vd′(s)−
∑
d≥1

E{ζndζn+h,1}vd(t)v1(s)

−
∑
d′≥1

E{ζn1ζn+h,d′}v1(t)vd′(s) + E{ζn1ζn+h,1}v1(t)v1(s)
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=
∑
d≥2

∑
d′≥2

E{ζndζn+h,d′}vd(t)vd′(s).

Therefore,

‖CY,h‖22 =
∑
d≥2

∑
d′≥2

E2{ζndζn+h,d′} ≤
∑
d≥1

∑
d′≥1

E2{ζndζn+h,d′} = ‖CX,h‖22.

Lemma 3. Under Ha, if the conditions in Theorem 2 hold, then ‖L̂CY,κ− L̂CY ‖S ≤

Op(1)`κ‖δ‖−1 asymptotically almost surely.

Proof. Define Zn = Yn − Ȳn, Z
(κ)
n = Y

(κ)
n − Ȳ (κ)

n , Xn = Xn − X̄n, and it is deduced

that

‖ĈY,0 − Ĉ(κ)
Y,0‖

2

=

∫ {
N−1

N∑
n=1

Zn(t)Zn(s)−N−1
N∑
n=1

Z(κ)
n (t)Z(κ)

n (s)

}2

dtds

=

∫ N−1 N∑
n=1


〈
Xn,

δ̂

‖δ̂‖

〉2
δ̂(t)δ̂(s)

‖δ̂‖2
−

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

(‖δ̂‖+ κ)2

−

〈
Xn,

δ̂

‖δ̂‖

〉
Xn(t)δ̂(s) + δ̂(t)Xn(s)

‖δ̂‖

+

〈
Xn,

δ̂

‖δ̂‖+ κ

〉
Xn(t)δ̂(s) + δ̂(t)Xn(s)

‖δ̂‖+ κ

}]2
dtds

≤ UN + VN ,
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where

UN =

∫ N−1 N∑
n=1


〈
Xn,

δ̂

‖δ̂‖

〉2
δ̂(t)δ̂(s)

‖δ̂‖2
−

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

(‖δ̂‖+ κ)2


2

dtds

=

∫ N−1 N∑
n=1


〈
Xn,

δ̂

‖δ̂‖

〉2
δ̂(t)δ̂(s)

‖δ̂‖2
−

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

‖δ̂‖2

+

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

‖δ̂‖2
−

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

(‖δ̂‖+ κ)2


2

dtds

≤ UN1 + UN2,

and

UN1 =

∫ N−1 N∑
n=1


〈
Xn,

δ̂

‖δ̂‖

〉2
δ̂(t)δ̂(s)

‖δ̂‖2
−

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

‖δ̂‖2


2

dtds

=

∫ [
N−1

N∑
n=1

{〈
Xn,

δ̂

‖δ̂‖
− δ̂

‖δ̂‖+ κ

〉〈
Xn,

δ̂

‖δ̂‖
+

δ̂

‖δ̂‖+ κ

〉
δ̂(t)δ̂(s)

‖δ̂‖2

}]2
dtds

=

[
N−1

N∑
n=1

{〈
Xn,

δ̂

‖δ̂‖
− δ̂

‖δ̂‖+ κ

〉〈
Xn,

δ̂

‖δ̂‖
+

δ̂

‖δ̂‖+ κ

〉}]2

≤ Op(1)

∥∥∥∥∥ δ̂

‖δ̂‖
− δ̂

‖δ̂‖+ κ

∥∥∥∥∥
2

= Op(1)

(
κ

‖δ̂‖+ κ

)2

,

and

UN2 =

∫ N−1 N∑
n=1


〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

‖δ̂‖2
−

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2
δ̂(t)δ̂(s)

(‖δ̂‖+ κ)2


2

dtds

≤

N−1
N∑
n=1

〈
Xn,

δ̂

‖δ̂‖+ κ

〉2


2 ∫ {
δ̂(t)δ̂(s)

‖δ̂‖2
− δ̂(t)δ̂(s)

(‖δ̂‖+ κ)2

}2

dtds
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= Op(1)

{
1

‖δ̂‖2
− 1

(‖δ̂‖+ κ)2

}2

‖δ̂‖4

≤ Op(1)

(
κ

‖δ̂‖+ κ

)2

.

The same argument can be applied to VN , leading to VN ≤ Op(1){κ/(κ + ‖δ̂‖)}2.

