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Supplementary Material

This supplementary material contains detailed forms of posterior distributions of main param-

eters and full proofs of the propositions in the main text.

S1 Detailed forms of full conditional distributions

The full conditional distribution of b, is N(py,¥;). When k = 0, it holds

that
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Also, when k = 1, mean vector and precision matrix are
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Assume data is observed homogeneously, that is, & = &y = --- = O

When k£ = 0, mean vector and precision matrix can be written as
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and Zt = Ct((pT@)_l with

(

202 /(T2 NP NE) 2<t<T—1

=9 720%/(T2+ \?) t=1

\ 202 /(1?2 + \3) t="T.

Furthermore, when k = 1, the forms of p; and ¢; are

;
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S2 Proofs of the propositions

This section provides proofs of Proposition 1 and Proposition 2. Before
proving them, we introduce the important notations. If lim, ., f(z)/g(x) =
1, we denote f ~ g. ® denotes Kronecker product. |[M]|| is the operator
norm of any matrix M. Let blockdiag(Mj, ..., M) be the block diagonal
matrix, whose kth diagonal matrix is My, and 1g be indicator function,
which is 1 if E is true and 0 otherwise. e; denotes the vector with a 1 in
the ith coordinate and 0 other coordinates. I denotes identity matrix and

its dimension is not written when it is trivial.

Proof of Proposition 1 (i). For L = 1, the divergence of 7(d, | 7, o) follows
from the proof of Theorem 1 in |Carvalho et al.| (2010). We restrict our

investigation to L > 2. For simplicity, we fix ¢ =7 = 1. We have
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Let u = A\ 2. Then, we obtain
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u. It leads to
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where ['(-, ) is the upper incomplete gamma function. If §; — 0, it holds

~ 5o D6
Also, we transform o = =—5—=

that
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Hence, 7(d;) — oo as §; — 0. O

Before proving Proposition 1 (i), we introduce an important result.
First, slight modification with Lemma S5 in Hamura et al.| (2020) leads to

the following lemma, which gives rise to Corollary [T}

Lemma 1. Let f(-) and g(-) be positive and continuous functions such that

e 5 f(x) and e~ = g(x) are integrable on the real line. Then, it holds that

i [ 0(@:0,0) ) f(0)
lim, oo [y~ @(2;0,0)g(v)dv  v=oe g(v)

, (S2.1)
where ¢(x;0,v) is p.d.f. of N(0,v).

Corollary 1. Let f(v) = m and g(v) = —fr for fired L € N. Then,

I° o(x;0,0) f(v)dv = [;° ¢(x;0,v)g(v)dv holds.
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Proof of Corollary[1. These are obviously positive and continuous. Also

¢~ f(z) and e = g(z) are integrable on the real line, since

/ f(v)e’%dv g/ - eidv—l—/ e vdv
0 0o wv2tl 0 v2

<TG+

< 00,

and similarly [~ g(v)¢(2;0,v)dv < oo. Then, Lemmaand lim, o0 f(v)/g(v) =

1 lead to the result. O]
Based on the above results, we prove Proposition 1 (i7) as follows.

Proof of Proposition 1 (it). For simplicity, we fix 0 = 7 = 1. With trans-

formation @ = \?,
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where z = ||®;8;||> From Corollary [1]
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Next, we prove the weak tail robustness of the posterior mean.

Proof of Proposition 2. We define

z = (Z;r, ...7Z7—E_1)T ~ N(’rly ZZ)?

N

-1
n= (((1)61)T7 ) (cb(sTfl)T)T ~ N(O, )\?Eg),

t=1

T-1 T-1

st~ [Te0 =TT 155

t=1 t=1

where X, = 2021, ® I, and X5 = o272(®] ;)7L

Then we rewrite the posterior mean by score function. When we denote

m(z) = / N(z | 0, Z.)p(n)dn,
2)

P8 [ e - N 0 pmyn,

the following representation is available,

1 om(z)

Elnlz] -2 = ZZm(z) 0z

The goal is to find how this behaves as ||z4]]2 — oo. Hence, we analyze

m(z) first.



Tomoya Wakayama AND Shonosuke Sugasawa

Step 1: Analysis of m(z). With T = blockdiag(M Xy, ..., Ap_154/%),

e [ (T
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From Woodbury matrix identity, we see
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Define v, = HzATtH%’ W = diag(||z1]13, - - -, [|27-1]13) and w = (W@ 1})=.
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With V = diag(vy, . ..,vr_1), remark that T = (VW) ® /* holds. Using
these new variables, we calculate (S2.2)) as

T—1
t=1 W(I!ZtH%Ut)

/Rz—l I+ {(VW) @ SIS H{(VIV) @ 25/} 12
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{—{(VW) @ DY+ (V) @ SIS (Vi) 2 AV @ zgﬂ}*lw} dv

T—1
t=1 7T(||Zt||§vt)

//Rg—l T+ {(VIW) @ S { (VW) @ 252312

exp {‘%wT{v NIV eI e nf (v e zéﬂ}‘l“’} "
(52.3)
Step 2: Limit of the integrand. To evaluate by the dom-
inated convergence theorem, we need the integrable dominating functions
and limits of the integrands. We calculate the limits in this step and find
the dominating function in the next step. t* € {1,...,T — 1} is arbitrar-
ily chosen index and we fix z; for ¢t # t*. We investigate when
||zi<]]2 — oo. Since we are considering asymptotics regarding || zp«||o, if
limy,. |00 [(2)/9(2) = 1, we simply denote f =~ g.

Then, we provide the following four approximations.
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E3: exp {-%J{V @SV I+ {(vIV) @ ) I A(vIV) @ 21 HV @ Z;ﬂ}*lw} ~

exp(—3wT (V2@ %5 + £) w)
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E1l, E3 and E4 are obvious, and E2 is immediately obtained from the fol-

lowing relationship
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Then, the limit of the integrand of (S2.3|) is a combination of E1~EA4.

Step 3: Dominating function of the integrand. Assume ||z

9 >>
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1. We continue (S2.3)) as
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Since there exists £1 < 1,69 < 1, M7 and M, such that 11 < ¥, < M1

and eol < X5 < Myl, we have
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otherwise, it holds that
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The right-hand side is integrable and does not depend on z«.

Next, we consider
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(52.5)
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For large M,, it holds that
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Thus, we have
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for some M5 > 0. The last one is integrable and independent of z;«. Com-

bining this and ([S2.4]) shows the existence of integrable functions that dom-
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inate the integrands in ((S2.3)).
Step 4: Conclusion. Step 3 shows the dominated convergence theo-
rem is applicable to (52.3]). Then, from the dominated convergence theorem

and Step 2, we obtain

o [z ) (= Awe) U+ A()SA(we)) Y © %1/ wldo
m(z) 0z - [ h(v, 2+ )dv ’

as zp — 00. Therefore E[n|z] — z is finite and this concludes the proof.

]
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