Similar results also hold for any lagged covariance functions. By Theorem 2, asymp-

totically almost surely,

κ

‖δ̂‖+ κ
≤ const.

κ

‖δ‖+ κ
.

Finally we deduce that, asymptotically almost surely,

‖L̂CY,κ − L̂CY ‖S ≤

∥∥∥∥∥∑̀
h=−`

W

(
h

`

)
(Ĉ

(κ)
Y,h − ĈY,h)

∥∥∥∥∥
S

≤
∑̀
h=−`

W

(
h

`

)∥∥∥C̃X,h − CX,h∥∥∥
S

≤ Op(1)‖δ‖−1κ
∑̀
h=−`

{
1− const.

(
h

`

)α}

≤ Op(1)`‖δ‖−1κ,

and the proof is finished.
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S2 Box-plots and Additional Tables

The following table is for the results when κ = κ2 or κ3.

Table 1: Empirical sizes and powers of the new method (i.i.d., κ = κ2 and κ3).

a N s
CA (κ = κ2)

ρ2 ρ2 ρ3 ρ4

CA (κ = κ3)

ρ1 ρ2 ρ3 ρ4

0.00

120

0.5 0.056 0.057 0.057 0.057 0.058 0.058 0.058 0.058

1.5 0.055 0.056 0.056 0.056 0.056 0.056 0.056 0.056

2.5 0.059 0.058 0.060 0.059 0.059 0.059 0.059 0.059

200

0.5 0.055 0.055 0.054 0.054 0.056 0.056 0.055 0.055

1.5 0.059 0.057 0.059 0.058 0.059 0.059 0.059 0.059

2.5 0.065 0.064 0.064 0.064 0.065 0.064 0.064 0.064

0.25

120

0.5 0.149 0.149 0.149 0.150 0.149 0.149 0.149 0.150

1.5 0.145 0.146 0.145 0.147 0.149 0.146 0.148 0.146

2.5 0.148 0.148 0.149 0.149 0.149 0.149 0.148 0.148

200

0.5 0.279 0.274 0.269 0.270 0.280 0.272 0.271 0.272

1.5 0.298 0.294 0.291 0.292 0.298 0.295 0.292 0.293

2.5 0.301 0.298 0.299 0.299 0.302 0.300 0.298 0.299

0.30

120

0.5 0.226 0.225 0.224 0.224 0.227 0.227 0.225 0.226

1.5 0.226 0.226 0.225 0.226 0.226 0.226 0.226 0.224

2.5 0.233 0.229 0.230 0.228 0.231 0.231 0.231 0.230

200

0.5 0.538 0.524 0.520 0.525 0.535 0.523 0.519 0.524

1.5 0.550 0.545 0.541 0.538 0.551 0.546 0.541 0.540

2.5 0.527 0.529 0.539 0.530 0.529 0.529 0.530 0.528

0.35

120

0.5 0.375 0.371 0.371 0.369 0.374 0.373 0.372 0.371

1.5 0.370 0.368 0.368 0.370 0.369 0.367 0.370 0.368

2.5 0.353 0.352 0.352 0.352 0.354 0.355 0.352 0.353

200

0.5 0.928 0.927 0.929 0.926 0.929 0.927 0.930 0.927

1.5 0.882 0.872 0.870 0.870 0.881 0.873 0.871 0.870

2.5 0.788 0.788 0.789 0.788 0.786 0.788 0.788 0.788
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In Figure 1 and 3, subfigures (a1)–(a3) correspond to the cases of a = 0.55,

subfigures (b1)–(b3) correspond to the cases of a = 0.65, and subfigures (c1)–(c3)

correspond to the cases of a = 0.75. The first column corresponds to the cases of

s = 2, the second column corresponds to the cases of s = 3, and the third column

corresponds to the cases of s = 4.

In Figure 2 and 4, subfigures (a1)–(a3) correspond to the cases of a = 0.25,

subfigures (b1)–(b3) correspond to the cases of a = 0.3, and subfigures (c1)–(c3)

correspond to the cases of a = 0.35. The first column corresponds to the cases of

s = 0.5, the second column corresponds to the cases of s = 1.5, and the third column

corresponds to the cases of s = 2.5.

Figure 1: Box-plots of the detected change-points (N=120, FMA).
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Figure 2: Box-plots of the detected change-points (N=120, i.i.d.).

Figure 3: Box-plots of the detected change-points (N200, FMA).
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Figure 4: Box-plots of the detected change-points (N=200, i.i.d.).
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